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Superqubits
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We provide a supersymmetric generalization of n quantum bits by extending the local operations and
classical communication entanglement equivalence group [SU(2)]" to the supergroup [uOSp(1|2)]" and
the stochastic local operations and classical communication equivalence group [SL(2, C)]" to the super-
group [OSp(1]2)]*. We introduce the appropriate supersymmetric generalizations of the conventional
entanglement measures for the cases of n =2 and n = 3. In particular, super-Greenberger-Horne-
Zeilinger states are characterized by a nonvanishing superhyperdeterminant.
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I. INTRODUCTION

The question of computable entanglement measures for
arbitrary quantum systems is, to a large extent, an open
one. However, substantial progress has been made utilizing
the paradigms of local operations and classical communi-
cation (LOCC) and stochastic local operations and clas-
sical communication (SLOCC). For example, 2-qubit and
3-qubit systems both admit concise, but nontrivial, SLOCC
classifications, which reveal a number of important quali-
tative features of multipartite entanglement [1-6]. In par-
ticular, 2-qubit Bell states and 3-qubit Greenberger-Horne-
Zeilinger (GHZ) states are characterized, respectively, by
nonvanishing determinant and hyperdeterminant.

Here we propose a supersymmetric generalization of the
qubit, the superqubit. We proceed by extending the n-qubit
SLOCC equivalence group [SL(2C,)]" and the LOCC
equivalence group [SU(2)]" to the supergroups
[OSp(1]2)]* and [uOSp(1]|2)]", respectively. A single
superqubit forms a three-dimensional representation of
OSp(1]2) consisting of two commuting ‘‘bosonic” com-
ponents and one anticommuting ‘“fermionic” component.
For n =2 and n = 3 we introduce the appropriate super-
symmetric generalizations of the conventional entangle-
ment measures. In particular, super-Bell and super-GHZ
states are characterized, respectively, by nonvanishing
superdeterminant (distinct from the Berezinian) and
superhyperdeterminant.'

This mathematical construction seems a very natural
one. Moreover, from a physical point of view, it makes
contact with various condensed-matter systems. For ex-
ample, the three-dimensional representation of OSp(1]2) is
encountered in the supersymmetric #-J model where it
describes spinons and holons on a one-dimensional lattice
[8—12]. It also shows up in the quantum Hall effect [13] and
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Affleck-Kennedy-Lieb-Tasaki models of superconductiv-
ity [14].

In order to facilitate the introduction of a super Hilbert
space, super LOCC and superqubits in IV, we first recall
some familiar properties of ordinary Hilbert space, LOCC,
and qubits in II. Similarly, in order to discuss the super-
entanglement of two and three superqubits in V, we first
review the ordinary entanglement of two and three qubits
in III.

II. QUBITS

A. Hilbert space

A complex Hilbert space HH is equipped with a one-to-
one map into its dual space H T,

o -t gy (et =l

which defines an inner product (#/|¢) and satisfies the
following properties:
(1) For all |¢), |¢) € H, and any complex number «
we have,

(alypDt =(yla®,  (y) + oDt = (¥l + (4l

2)
(2) Forall |), |¢) € H,
Wl)y = (o). 3)
(3) Forall |¢) € H,
Wly)=0 )
with equality holding if and only if |¢) is the null

vector.

In particular, a qubit lives in the two-dimensional com-
plex Hilbert space C2. An arbitrary n-qubit system is then
simply a vector in the n-fold tensor product Hilbert space
C’e---0C>=[C*]"
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B. LOCC and SLOCC

Two states are said to be LOCC equivalent if and only if
they may be transformed into one another with certainty
using LOCC protocols. Reviews of the LOCC paradigm
and entanglement measures may be found in [15,16]. It is
well known that two states of a composite system are
LOCC equivalent if and only if they are related by the
group of local unitaries (which we will refer to as the
LOCC equivalence group), unitary transformations that
factorize into separate transformations on the component
parts [17]. In the case of n qubits the group of local
unitaries is given (up to a global phase) by [SU(2)]".

Similarly, two quantum states are said to be SLOCC
equivalent if and only if they may be transformed into one
another with some nonvanishing probability using LOCC
operations [2,17]. The set of SLOCC transformations relat-
ing equivalent states forms a group (which we will refer to
as the SLOCC equivalence group). For n qubits the SLOCC
equivalence group is given (up to a global complex factor)
by the n-fold tensor product, [SL(2, C)]", one factor for
each qubit [2]. Note, the LOCC equivalence group forms a
compact subgroup of the larger SLOCC equivalence group.

The Lie algebra 3[(2) may be conveniently summarized
as

[Pa,ay Pasa,] = 284, (4, Paya,); )

where A =0, 1, and throughout this paper we use
“strength one” (anti)symmetrization, so that

Xaa) =3Xaa, T Xan) (6)

We permit the indices to be raised/lowered by the
SL(2, C)-invariant epsilon tensors according to the rules:

VA == 8A1A2VA2, VAI = SA]AZVAZy (7)

|
where we adopt the following conventions:
8o, = —&MM, g4 4,8"0% = 8’:?. (8)
Consequently,
UAV, = —U, VA )
The compact subalgebra 511(2) is given by
su(2) == {x € 3[(2)|xt = —X}. (10)
An arbitrary element X € 311(2) may be written as
X = £A, (1)

where ¢&; € R and
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Ay ==(Pgy — P11),
1 2( 00 i)
Ay = Loy + Py
2= 5 Woo 1) (12)
A3 = iPOl’
Al = -a,.
C. One qubit
The one-qubit system (Alice) is described by the state
W) = aslA), (13)

and the Hilbert space has dimension 2. The SLOCC
equivalence group is SL(2, C) 4, under which a, transforms
as a2,

The norm squared (V| W) is given by

(VW) = 6M%ay ay, (14)
and is invariant under SU(2),. The one-qubit density ma-
trix is given by

p = [WXW] = ay d; |A)XA. (15)
The norm squared is then given by
(W) = u(p). (16)
Unnormalized pure state density matrices satisfy

p* = t(p)p. (17)

D. Two qubits

The two-qubit system (Alice and Bob) is described by
the state

|W) = asp|AB), (18)

and the Hilbert space has dimension 22 = 4. The SLOCC
equivalence group is SL(2, C)4 X SL(2, C)z under which
a,p transforms as a (2, 2).

The norm squared (V| W) is given by

(V¥ = SAIAZSBIBZaZIB]aAZBZ (19)
and is invariant under SU(2), X SU(2)z. The two-qubit
density matrix is given by

p = |IXV¥| = aAlB,a:232|A1Bl><Asz|- (20)
The reduced density matrices are defined using the partial
trace

Pa = trBl\I,><\I,|, PB = trAl\I,><\I,|, (21)

or

(PA)A1A2 = SB]BZaAlBlaZzBZ’ (22)
(PB)3132 = 5A1A2aAlBla*Asz-
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E. Three qubits

The three-qubit system (Alice, Bob, Charlie) is de-
scribed by the state

|W) = aspclABC), (23)

and the Hilbert space has dimension 23 = 8. The SLOCC
equivalence group is SL(2, C), X SL(2,C)z X SL(2,C)¢
under which a,pc transforms as a (2, 2, 2).

