
Analyses of decay constants and light-cone distribution amplitudes for s-wave heavy meson

Chien-Wen Hwang*

Department of Physics, National Kaohsiung Normal University, Kaohsiung, Taiwan 824, Republic of China
(Received 1 April 2010; published 16 June 2010)

In this paper, a study of light-cone distribution amplitudes (LCDAs) for s-wave heavy meson are

presented in both general and heavy quark frameworks. Within the light-front approach, the leading twist

light-cone distribution amplitudes, �MðuÞ, and their relevant decay constants of heavy pseudoscalar and

vector mesons, fM, have simple relations. These relations can be further simplified when the heavy quark

limit is taken into consideration. After fixing the parameters that appear in both Gaussian and power-law

wave functions, the corresponding decay constants are calculated and compared with those of other

theoretical approaches. The curves and the first six �-moments of �MðuÞ are plotted and estimated. A

conclusion is drawn from these results: Even though the values of the decay constants of the distinct

mesons are almost equal, the curves of their LCDAs may have quite large differences, and vice versa.

Additionally, in the heavy quark limit, the leading twist LCDAs,�Qqð!Þ and�Qqð!Þ, are compared with

the B-meson LCDAs, cþð!Þ, suggested by the other theoretical groups.
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I. INTRODUCTION

The decay constants of heavy mesons with a c or a b
quark are significant quantities and they play an important
role in studies of CP violation, Cabibbo-Kobayashi-
Maskawa (CKM) matrix elements, the D� �D or B� �B
mixing process, and leptonic or nonleptonic weak decay.
Experimentally, new data on the decay constants of the
pseudoscalar mesons fD and fDs

have been reported [1–4]

which has provided a precise method for comparing differ-
ent theoretical calculations and for checking their accu-
racy. During the last decade, the decay constants of both
pseudoscalar and vector heavy mesons have been studied
by lattice simulations [5], the relativistic quark model [6–
10], and the field correlator method [11]. The light-cone
distribution amplitudes (LCDAs) of hadrons are key ingre-
dients in the description of the various exclusive processes
of quantum chromodynamics (QCD), and their role is
analogous to that of parton distributions in inclusive pro-
cesses. In terms of the Bethe-Salpeter wave functions,
’ðui; ki?Þ, the LCDAs, �ðuiÞ, are defined by retaining
the momentum fractions, ui, and integrating out the trans-
verse momenta, ki? [12]. They provide essential informa-
tion on the nonperturbative structure of the hadron for the
QCD treatment of exclusive reactions and they play a
central role in all known factorization formulas.
Specifically, the leading twist LCDAs describe the proba-
bility amplitudes for finding the hadron in a Fock state with
the minimum number of constituents. Experimentally, the
fact that B-physics exclusive processes are under investi-
gation in BABAR and Belle experiments also urges the
detailed study of hadronic LCDAs. In the literature, the
LCDAs of heavy quarkonia have been estimated by various
nonperturbative approaches, such as QCD sum rules [13–

16], NRQCD factorization [17], and the light-front quark
model [18–20]. As for heavy-light mesons, the LCDAs of
B-meson c� were first introduced within the heavy quark
effective theory (HQET) [21], and the following studies
were intensive [22–36], whereas the ones of other heavy-
light mesons were discussed in a non-HQET framework
[37].
In the past decade, the most significant progress made in

the QCD description of hadronic physics was, perhaps, in
the avenue of heavy quark dynamics. The analysis of heavy
hadron structures has been tremendously simplified by the
heavy quark symmetry (HQS) proposed by Isgur and Wise
[38,39] and HQET developed from QCD in terms of 1=mQ

expansion [40–42]. HQET has provided a systematic
framework for studying symmetry breaking 1=mQ correc-

tions (for a review, see [43]). Moreover, in terms of heavy
quark expansion, HQET offered a new framework for the
systematic study of the inclusive decays of heavy mesons
[44–47]. However, the general properties of heavy hadrons,
namely, their decay constants, transition form factors and
structure functions, etc., are still incalculable within QCD,
even in the infinite quark mass limit with the utilization of
HQS and HQET. Hence, although HQS and HQET have
simplified heavy quark dynamics, a complete first-
principles QCD description of heavy hadrons has still
been lacking due to the unknown nonperturbative QCD
dynamics.
This paper has focused on the study of the decay con-

stants and the leading twist LCDAs of pseudoscalar
ðD;Ds; B; Bs; BcÞ and vector ðD�; D�s ; B�; B�s ; B�cÞ mesons
within both general and heavy quark frameworks. From the
definitions of the decay constant and LCDA [or quark
distribution amplitude (DA)] [12], these two properties
seemed to be closely related. In terms of a detailed analy-
sis, the purpose of this study is to transparently realize the
relation between the decay constant and LCDA of the*t2732@nknucc.nknu.edu.tw
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heavy meson. We believe that a thorough understanding of
these universal nonperturbative objects would be of great
benefit when analyzing the hard exclusive processes with
heavy meson production or annihilation. Additionally, in
this study, the s-wave heavy meson has been explored
within the light-front quark model (LFQM), which is a
promising analytic method for solving the nonperturbative
problem of hadron physics [48], as well as offering many
insights into the internal structures of bound states. The
basic ingredient in LFQM is the relativistic hadron wave
function which generalizes distribution amplitudes by in-
cluding transverse momentum distributions, and which
contains all the information of a hadron from its constitu-
ents. The hadronic quantities are represented by the over-
lap of wave functions and can be derived in principle. The
light-front wave function is manifestly a Lorentz invariant,
expressed in terms of internal momentum fraction varia-
bles which are independent of the total hadron momentum.
Moreover, the fully relativistic treatment of quark spins
and center-of-mass motion can be carried out using the so-
called Melosh rotation [49]. This treatment has been suc-
cessfully applied to calculate phenomenologically many
important meson decay constants and hadronic form fac-
tors [50–55]. Therefore, the main purpose of this study was
the calculation of the leading twist LCDAs of s-wave
heavy mesons within LFQM.

The remainder of this paper is organized as follows. In
Sec. II, the leading twist LCDAs of s-wave heavy meson
states are derived within general and heavy quark frame-
works. In Sec. III, the formulations of LFQM within the
general and heavy quark frameworks are reviewed briefly,
and the decay constants and the leading twist LCDAs then
extracted. In Sec. IV, numerical results and discussions are
presented. Finally, the conclusions are given in Sec. V.

