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Gravitational waves emitted by kinks on infinite strings are investigated using detailed estimations of

the kink distribution on infinite strings. We find that gravitational waves from kinks can be detected by

future pulsar timing experiments such as SKA for an appropriate value of the string tension, if the typical

size of string loops is much smaller than the horizon at their formation. Moreover, the gravitational wave

spectrum depends on the thermal history of the Universe and hence it can be used as a probe into the early

evolution of the Universe.
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I. INTRODUCTION

It is well known that cosmic strings are produced in the
early Universe at the phase transition associated with
spontaneous symmetry breaking in the grand unified theo-
ries (GUTs) [1]. Although cosmic strings formed before
inflation are diluted away, some GUTs predict series of
phase transitions where symmetry such as Uð1ÞB�L (B and
L denotes baryon and lepton number) breaks at low energy
and produces strings after inflation. Cosmic strings are also
produced at the end of brane inflation in the framework of
the superstring theory [2,3]. Once produced, they survive
until now and can leave observable signatures. Thus, the
cosmic strings provide us with an opportunity to probe
unified theories in particle physics which cannot be tested
in terrestrial experiments.

Various cosmological and astrophysical signals of cos-
mic strings have been intensively studied for decades.
Especially, many authors have studied gravitational waves
(GW) emitted from the cosmic string network, in particu-
lar, GWs from cosmic string loops. Cosmic string loops
oscillate by their tension and emit low-frequency GWs
corresponding to their size [4,5]. Moreover, string loops
generically have cusps and kinks, and these structures
cause high-frequency modes of GWs, i.e. GW bursts [6–9].

On the other hand, GWs from infinite strings (long
strings which lie across the Hubble horizon) have attracted
much less interest than those from loops. This is because
there are only a few infinite strings in one Hubble horizon,
so GWs from them are much weaker than those from loops
whose number density in the Hubble volume is much
larger.1 Loops can emit GWs with frequency ! *
ð�tÞ�1, where � is the parameter which represents the
typical loop size normalized by the horizon scale.

Therefor, unless � is much less than 1, GWs from loops
dominate in the wide range of frequency bands detected by
GW detection experiments, e.g. pulsar timing or ground-
based or space-borne GW detectors.
However, there are several reasons to consider GWs of

infinite strings. First, recent papers suggest that � is much
less than previously thought [10,11], and hence loops
cannot emit low-frequency GWs which can be detected
by pulsar timing experiments. If this is true, GWs from
infinite strings can give dominant contribution to the GW
background at those low frequencies, as we will show in
this paper. Second, infinite strings can emit GWs with
wavelength of horizon scale because the characteristic
scale of infinite strings is as long as the size of the horizon.
This may be detected by future and ongoing CMB surveys.
Loops cannot emit GWs with such long wavelength.2

Thus, we are lead to consider GWs from infinite strings.
A structure on infinite strings which is responsible for

GW emission is a kink.3 Kinks are produced when infinite
strings reconnect and kinks on the infinite strings can
produce GW bursts. The kinks are sharp when they first
appear, but are gradually smoothened as the Universe
expands. Moreover, when an infinite string self-
intercommutes and produces a loop, some kinks immigrate
from the infinite string to the loop, and hence the number of
kinks on the infinite string decreases. Recently, Copeland
and Kibble derived the distribution function of kinks on an
infinite string taking into account these effects [13].
However, they did not study the GWs from kinks.
Therefore, in this paper, we investigate GWs from kinks

using the kink distribution obtained in [13] and discuss the
detectability of them by future GWexperiments, especially

1For cosmic strings whose reconnection probability is small,
such as cosmic superstrings, many infinite strings can exist in a
Hubble horizon. For such kinds of cosmic strings, however, the
number of loops in a horizon is accordingly large, hence the
situation that the loop contribution is stronger than infinite
strings remains unchanged.

2Other recent simulations imply �� 0:1, which is much big-
ger than G�. In this case loops can emit GWs whose wavelength
is comparable to or somewhat shorter than the horizon scale [12].

3Generically, infinite strings do not have any cusp since its
existence depends on the boundary condition of the string, i.e.,
the periodic condition.
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by pulsar timing, such as Square Kilometer Array (SKA)
and space-based detectors such as DECIGO and BBO.

This paper is organized as follows. In Sec. II, we briefly
review a part of the basis of cosmic strings. In Sec. III, we
derive the distribution function of kinks on infinite strings
according to [13]. In Sec. IV, we derive the formula of the
energy radiated from kinks per unit time. In Sec. V, we
calculate the spectrum of stochastic GW background orig-
inating from kinks, using formula derived in Sec. IV.
Section VI is devoted to summary and discussion.

II. DYNAMICS OF COSMIC STRINGS

The dynamics of a cosmic string, whose width can be
neglected, is described by the Nambu-Goto action,

S ¼ ��
Z

d2�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� detð�abÞ

q
; (1)

where �a (a ¼ 0, 1) are coordinates on the world sheet of
the cosmic string, �ab ¼ g��x

�
;ax�;b (x�;a ¼ @x�

@�a ) is the in-

duced metric on the world sheet, and� is the tension of the
string. The energy-momentum tensor is

T��ðxÞ ¼ �
Z

d2�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� detð�abÞ

q
�abx�;ax�;b�

4ðx� Xð�ÞÞ;
(2)

where X ¼ Xð�Þ is embedding of the world sheet on the
background metric. If the background space-time is
Minkowski one, we can select the coordinate system
ð�0; �1Þ ¼ ð�; �Þ which satisfies the gauge conditions

�¼ tðphysical timeÞ; x;� � x;� ¼ 0; x2;� þ x2;� ¼ 0:

(3)

The time scale of a GW burst is much shorter than the
Hubble expansion, hence we consider an individual burst
event on the Minkowskian background. The general solu-
tion of the equation of motion derived from the action (1) is

x� ¼ 1

2
ða�ðuÞ þ b�ðvÞÞ; a02ðuÞ ¼ b02ðvÞ ¼ 1; (4)

where u ¼ �þ t, v ¼ �� t. We call aðuÞ (bðvÞ) the left
(right)-moving mode. Then, Eq. (2) can be rewritten in
terms of aðuÞ and bðvÞ,

T��ðkÞ ¼ �

4
ðI�þðkÞI��ðkÞ þ I��ðkÞI�þðkÞÞ; (5)

I�þðkÞ ¼
Z

dua0�ðuÞeik�aðuÞ=2;

I��ðkÞ ¼
Z

dvb0�ðvÞeik�bðvÞ=2;
(6)

where T��ðkÞ is the Fourier transform of the T��ðxÞ, i.e.
T��ðkÞ ¼ R

d4xT��ðxÞeik�x.