The norm squared (W|W) is given by

<\I,|\I,> — (SAIAZ‘SBIBZBCICZCIZ[&QaAszcz (24)

and is invariant under SU(2)4 X SU(2)g X SU(2)¢. The
three-qubit density matrix is given by

p = WXV = ay p,c,as,p,c, A1 B1C1XABy Gyl (25)

The singly reduced density matrices are defined using the
partial trace

pag = tre| WXV,
pac = Al W)V] (20
Pca = tr3|q’><\yl,
or
(PAB)AAB B, = 5C1C2“AIBIC1 aizsch
(PBC)B,B,C,C, = 5A1A20AIBIC1 afszzcz’ @n
(Pcadc,conn, = 5BleaAlBIC1aZZBZC2'

The doubly reduced density matrices are defined using the
partial traces

pa = trpe| WXV,
pp = trea WXV, (28)
pe = trap| WXV,

or

_ SByB, SC,C *
(pA)AIAZ = 0%1%26% 2AA,B,C A, B, Cy

— SC\Cy SAA
(pB)s,B, = 09128 ay g c ) p c, (29)

= S§A142 §B1B; *
(Pc)c]c2 0 0 aAB,C,%,8B,C,

III. ENTANGLEMENT

A. Two qubits

For two qubits there are only two distinct SLOCC en-
tanglement classes—two qubits are either entangled or not.
The two classes are distinguished by the SLOCC invariant,
deta,p. For separable states deta,p = 0, while it is non-
zero for any entangled state.

There are two independent [ SU(2)]? invariants, the norm
(¥|W)!/2 and the 2-tangle 7,45 [1,18],

TAB — 4detpA = 4deth = 4| detaAB|2. (30)
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The 2-tangle is maximized, 745 = 1, by the Bell state:
1

|\P>Bell = \/5

(100) + [11)). 3D

B. Three qubits

For three qubits there are six distinct SLOCC entangle-
ment classes [2,4-6]. These classes and their representative
states are summarized as follows:

Separable: Zero entanglement orbit for completely fac-
torizable product states,

A-B-C: |000). (32)

Biseparable: Three classes of bipartite entanglement

A-BC: |010) + |001),
B-CA: |100) + [001), (33)
C-AB: |010) + |100).

W: Three-way entangled states that do not maximally
violate Bell-type inequalities in the same way as the GHZ
class discussed below. However, they are robust in the
sense that tracing out a subsystem generically results in a
bipartite mixed state that is maximally entangled under a
number of criteria [2],

W: [100) + |010) + [001). (34)

GHZ: Genuinely tripartite entangled Greenberger-
Horne-Zeilinger [19] states. These maximally violate
Bell’s inequalities but, in contrast to class W, are fragile
under the tracing out of a subsystem since the resultant
state is completely unentangled,

GHZ: |000) + [111). (35)

The six classes may be distinguished either by appealing
to simple arguments concerning the conservation of re-
duced density matrix ranks as in [2] or by considering the
vanishing or not of five algebraically independent cova-
riants/invariants as in [6]. For our purposes it is more
convenient to follow the latter approach as it better facil-
itates our supersymmetric extension. The five covariants/
invariants are given as follows:

(1) Three covariants

(YA)AIAZ = aAlBCaAzBC’
(7’3)13132 = aABICaABzc’ (36)
(7’6)0102 = flABcl AABC,»

transforming, respectively, as a (3,1,1), (1,3, 1),
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TABLE I. The entanglement classification of three qubits.
Class Vanishing Nonvanishing
A-B-C vh yP e aac
A-BC ')/B, ,yC ')’A
B-CA yA, ¥¢ v’
C-AB A, yB €
w Det AABc TABC
GHZ e Det aapc
and (1,1,3) under SL,(2, C)X SLg(2,C) X
SL2,©).

(2) One covariant Tz transforming as a (2, 2, 2) under
[SL(2, C)’, which may be written in one of three
equivalent forms

!
Tpapc = (J’A)AA/GA BC»

Tpape = (VB)BB/ aAB/C’ (37)

!
Tpape = (')/C)CC’aABC :

(3) Cayley’s hyperdeterminant Deta,p- [4,5,20], the
unique quartic [SL(2, C)]? invariant, where
Detaype = — dety? = — dety® = — detyC.
(38)

The entanglement classification as determined by these
covariants/invariants is summarized in Table I.

There are six independent [SU(2)]? pure state invariants
[21]: the norm, the three local entropies 4 detp,, 4 detpp,
4 detp,, the Kempe invariant [22], and finally the all
important 3-tangle 745 [1],

TABC = 4|DetaABcl. (39)
The 3-tangle is maximized, 74,5c = 1, by the GHZ state:
1

|‘I’>GHZ = \/5

1000y + [111)). (40)

IV. SUPERQUBITS

A. Super Hilbert space and uOSp(1|2)
1. The dual space

With one important difference, explained below, our
definition of a super Hilbert space follows that of DeWitt
[23]. We define a super Hilbert space to be a supervector
space HH equipped with an injection to its dual space JH ¥,

BH - HE )y ()=l @D

Details of even and odd Grassmann numbers and super-
vectors may be found in Appendix A. A basis in which all
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basis vectors are pure even or odd is said to be pure. Such a
basis may always be found [23].
The map *: H — ¥ defines an inner product {i/|¢)
and satisfies the following axioms:
(1) * sends pure bosonic (fermionic) supervectors in H
into bosonic (fermionic) supervectors in FH ¥,
(2) # is linear

() + loNF = (| + (. (42)

(3) For pure even/odd « and i)
()t = (—)*"a(yl (43)

and

(¥ = (=)!+ Y |y)at, (44)

where # is the superstar introduced in Appendix A.
In particular,

[y = (=)' 1), (45)

Note, an « (or ¢ and the like) appearing in the
exponent of ( — ) is shorthand for its grade,
deg(a), which takes the value 0 or 1 according to
whether « is even or odd. The impure case follows
from the linearity of ¥.
In a pure even/odd orthonormal basis {|i)} we adopt the
following convention:

lg) =1y, (46)
so that for pure even/odd ¢ (43) and (44) imply
(g )¥ = ()il = (=) gl (=) D
= ()", (47)

where we have used deg(y;) = deg(i) + deg(¢). This is
consistent with (A20).