II. LEADING TWIST LCDAS OF s-WAVE MESONS

A. General framework

The amplitudes of the hard processes involving s-wave
mesons can be described by the matrix elements of gauge-
invariant nonlocal operators, which are sandwiched be-
tween the vacuum and the meson states,

h0j �qðxÞ�½x;�x�qð�xÞjHðP; �Þi; (2.1)

where P is the meson momentum, � is the polarization
vector (of course, � does not exist in the case of pseudo-
scalar meson), � is a generic notation for the Dirac matrix
structure, and the path-ordered gauge factor is

½x; y� ¼ P exp

�
igs

Z 1

0
dtðx� yÞ�A�ðtxþ ð1� tÞyÞ

�
:

(2.2)

This factor is equal to unity in the light-cone gauge which
is equivalent to the fixed-point gauge, ðx� yÞ�A�ðx�
yÞ ¼ 0, as the quark-antiquark pair is at the lightlike sepa-

ration [56]. For simplicity, the gauge factor will not be
shown below.
The asymptotic expansion of exclusive amplitudes in

powers of large momentum transfer is governed by the
expanding amplitude, Eq. (2.1), shown in powers of devia-
tion from the light-cone x2 ¼ 0. The two lightlike vectors,
p and z, can be introduced by

p2 ¼ 0; z2 ¼ 0; (2.3)

so that p! P in the limit M2
H ! 0 and z! x for x2 ¼ 0.

From this it follows that [57]

z� ¼ x� � P� 1

M2
H

½Px�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðPxÞ2 � x2M2

H

q
�

¼ x� � P� x2

2Pz
þOðx4Þ;

p� ¼ P� � z�
M2

H

2Pz
; (2.4)

where Px � P � x and Pz ¼ pz ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðPxÞ2 � x2M2

H

q
. In ad-

dition, if the meson is assumed to move in a positive ê3
direction, then pþ and z� are the only nonzero components
of p and z, respectively, in an infinite momentum frame.
For the vector meson, the polarization vector �� is decom-
posed into longitudinal and transverse projections as

��k ¼
�z

pz

�
p� � z�

M2
H

2pz

�
; ��? ¼ �� � ��k ; (2.5)

respectively.
LCDAs are defined in terms of the matrix element of the

nonlocal operator in Eq. (2.1). For the pseudoscalar (P) and
vector (V) mesons, LCDAs can be defined as

h0j �qðzÞ���5qð�zÞjPðPÞi

¼ ifP
Z 1

0
duei�pz

�
p��PðuÞ þ z�

M2
P

2pz
gPðuÞ

�
; (2.6)

h0j �qðzÞ��qð�zÞjVðP; ��¼0Þi
¼ fVMV

Z 1

0
duei�pz

�
p� �z

pz
�VkðuÞ þ ��?gV?ðuÞ

� z�
�z

2ðpzÞ2 M
2
VgV3ðuÞ

�
; (2.7)

h0j �qðzÞ���qð�zÞjVðP; ��¼�1Þi
¼ f?V

Z 1

0
duei�pz

�
ð��?p� � ��?p

�Þ�V?ðuÞ

þ ðp�z� � p�z�ÞM
2
V�z

ðpzÞ2 hVkðuÞ

þ ð��?z� � ��?z
�ÞM

2
V

2pz
hV3ðuÞ

�
; (2.8)
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where u is the momentum fraction and � � ð1� uÞ � u ¼
1� 2u. Here �P, �Vk, and �V? are the leading twist-2

LCDAs, and the others contain contributions from higher-
twist operators. The leading twist LCDAs are normalized
as Z 1

0
du�ðuÞ ¼ 1; (2.9)

and can be expanded [58] in Gegenbauer polynomials

C3=2
n ð�Þ as

�ð�;�Þ ¼ �asð�Þ
�X1
l¼0

alð�ÞC3=2
l ð�Þ

�
; (2.10)

where �asð�Þ ¼ 3ð1� �2Þ=4 is the asymptotic quark dis-
tribution amplitude and alð�Þ are the Gegenbauer mo-
ments which describe to what degree the quark
distribution amplitude deviates from the asymptotic one.

C3=2
l ð�Þ’s have the orthogonality integrals

Z 1

�1
ð1� �2ÞC3=2

l ð�ÞC3=2
m ð�Þd� ¼ 2ðlþ 1Þðlþ 2Þ

2lþ 3
	lm:

(2.11)

Then al can be obtained by using the above orthogonality
integrals as

alð�Þ ¼ 2ð2lþ 3Þ
3ðlþ 1Þðlþ 2Þ

Z 1

�1
C3=2
l ð�Þ�ð�;�Þd�: (2.12)

An alternative approach to parameterize the quark distri-
bution amplitude is to calculate the so-called �-moments:

h�ni� ¼
Z 1

�1
d��n�ð�;�Þ; (2.13)

as calculated in this work.
To disentangle the twist-2 LCDAs from higher twists in

Eqs. (2.6), (2.7), and (2.8), the twist-2 contribution of the

relevant nonlocal operator �qðzÞ�qð�zÞ must be derived.
For the � ¼ ��ð�5Þ case, the leading twist-2 contribution
contains contributions of the operators which are fully
symmetric in the Lorentz indices [59,60]:

½ �qð�zÞ��ð�5ÞqðzÞ�2 ¼
X1
n¼0

1

n!
�qð0Þ

�ðz � D̂Þn
nþ 1

��

þ nðz � D̂Þn�1
nþ 1

D̂�z6
�
ð�5Þqð0Þ;

(2.14)

where D̂ ¼ ~D�D
 

and ~D ¼ ~@� igBað�a=2Þ. The sum
can be expressed in terms of a nonlocal operator,

½ �qð�zÞ��ð�5ÞqðzÞ�2 ¼
Z 1

0
dt

@

@z�
�qð�tzÞz6 ð�5ÞqðtzÞ:

(2.15)

Taking the matrix element between the vacuum and the
s-wave meson state, we obtained

h0j½ �qð�zÞ���5qðzÞ�2jPðPÞi
¼ ifP

Z 1

0
du�PðuÞ

�
p�ei�pz þ ðP� � p�Þ

Z 1

0
dtei�tpz

�
;

(2.16)

h0j½ �qð�zÞ��qðzÞ�2jVðP; ��¼0Þi
¼ fVMV

Z 1

0
du�VkðuÞ

�
�
p� �z

pz
ei�pz þ

�
�� � p� �z

pz

�Z 1

0
dtei�tpz

�
: (2.17)

The derivations of (2.17) as shown in Ref. [59], are applied
to those of Eq. (2.16). We use Eq. (2.14), and then expand
the right-hand sides of Eqs. (2.16) and (2.17) as

X1
n¼0

1

n!
h0j �qð0Þ

�ðz � D̂Þn
nþ 1

�� þ nðz � D̂Þn�1
nþ 1

D̂�z6
�
�5qð0ÞjPðPÞi ¼ ifP

X1
n¼0

in

n!

Z 1

0
du�PðuÞð�pzÞn

�
p� þ ðP� � p�Þ

Z 1

0
dttn

�
;

(2.18)

X1
n¼0

1

n!
h0j �qð0Þ

�ðz � D̂Þn
nþ 1

�� þ nðz � D̂Þn�1
nþ 1

D̂�z6
�
qð0ÞjVðP; �Þi ¼ fVMV

X1
n¼0

in

n!