III. DISTRIBUTION FUNCTION OF KINKS

Kinks can be defined as discontinuities of a0 or b0. They
are produced when two infinite strings collide and recon-
nect because a0 and b0 on the new infinite string are created
by connecting a0s or b0s on two different strings. Let us
suppose that a0 jumps from a0� to a0þ at a kink. Then the
‘‘sharpness’’ of a kink is defined by

c ¼ 1

2
ð1� a0þ � a0�Þ: (7)

Thus the norm of the difference between a0� and a0þ is
j�a0j ¼ 2

ffiffiffiffiffi
c

p
. The production rate of kinks is given by

[13]

_N production ¼
��V

�4t4
gðc Þ; (8)

where Nðt; c Þdc denotes the number of kinks with sharp-

ness between c and c þ dc in the volume V, �� and � are
constants related to string networks, whose values are [13],

�� r ’ 0:20; ��m ’ 0:21; �r ’ 0:3; �m ’ 0:55:

(9)

Here the subscript rðmÞ denotes the value in the radiation
(matter)-dominated era.

gðc Þ ¼ 35

256

ffiffiffiffiffi
c

p ð15� 6c � c 2Þ (10)

and we set gðc Þ ¼ 0 for c < 0, 1< c . The correlation
length of the cosmic strings 	 is given by 	 ’ �t.
Produced kinks are blunted by the expansion of the

Universe. The blunting rate of the kink with the sharpness
c is given by [13]

_c

c

��������stretch
¼ �2�t�1; (11)

where � is a constant which, in the radiation(matter)-
dominated era, is given by �r ’ 0:09 (�m ’ 0:2).
On the other hand, the number of kinks on an infinite

string decreases when it self-intercommutes since some
kinks are taken away by the loop produced. The decrease
rate of kinks due to this effect is given by [13]

_N

N

��������to loop
¼ � 


�t
; (12)

where 
 is constant which, in the radiation(matter)-
dominated era, is given by 
r ’ 0:18 (
m ’ 0:1).
Taking into account these effects, the evolution of the

kink number N obeys the following equation,

_N ¼
��V

�4t4
gðc Þ þ 2�

t

@

@c
ðcNÞ � 


�t
N: (13)

We have to solve this equation under an appropriate
initial condition. The initial condition to be imposed de-
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pends on how strings emerge. We consider two typical
scenarios. As a first scenario, let us suppose that cosmic
strings form when spontaneous symmetry breaking (SSB)
occurs in the radiation dominated Universe. After the for-
mation, cosmic strings interact with particles in thermal
bath, which acts as friction on the string. At first this
friction effect overcomes the Hubble expansion. (This
epoch is called friction-dominated era.) The important
observation is that the friction effect smoothens strings
and washes out the small scale structure on them [14].
The temperature at which friction domination ends is given
by [15]

Tc �G�Mpl; (14)

where G is the Newton constant and Mpl is the Planck

scale. If the temperature at the string formation is lower
than this critical value, the friction effect can be neglected
from the formation epoch to the present day, and kinks
emerge at the same time as appearance of strings.

As a second scenario, let us suppose that cosmic strings
are generated at the end of inflation, like strings made by
condensation of waterfall fields in supersymmetric hybrid
inflation [16–18], and cosmic superstrings left after anni-
hilation of the D-brane and anti D-brane in brane inflation
[2,3]. In this case, cosmic strings form in the inflaton-
oscillation dominated era, which resembles the matter-
dominated era. Although strings feel frictions from dilute
plasma existing before the reheating completes, the effect
is negligible as long as the reheating temperature after
inflation Tr is lower than �G�Mpl. In this case, kinks

begin to be formed right after the formation of strings.
Otherwise, the temperature at which kinks begin to appear
is given by Eq. (14).

Anyway, even if such kinks survive friction, they be-
come extremely dense in the later period, so that they do

not affect the observable part of the GW spectrum, as we
will see later. On the other hand, if the reheating tempera-
ture is lower than Tc, the kinks from the first matter era
definitely continue to exist, and if the reheating tempera-
ture is extremely low, GWs from these kinks can be ob-
served. Therefore, we concentrate on the situation where
the reheating temperature is low enough so that the kinks
generated in the first matter era survive without experienc-
ing the friction domination. We denote the timewhen kinks
starts to be formed by t�.
Then we can get the solution, but its precise form is very

complicated. Here we assume that the matter-dominated
epoch follows after inflation, and the reheating completes
at t ¼ tr after which the radiation dominated era begins. If
we focus on only the dominant term and neglect Oð1Þ
numerical factor, we get

dN

dc
ðt; c Þ �

�
c��m=2�mt�1 for c > ðt�t Þ2�m
ð tt�Þ�mþ�mc 1=2t�1 for c < ðt�t Þ2�m

(15)

in the first matter era,

dN

dc
ðt; c Þ �

8><
>:
c��r=2�r t�1 for c > c ðRDÞ

1 ðtÞ
ð ttrÞ�r��m�r=�mc��m=2�mt�1 for c ðRDÞ

2 ðtÞ< c < c ðRDÞ
1 ðtÞ

c 1=2ð ttrÞ�rþ�rðtrt�Þ�mþ�mt�1 for c < c ðRDÞ
2 ðtÞ

(16)

in the radiation era, where

c ðRDÞ
1 ðtÞ ¼

�
tr
t

�
2�r
; (17)

c ðRDÞ
2 ðtÞ ¼

�
tr
t

�
2�r
�
t�
tr

�
2�m

; (18)

and

dN

dc
ðt; c Þ �

8>>>><
>>>>:

c��m=2�mt�1 for c > c ðMDÞ
1 ðtÞ

ð t
teq
Þ�m��r�m=�rc��r=2�r t�1 for c ðMDÞ

2 ðtÞ< c < c ðMDÞ
1 ðtÞ

ðteqtr Þ�r��m�r=�mc��m=2�mt�1 for c ðMDÞ
3 ðtÞ< c < c ðMDÞ

2 ðtÞ
c 1=2ð t

teq
Þ�mþ�mðteqtr Þ�rþ�rðtrt�Þ�mþ�mt�1 for c < c ðMDÞ

3 ðtÞ

(19)

TABLE I. Various constants appearing in the calculation of
kink distribution and the spectrum of GWs from kinks.