2. Inner product
For all pure even/odd |), |¢) € FH, the inner product
(| @) satisfies
(Wlp)t = (=) ply). (48)

Consequently,

(Pl = ()X ly), (49)

as would be expected of a pure even/odd Grassmann
number since deg({(¢|f)) = deg(f) + deg(). In a pure
even/odd orthonormal basis we find

(i) = (=)t (50)

In using the superstar we depart from the formalism pre-
sented in [23], which uses the ordinary star. A comparison
of the star and superstar may be found in Appendix A. The
use of the superstar anticipates the implementation of
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uOSp(1]2) as the compact subgroup of OSp(1[2) as will
be explained in IV B.

3. Linear superoperators and the superadjoint

A linear superoperator A: H — JH is required to sat-
isfy the following properties:

(D Ally) + () = Aly) + Al),

2 Alp)a) = (Alg)e.

Linear superoperators may be combined using
(D) (A + B)ly) = Aly) + Bly),
(2) (AB)|) = A(Bly)).

A linear superoperator is said to be pure even (odd) if it
|
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takes pure even supervectors into pure even (odd) super-
vectors and pure odd supervectors into pure odd (even)
supervectors.

The superadjoint of a pure even/odd linear superoperator
is defined through

(Al)F = () plA%. (51)

This is, in fact, equivalent to

(PlAt|y) = (m)V v+ OTOAyAlp),  (52)

which is the natural supersymmetric generalization of the
conventional definition of the adjoint. This equivalence
may be established by simply inserting the identity opera-
tor, 1 = |i)i|, in (51),

(IDilAlg)*F = (=) (plA*ixil

= (YA OGIAI Bl = ()M IA i

= (D) EOAGIAl ) = (plAF])

= 3 () O GIAL g, = (Bl 9
= 3 ()OO GlAL Y = T (DlAT i,

= () PN A B = (SIAH ),

where we have defined |) = |i)i; and used deg(y) =
deg(iy;) + deg(i). The converse implication follows from a
similar treatment, which we omit. From (52) we also have

(plA)F = (—)¢7P1A%|g). (54)
Moreover,
A = ()44, (55)

which is consistent with the properties of supermatrices

and the supermatrix superadjoint given in Appendix A.
In a pure even/odd orthonormal basis the supermatrix

representation of a linear operator A is given by

A;; = (ilAlj). (56)

In particular, (52) implies that the component form of the
adjoint is given by

(4%);; = (=) rurimiiaL, (57)

where an index in the exponent of ( — ) is understood to
take the value 0 or 1 according to whether it corresponds to
an even or odd basis vector. This is just the conventional
supermatrix superadjoint used to define uOSp(1]2) in
IVB.

For any linear operator of the form | ){¢| one obtains

(I XpDF = (=) 21 h)(yl. (58)

For pure even/odd |i) the butterfly operator |iy)(i| is
manifestly self-adjoint.

The inner product is invariant under the action of all
even operators satisfying the superunitary condition

A*A =1,  AfA, =8, (59)
Let |4/) be a pure even/odd supervector and
) = Alp). (60)
Then, in a pure orthonormal basis {|i)}
g = (ld)y = GlAlDY; = A, (61)

Hence, for pure even/odd supervectors |¢) and |¢) and
even A the transformed inner product is given by

(Dliy = (=) GH i, = (=) (A; 0 ALY,
= (—)i+i¢+(j+¢)(i+j)¢?A?;Aiklﬂk
— (_)i+i¢+(j+¢)(i+j)¢?(_)i+ijA;lg#Aik¢k
= (I GEAL A = (D)t
= (ply), (62)

where we have used deg(A;;) = deg(i) + deg(}).
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4. Physical states
For all |¢) € H

(Yly)g = 0. (63)

Here zg € C denotes the purely complex number compo-
nent of the Grassmann number z and is referred to as the
body, a terminology introduced in [23]. The soul of z,
denoted zg, is the purely Grassmannian component. Any
Grassmann number may be decomposed into body and
soul, z = zg + zs.

A Grassmann number has an inverse iff it has a non-
vanishing body. Consequently, a state |¢) is normalizable
iff (| y)g > 0. The state may then be normalized,

|§y =Nyly), N, =(@ly)™ 2 (64)

where N, is given by the general definition of an analytic

function f on the space of Grassmann numbers (A3).

Explicitly,

wlpy =y L
K12k

k=0

(65)

Motivated by the above considerations a state | ) is said
to be physical iff (| )5 > 0. We restrict our attention to
physical states throughout.

B. Super LOCC and SLOCC

We promote the conventional SLOCC equivalence
group SL(2, C) to its minimal supersymmetric extension
0Sp(1]2) [24,25]. The orthosymplectic superalgebras and
OSp(1]2), in particular, are described in Appendix B.

The three even elements P, 4, form an $[(2) subalgebra
generating the bosonic SLOCC equivalence group, under
which Q, transforms as a spinor.

The supersymmetric generalization of the conventional
group of local unitaries is given by uOSp(1/|2), a compact
subgroup of OSp(1]2) [25,26]. It has a supermatrix repre-
sentation as the subset of OSp(1]2) supermatrices satisfy-
ing the additional superunitary condition

MM =1, (66)
where ¥ is the superadjoint given by
M = (M), (67)
The uOSp(1|2) algebra is given by
wo0sp(1]2) := {X € 0sp(112)|x* = —X}. (63)
An arbitrary element X € 1103p(1]|2) may be written as
X =§&A + 100+ 10y, (69)

where ¢&; and 7 are pure even/odd Grassmann numbers,
respectively, and

k
[T — 2wl 2wk
j=0
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i 1
AIZE(POO_PII)’ AZZE(P00+P11)’ (70)

Az = iPy, Qi = g40 0 A,'* = —A,

C. One superqubit

The one-superqubit system (Alice) is described by the
state

W = |Aday + |e)a., (71)

where a4 is commuting with A = 0, 1 and a, is anticom-
muting. That is to say, the state vector is promoted to a
supervector. The super Hilbert space has dimension 3, two
“bosons,” and one ‘“fermion.” In more compact notation
we may write

V) = |X)ay, (72)

where X = (A, o).

The super SLOCC equivalence group for a single qubit
is OSp(1]2)4. Under the SL(2), subgroup a4 transforms as
a 2 while a, is a singlet as shown in Table II. The super
LOCC entanglement equivalence group, i.e. the group of
local unitaries, is given by uOSp(1]2)4, the unitary sub-
group of OSp(1]2)4.

The norm squared (V| W) is given by

(W) = 84%df, a,, — ata,, (73)

where (V| = (|W))* and (¥|W¥) is the conventional inner
product that is manifestly uOSp(1]2) invariant. The one-
superqubit state may then be normalized.