Z 1

0
du�VkðuÞð�pzÞn

�
�
p� �z

pz
þ

�
�� � p� �z

pz

�Z 1

0
dttn

�
; (2.19)

respectively. Picking n ¼ 0 in Eqs. (2.18) and (2.19), we
obtain

h0j �qð0Þ���5qð0ÞjPðPÞi ¼ ifPP
�
Z 1

0
du�PðuÞ; (2.20)

h0j �qð0Þ��qð0ÞjVðPÞ; ��¼0i ¼ fVMV�
�
Z 1

0
du�VkðuÞ:

(2.21)

From the normalization of Eq. (2.9), we have
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h0j �q���5qjPðPÞi ¼ ifPP
�;

h0j �q��qjVðP; �Þi ¼ fVMV�
�

(2.22)

which are taken as the definitions of decay constants fP
and fV in the literature.

Next, we consider the case of � ¼ ���, where the

leading twist-2 contribution contains contributions of the
operators:

½ �qð�zÞ���qðzÞ�2 ¼
X1
n¼0

1

n!
�qð0Þ

�ðz � D̂Þn
2nþ 1

���

þ nðz � D̂Þn�1
2nþ 1

D̂����

þ nðz � D̂Þn�1
2nþ 1

D̂����
�
qð0Þ: (2.23)

The sum can also be represented in terms of nonlocal
operators:

½ �qð�zÞ���qðzÞ�2 ¼
Z 1

0
dt

�
@

@z�
�qð�t2zÞ���qðt2zÞ

þ z

@

@z�
�qð�t2zÞ��
qðt2zÞ

�
:

(2.24)

Returning to Eq. (2.8), it can be rewritten as

h0j �qðzÞ���qð�zÞjVðP; ��¼�1Þi ¼ f?V
Z 1

0
duei�pz

�
ð��P� � ��P�Þ�V?ðuÞ þ ðp�z� � p�z�ÞM

2
V�z

ðpzÞ2 ½hVkðuÞ ��V?ðuÞ�

þ ð�?�z� � �?�z�ÞM
2
V

2pz
½hV3ðuÞ ��V?ðuÞ�

�
: (2.25)

We sandwich both sides of Eq. (2.24) between the vacuum and the vector meson state as

h0j½ �qðzÞ���qð�zÞ�2jVðP; ��¼�1Þi ¼
Z 1

0
dt

�
@

@z�
h0j �qð�t2zÞ���qðt2zÞjVðP; �Þi þ z


@

@z�
h0j �qð�t2zÞ��
qðt2zÞjVðP; �Þi

�

¼ f?V
Z 1

0
du

�
�V?ðuÞ

�
ð��P� � ��P�Þ

Z 1

0
dtei�t

2pz þ 2pzS��ði�Þ
Z 1

0
dtt2ei�t

2pz

�

þ ðhVkðuÞ ��V?ðuÞÞ
�
U��

Z 1

0
dtei�t

2pz þ 2pzT ��ði�Þ
Z 1

0
dtt2ei�t

2pz

��
: (2.26)

The integral is performed as

i�
Z 1

0
dtt2ei�t

2pz ¼ 1

2pz

Z 1

0
dtt

@

@t
ei�t

2pz ¼ 1

2pz

�
ei�pz �

Z 1

0
dtei�t

2pz

�
; (2.27)

and then we substitute Eq. (2.26) for Eq. (2.27) to obtain

h0j½ �qð�zÞ���qðzÞ�2jVðP; ��¼�1Þi ¼ if?V
Z 1

0
du

�
�V?ðuÞ

�
S��ei�pz þ ðð��P� � ��P�Þ � S��Þ

Z 1

0
dtei�t

2pz

�

þ ðhVkðuÞ ��V?ðuÞÞ
�
T ��ei�pz þ ðU�� �T ��Þ

Z 1

0
dtei�t

2pz

��
; (2.28)

where

S�� ¼ 1

2

�
ð��P� � ��P�Þ � ð��?z� � ��?z

�ÞM
2
V

2pz

�
;

T �� ¼ �zM2
V

2ðpzÞ2 ðp
�z� � p�z�Þ;

U�� ¼ M2
V

pz
ð��z� � ��z�Þ:

(2.29)

In contrast to Eqs. (2.16) and (2.17), the twist-2 LCDAs
do not disentangle entirely from the higher twists in

Eq. (2.28). Taking the product with �?�z� in Eq. (2.28)
to obtain

h0j½ �qð�zÞ����?��5qðzÞ�2jVðP; ��¼�1Þi
¼ if?V

Z 1

0
du�V?ðuÞ 12 ð� � �?PzÞ

�
ei�pz þ

Z 1

0
dtei�t

2pz

�
;

(2.30)

we then use Eq. (2.23) and expand the right-hand side of
Eq. (2.30) as
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X1
n¼0

1

n!
h0j �qð0Þ ðnþ 1Þðz � D̂Þn

2nþ 1
����?��5qð0ÞjVðP; ��¼�1Þi ¼ f?V

X1
n¼0

in

n!

Z 1

0
du�V?ðuÞ 12 ð� � �?PzÞð�pzÞ

n

�
1þ

Z 1

0
dtt2n

�
:

(2.31)

Picking n ¼ 0 in Eq. (2.31), we obtain

h0j �qð0Þ����?�qð0ÞjVðP; ��¼�1Þi
¼ f?V

Z 1

0
du�V?ðuÞð� � �?PzÞ: (2.32)

From the normalization of Eq. (2.9), we have

h0j �qð0Þ����?�qð0ÞjVðP; ��¼�1Þi ¼ f?V ð� � �?PzÞ;
(2.33)

which is consistent with the usual definition of f?V as

h0j �qð0Þ���qð0ÞjVðP; ��¼�1Þi ¼ f?V ð��P� � ��P�Þ:
(2.34)

B. Heavy quark framework

In general, the theoretical description of meson proper-
ties relies on the bound state models with a relativistic
normalization:

hMðP0ÞjMðPÞi ¼ 2P0ð2�Þ3	3ðP0 � PÞ: (2.35)

At low energies, however, these models have little connec-
tion to the fundamental theory of QCD. Then the reliable
predictions are often made based on symmetries. A well-
known example is HQS [43], which arises since the
Compton wavelength, 1=mQ, of a heavy quark bound in-

side a hadron is much smaller than a typical hadronic
distance (about 1 fm), and mQ is unimportant for the low

energy properties of the state. For a heavy-light meson
system, it is more natural to use velocity v� instead of
momentum variables. Then it is appropriate to work with a
mass independent normalization of a heavy-light meson
state:

hM̂ðv0ÞjM̂ðvÞi ¼ 2v0ð2�Þ3	3ð ��v0 � ��vÞ; (2.36)

where �� ¼ M�mQ is the so-called residual center mass

of a heavy-light meson. The relation between these two
bound states is

jMðPÞi ¼ ffiffiffiffiffi
M
p jM̂ðvÞi: (2.37)

In addition, the heavy quark field can be expanded as [43]

QðxÞ ¼ e�imQv�x
�
1þ 1

iv �Dþ 2mQ � i"
i 6D?