Definition Radiation

domination

Matter

domination

� � � � 0.3 0.55

� � � � 0.09 0.2

� � � � 1.1 1.2

A 2� � � �0:92 �0:8
B 4� � � �0:74 �0:4
C ð�� 8�Þ=½3ð�� 2�Þ� 0.14 �0:17
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in the second matter era, where

c ðMDÞ
1 ðtÞ ¼

�
teq

t

�
2�m

; (20)

c ðMDÞ
2 ðtÞ ¼

�
teq

t

�
2�m

�
tr
teq

�
2�r
; (21)

c ðMDÞ
3 ðtÞ ¼

�
teq

t

�
2�m

�
tr
teq

�
2�r
�
t�
tr

�
2�m

: (22)

Here � is the constant related to the string network (�r ’
1:1, �m ’ 1:2), and teq denotes the matter-radiation equal-
ity epoch. We have converted N, distribution in the volume
V, to dN=dc ¼ Nðt; c Þ=ðV=	2Þ, which is the distribution
per unit length. The derivation of the above expression of
dN=dc is described in Appendix A.

Let us consider the physical meaning of this distribution
function. It is not difficult to consider how the number of
kinks in the horizon changes as time goes on. When a kink
is born, its sharpness ranges from 0 to 1, but the typical
value isOð0:1Þ. Therefore, the kink distribution has a peak
at c �Oð0:1Þ at the very early stage. Then kinks are made
blunt by the cosmic expansion. Thus newly produced kinks
are sharp (large c ) and old ones are blunt (small c ).
Therefore, the peak value of c is much smaller than 0.1
at the late stage. This peak consists of the oldest kinks.
Figure 1 roughly sketches the shape of the distribution
function in the second matter era.

It should be noted that the above distribution is derived
without considering gravitational backreaction. Since the
most abundant kinks are extremely blunt, they might be
influenced by the gravitational backreaction and disappear.
However, it is difficult and beyond the scope of this paper
to take backreaction into account. Wewill comment on this
issue in Appendix C.

IV. THE SPECTRUM OF GRAVITATIONALWAVES
FROM KINKS

Given the energy-momentum tensor of the source, one

can calculate the energy of the GW in the direction of k̂

with frequency ! as [19]

dE

d�
ðk̂Þ ¼ 2G

Z 1

0
d!!2

�
T���ðkÞT��ðkÞ � 1

2
jT�

�ðkÞj2
�

¼ 2G�ij:lmðk̂Þ
Z 1

0
d!!2Tij�ðkÞTlmðkÞ; (23)

�ij;lmðk̂Þ � �il�jm � 2k̂jk̂m�il þ 1

2
k̂ik̂jk̂lk̂m � 1

2
�ij�lm

þ 1

2
�ijk̂lk̂m þ 1

2
�lmk̂ik̂j: (24)

Thus by substituting the energy-momentum tensor (5),
we find the energy of the GW after computing integral I�
in Eq. (6). It is given by

dE

d!d�
ðkÞ ¼ G�2!2

4
ðj ~Iþj2j ~I�j2 þ j ~Iþ � ~I�j2 � j ~Iþ � ~I��j2

� j ~Iþj2jk̂ � ~I�j2 � j ~I�j2jk̂ � ~Iþj2 þ jk̂ � ~Iþj2
� jk̂ � ~I�j2 � ð ~Iþ � ~I��Þðk̂ � ~I�þÞðk̂ � ~I�Þ
� ð ~I�þ � ~I�Þðk̂ � ~IþÞðk̂ � ~I��Þ
þ ð ~Iþ � ~I�Þðk̂ � ~I�þÞðk̂ � ~I��Þ
þ ð ~I�þ � ~I��Þðk̂ � ~IþÞðk̂ � ~I�ÞÞ; (25)

where ~I� � ðI1�ðkÞ; I2�ðkÞ; I3�ðkÞÞ.
The method to calculate I� is described in [7,20]. In the

limit! ! 1, I� exponentially reduces to 0, unless at least
one of the following conditions on the integrand is met.
One is the existence of discontinuities of a0iðuÞ (or b0iðvÞ).
The contribution of a discontinuity of a0 to IþðkÞ is

IiþðkÞ ’ � 2

i!

�
a0iþ

1� k̂ � a0þ
� a0i�

1� k̂ � a0�

�
ei!ðu��k̂�a�Þ=2;

(26)

where u� is the position of the discontinuity, a� ¼ aðu�Þ
and we assume a0 jumps from a0� to a0þ at u ¼ u�. The
region of length �!�1 around u ¼ u� contributes to this
value. We find IiþðkÞ � c =!, where c denotes sharpness
of the kink. The other condition is the existence of sta-

tionary points of the phase of the integrand, i.e. !ðu� k̂ �
aðuÞÞ=2 (or !ð�v� k̂ � bðvÞÞ=2). This condition is ex-
pressed as

1� k̂ � a0ðusÞ ¼ 0ðor � 1� k̂ � b0ðvsÞ ¼ 0Þ (27)

at the point u ¼ us (v ¼ vs). The contribution of the sta-
tionary point of the phase to IþðkÞ is

IiþðkÞ ’
1

!2=3
a00i ðusÞei!ðus�k̂�aðusÞÞ=2

�
12

jk̂ � a000ðusÞj
�
2=3

� iffiffiffi
3

p �ð2=3Þ: (28)

For any value of a0ðb0Þ, there is one direction k̂ that satisfies

FIG. 1. The distribution function of kinks on infinite strings
produced at the end of the inflation in the second matter era.

c ðMDÞ
1 , c ðMDÞ

2 , c ðMDÞ
3 are given by Eqs. (20)–(22).
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(27), i.e. k̂ ¼ a0ð�b0Þ. Therefore, every point of u can

contribute to IiþðkÞ for one direction k̂.
One can find the energy of the GW burst from one kink

by picking up the contribution from the discontinuity for
one of I� (say, Iþ) and from the stationary point for the
other (say, I�). The energy emitted when the kink is
located at the world sheet coordinate ðu; vÞ ¼ ðu�; vsÞ is
evaluated by substituting (26) into Iþ and (28) into I� in
(25). Then we obtain

dE

d�d!
ð!;�!b0

sÞ ¼
�2ð23Þ
3

G�2!�ð4=3Þ
�

12

jb0
s � b000

s j
�
4=3

�
�

1

ð1þ b0
s � a0þÞ2

� 2a0þ � a0�
ð1þ b0

s � a0þÞð1þ b0
s � a0�Þ

þ 1

ð1þ b0
s � a0�Þ2

�
b002
s ; (29)

where the subscript s represents the value at v ¼ vs. The
energy is radiated at every moment toward the direction of
�b0 from the kink. This is the formula which represents
energy emitted in a short period in a small solid angle. The
total energy emitted in the short period �t is found by
multiplying ��, which is the solid angle that the GW
sweeps in this short period. The extent of the radiation

has the solid angle �ðð!=jb00
s jÞ�1=3Þ2 [7]. The variation of

the direction of the GW is roughly estimated by j�b0j �
jb00�tj. As a result, we obtain