As explained in Appendix A the n-superqubit Hilbert
space is defined over a 2"*!-dimensional Grassmann alge-
bra for which zé”“ = ( for all z. So (65) terminates after a

finite number of terms:

AN . _ _
(W)~ = 3 o TT0 = 200w ) 2w,
k=0""* j=0

(74)

where the sum only runs to 7 since the bracket (V| W) is at
least quadratic in Grassmann variables. For one superqubit,
with a, pure body, this gives

(WD) 1/2 = (34245 ay,) 2

+ %(SAIAZaZIaAZ)%/zafa. (75)

TABLE II. The action of the 03p(1|2) generators on the super-
qubit fields.
Generator Field acted upon
aA3 de
PA|A7 €(A11A;41A,) 0
204, EA,Aza. aa,
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so the normalized wave function | W), for which (¥|¥) =
1,1s

[¥) = |A)a, + |e)a., (76)
where
a, = aA[(5A‘AZClZ,aA2)_1/2 + %(5A‘AZQZIGA2)_3/2dfa.],
d, = a.(SA‘AZaZIaAZ)*l/Z. (77)

The one-superqubit density matrix is given by
p =XV
= (—)X2|X]>axla§2<X2| = |Al>aAlaf§2<A2| —14y)
X ay di(e| + |o)a.al (Al — |e)a,al(el. (78)
Alternatively, in components, we may write
Px,x, = XilplXo) = (=) ay af . (79)
The density matrix is self-superadjoint,
P)*(lxz = (Pi(t,XQ)# = (_)XﬁX‘XzP?(ZX,

_ (_)X2+X,X2(_)X|a§2a§?f = (_)Xzaxlaiz = px,x,-

(80)
The norm squared is then given by the supertrace
str(p) = (=) 8%%(X|plX,) = Zaxa?(
X
= (—)¥dkay = (V|V) (81)
X

as one would expect.
Unnormalized pure state super density matrices satisfy

p? = st(p)p,
p* = (—)*ay, 01)#(2 5X2X3(_)X40X3a§4
= §%%ay a (=) Nay,al, = str(p)p, (82)

the appropriate supersymmetric version of the conven-
tional pure state density matrix condition (17).

D. Two superqubits

The two-superqubit system (Alice and Bob) is described
by the state

‘1’ = |AB>aAB + |A.>aA. + | L B)a.B + | o .>a..,
(83)

where a,p is commuting, a,, and a,p are anticommuting,
and a,, is commuting. The super Hilbert space has dimen-
sion 9: 5 bosons and 4 fermions. The super SLOCC group
for two superqubits is OSp(1|2), X OSp(1|2)y. Under the
SL(2)4 X SL(2)p subgroup a,p transforms as a (2, 2), ay,
asa(2,1),a,5asa(1,2),and a,, asa (1, 1) as summarized
in Table III. The coefficients may also be assembled into a
(2[1) X (2]1) supermatrix

PHYSICAL REVIEW D 81, 105023 (2010)

TABLE III. The action of the 03p(1]2) ® 03p(1]2) generators
on the 2-superqubit fields.

Generator Field acted upon
Bosons Fermions
aAsBs oo aAs' a'B3
PAIAZ €(A,14;41A,)B; 0 E(A)14;414,)e 0
PBle €(B,|B;9A;4|B,) 0 0 E(B,|B;Ae|B,)
2QAl €44, B, ap e €A,Aza.. aA B,
2QB1 €B,B;Aye “dep, Aaa,B, T EBB;les
a a
KYI) = ay = (G0 -, (84)
a.B Uee
See Fig. 1.

The norm squared (V| W) is given by

<‘I’|\I’> — (_)X|+Y| 5X]X28Y]Y2a§(lY1aX2Y2

— SA1Ay §B B, # — SAA, #
= §MA2 §b zaAlBlaAng ot zaAl.aA].

— 5813211#:3161.31 + adt.a.., (85)
where (V| = (|W))* and (¥|W¥) is the conventional inner
product that is manifestly ©OSp(1|2)4 X uOSp(1|2)
invariant.

The two-superqubit density matrix is given by

p = [WX¥| = (—)*"]X, Y1>ax1Y,a§2y2<X2Y2|- (86)

The reduced density matrices for Alice and Bob are given
by the partial supertraces:

pa = D (IplYy =D (—)%IX )ay,yak (X, (87a)
Y Y

ps = D.()XXIplX) = D (H)"Y)ayy,afy (Yl (87b)
X X

In component form the reduced density matrices are
given by

asp

FIG. 1. The 3 X 3 square supermatrix.
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TABLE IV. The action of the 03p(1]2) ® 03p(1]2) ® 03p(1|2) generators on the 3-superqubit fields.

Generator Bosons acted upon
AA;B5Cy Qazee Qepye Geec;
PAIAZ €(A11A;41A,)B5Cy €(A114;914,)e @ 0 0
PBle €(B,1B34A31B;)C, €(B,|1B; G e|A,)e 0
Peyc, £(C1C38AsB51C5) E(C)ICyeslCy)
20y, €443 B;Cy €41A;0 000 aa,B;e aaec;
2QB] €B,B;AA5eC; AAsB,e T €B,Bsa... TepCy
20¢, £¢,C; A58y Taec, ~depic, £C\Crann
Fermions acted upon
AA,Bye Apyec, Aep,Cy Qeos
PA1A2 €(4,145914,)B5 e E(a,14541Ay) 0 C; 0 0
Pp,s, €(B,1B, 05 1By)e 0 €(8,1B; %+ |B;)C; 0
Pec, &(Cy1C;AAz0]Cy) &(Cy|Cy Ao B5Cy) 0
204, €44, eBye €4,4, 0o, ap,Byc, Ay oo
2QB] €B,B;dAze0 aA;B,C; T EBB e Tdepe
20¢, AA;B5C, TEC,C;A500 TEC,C;AeB;0 deeg,
(Pa)x,x, = Z(_)XzaXIYa?(zY’ Where a,p 1s commuting, a,g. ec depc are ar_lticorpmut—
Y (88) NG, dpee Aepe Uooc are commuting, and a,,, 1S anticom-
(pB)y,y, = Z(_)Y2 ayy, aty., muting. The super Hilbert space has dimension 27: 14
e 2 bosons and 13 fermions. The super SLOCC group for three
superqubits is  OSp(1|2)4, X OSp(1|2)g X OSp(1|2).
and Under the SL(2)4, X SL(2)z X SL(2)c subgroup aypc
pa = strpy = (W), (89)  transforms as a (2,2,2), asp. as a (2,1, 1), asec as a

E. Three superqubits

The three-superqubit system (Alice, Bob, and Charlie) is
described by the state

|\P> = |ABC>aABC + |AB.>CIAB. + |A o C)aA.C
+| e BC)a,pe + 1A @ 0)ay,, +| ® Be)a,p,