�
hvðxÞ;
(2.38)

where h�vðxÞ is a field describing a heavy antiquark with
velocity v. Then the current �q�Q can be represented as

�q�Q ¼ �q�

�
1þ i 6D?

2mQ

þ � � �
�
hv: (2.39)

Substituting Eqs. (2.37) and (2.39) into the definitions of
LCDAs, Eqs. (2.6), (2.7), and (2.8) give

h0j �qðzÞ���5hvð�zÞjP̂ðvÞi
¼ iFP

Z 1
0

d!ei!vz

�
v��Pð!Þ þ z�

1

2vz
GPð!Þ

�
; (2.40)

h0j �qðzÞ��hvð�zÞjV̂ðv; ��¼0Þi
¼ FV

Z 1
0

d!ei!vz

�
v� �z

vz
�Vkð!Þ þ �

�
?GV?ð!Þ

� z�
�z

2ðvzÞ2 GV3ð!Þ
�
; (2.41)

h0j �qðzÞ���hvð�zÞjV̂ðv; ��¼�1Þi
¼ F?V

Z 1
0

d!ei!vz

�
ð��?v� � ��?v

�Þ�V?ð!Þ

þ ðv�z� � v�z�Þ �z

ðvzÞ2 HVkð!Þ

þ ð��?z� � ��?z
�Þ 1

2vz
HV3ð!Þ

�
; (2.42)

where FM ¼
ffiffiffiffiffi
M
p

fM, �ið!Þ ¼ �iðuÞ=M, and ! was first
introduced in Ref. [61] as the product of longitudinal
momentum fraction u of the light (anti)quark and the
mass of heavy meson M, namely ! ¼ uM. Following a
similar process, the leading twist LCDAs are obtained as

h0j �qð0Þ���5hvð0ÞjP̂ðvÞi ¼ iFPv
�
Z 1
0

d!�Pð!Þ;
(2.43)

h0j �qð0Þ��hvð0ÞjV̂ðvÞ; ��¼0i ¼ FV�
�
Z 1
0

d!�Vkð!Þ;
(2.44)

h0j �qð0Þ����?�hvð0ÞjV̂ðv; ��¼�1Þi
¼ F?V ð� � �?vzÞ

Z 1
0

d!�V?ð!Þ: (2.45)

The authors of Ref. [21] defined two quark-antiquark
wave functions in momentum space c�ð!Þ of a heavy-
light meson in terms of the matrix element:
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h0j �qðzÞ�hvð�zÞjM̂ðvÞi

¼ f
Z 1
0

ei!vzd!Tr

��
cþð!Þ þ z6

2vz
½c�ð!Þ � cþð!Þ�

�

�MðvÞ�
�
; (2.46)

where f ¼ FM=2 and

M ðvÞ ¼ 1þ v6
2

��i�5; for pseudoscalar meson MðvÞ;
6�; for vector meson M�ðv; �Þ:

(2.47)

Evaluating the trace for various choices of � and taking the
heavy quark limit, they obtained

�Pð!Þ ¼ �Vkð!Þ ¼ �V?ð!Þ ¼ cþð!Þ; (2.48)

and the normalization conditions

Z 1
0

d!cþð!Þ ¼ 1: (2.49)

In addition, the authors of Ref. [21] defined the moments of
cþð!Þ as

h!niþ ¼
Z 1
0

d!cþð!Þ!n; (2.50)

and used the equations of light and heavy quarks to obtain
the relation between the first moment and the residual
center mass:

h!iþ ¼ 4

3
��: (2.51)

III. FORMULISM IN LIGHT-FRONTAPPROACH

A. General framework

An s-wave meson bound state, consisting of a quark, q1,
and an antiquark, �q2, with total momentum P and spin J,
can be written as (see, for example [52])

jMðP; S; SzÞi ¼
Z
fd3k1gfd3k2g2ð2�Þ3	3ð ~P� ~k1 � ~k2Þ
� X

�1;�2

�SSzð~k1; ~k2; �1; �2Þjq1ðk1; �1Þ

� �q2ðk2; �2Þi; (3.1)

where k1 and k2 are the on-mass-shell light-front momenta,

~k ¼ ðkþ; k?Þ; k? ¼ ðk1; k2Þ; k� ¼ m2
q þ k2?
kþ

;

(3.2)

and

fd3kg � dkþd2k?
2ð2�Þ3 ;

jqðk1; �1Þ �qðk2; �2Þi ¼ byðk1; �1Þdyðk2; �2Þj0i;
fbðk0; �0Þ; byðk; �Þg ¼ fdðk0; �0Þ; dyðk; �Þg

¼ 2ð2�Þ3	3ð~k0 � ~kÞ	�0�: (3.3)

In terms of the light-front relative momentum variables
ðu; �?Þ defined by

kþ1 ¼ ð1� uÞPþ; kþ2 ¼ uPþ;

k1? ¼ ð1� uÞP? þ �?; k2? ¼ uP? � �?;
(3.4)

the momentum-space wave function�SSz can be expressed
as

�SSzð~k1; ~k2; �1; �2Þ ¼ 1ffiffiffiffi
N
p

c
R
SSz
�1�2
ðu; �?Þ’ðu; �?Þ; (3.5)

where ’ðu; �?Þ describes the momentum distribution of

the constituent quarks in the bound state, and R
SSz
�1�2

con-

structs a state of definite spin ðS; SzÞ out of the light-front
helicity ð�1; �2Þ eigenstates. Explicitly,
R
SSz
�1�2
ðu; �?Þ ¼

X
s1;s2

h�1jRy
Mð1� u; �?; m1Þjs1i

� h�2jRy
Mðu;��?; m2Þjs2i

�
�
1

2

1

2
; s1s2

								12
1

2
; SSz



; (3.6)

where jsii are the usual Pauli spinors and RM is the
Melosh transformation operator [50]:

hsjRMðui; �?; miÞj�i ¼ mi þ uiM0 þ i ~�s� � ~�? � ~nffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðmi þ uiM0Þ2 þ �2

?
q ;

(3.7)

with u1 ¼ 1� u, u2 ¼ u, and ~n ¼ ð0; 0; 1Þ a unit vector in
the ẑ-direction. In addition,

M2
0 ¼ ðe1 þ e2Þ2 ¼

m2
1 þ �2

?
1� u

þm2
2 þ �2

?
u

;

ei ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

i þ �2
? þ �2

z

q
:

(3.8)

where �z is the relative momentum in ẑ direction and can
be written as

�z ¼ uM0

2
�m2

2 þ �2
?