��� ð!=jb00
s jÞ�1=3jb00

s j�t (30)

and the energy emitted per unit time is

dP

d!
� �2ð2=3Þ

3
G�2!�5=3

�
12

jb0
s � b000

s j
�
4=3

�
�

1

ð1þ b0
s � a0þÞ2

� 2a0þ � a0�
ð1þ b0

s � a0þÞð1þ b0
s � a0�Þ

þ 1

ð1þ b0
s � a0�Þ2

�
jb00

s j10=3; (31)

The terms in the large parenthesis in the 2nd line of
Eq. (31) can be estimated by taking average over the angle
between the left- and right-moving mode as h 1

ð1þb0
s�a0�Þ2i �h 1

ð1þb0
s�a0þÞð1þb0

s�a0�Þi � 1. The magnitudes of b00
s and b000

s

should be 	�1ð�t�1Þ and 	�2ð�t�2Þ.4
After making these substitutions and neglecting Oð1Þ

numerical factors, we find

dP

d!

��������one kink
�10G�2c!�5=3t�2=3: (32)

So far we have evaluated the GW spectrum from one
kink. However, there exist many kinks on an infinite string
and the final observable GW spectrum is made from sum of
contribution from these kinks. Therefore, Iþ picks contri-
butions of many kinks. Formally,

IiþðkÞ ¼
X
m

Iiþ;mðkÞ; (33)

where an integer m labels each kink. Thus Eq. (25) has
cross terms of the contributions from different kinks, e.g.,
~Iþ;m � ~I�þ;n. However, such cross terms must vanish since a

GW burst from a kink is a local phenomenon which relates
only the region around the kink. In fact, the structure of the
string around a specific point arises as a result of nonlinear
evolution of the string network, and hence the values of b00

s ,
b000
s and so on, are stochastic. We show that ensemble

averages of cross terms vanish as expected, i.e.

hIiþ;mI
j�
þ;ni ¼ 0 in Appendix B, where it is also shown

that the kinks that dominantly contribute to the power of
GWs with frequencies �! are ones which satisfy

�
c
dN

dc

��1 �!�1: (34)

In other words, if the interval of kinks with sharpness �c
is similar to the period of the GW under consideration,
these kinks make dominant contribution to the GW. In the
first matter era, using Eq. (15), Eq. (34) simplifies to5

c � ð!tÞ2�m=Am (35)

for !< ðt�=tÞAmt�1. (Here, we set A � 2� � �, Ar ’
�0:92, Am ’ �0:8.) For !> ðt�=tÞAmt�1, ðc dN

dc Þ�1 >

!�1 is satisfied by an arbitrary value of c . In
Appendix B it is shown that for !> ðt�=tÞAmt�1 the main
contribution to ! dP

d! comes from the kinks corresponding

to the peak of the distribution, i.e. c � ðt�=tÞ2�m . If we
denote the value of sharpness of kinks which make domi-
nant contribution to ! dP

d! as c maxð!; tÞ, it is given by

c maxð!; tÞ �
� ð!tÞ2�m=Am for !< ðt�=tÞAmt�1

ðt�t Þ2�m for !> ðt�=tÞAmt�1 (36)

in the first matter era. In the radiation era, c maxð!; tÞ is
found in a similar way as

4Although b0 has small and dense discontinuities which rep-
resent kinks, vs is generally not a kink point. So the rough shape
of b0

s is determined by the global appearance of the string
network and hence the length scale of its variation is roughly
the curvature radius of the network.

5Strictly speaking, Eq. (34) has two solution for c , but it is
sufficient to take larger one.
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c maxð!; tÞ

�

8>><
>>:
ð!tÞ2�r=Ar for !<!ðRDÞ

1 ðtÞ
ðtrt Þ2D=Amð!tÞ2�m=Am for !ðRDÞ

1 ðtÞ<!<!ðRDÞ
2 ðtÞ

ðtrt Þ2�rðt�trÞ2�m for !>!ðRDÞ
2 ðtÞ;

(37)

where

!ðRDÞ
1 ðtÞ ¼

�
tr
t

�
Ar

t�1; (38)

!ðRDÞ
2 ðtÞ ¼

�
tr
t

�
Ar
�
t�
tr

�
Am

t�1: (39)

In the second matter era, c max is estimated as

c maxð!; tÞ

�

8>>>>><
>>>>>:

ð!tÞ2�m=Am for !<!ðMDÞ
1 ðtÞ

ðteqt Þ�2D=Arð!tÞ2�r=Ar for !ðMDÞ
1 ðtÞ<!<!ðMDÞ

2 ðtÞ
ð trteqÞ2D=Amð!tÞ2�m=Am for !ðMDÞ

2 ðtÞ<!<!ðMDÞ
3 ðtÞ

ðteqt Þ2�mð trteqÞ2�rð
t�
tr
Þ2�m for !>!ðMDÞ

3 ðtÞ;
(40)

where

!ðMDÞ
1 ðtÞ ¼

�
teq
t

�
Am

t�1; (41)

!ðMDÞ
2 ðtÞ ¼

�
teq

t

�
Am
�
tr
teq

�
Ar

t�1; (42)

!ðMDÞ
3 ðtÞ ¼

�
teq
t

�
Am
�
tr
teq

�
Ar
�
t�
tr

�
Am

t�1: (43)

Here, we set D � �r�m � �m�r ’ 0:11.

As a result, assuming that the powers of GW from
different kinks are roughly same as far as their sharpnesses
are in the same order, (in other words, assuming that the
quantities concerned with kinks, such as b00

s , except their
sharpnesses, are roughly same) we can estimate the total
power of GWs with frequencies �! from all of the kinks
in a horizon as,

!
dP

d!

��������tot
�!

dP

d!

��������one kink
ð!; c maxð!; tÞÞ

� c
dN

dc

��������c¼cmaxð!;tÞ
�t: (44)

The first factor denotes the power of GWs from one kink.
The second factor denotes the number of kinks which
satisfy c � c maxð!; tÞ per unit length. The third factor is
length of an infinite string in a horizon. Then we finally
obtain

!
dP

d!

��������tot

�
�
10G�2ð!tÞCm for t�1 <!< ðt�=tÞAmt�1

10G�2ðt�t ÞBmð!tÞ�2=3 for !> ðt�=tÞAmt�1

(45)

in the first matter era,

!
dP

d!