+ | L4 .C>aooC + | L d ..>aooo’ (90)
|

<‘I’|‘I’> — (_)X,+Y, +Z, 5X1X25Y, Y, lezzailYIZ] aX2Y222

(21,2), aspc as a (1,2,2), asee as a (2,1,1), aup, as a
(1,2,1), agec as a (1,1,2), and a,,., as a (1,1,1) as
summarized in Table IV. The coefficients may also be
assembled into a (2|1) X (2|1) X (2|1) superhypermatrix

(XYZ|¥) = ayyz. On

See Fig. 2.
The norm squared (W|W) is given by

— SA/A, SB B, SC,C, # _ SAA, SB B, # _ SAA, SC G, # _ SBB, SC,C, #
= §Aha §b1b2 50 2aAlBlclaAszcz &4 6% ZaAlBlcaAsz' o6 2aAl'C1aA2'C2 6717265 2a’Blcla'B2C2

+ oM

where (V| = (|W))* and (¥| W) is the conventional inner
product that is manifestly uOSp(1|2), X uOSp(112)5 X
u0Sp(1]|2), invariant.

The three-superqubit density matrix is given by

p = WXV

= (D)L X Y Z)Yay v, 7,0, v,2, (X2 Yo Zo . (93)

The singly reduced density matrices are defined using the

BB, # C,C
Ajeela,ee T oadl 2dep edep,e T 6¢1t2qg

..Claoocz _a#fooa.ooy (92)

[
partial supertraces

Pap = Z(_)Z<Z|P|Z>,

V4

psc = 3 (-)XXlplX) O
X

pca = D (H)Y¥IplY),
Y

or
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3 i 3 ' |Gaec
: dABC | | |
i i ango i
! PERSS R BOCOC 7"7
kffaA,B,. ,,,,,,,,, P "R -

FIG. 2. The 3 X 3 X 3 cubic superhypermatrix.

PAB = Z(_)X2+Y2|X]Y1>aX]YlZa#;(2Y22<X2Y2|,
zZ

PBc = Z(_)Y2+Zz|YIZI>“XY121”?(Y222<Yzzz|y (95)
X

pea = D)X Z)ax vz, 6k vz, (X 2|
Y

The doubly reduced density matrices for Alice, Bob, and
Charlie are given by the partial supertraces

pa = D.()UyZlplyZ),
Y,Z

pp = ;Z(—)X+Z<XZI/)|XZ>, (96)

pe =D (-XVXY|p|XY),
XY

or

Pa= z._(_)X2|X1>Clxl yza%, yz(X,
Y.z

ps = D ()21 )ayy, zaky, AV, 97)
Xz

Pc= Z(—)Z2|Zl)axyzl 0§Y22<Zz|~
XY

V. SUPER ENTANGLEMENT
A. Two superqubits

In seeking a supersymmetric generalization of the 2-
tangle (30) one might be tempted to replace the determi-
nant of a,p by the Berezinian of ayy

Beraxy = det(aAB - aA.a:alaoB)ao_ol~ (98)
See Appendix A. However, although the Berezinian is the
natural supersymmetric extension of the determinant, it is
not defined for vanishing a,,, making it unsuitable as an
entanglement measure.
A better candidate follows from writing

detayp = 1a*Pa,p = Ltr(a'eas’) = Luf(ae)'eal. (99)

PHYSICAL REVIEW D 81, 105023 (2010)

This expression may be generalized by a straightforward
promotion of the trace and transpose to the supertrace and
supertranspose and replacing the SL(2) invariant tensor &
with the OSp(1]2) invariant tensor E. See Appendix A.
This yields a quadratic polynomial, which we refer to as
the superdeterminant, denoted sdet:

sdetayy = 3str[(aE)*Ea]
_ 1(,,AB _ A _ eB _
=(a*Pasp —a**ay. —a*Pag —a*ta,,
_ 12
= (agoay) — ag1a1p + Agetye + Aegler) — 30es’s

(100)

which is clearly not equal to the Berezinian, but is never-
theless supersymmetric since Q4 annihilates a*fa,; —
a*®a,p and a**a,, +a°*a.., while Qg annihilates
a*a,; —a**a,, and a*Pa.p + a**a... Satisfyingly,
(100) reduces to deta,p when a,,, a.p, and a,, are set
to zero. We then define the super 2-tangle as

Txy = 4Sdetaxy(sdetaxy)#. (101)

In summary, 2-superqubit entanglement seems to have the
same two entanglement classes as 2-qubits with the invari-
ant deta,p replaced by its supersymmetric counterpart
sdeta XY-

Nonsuperentangled states are given by product states for
which a,p = asbp, age = agb., dep = A bp, des =
a.b,, and sdetayy vanishes. This provides a nontrivial
consistency check.

An example of a normalized physical superentangled
state is given by

) = %qom i) +ilee) (102
for which
sdetayy =1+1-1=1 (103)
and
Tyy = 4sdetayy(sdetayy)* = 1. (104)

So this state is not only entangled but maximally en-
tangled, just like the Bell state

1
NG

for which sdetayy = 1/2 and 7yy = 1. Another more
curious example is

|¥) = —=(100) + [11)) (105)

W) =il o o), (106)

which is not a product state since a,, is pure body and
hence could never be formed by the product of two odd
Grassmann numbers. In fact, sdetayy = 1/2 and 7xy = 1,
so this state is also maximally entangled.

We may interpolate between these two examples with
the normalized state

105023-9
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(lal? + 181~ [al®)ge + Bl o o)) (107)
where «, B € C, for which we have
2 _ 2 2 _ 22
SdetaXY = = 7(12 B 5 TXY = 7|a2 B |2 5 -
2 al* + |8l (lal* + |BI%)
(108)

The entanglement for this state is displayed as a function of
the complex parameter B in Fig. 3 for the case a = 1.
Note, in particular, that while the entanglement is maxi-
mized for arbitrary pure imaginary [3, it has its minimum
value on the real axis at 8 = =1 as shown in Fig. 4.

Contour Plot
3
2

. A
3 0
-1
-2
-3
-3 -2 -1 0 1 2 3
Re(B)
Surtace Plot

FIG. 3 (color online).
complex parameter 3.

The 2-tangle 7y, for the state (107) for a
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2—tangle with real 8
XY

-3 -2

FIG. 4 (color online).
real parameter .