2uM0

: (3.9)

M0 is the invariant mass of q �q and generally different from
massM of the meson which satisfiesM2 ¼ P2. This is due
to the fact that the meson, quark and antiquark cannot be
simultaneously on-shell. We normalize the meson state as
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hMðP0; S0; S0zÞjMðP; S; SzÞi
¼ 2ð2�Þ3Pþ	3ð ~P0 � ~PÞ	S0S	S0zSz ; (3.10)

in order that

Z dud2�?
2ð2�Þ3 j’ðu; �?Þj

2 ¼ 1: (3.11)

In general, for any function F ðj ~�jÞ, ’ðu; �?Þ has the form
of

’ðu; �?Þ ¼ N

ffiffiffiffiffiffiffiffi
d�z

du

s
F ðj ~�jÞ; (3.12)

where normalization factor N is determined from
Eq. (3.11).

In practice, it is more convenient to use the covariant

form of R
SSz
�1�2

[50,54,62]:

R
SSz
�1�2
ðu; �?Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffi
kþ1 kþ2

q
ffiffiffi
2
p

~M0ðM0 þm1 þm2Þ
�uðk1; �1Þð �P6 þM0Þ

� �vðk2; �2Þ; (3.13)

where

~M 0 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

0 � ðm1 �m2Þ2
q

; �P � k1 þ k2;

�uðk; �Þuðk; �0Þ ¼ 2m

kþ
	�;�0 ;

X
�

uðk; �Þ �uðk; �Þ ¼ k6 þm

kþ
;

�vðk; �Þvðk; �0Þ ¼ � 2m

kþ
	�;�0 ;

X
�

vðk; �Þ �vðk; �Þ ¼ k6 �m

kþ
:

(3.14)

For the pseudoscalar and vector mesons, we have:

�P ¼ �5; �V ¼ �6�ð�Þ; (3.15)

where

�
�
�¼�1 ¼

�
2

Pþ
~�?ð�1Þ � ~P?; 0; ~�?ð�1Þ

�
;

~�?ð�1Þ ¼ 	ð1;�iÞ=
ffiffiffi
2
p

;

���¼0 ¼
1

M0

��M2
0 þ P2

?
Pþ

; Pþ; P?
�
:

(3.16)

Equations (3.13) and (3.15) can be further reduced by the
applications of equations of motion on the spinors [54]:

R
SSz
�1�2
ðu; �?Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffi
kþ1 kþ2

q
ffiffiffi
2
p

~M0

�uðk1; �1Þ�0vðk2; �2Þ; (3.17)

where

�0P ¼ �5; �0V ¼ �6�þ
� � ðk1 � k2Þ

M0 þm1 þm2

: (3.18)

Next, the matrix elements of Eqs. (2.20), (2.21), and
(2.32) are calculated within LFQM, and the relevant lead-
ing twist LCDAs are extracted. For the pseudoscalar
meson state, we substitute Eqs. (3.1), (3.5), and (3.17)
into Eq. (2.20) to obtain

h0j �q2���5q1jPðPÞi ¼ Nc

Z
fd3k1g

X
�1;�2

�SSzðk1; k2; �1; �2Þh0j �q2���5q1jq1 �q2i

¼ i
ffiffiffiffiffiffi
Nc

p Z
fd3k1g

ffiffiffiffiffiffiffiffiffiffiffiffi
kþ1 k

þ
2

q
ffiffiffi
2
p

~M0

’Tr

�
���5

�
k6 1 þm1

kþ1

�
�5

�
k6 2 �m2

kþ2

��
¼ ifPP

�
Z

du�ðuÞ: (3.19)

For the ‘‘good’’ component, � ¼ þ, the leading twist LCDA, �P, is extracted as

�PðuÞ ¼ 2
ffiffiffi
6
p
fP

Z d2�?
2ð2�Þ3

½ð1� uÞm2 þ um1�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
uð1� uÞp

~M0

’ðu; �?Þ: (3.20)

A similar process is used for the vector meson which corresponded to Eqs. (2.21) and (2.32), and then the leading twist
LCDAs are extracted as

ANALYSES OF DECAY CONSTANTS AND LIGHT-CONE . . . PHYSICAL REVIEW D 81, 114024 (2010)

114024-7



�VkðuÞ ¼ 2
ffiffiffi
6
p
fV

Z d2�?
2ð2�Þ3

’ðu; �?Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
uð1� uÞp

~M0

�
�
um1 þ ð1� uÞm2 þ

2�2
?

M0 þm1 þm2

�
;

(3.21)

�V?ðuÞ ¼ 2
ffiffiffi
6
p

f?V

Z d2�?
2ð2�Þ3

’ðu; �?Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
uð1� uÞp

~M0

�
�
um1 þ ð1� uÞm2 þ

�2
?

M0 þm1 þm2

�
:

(3.22)

From the normalization of Eq. (2.9), we found not only that
the equations of fP and fV were consistent with that of [6],
but also that the decay constants and the leading twist
LCDAs has the simple relations

fP þ fV ¼ 2f?V ; �PðuÞ þ�VkðuÞ ¼ 2�V?ðuÞ:
(3.23)

B. Heavy quark framework

If one takes m1 ¼ mQ ! 1, that is, the heavy quark

limit in the heavy-light meson, then two inequalities,mQ ’
M0 
 m2, �? and u! 0, are obtained. From Eqs. (3.20),
(3.21), and (3.22), the decay constants and the leading twist
LCDAs are simplified as

fP ’ fV ’ f?V / FM; �P ’ �Vk ’ �V? / �M;

(3.24)

which are independent of the form of F ðj ~�jÞ. These are
consistent with HQS between the s-wave heavy-light me-
sons. The exact form of �M, however, must be derived by
the redefinition of the meson bound state. Let us consider
the bound states of heavy mesons in the heavy quark limit:

jM̂ðv; S; SzÞi ¼
Z
fd3qgfd3k2g2ð2�Þ3	3ð �� ~v�~q� ~k2Þ
� X

�1;�2

�̂SSzð!;�?; �1; �2Þbyvðq; �1Þ

� dyðk2; �2Þj0i; (3.25)

where q ¼ k1 �mQv is the residual momentum of heavy

quark. The operators byvðq; �1Þ create a heavy quark with

fbvðq; �1Þ; byv0 ðq0; �01Þg ¼ 2ð2�Þ3	vv0	
3ð~q� ~q0Þ	�1�

0
1
:

(3.26)

The relative transverse and longitudinal momenta, �? and
�z, are obtained by

�? ¼ k2? �!v?; �z ¼ !

2
�m2

2 þ �2
?