��������tot

�
8><
>:
10G�2ð!tÞCr for t�1<!<!ðRDÞ

1 ðtÞ
10G�2ðtrt Þ2D=Amð!tÞCm for!ðRDÞ

1 ðtÞ<!<!ðRDÞ
2 ðtÞ

10G�2ðt�trÞBmðtrt ÞBrð!tÞ�2=3 for!>!ðRDÞ
2 ðtÞ

(46)

in the radiation era, and

!
dP

d!

��������tot
�

8>>>>><
>>>>>:

10G�2ð!tÞCm for t�1 <!<!ðMDÞ
1 ðtÞ

10G�2ðteqt Þ�2D=Arð!tÞCr for !ðMDÞ
1 ðtÞ<!<!ðMDÞ

2 ðtÞ
10G�2ðteqtr Þ�2D=Amð!tÞCm for !ðMDÞ

2 ðtÞ<!<!ðMDÞ
3 ðtÞ

10G�2ðt�trÞBmð trteqÞBrðteqt ÞBmð!tÞ�2=3 for !>!ðMDÞ
3 ðtÞ

(47)

in the second matter era, where B � 4� � � (Br ’ �0:74,
Bm ’ �0:4) and C � ð�� 8�Þ=3ð�� 2�Þ (Cr ’ 0:14,
Cm ’ �0:17). A robust lower bound on the frequency of
GWs is set to be t�1 corresponding to the horizon scale.
Values of A, B and C are summarized in Table I.

V. THE STOCHASTIC BACKGROUND OF
GRAVITATIONALWAVES FROM KINKS

We have found Eqs. (45)–(47) as the total energy radi-
ated per unit time in a horizon from kinks on an infinite
string. Now we are in a position to calculate the density

parameter of GWs defined by

�gwð!Þ � !

�c

d�

d!
ð!Þ; (48)

where �c denotes the critical energy density of the present
Universe. Noting that the energy density of GWs decreases
as a�4 and the frequency redshifts as a�1, we get

�gwð!Þ � 1

�c

Z t0

t�
dt

1

t3

�
!0 dP

d!0

���������!0¼!�a0=aðtÞ

�
aðtÞ
a0

�
4
;

(49)
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where aðtÞ is the scale factor and a0 represents its present value. Using Eqs. (45)–(47), we get the spectrum as

�gwð!Þ �

8>>>>><
>>>>>:

60ðG�Þ2ð!t0ÞCm for t�1
0 <!<!1

60ðG�Þ2ð�r

�m
Þ�3D=Arð!t0ÞCr for !1 <!<!2

60ðG�Þ2ð�r

�m
Þ�4D=Amð T0

Mpl
Þ4D=Amð Tr

Mpl
Þ�4D=Amð!t0ÞCm for !2 <!<!3

60ðG�Þ2ð!t0Þ�2=3ð�r

�m
Þ3Bm=2�4Brð T0

Mpl
Þ2Brð Tr

Mpl
Þ2Bm�2BrðH�

Mpl
Þ�Bm for !>!3

; (50)

where

!1 ¼ !ðMDÞ
1 ðt0Þ ¼

�
�r

�m

�
3Am=2

t�1
0 ; (51)

!2 ¼ !ðMDÞ
2 ðt0Þ ¼

�
�r

�m

�
3Am=2�2Ar

�
T0

Mpl

�
2Ar

�
Tr

Mpl

��2Ar

t�1
0 ;

(52)

!3 ¼ !ðMDÞ
3 ðt0Þ

¼
�
�r

�m

�
3Am=2�2Ar

�
T0

Mpl

�
2Ar

�
Tr

Mpl

�
2Am�2Ar

�
H�
Mpl

��Am

t�1
0 ;

(53)

where t0 and T0 denote the present age and temperature of
the Universe, Tr is the reheating temperature and H� is the
Hubble parameter at the end of inflation.6 This formula has
complicated exponents. Using � and � with values given
above, �m=�r ’ 5:5� 103 and T0=Mpl ’ 9:6� 10�32,
Eq. (50) simplifies to

�gwð!Þ

�

8>>>><
>>>>:

102ðG�Þ2ð!t0Þ�0:17 for t�1
0 <!<!1

10ðG�Þ2ð!t0Þ0:14 for!1<!<!2

1018ðG�Þ2ð Tr

Mpl
Þ0:56ð!t0Þ�0:17 for!2<!<!3

1040ðG�Þ2ð Tr

Mpl
Þ0:68ðH�

Mpl
Þ0:4ð!t0Þ�2=3 for!>!3;

(54)

where

!1 � 104t�1
0 ; (55)

!2 � 10�3ðTr

T0

Þ1:8t�1
0 ; (56)

!3 � 1054ð Tr

Mpl

Þ0:24ðH�
Mpl

Þ0:8t�1
0 : (57)

We find that the integral in Eq. (49) is dominated by the
contribution from the period near the present for the whole
range of!. In other words, almost all of the present energy
of GWs from the kinks on infinite strings comes from those
radiated around the present epoch. This does not mean that
the kinks produced at present make dominant contribution
to the energy of GWs. We see above that for given fre-
quency !, the kinks which dominantly contribute to ! dP

d!

are determined by Eqs. (36) and (37) or (40). Accordingly
high-frequency modes arise from dense, blunt and old
kinks, and low-frequency modes arise from thin, sharp
and new ones. The first line of Eq. (50) corresponds to
GWs from new kinks which were born after the matter-
radiation equality, the second line corresponds to GWs
from old kinks which were born in the radiation era, the
third line corresponds to GWs from older kinks produced
between the end of the inflation and the start of the radia-
tion era and the last line corresponds to GWs which came
from the most abundant and oldest kinks. Figure 2 sketches
the shape of the spectrum. The spectrum has three inflec-
tion points at !1, !2 and !3. This is due to change of the
type of kinks which mainly contribute to�gw. Positions of

these inflection points depend on the reheating temperature
Tr. If Tr takes the value around its lower bound, say,
10 MeV [21], the second inflection point falls in the
observable region, as we will see. Even if Tr is so low,
the natural value ofH� makes the third inflection far above
the observable region. If the reheating ends immediately
and H� is as small as possible, the region between the
second and third inflection is so short that the third inflec-
tion enters the observable region.
This is a crude estimation, and in order to derive the

realistic spectrum we should take into account subtlety
described in [7,8] where the authors claimed that GWs

FIG. 2. A schematic picture of gravitational wave spectrum
from kinks (50). !1, !2, !3 are given by Eqs. (51)–(53).