The 2-tangle 7y for the state (107) for a

B. Three superqubits

In seeking to generalize the 3-tangle (39), invariant
under [SL(2)]’, to a supersymmetric object, invariant
under [OSp(1]2)]}, we need to find a quartic polynomial
that reduces to Cayley’s hyperdeterminant when ayg.,,
ApeC> AeBC> Opeesr Jepes deecs aNd d,,, are set to zero.
We do this by generalizing the y matrices:

YA Ay = aAchaAzBC - aAlB.aAzBo - GAI'CGAZ.C
—ay ""dae., (109a)
Yae = aAlBCGoBC + aAlB.aoBo + aAl.Ca..C
—ay "dee., (109b)
Yen, = aPCap,pc — aP aspe — a.*Cay,.c
—a,°" Ay, 00, (109¢)

together with their B and C counterparts; notice that the
building blocks with two indices are bosonic and those
with one index are fermionic. The final bosonic possibility,
Y(ss), Vanishes identically. The simple supersymmetry
relations are given by

_1
QA, YA,e = 3YA Ay

OpYae = 0= 0cV4se.
(110)

Oa, Va4, = €4,(4, YAy)e,

Q37A1A2 =0= QC’)’A,AZ’

Using these expressions we define the superhyperdetermi-
nant, denoted sDeta:

sDetayy; = (v 2y, 4, = ¥ Yae — ¥ y.a), (111)

which is invariant under the action of the superalgebra. The
corresponding expressions singling out superqubits B and
C are also invariant and equal to (111). sDetayy, can be
seen as the definition of the super-Cayley determinant of
the cubic superhypermatrix given in Fig. 2.
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Writing
= <7A1A2 YA e ) _ (7A1A2 YA, e ) (112)
Yer, Yoo Yo 0
we obtain an invariant analogous to (100)
sDetayy; = Sst[(TAE)*ET*] (113)
so that
sDetayy, = —sdetl (114)

in analogy to the conventional three-qubit identity (38).
This result for sDet agrees with that of [7].

Finally, using I'* we are able to define the supersym-
metric generalization Tyy, of the 3-qubit tensor 7T4pc as
defined in (37),

Txyz = Iaa¥'y,. (115)

It is not difficult to verify that Tyy, transforms in precisely
the same way as ayyz (as given in Table IV) under
03p(1]2) @ 03p(1|2) ® 03p(1]2). The superhyperdetermi-
nant may then also be written as

SDetaXYZ = TABCCZABC + T.BCQ.BC - TA.CaA'C

- TAB.QAB. - TA..GA.. + T.B.G.B.

4+ Teeca®C —Toua ", (116)

In this sense sDetayyz, (I')y, x,, and Tyy; are the natu-
ral supersymmetric generalizations of the hyperdetermi-
nant, Deta,pc, and the covariant tensors, (y*)s 4, and
Tapc, of the conventional 3-qubit treatment summarized
in [II B. Finally we are in a position to define the super 3-
tangle:

Txyz = 4JSDetaxyz(SDetaxyz)#. (1 17)

In summary, 3-superqubit entanglement seems to have the
same five entanglement classes as that of 3-qubits shown in
Table I, with the covariants a,gc, ¥4, ¥2, ¥€, Tupe, and
Deta,pc replaced by their supersymmetric counterparts
Aaxyz, FA, TB, FC, Txyz, and SDetClABc.

Completely separable nonsuperentangled states are
given by product states for which a,pc = asbgcc, dspe =
apbpCe, Apec = AgboCe, Aopc = AobpCe, dgee =
apboce, Aepe = aubpcs, Auec = asboce, Ao =
a.b,c,, and sDetayy; vanishes. This provides a nontrivial
consistency check.

An example of a normalized physical biseparable state is
provided by

1

(1000) + [011) + [0 @ o)) (118)

for which

(FA)oo = % (119)

PHYSICAL REVIEW D 81, 105023 (2010)

and I'B, T'C, Tyy,, and sDetayy, vanish. More generally,
one can consider the combination

|¥) = (lal? + 181772

1
% [\/—Ea(|000> +1011) + Blo e ->] (120)

for which

a2_IB2

A) =
R

(121)

and the other covariants vanish.
An example of a normalized physical W state is pro-
vided by

1
|W) = %(|110> 1101 + [011) + | o o 1) + | o 10)

+ [l ee)) (122)
for which
T = TPy =T = =3 (123)
and
T, = 1 (124)
2V/6

while sDetayy, vanishes. One could also consider

W) = %(W + 18P 2110y + 101) + [011))
+B(eel)y+|ele)+[lee)] (125)
for which
B B o 202 + B2
T = @8y =T, = 3l 1181 (126)
and
aa’ + B?) (127)

T —
"3 B(al? + 18122

while the other 7 components and sDetayy, vanish.
An example of a normalized physical superentangled
state is provided by

1

V) = 000) + | e e0)+ e Q)+ [0e @)+ [111
|W) Jg(l )+ )+ )+ )+ 1111)
+]oeel)+|ele)+ |1 ee) (128)
for which
1

D = — 12

S etaXYZ 64 ( 9)
and

105023-11
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1

Txyz — 4JSDetaxyz(SDetaxyz) = —.

T (130)

VI. CONCLUSION

In this paper we have taken the first steps toward gen-
eralizing quantum information theory to super quantum
information theory. We introduced the superqubit defined
over an appropriate super Hilbert space. We acknowledge
that there are still important issues to address, notably how
to interpret ‘“‘physical” states with nonvanishing soul for
which probabilities are no longer real numbers but ele-
ments of a Grassman algebra. (The sum of the probabilities
still add up to one, however.) The examples of V avoided
this problem, being pure body. DeWitt advocates retaining
only such pure body states in the Hilbert space [23], but
this may be too draconian. See [27] for an alternative
approach.

Nevertheless, for the SLOCC equivalence group
[SL(2, C)]" and the LOCC equivalence group [SU(2)]",
we presented their minimal supersymmetric extensions,
[0Sp(1]2)]* and [uOSp(1]2)]", respectively, and showed
explicitly how superqubits would transform under these
groups for n = 1, 2, 3. Furthermore, we found supersym-
metric invariants that are the obvious candidates for super-
symmetric entanglement measures for n = 2, 3. We hope
in future work to classify fully the 2 and 3 superqubit
entanglement classes and their corresponding orbits as
was done for the 2 and 3 qubit entanglement classes in
[2.4,6].

As noted in the Introduction, a physical realization of
our superqubit is more likely to be found in condensed-
matter physics than high-energy physics. While the polar-
izations of a photon or the spins of an electron provide
examples of a qubit, the inclusions of photinos or selec-
trons do not obviously provide examples of a superqubit,
since the supersymmetrization of the (S)LOCC equiva-
lence groups is distinct from the supersymmetrization of
the spacetime Poincaré group.

We would also like to point out that this work is part of
the ongoing correspondence between ideas in string and
M-theory and ideas in quantum information theory. See
[28] for a review. This paper continues the trend of using
mathematical tools from one side to describe phenomena
on the other.
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Note added.—A very interesting paper has recently ap-
peared [32], which analyzes quantum computing with
superqubits.