2!
: (3.27)

The momentum-space wave function �̂SSz can be ex-
pressed as

�̂ SSzð!;�?; �1; �2Þ ¼ 1ffiffiffiffi
N
p

c
R̂
SSz
�1�2
ð!;�?Þ’̂SSzð!;�?Þ;

(3.28)

where

R̂SSzð!;�?; �1; �2Þ ¼ kþ2ffiffiffi
2
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð!þm2Þ2 þ �2
?

q
� �uðv; �1Þ�vðk2; �2Þ (3.29)

with � ¼ �5ð� ^6�Þ for S ¼ 0ð1Þ,

�̂��¼�1 ¼
�
2

vþ
~�?ð�1Þ � ~v?; 0; ~�?ð�1Þ

�
;

�̂��¼0 ¼
��1þ v2

?
vþ

; vþ; v?
�
;

(3.30)

and uðv; �1Þ is the spinor for the heavy quark,

X
�

uðv; �Þ �uðv; �Þ ¼ v6 þ 1

vþ
: (3.31)

The normalization of the heavy meson bound states can
then be given by

hM̂ðv0; S0; S0zÞjM̂ðv; S; SzÞi ¼ 2ð2�Þ3vþ	3ð ��v0 � ��vÞ
� 	SS0	SzS

0
z
; (3.32)

which not only leads to Eq. (2.37), but also to the space part
’̂SSzð!;�2

?Þ (called the light-front wave function) in

Eq. (3.25) which has the following wave function normal-
ization condition:

Z d!d2�?
2ð2�Þ3 j’̂

SSzð!;�2
?Þj2 ¼ 1: (3.33)

In principle, the heavy quark dynamics are completely
described by HQET, which is given by the 1=mQ expansion

of the heavy quark QCD Lagrangian:

L ¼ �Qði 6D�mQÞQ ¼
X1
n¼0

�
1

2mQ

�
n
Ln: (3.34)

Therefore, jM̂ðv;S; SzÞi and ’̂SSzð!;�2
?Þ are then deter-

mined by the leading Lagrangian L0 ¼ �hviv �Dhv. The
authors of Ref. [63] have shown, from the light-front bound
state equation, that ’̂SSzðU; �2

?Þ must be degenerate for

S ¼ 0 and S ¼ 1. As a result, we can simply write

’̂ SSzð!;�2
?Þ ¼ ’̂ð!;�2

?Þ (3.35)

in the heavy quark limit. Equation (3.25) together with
Eqs. (3.29) and (3.35) are then the heavy meson light-front
bound states in the heavy quark limit that obeyed HQS.
From the normalization conditions of Eqs. (3.11) and
(3.33), we obtain the relation between the wave functions
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’ðu; �2
?Þ and ’̂ð!;�2

?Þ:
’ðu; �2

?Þ ¼
ffiffiffiffiffi
M
p

’̂ð!;�2
?Þ: (3.36)

Next, the matrix elements of Eqs. (2.43), (2.44), and (2.45)

can be calculated, and the relevant leading twist LCDAs
extracted. For the pseudoscalar meson state, we substitute
Eqs. (3.25), (3.28), and (3.29) into Eq. (2.43) to obtain

h0j �q���5hvjPðvÞi ¼ Nc

Z
fd3k2g

X
�1;�2

�̂SSzð!;�?; �1; �2Þh0j �q2���5hvjQ �q2i

¼ i
ffiffiffiffiffiffi
Nc

p Z
fd3k2g kþ2ffiffiffi

2
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð!þm2Þ2 þ �2

?
q ’̂Tr

�
���5

�
v6 þ 1

vþ

�
�5

�
k6 2 �m2

kþ2

��
¼ iFPv

�
Z

d!�Pð!Þ:

(3.37)

For the ‘‘þ’’ component, the leading twist LCDA �P is
extracted as

�Pð!Þ ¼ 2
ffiffiffi
6
p
FP

Z d2�?
2ð2�Þ3

!þm2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð!þm2Þ2 þ �2

?
q ’̂ð!;�?Þ:

(3.38)

In contrast with �ðuÞ, �ð!Þ represents the distribution of
the longitudinal momentum carried by the light degree of
freedom. A similar process is used for the vector meson
which corresponds to Eqs. (2.44) and (2.45), and the results
are

FP ¼ FV ¼ F?V ; �Pð!Þ ¼ �Vkð!Þ ¼ �V?ð!Þ;
(3.39)

which are consistent with Eqs. (2.48) and (2.49).

IV. NUMERICAL RESULTS AND DISCUSSIONS

In this section, the decay constants and LCDAs of Dð�Þ,
Dð�Þs , Bð�Þ, Bð�Þs , and Bð�Þc are studied. We consider two kinds
of F ðj ~�jÞ, one is the Gaussian type, the other is the power-
law type:

F gðj ~�jÞ ¼ exp

�
� j ~�j

2

22

�
; (4.1)

F pðj ~�jÞ ¼
�

1

1þ j ~�j2=2

�
2
; (4.2)

then the corresponding wave functions are

’gðu; �?Þ ¼ 4

�
�

2

�
3=4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e1e2

uð1� uÞM0

s

� exp

�
��2

? þ ðuM0

2 �
m2

2
þ�2

?
2uM0

Þ2
22

�
; (4.3)

’pðu; �?Þ ¼ 8

�
2�

3

�
1=2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e1e2

uð1� uÞM0

s

�
�

2

�2
? þ ðuM0

2 �
m2

2þ�2
?

2uM0
Þ2 þ 2

�
2
; (4.4)

and can be used to calculate decay constant f, the LCDAs
�ðuÞ, and the �-moments of �ðuÞ. Prior to the numerical
calculations, the parametersm1,m2 and, which appeared
in the wave function, have to first determined. For the light
quark masses, we used the decay constants f�, fK and the
mean square radii hr2

�þi, hr2K0i to fit mu;dð� mqÞ and ms

[64]. For the heavy quark masses, however, the relevant
measurements are insufficient. We determined mc and mb

by the mass of the spin-weighted average of the heavy
quarkonium states and its variational principle for the
relevant Hamiltonian [20].
As regards parameter , it is determined by the decay

constant of the heavy meson. Recently the CLEO collabo-
ration updated their data concerning BrðDþ ! �þ�Þ and
an average value was reported [65]: fDþ ¼ 206:0�
8:9 MeV. In addition, the authors of Ref. [66] averaged
BrðB� ! �� ��Þ from the Belle [67] and BABAR [68,69]
collaborations and extracted fB ¼ 204� 31 MeV. The
parameters cq and bq can then be determined. As men-

tioned in the previous work [64], the ratios, cs=cq and

bs=bq can be related to the SUð3Þ symmetry breaking,

that is, ms=mq as follows:

�MDsD
�
s

�MDD�
¼ mq

ms

�
cs

cq

�
3
;

�MBsB
�
s

�MBB�
¼ mq

ms

�
bs

bq

�
3
:

(4.5)

Therefore, cs and bs are not independent parameters.
Concerning the decay constants of Bc, we quote the aver-
age result of QCD sum rules [70]: fBc