6Here we neglected the effect of cosmological constant. The
GW spectrum will be slightly modified if the cosmological
constant is taken into account. Detailed estimation of this effect
is beyond the scope of this paper since it needs a simulation of
cosmic string network evolution in the cosmological constant
dominated Universe.
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from kinks are burstlike and hence GW bursts with rare
event rate (‘‘isolated’’ GWs ) should not be counted as
constituent of the stochastic GW background. We should
calculate the stochastic GW background spectrum using
the following formulas [7,8]:

�gwðfÞ � 32

2
ðft0Þ2h2confðfÞ; (58)

h2confðfÞ ¼
Z dz

z
�ðnðf; zÞ � 1Þnðf; zÞh2ðf; zÞ; (59)

nðf; zÞ ¼ 1

f

d _N

d lnz
; (60)

d _N � 1

4
�mðf; zÞð1þ zÞ�1c maxð!z; tÞ ~Nðc maxð!z; tÞ; zÞt�1

� ðzÞdVðzÞ; (61)

hðf; zÞ ¼ G�½c maxð!z; tÞ�1=2tðzÞ
½ð1þ zÞftðzÞ�2=3

1þ z

t0z
�ð1� �mðf; zÞÞ;

(62)

�mðf; zÞ ¼ ½ð1þ zÞftðzÞ��1=3; (63)

dV ¼

8>>><
>>>:
54t30

ffiffiffiffiffiffiffiffiffiffiffi
�m

�r

T0

Tr

q
ð1þ zÞ�9=2dz ð1stmatter eraÞ

72t30

ffiffiffiffiffiffi
�m

�r

q
ð1þ zÞ�5dz ðradiation eraÞ

54t30ðð1þ zÞ1=2 � 1Þ2ð1þ zÞ�11=2dz ð2ndmatter eraÞ
; (64)

tðzÞ ¼

8>>><
>>>:

ffiffiffiffiffiffiffiffiffiffiffi
�m

�r

T0

Tr

q
ð1þ zÞ�3=2t0 ð1stmatter eraÞffiffiffiffiffiffi

�m

�r

q
ð1þ zÞ�2t0 ðradiation eraÞ

ð1þ zÞ�3=2t0 ð2ndmatter eraÞ
; (65)

where f ¼ !=2 and !z ¼ !ð1þ zÞ. dV means the
proper spatial volume between redshifts z and zþ dz.
tðzÞ represents the cosmic time at the redshift z. nð!; zÞ
represents the number of GW bursts at redshift �z with
frequencies ! superposed in a period of �!�1.
~Nðc ; zÞdVdc is the number of kinks with sharpness c �
c þ dc in the volume dV at redshift z, so ~Nðc ; zÞt2ðzÞ �
dN
dc ðtðzÞ; c Þ. Isolated GW bursts are excluded from the
calculation by inserting the step function in the integral
in Eq. (59). hðf; zÞ is the logarithmic Fourier component of
the waveform of the GW burst from one kink located at
redshift z and can contribute to GW with frequency f.

The results of calculation are shown in Fig. 3 and 4. We
take G�� 10�7, close to the current upper bound from
CMB observation [22], and show the spectrum with fre-
quency ! from the band of CMB experiments to that of
ground-based GW detectors. These figures include both
our crude estimate (50) and the improved one given by
Eqs. (58)–(65). We see that the latter is much smaller than
the former. This is because the spectrum is dominated by
GWs emitted recently, and recent GW bursts have a more
tendency to be isolated. The fact that the difference be-
tween the two estimates becomes larger in higher fre-
quency band might disagree with intuition, since the
kinks corresponding to high-frequency GWs are more
abundant. However, the higher frequencies of GW are,
the smaller the possibility that they overlap, because the
period of oscillation becomes shorter and the extent of the

GW beam becomes narrower. As a result, higher frequency
GWs are more likely isolated in time.
In Fig. 3 we assume that cosmic strings were born by

SSB at GUT scale and first kinks appeared at the tempera-

FIG. 3 (color online). �gw in the case where strings emerge at
the phase transition in the radiation era forG� ¼ 10�7 and T� �
1012 GeV. The upper line represents the estimate using Eq. (50),
i.e. including ‘‘rare bursts’’, and the lower line represents the
estimate using Eqs. (58)–(63), i.e. excluding ‘‘rare bursts’’.
Sensitivity curves of various experiments are shown. That of
DECIGO is derived from [25]. That of BBO correlated is derived
from [30]. Others are derived from [31].
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ture 1012 GeV (14). In Fig. 4 we assume that strings were
produced at the end of the inflation with extremely low
reheating temperature (Tr ¼ 10 MeV). This assumption
makes the second inflection point of the spectrum visible
in the observable frequency band. We also assume the
inflation energy scale is sufficiently high so that third
inflection point on the spectrum is far from the observable
region. If we could observe the second inflection, we can
deduce the reheating temperature.

Note that the spectrum depends on G� via the overall
factor ðG�Þ2. Therefore, when we vary the value on G�,
the spectrum only moves upward or downward, and its
shape (e.g., the position of bending) does not change. This
situation is different from the case of GWs from cosmic
string loops. In the case of cosmic string loops, since
different values of G� give different values of lifetime of
loops, the resultant spectral shape is different [4,5].

Let us discuss detectability of this GW background. We
have to see whether GWs from kinks exceeds not only
thresholds of various experiments but also GWs from other
source. The spectrum of GWs from loops was discussed in
[4–9], and the contribution of loops to GW background is
much larger than that of kinks if they coexist in some
frequency band. However, a loop cannot emit GWs with
frequencies smaller than the inverse of its size. Thus there
is a cut on the low-frequency side of the spectrum of GWs
from loops corresponding to the inverse of the loop size
�ð�tÞ�1. If ��G�, the spectrum of GWs from loops
begins to appear at ! * 10�12 Hz, and this covers the
frequency band where both pulsar timing arrays and GW
detectors have good sensitivity. However, � is one of the
most unknown parameters in the cosmic string model.
According to some recent simulations [12], � may be
much greater and the broader region may be covered by
loops’ GW. On the other hand, some recent studies [10,11]

show the possibility that � is extremely small, say, ��
ðG�Þn with n * 1. In such a case, GWs from loops domi-
nate only very high-frequency region and GWs from kinks
may be observable at low-frequency region. For example,
if � & 10�9, the band of SKA [23] can be used for detec-
tion of GWs from kinks, and for G�� 10�7,�gw reaches

the sensitivity of SKA. In a more extreme case � & 10�13,
the sensitivity band of space-borne detectors, BBO [24]
and DECIGO [25] are open for detection of kink-induced
GWs, and �gw exceeds the sensitivity of correlated analy-

sis of BBO for G�� 10�7, and that of ultimate-DECIGO
forG� * 10�9.7 In even more extreme case,� & 10�16, it
may be possible to detect the inflection point in Fig. 4 for
G� * 10�10 and determine the reheating temperature as
Tr � 10 MeV.
Moreover, GWs from kinks may be detected through

CMB observations. As opposed to GWs from loops, kinks
can emit GWs with wavelength comparable to the horizon
scale. These GWs induce B-mode polarizations, which is a
target of ongoing and future CMB surveys. The spectrum
of GWs from kinks is quite different from inflationary
GWs and hence its effect on CMB is also expected to be
distinguished from that of inflationary origin. We will
study this issue elsewhere.