APPENDIX A: SUPERLINEAR ALGEBRA

Grassmann numbers are the 2"-dimensional vectors pop-
ulating the Grassmann algebra A,,, which is generated by n
mutually anticommuting elements {6}"_,

Any Grassmann number z may be decomposed into
“body” zg € C and “soul” zg viz.

ikl ..0“/(’

where ¢, ...,, € C are totally antisymmetric. For finite
dimension 7 the sum terminates at k = 2" and the soul is
nilpotent 5" = 0.

One may also decompose z into even and odd parts u and
v

2=zt s (A1)

— 1
U=z + E: @C‘ll""hka 1o @ 2%,
(A2)

Z Zk +1)! Ca- azk+16al g,

which may also be expressed as the direct sum decompo-
sition A, = A @ A. Furthermore, analytic functions f of
Grassmann numbers are defined via

[o o)

ﬂm=2%ﬂ%mg (A3)
k=0""

where f®(z3) is the kth derivative of f evaluated at z5 and
is well defined if f is nonsingular at zg [23].
One defines the grade of a Grassmann number as

0 xeA!

d%w={1xeAL (A4)

where the grades 0 and 1 are referred to as even and odd,
respectively.

Define the star * and superstar
satisfying the following properties:

# operators [25,26,29]

(AO)* — AO (Al)* — Al
0\# — W —
(A ) il’ (A ) nr (AS)
(x@i)* =X 01', e;k* = 9,’, (0,91)* = 9*9*
(x0,)* = x"0%,  6F = -0,  (0,0)" = 070",

where x € C and * is ordinary complex conjugation, which
means

a,** =a, a## — (_)degaa

(A6)

for pure even/odd Grassmann «. The impure case follows
by linearity.
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Following [23] one may, if so desired, take the formal
limit n — oo defining the infinite dimensional vector space
A. Elements of A, are called supernumbers. Our results
are independent of the dimension of the underlying
Grassmann algebra and one can use supernumbers
throughout, but for the sake of simplicity we restrict to
finite dimensional algebra by assigning just one
Grassmann generator @ and its superconjugate % to every
superqubit.

The grade definition applies to the components T, ...x,
of any k-index array of Grassmann numbers 7', but one
may also define degX;, the grade of an index, for such an
array by specifying a characteristic function from the range
of the index X; to the set {0, 1}. In general the indices can
have different ranges and the characteristic functions can
be arbitrary for each index. It is then possible to define
degT, the grade of an array, as long as the compatibility
condition

k
degT = deg(Ty,...x,) + Z degX,mod2 V X; (A7)
i=1

is satisfied. In precisely such cases the entries of T satisfy

k
deg(Ty,...x,) = degT + Z degX; mod 2,

i=1
= degT = deg(Ty ... 1)
H,—J

k
deg(T,T,) = degT, + degT, mod 2, (A8)
so that in other words T is partitioned into blocks with
definite grade such that the nearest neighbors of any block
are of the opposite grade to that block. The array grade
simply distinguishes the two distinct ways of accomplish-
ing such a partition (i.e. the two possible grades of the first
element T7...;). Grassmann numbers and the Grassmann
number grade may be viewed as special cases of arrays and
the array grade.

Special care must be taken not to confuse this notion of
array grade with whether the array entries at even/odd
index positions vanish. An array 7' may be decomposed as

T="Tg+ Ty, (A9)

where the pure even part T is obtained from 7 by setting
to zero all entries satisfying deg(Ty,...x,) = 1, and simi-
larly mutatis mutandis for T. The property of being pure
even or pure odd is therefore independent of the array
grade as defined above.
The various grades commonly appear in formulas as
powers of —1 and the shorthand
(=) o= (s (A10)
is often used. The indices of superarrays may be super-
symmetrized as follows:
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Tx o[, 1X T X,
= Ty o, + (T,

While we require these definitions for some of our consid-
erations, one typically only uses arrays with 0, 1, or 2
indices where the characteristic functions are monotonic:
supernumbers, supervectors, and supermatrices, respec-
tively. Functions of grades extend to mixed superarrays
(with nonzero even and odd parts) by linearity.

A (plg) X (r|s) supermatrix is just an (p + g) X (r +
s)-dimensional block partitioned matrix

(A11)

ros
M= p A B\, (A12)
q C D

where entries in the A and D blocks are grade degM, and
those in the B and C blocks are grade degM + 1 mod?2.
The special cases s = 0 or ¢ = 0 can be permitted to make
the definition encapsulate row and column supervectors.
Supermatrix multiplication is defined as for ordinary ma-
trices; however, the trace, transpose, adjoint, and determi-
nant have distinct super versions [25,30].
The supertrace str M of a supermatrix is M defined as

str M=) (=) XXy (A13)
X

and is linear, cyclic modulo sign, and insensitive to the

supertranspose
stt(M + N) = str(M) + str(N),
(A14)
str(MN) = (—)MNstr(NM), strMt = strM.

The supertranspose M of a supermatrix M is defined

componentwise as
MS[XIXZ = (_)(X2+M)(X1 +X2)MX2X1’ (A]S)

Unlike the transpose the supertranspose is not idempotent;
instead,

Mt S[X,XZ — (_)(X1 +X2)MX]X2’
Mstst S[X,XZ — (_)(X1 +M)(X, +X2)MX2X1;

st st st st —
M X1 X, - MXIXZ’

(A16)

so that it is of order 4. The supertranspose also satisfies
(MN)*t = (—)MN NSty (A17)

The adjoint T and superadjoint ¥ of a supermatrix are
defined as

Mt i=M*, ME =M, (A18)
and satisfy
Mttt = M,

(MN)t = NTmT,

M = (—)VM,

(A19)
(MN)¥ = (-)MNNEME,
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The preservation of anti-super-Hermiticity, M¥ = —M,
under scalar multiplication by Grassmann numbers, as
required for the proper definition of 1103p(1]2) [31], ne-
cessitates the left/right multiplication rules:

(aM)y x, = (=) *aMy x,,

(A20)
(Ma)y x, = (—)2*My x, .
The Berezinian is defined as
Ber M := det(A — BD~'C)/ det(D)
= det(A)/ det(D — CA™'B) (A21)

and is multiplicative, insensitive to the supertranspose, and
generalizes the relationship between trace and determinant
Ber(MN) = Ber(M)Ber(N),

BerM*t = BerM, (A22)

BereM = St M,

The direct sum and super tensor product are unchanged
from their ordinary versions. As such, the dimension of the
tensor product of two superqubits is given by

2[1) & (2]1) = (2[112[3]1), (A23)
while the threefold product is
2[1)®* = I1121313]112[3]112]1]213]1), (A24)

with similar results holding for the associated density
matrices. In analogy with the ordinary case we have

(M®N) =M &N,
(M ® N)* = M ® N*,
str(M ® N) = str Mstr N.

(A25)

These definitions are manifestly
Hermiticity and super-Hermiticity.