¼ 360 MeV to

extract the parameter bc. All the parameters are listed in
Table I.
Next, we used the parameters in Table I as input to

calculate the decay constants fP, fV , and f
?
V of the relevant

heavy mesons. The values of the ratios fV=fP, fP0=fP,
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fV0=fV are also included. Tables II and III show a com-
parison of the results of this work with other theoretical
calculations. In a previous work [64], we pointed out that
ratios fDs

=fD and fBs
=fB were not only chiefly determined

by the ratio of light quark masses, ms=mq, or the SUð3Þ
symmetry breaking, but also insensitive to the heavy quark
masses mc;b. This phenomenon also appears in the ratios

fD�s =fD� and fB�s =fB� here for both Gaussian and power-

TABLE I. Input values of quark masses and ’s (MeV).

mq ms mc mb cq cs bq bs bc

’g 251 445� 36 1380 4780 465� 22 567� 42 587� 74 727� 120 815

’p 172 296� 12 1360 4770 505� 25 608� 40 575� 77 706� 113 815

TABLE II. Decay constants of the pseudoscalar and vector heavy mesons (MeV). Linear and HO are the different potentials in
Refs. [6,7], FC is the field correlators, BS is the Bethe-Salpeter equation, and RQM is the relativistic quark model.

Experiment This worka Linear (HO) FC [11] BS [8,9] Lattice [5] RQM [10]

fD 206:0� 8:9 [65] 206:0� 8:9 (206:0� 8:9) 211 (194) 210� 10 230� 25 211� 14þ0�12 234

fD� 259:6� 14:6 (306:3þ18:2�17:7) 254 (228) 273� 13 340� 23 245� 20þ0�2 310

f?D� 232:7� 11:7 (256:2þ13:6�13:3)
fDs

260:7� 6:5 [65] 267:4� 17:9 (259:7� 13:7) 248 (233) 260� 10 248� 27 231� 12þ6�0 268

fD�s 338:7� 29:7 (391:0� 28:9) 290 (268) 307� 18 375� 24 272� 12þ0�20 315

f?D�s 303:1� 23:8 (325:3� 21:5)
fB 204� 31b 204� 31 (204� 31) 189 (180) 182� 8 196� 29 179� 18þ26�9 189

fB� 225� 38 (249þ44�42) 204 (193) 200� 10 238� 18 196� 24þ31�2 219

f?B� 214� 34 (226� 37)
fBs

281� 54 (270� 47) 234 (237) 216� 8 216� 32 204� 16þ28�0 218

fB�s 313� 67 (335� 68) 250 (254) 230� 12 272� 20 229� 20þ31�16 251

f?B�s 297� 61 (302� 58)
fBc

360 (360) 377 (508) 438� 10 322� 42
fB�c 387 (423) 398 (551) 453� 20 418� 24

f?B�c 374 (392)

aThe value is obtained by ’gð’pÞ.
bThis value is extracted by the branching ratio: BðB� ! �� ��Þ ¼ ð1:42� 0:43Þ � 10�4 [66].

TABLE III. Ratio of the decay constants. In this work, f?V =fP ¼ ð1þ fV=fPÞ=2.
Experiment This worka Linear (HO) FC [11] BS [8,9] Lattice [5] RQM [10]

fD�=fD 1:26� 0:02 1.20 (1.18) 1:27� 0:05 1:48� 0:26 1.32

(1:49� 0:02)
fD�s =fDs

1:27� 0:03 1.17 (1.15) 1:17� 0:04 1:51� 0:26 1.18

(1:51� 0:03)
fDs

=fD 1:27� 0:06 [65] 1:30� 0:04 1.18 (1.20) 1:24� 0:03 1:08� 0:01 1:10� 0:02 1.15

(1:26� 0:04)
fD�s =fD� 1:30� 0:05 1.14 (1.18) 1:10� 0:06 1:11� 0:03 1.02

(1:28� 0:05)
fB�=fB 1:10� 0:02 1.08 (1.07) 1:08� 0:04 1:21� 0:27 1.16

(1:22� 0:03)
fB�s =fBs

1:11� 0:03 1.07 (1.07) 1:07� 0:04 1:26� 0:28 1.15

(1:24� 0:05)
fBs

=fB 1:38� 0:07 1.24 (1.32) 1:19� 0:03 1:10� 0:01 1:14� 0:03þ0:00�0:01 1.15

(1:32� 0:08)
fB�s =fB� 1:39� 0:08 1.23 (1.32) 1:14� 0:08 1:17� 0:04þ0:00�0:03 1.15

(1:35� 0:08)
fB�c=fBc

1.08 (1.18) 1.06 (1.08) 1:03� 0:03 1:30� 0:24

aThe value is obtained by ’gð’pÞ.
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law wave functions. On the contrary, as shown in Table III,
the ratio fV=fP is not only dependent on the heavy quark
mass, but also insensitive to the light quark mass. The
reason is that, making a comparison between Eqs. (3.20)
and (3.21), the difference between fP and fV is propor-
tional to 2�2

?=ðM0 þm1 þm2Þ. In the Gaussian (power-

law) wave function, the mean square value of the trans-

verse momentum is equal (proportional) to the square
value of the parameter , or h�2

?i ¼ 2ðh�2
?i / 2Þ, so

the ratio fV=fP is influenced by the parameter  and the
quark mass. In the case of the different heavy quark, for
example, fD�=fD and fB�=fB, as mb is much greater than
mc, this effect is greater than that of bq > cq, so fB�=fB
is smaller than fD�=fD. On the other hand, in the case of
the different light quark, for example, fD�=fD and fD�s =fDs

,

asms is slightly greater thanmq, this effect is less than that

of cs > cq, so fD�s =fDs
is a little larger than fD�=fD.

The quark distributions of the heavy meson, �PðuÞ,
�VkðuÞ, and �V?ðuÞ are plotted in Fig. 1 and 2. Clearly

the difference in the constituent quark masses is greater,
the location where u peaked is closer to zero. This indi-
cates, relatively, that the lighter the quark, the smaller its
momentum fraction. We also find that, even though the
difference between fD and fD� was more than 25% (almost
50%) for the Gaussian (power-law) wave function, all
curvilinear distinctions between �VkðuÞ and �PðuÞ are
quite small. The reason is that, after the �? integration,
the curve of �MðuÞ is influenced only by the quark mass,
parameter , and the total spin (that is, the pseudoscalar or
the vector meson). As the quark mass and are the same in
�Vkð?ÞðuÞ and �PðuÞ, the distinctions between them were

slight. On the other hand, even though fD� is almost equal
to fDs

, as shown in Table II (or fD�=fD ’ fDs
=fD) for the

Gaussian wave function, the curvilinear distinction be-
tween �g

D�kðuÞ and �g
DðuÞ is obviously smaller than that

between �g
Ds
ðuÞ and �g

DðuÞ. As for the power-law wave

function, the situation is inverse. Therefore, we can infer
that, even though the values of fM ’s are almost the same
between the distinct heavy mesons, the curves of �MðuÞ
may have the quite large differences, and vice versa.
Finally, the quark distribution function is displayed in
terms of the �-moments, as in Eq. (2.13). The first six
�-moments (n > 0) are listed in Table IV.
For the heavy quark framework, some models for B

meson LCDAs have also been adopted in the literature.
Inspired by the QCD sum rule analysis, the authors of
Ref. [21] proposed a simple model:

cþIð!Þ ¼ !