VI. CONCLUSIONS

In this paper, we have considered gravitational waves
emitted by kinks on infinite cosmic strings. We have cal-
culated the spectrum of the stochastic background of such
gravitational waves and discussed their detectability by
pulsar timing experiments and space-borne detectors. It is
found that if the size of cosmic string loops is much smaller
than that of Hubble horizon, some frequency bands are
open for detection of GWs originating from kinks. It can be
detected by pulsar timing experiments forG� * 10�7, and
by space-borne gravitational wave detectors for much
smaller G�, although the latter may be hidden by the
loop contribution unless the typical loop size is extremely
small. If it is detected, it will provide information on the
physics of the early Universe, such as phase transition and
inflation models. Moreover, the spectrum shape depends
on the thermal history of the Universe, and hence GWs
from cosmic strings can be used as a direct probe into the
early evolution of the Universe. Notice that the inflationary
GWs also carry information on the thermal history of the
Universe [27–29]. Although the inflationary GWs are com-
pletely hindered by GWs from cosmic strings if the value
of G� is sizable and GWs from kinks come to dominate in
low-frequency region, GWs from cosmic strings also have
rich information on the physics of the early Universe.

FIG. 4 (color online). �gw in the case where strings emerge at
the end of inflation for G� ¼ 10�7, Tr � 10 MeV. The upper
line represents the estimate including ‘‘rare bursts,’’ and the
lower line represents the estimate excluding ‘‘rare bursts.’’

7Note that stochastic GWs from astrophysical sources such as
white-dwarf binaries make a dominant contribution for ! &
1 Hz [26] and the observable frequency range is somewhat
limited.
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APPENDIX A

Here we derive the expression of dN=dc given in
Sec. III. First, we change the variable from c to c i ¼
c ðt=tiÞ2� in Eq. (13), where ti is the time when we set the
initial condition. Then Eq. (13) becomes

t _Nðc i; tÞ þ
�
�


�
� 2�

�
Nðc i; tÞ ¼

��V

�4t3
g

��
ti
t

�
2�
c i

�
;

(A1)

where the dot now denotes the time derivative at constant
c i. This equation can be easily integrated to obtain

Nðc ; tÞ
VðtÞ ¼

��

�4t3��

Z t

maxðti;c 1=2� tÞ
dt0

t01þ�
g

��
t

t0

�
2�
c

�

þ
�
ti
t

�
3�� Nððt=tiÞ2�c ; tiÞ

VðtiÞ : (A2)

For the distribution function during the first matter era, we
set the initial condition at ti ¼ t� as Nðc ; t�Þ ¼ 0. Then
Eq. (A2) becomes

Nðc ; tÞ
VðtÞ ¼

��m

�4
mt

3��m

Z t

maxðt�;c 1=2�m tÞ
dt0

t01þ�m
g

��
t

t0

�
2�m

c

�
:

(A3)

By substituting Eq. (10) into g in Eq. (A3), performing the
integration and omitting terms except for dominant one, we
get Eq. (15). For N=V during the radiation era, we set ti ¼
tr and get

Nðc ; tÞ
VðtÞ ¼

��r

�4
r t

3��r

Z t

maxðtr;c 1=2�r tÞ
dt0

t01þ�r
g

��
t

t0

�
2�r

c

�

þ
�
tr
t

�
3��r Nððt=trÞ2�rc ; trÞ

VðtrÞ : (A4)

We use Eq. (15) for Nðc ; trÞ. Then Eq. (A4) simplifies to
Eq. (16) by picking only the dominant term. The expres-
sion during the second matter era (19) can be obtained in
the same way.

APPENDIX B

Here, we prove kinks which dominantly contribute to
GWs with frequency ! are those which satisfy Eq. (34),
and evaluate the integral in Eq. (6).

First of all, we consider the situation that ! is so small
that ðc dN

dc Þ�1 ¼ !�1 has solutions. a0i has numerous kinks

(discontinuities), from blunt ones to sharp ones, according
to Eqs. (15), (16), and (19). Let us consider kinks which
satisfy ðc dN

dc Þ�1 * !�1ð, c * c maxÞ. From now on, we

call such kinks ‘‘big’’ kinks. The interval between two
kinks with sharpness Oðc Þ is roughly given by ðc dN

dc Þ�1.

Thus the typical interval of big kinks is about !�1. First,
we divide the integration range of Eq. (6) into short inter-
vals of length �!�1 around each big kink as

IiþðkÞ ¼
X
l

Iiþ;lðkÞ; (B1)

where the integer l labels each big kink and Iiþ;lðkÞ denotes
the contribution to IiþðkÞ from the l-th interval. Each inter-
val contains one big kink and numerous ‘‘small’’ kinks,
which satisfy ðc dN

dc Þ�1 & !�1ð, c & c maxÞ. Let us as-
sume that in the l-th interval a0i can be decomposed as

a0iðuÞ ¼ �a0il ðuÞ þ �a0il ðuÞ: (B2)

where �a0iðuÞ denotes the smooth function (except one big
kink) which we can get after averaging contributions of
small kinks to a0i, and �a0il is the contribution of small

kinks. �a0il discontinuously jumps at each small kink and

the width of the jump is �c 1=2. Its average vanishes
(h�a0il i ¼ 0) since the jump at each kink takes random

values. Then we get

aiðuÞ ¼ �ailðuÞ þ �ailðuÞ; (B3)

after the integration of Eq. (B2). Then,

Iiþ;lðkÞ ¼
Z
l
du �a0il expði!ðu� n � �alðuÞ � n � �alðuÞÞ=2Þ

þ
Z
l
du�a0il expði!ðu� n � �alðuÞ

� n � �alðuÞÞ=2Þ: (B4)