Denoting the total number of bosonic elements in the
product of n superqubits by B,, and similarly the total
number of fermionic elements by F,, we know that B,
(F,) is given by the total number of basis kets with an even
(odd) number of e’s:

— [ Yo N \nyn-2 ...:3n+]
B, (0)2+<2)2 + .

— (" \on-1 \yn-3 ...=3n_1
Fo= (M (2 =Y

so that, in particular, B,, — F,, = 1: the number of bosonic
elements is always one more than the number of fermionic
ones.

In supermatrix representations of superalgebras, one
may represent the superbracket of generators M and N as

[[M,N]]:= MN — N;M — No(My — Mp).  (A27)

compatible with

(A26)

One may also consider supermatrices M and N whose
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components are themselves supermatrices. Provided the
component supermatrices are pure even (odd) at even
(odd) index positions (e.g. M;; is a pure even supermatrix
for even M), one may write the superbracket of such
supermatrices as

[[MXle’ NX3X4]] = Mx,xzj\fxgx4
_ (_)(Xl +X5)(X; +X4)NX3X4MX|X2!
(A28)
where the final two indices are suppressed. This grouping

of supermatrices into supermatrices is useful for summa-
rizing the superbrackets of superalgebras.

APPENDIX B: ORTHOSYMPLECTIC
SUPERALGEBRAS

Supermatrix representations of the orthosymplectic
supergroup OSp(p|2q) consist of supermatrices M €
GL(p|2q) satisfying

MSEM = E, (B1)

but for convenience we choose instead to use supermatrices
M € GL(2q|p) satisfying (B1). In this convention, the
invariant supermatrix E is defined by

_(dyy O (0 1,
E.-(O llp)’ J]zq.—(_ﬂp o)' (B2)

Definitions of supermatrices, the supertranspose, and fur-
ther details of superlinear algebra may be found in
Appendix A.

Writing a generic supermatrix )¢ of the super Lie alge-

bra 03p(p|2q) as
(A B
w-(c p)

permits (B1) to be rewritten as the following conditions on
the blocks of the algebra supermatrices:

Al = —JA, C = B, D' = —D.

(B3)

(B4)

Depending on the value of p, the superalgebra falls into
one of three basic, “classical’” families

B(r, q) p=2r+1,r=0
03b(pl2q) = {C(q +1) p=2 (B5)
D(r, q) p=2rr=2.

Clearly it is the first case that will concern us, in particular,
with r =0, g = 1. B(r,q) has rank g + r, dimension
2(q + r)* + 3q + r, and even part 30(p) ® 3p(2g), which
for 03p(1]2) are 1, 5, and 3[(2), respectively.

One generates 03P(p|2¢g) as a matrix superalgebra by
defining the supermatrices U and G

G:=(J](2)’4 13,, ) (B6)

(Ux,x,)x:%, = 0x,x, 0%,y

105023-14



SUPERQUBITS

where

H ::{0',8’]1, p=2r (B7)

P [oy®1,]e(1) p=2r+1

with o being the first Pauli matrix. Here the indices X;
range from 1 to 2¢ + p and are partitioned as X; = (X;, X;)
with X; ranging from 1 to 2g, and X, taking on the
remaining p values. Note that under (B6), G has the
following symmetry properties:

GXZXI’

Gz, =~ Gxx, =

Gxix, = 0= Oy,

(B8)

which are shared with the invariant supermatrix E. In the
special case p = 1, G reduces to E.
The generators 7T are obtained as

Tx,x, = 267x,1x, Ux,1x, 10 (B9)

where T has array grade zero and the index grades are
monotonically increasing:

0 xe{l,...,2q}

1 Xe{2g+1,...,2qg + p}. (B10)

degX = {
Clearly T has symmetry properties Ty,x, = T[[x,x,]- The
2¢(2q + 1)/2 generators Ty x, generate $p(2q), the p(p —
1)/2 generators Ty y, generate 30(p), and both are even
(bosonic), while the 2pg generators Ty , are odd (fermi-
onic). These supermatrices yield the 03p(p|2¢g) super-
brackets

([T, T, 1= 4G Ty (BID)
where the supersymmetrization on the right-hand side is
over pairs XX, and X3X, as on the left-hand side. The
action of the generators on (2¢|p)-dimensional supervec-
tors ay is given by

(T>(1x2)x3)(4ax4 = (Txlxza)x3 = 2G[x,x, 4%, (B12)
This action may be generalized to an N-fold super tensor
product of (2¢| p) supervectors by labeling the indices with
integers k = 1,2,..., N

k=11,
(Tx,y,@)z,-z,7y = (_)(Xk+yk)2f=l lZ'lzG[[Xklzkazl~~~|Yk]]~~-zN-

(B13)

In our special case p = 1 we denote the lone dotted index
X, by abullet o and start counting the barred indices at zero
so that X; = (0, 1, ¢). Obviously the T,, generator van-
ishes identically, leaving only the following superbrackets:

[TAlAz’ TA3A4] = 4E(A1(A3 TAz)A4)’

[TA,Az’ TA3'] = 2E(A||A3TA2)”
{TAlox TAZO} = TAIAZ’

(B14)
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TABLE V. 03p(1]2) superbrackets.
Ty, Too Ty T T,
T()l 0 _2T00 2T11 _TO Tl
T]l _2T11 _4T01 0 _2T1 O
Ty T 0 2T, Too Ty,
T, =T —2T, 0 Ty Ty

which are written out in Table V with Ty = T4, = To4.
Explicitly the generators are

-1 0 0 0 2 0
TO] - 0 1 0 N TOU == 0 0 0 )
0O 0 O 0 0 O

B15a
0 0 0 ( )
Tyu=1-2 0 0]
0 0 0
appearing with Grassmann even coefficients with complex
parameters, and

00 1 0 0 0
TO=<O 0 0), T1=<0 0 1), (B15b)
010 -1 0 0

appearing with Grassmann odd coefficients with complex
parameters. In particular, (B15a) with complex coefficients
generate the bosonic subalgebra 3[(2, C). In order to make
contact with [7], we rescale the generators into a new
supermatrix P

Pyx, '=3Txx, = Exx Uxaey (B16)
to yield the superbrackets
[Paar Pasa] = 284,40, Payay
[PAlAz’ QAz] = & 14, QAz)’ (BI7)
{QAI: QAZ} = %PAIAZJ
where Q4 = P,, which are summarized as
[Py, x.r Prox, 11 = 2Eix x, Py (B18)

The rescaled generators have the action

(Px,x,@)x, = Efx,|x,ax,1)

k=1
(PXkYka)Zl'“Zk“‘ZN = (_)(Xk+yk)2i=1 ZXE[[X/JZkaZl"'lYk]]"'ZN’

(B19)

which summarizes Tables II, III, and I'V.
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