�2
I

e�!=�I : (4.6)

Additionally, the authors of Ref. [25] suggested a

D
Ds

B
Bs

Bc

0.0 0.2 0.4 0.6 0.8 1.0
0

1

2

3

4

u

M
u

FIG. 1 (color online). Quark distribution amplitudes of the
heavy meson for a Gaussian wave function. The solid, dotted,
and dashed lines correspond to �g

PðuÞ, �g
VkðuÞ, �g

V?ðuÞ, respec-
tively.

D
Ds

B
Bs

Bc
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1

2

3

4

u

p
u

FIG. 2 (color online). Quark distribution amplitudes of the
heavy meson for a power-law wave function. The solid, dotted,
and dashed lines correspond to �p

PðuÞ, �p
VkðuÞ, �p

V?ðuÞ, respec-
tively.

TABLE IV. First six �-moments of the s-wave heavy meson.

h�1i h�2i h�3i h�4i h�5i h�6i
�gðpÞ

D �0:288 (�0:251) 0.210 (0.235) �0:125 (�0:115) 0.0960 (0.111) �0:0695 (�0:0673) 0.0558 (0.0664)

�gðpÞ
Ds

�0:213 (�0:207) 0.183 (0.217) �0:0890 (�0:0905) 0.0738 (0.0970) �0:0468 (�0:0507) 0.0388 (0.0550)

�gðpÞ
B �0:617 (�0:531) 0.425 (0.398) �0:312 (�0:288) 0.240 (0.234) �0:191 (�0:185) 0.156 (0.157)

�gðpÞ
Bs

�0:549 (�0:486) 0.359 (0.359) �0:254 (�0:249) 0.189 (0.200) �0:147 (�0:154) 0.117 (0.129)

�gðpÞ
Bc

�0:536 (�0:368) 0.227 (0.230) �0:133 (�0:123) 0.108 (0.0867) �0:0553 (�0:0527) 0.0378 (0.0403)
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Gaussian-type model:

cþIIð!Þ ¼
ffiffiffiffiffiffiffiffiffiffi
2

��2
II

s
!2

�2
II

e�!2=2�2
II : (4.7)

By applying Eqs. (2.50) and (2.51), the relation between
the residual center mass and the parameter � is

�� q ¼ 3

2
�I ¼ 3ffiffiffiffiffiffiffi

2�
p �II: (4.8)

In Ref. [23], the value �I ¼ 0:3 GeV corresponded to
��q ¼ 0:45 GeV. For a convenient comparison, we used

this ��q and ��s ¼ ��q þms �mq to fix parameters Qq

and Qs in this work. Moreover, the Gaussian wave func-

tion ’̂ is given by taking the heavy quark limit in Eq. (4.3)
and using the relation Eq. (3.36):

’̂ð!;�?Þ ¼ 4

�
�

2

�
3=4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2
þm2

2 þ �2
?

2!2

s

� exp

�
��2

? þ ð!2 �
m2

2
þ�2

?
2! Þ2

22

�
: (4.9)

The light quark masses mqðsÞ ¼ 0:251ð0:445Þ GeV are as

in Table I, and we can then obtain the values g
Qq ¼

0:279 GeV and g
Qs ¼ 0:338 GeV. In terms of these pa-

rameters, the leading twist LCDAs �Qqð!Þ, �Qsð!Þ,
cþIð!Þ, and cþIIð!Þ are calculated and plotted as in
Fig. 3. We find that the curve of �Qqð!Þ is close to that

of cþIð!Þ.

V. CONCLUSIONS

This study has discussed the leading twist LCDAs of the
s-wave heavy meson within the light-front approach in

both general and heavy quark frameworks. These LCDAs
are shown in terms of light-front variables and relevant
decay constants. In the general frameworks, we find that
the decay constants and LCDAs of the pseudoscalar and
vector mesons have the following relations: fP þ fV ¼
2f?V and �P þ�Vk ¼ 2�V?. The parameters m and ,
which appear in both Gaussian and power-law wave func-
tions, were determined as follows: (1) the light quark
masses are fitted by the decay constants and the mean
square radii of the light meson; (2) the heavy quark masses
are determined by the mass of the spin-weighted average of
the heavy quarkonium states and its variational principle
for the relevant Hamiltonian; and (3) the hadronic parame-
ter’s are evaluated by the decay constants ofDþ, B�, and
Bc, with the former two and the latter one from the experi-
mental data and the average result of QCD sum rules,
respectively. We find that, for both Gaussian and power-
law wave functions, the ratios fD�s =fD� and fB�s =fB� , as

well as fDs
=fD and fBs

=fB in the previous work, are

chiefly determined by the ratio of light quark masses
ms=mq, or the SUð3Þ symmetry breaking. On the other

hand, by making a comparison between fD�=fD, fD�s =fDs
,

fB�=fB, and fB�s =fBs
, the ratio fV=fP is not only dependent

on the heavy quark mass, but also insensitive to the light
quark mass.
As shown in Figs. 1 and 2, we find that even though the

difference between fD and fD� is more than 25% (almost
50%) for the Gaussian (power-law) wave functions, all
curvilinear distinctions between �VkðuÞ and �PðuÞ are
quite small because their main difference come from the
variations of the quark mass and . On the contrary, even
though fD�=fD is almost equal to fDs

=fD for the Gaussian

wave function, the curvilinear distinction between�g
D�kðuÞ

and �g
DðuÞ is obviously smaller than that between �g

Ds
ðuÞ

and �g
DðuÞ. As for the power-law wave function, the situ-

ation is inverse. Therefore, we conclude that even though
the values of fM ’s are almost equal among the distinct
mesons, the curves of �MðuÞ may have quite large differ-
ences, and vice versa.
When the heavy quark framework is used, the above

relations for the decay constant and the LCDAs can be
further simplified as FP ¼ FV ¼ F?V and �P ¼ �Vk ¼
�V?, as consistent with HQS. For a convenient compari-

son, the value ��q ¼ 0:45 GeV, as suggested in Ref. [23], is

used to fix QqðQsÞ and to plot the curves of �Qq, �Qs,

cþI, and cþII in Fig. 3. We find that the curvilinear
distinction between �Qqð!Þ and cþIð!Þ is relatively

small.
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