Here the integral is performed over the l-th interval.
We are interested in ensemble averages of products of

two of Iiþ, for example, hjIiþj2i. It contains mean squares of
Iiþ;l’s and cross terms of different Iiþ;l’s. First, we evaluate

mean squares of Iiþ;l ’s. hjIiþ;lj2i contains mean squares of

the first and second terms in Eq. (B4), and the averages of
the cross terms between them. The latter vanish since
h�a0il i ¼ 0. In order to estimate the mean square of the

first term in Eq. (B4), we approximate it as

Z
l
du �a0il expði!ðu� n � �alðuÞ � n � �alðuÞÞ=2Þ

’ X
a

�a0il ðul;aÞei!ðul;a�n� �aðul;aÞÞ=2e�i!n��aðul;aÞ=2�ul;a:

(B5)

Here we write the position of the a-th small kink in the l-th
interval as ul;a, and �ul;a ¼ ul;aþ1 � ul;a. We assume that
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each interval between two small kinks is so short that the
integrand can be regarded as constant. We want to evaluate
the mean square of this quantity,X
a;b

h �a0il ðul;aÞ �a0il ðul;bÞei!ðul;a�n� �aðul;aÞÞ=2e�i!ðul;b�n� �aðul;bÞÞ=2i

� he�i!n��aðul;aÞ=2ei!n��aðul;bÞ=2i�ul;a�ul;b: (B6)

Here we separate the average related to �a0il , �ail and that

related to �a0il , �a
i
l, assuming that there is no correlation

between small kinks and big kinks. In order to evaluate the

second parenthesis in Eq. (B6), we decompose �ail as

�a0il ¼ X
k

FðkÞi
l ðuÞ; (B7)

where FðkÞi
l ðuÞ is the contribution of kinks of sharpness

c � c k, so it has discontinuities at intervals �ðc k
dN
dc �

ðc kÞÞ�1 and between two of them its absolute value

�c 1=2
k . Then,

½hj�alðul;aÞ � �alðul;bÞj2i�1=2 � ½hj�ailðul;aÞ � �ailðul;bÞj2i�1=2

�
���X

k

X
s

FðkÞi
l ðukl;sÞðukl;sþ1 � ukl;sÞ

�
2
�	

1=2

�
�X

k

X
s

hðFðkÞi
l ðukl;sÞÞ2iðukl;sþ1 � ukl;sÞ2

	
1=2

�
�X

k

c k �
�
c k

dN

dc
ðc kÞ

��2 �
�
jul;a � ul;bj=

�
c k

dN

dc
ðc kÞ

��1
�	

1=2

�
�X

k

c k

�
c k

dN

dc
ðc kÞ

��1
	
1=2jul;a � ul;bj1=2

�
�Z c max

dc c�1

�
dN

dc
ðc Þ

��1
	
1=2jul;a � ul;bj1=2

�
�
dN

dc
ðc maxÞ

��1=2jul;a � ul;bj1=2: (B8)

To proceed from right-hand side of the first line to the
second line, we regard FðkÞi

l ðuÞ as constant in the interval
between two small kinks. Here ukl;s denotes the position of
s-th discontinuity of FðkÞi

l ðuÞ. FðkÞi
l ðukl;sÞ can be thought of as

a probability variable whose average is 0 and whose vari-
ance is �c k. We can set hFðkÞi

l ðukl;sÞFðk0Þi
l ðuk0l;s0 Þi ¼ 0 unless

k ¼ k0, s ¼ s0, assuming that different kinks are not corre-
lated. This enables the second line to be simplified to the
third line. Then we substitute c k into ðFðkÞi

l ðukl;sÞÞ2, andðc k
dN
dc ðc kÞÞ�1 into ukl;sþ1 � ukl;s. The third factor in the

forth line represents the number of small kinks in the
interval ðul;a; ul;bÞ. When we proceed from the fifth line
to the sixth line, we changed the sum

P
k to the integralR

dðlnc Þ ¼ R
dc c�1. Using c max

dN
dc ðc maxÞ ¼ ! and

jula � ulbj & !�1, we find

ðhj�alðul;aÞ � �alðul;bÞj2iÞ1=2 & c 1=2
max!�1 	 !�1: (B9)

Therefore, !n � ð�alðul;aÞ � �aiðul;bÞÞ is much less than
unity and hei!n�ð�alðul;bÞ��alðul;aÞÞ=2i is �1. Then Eq. (B6) is
written as

X
a;b

h �a0il ðul;aÞ �a0il ðul;bÞei!ðul;a�n� �aðul;aÞÞ=2e�i!ðul;b�n� �aðul;bÞÞ=2i

� �ul;a�ul;b

¼
���������

Z
l
du �a0il ðuÞei!ðu�n� �aðuÞÞ=2

��������
2
�
: (B10)

The result is same as that derived without the contribution
from small kinks. Then, the right-hand side of Eq. (B10)
can be calculated as Eq. (26), and its magnitude is

�
c 1=2

l

!

�
2
; (B11)

where c l denotes the sharpness of l-th big kink.
In order to estimate the mean square of the second term

in Eq. (B4), we approximate it as

Z
l
du�a0il expði!ðu� n � �alðuÞ � n � �alðuÞÞ=2Þ

’ X
k

X
s

FðkÞi
l ðukl;sÞ expði�k

l;sÞðukl;sþ1 � ukl;sÞ; (B12)

where �k
l;s ¼ !ðukl;s � n � �alðukl;sÞ � n � �alðukl;sÞÞ=2. The

mean square of Eq. (B12) is
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��X
k

X
s

FðkÞi
l ðukl;sÞ expði�k

l;sÞðukl;sþ1 � ukl;sÞ
�
2
�

¼ X
k

X
s

hðFðkÞi
l ðukl;sÞÞ2iðukl;sþ1 � ukl;sÞ2

�X
k

c k

�
c k

dN

dc
ðc kÞ

��2
�
!�1=

�
c k

dN

dc
ðc kÞ

��1
�

�X
k

�
c k

dN

dc
ðc kÞ

��1
!�1

�
Z cmax

dc c�1

�
dN

dc
ðc Þ

��1
!�1

�
�
dN

dc
ðc maxÞ

��1
!�1: (B13)

Remembering c max
dN
dc ðc maxÞ ¼ ! and c max < c l, we

find (B13)<(B11). Eventually, the mean square of Iiþ;l is

roughly estimated as (B11). In other words, in each interval
around each big kink, it is sufficient to consider only the
isolated big kink, while neglecting small kinks.

Next, we consider the cross terms of different Iiþ;ls, such

as hIiþ;lI
i�þ;mi. This should vanish, and we can explicitly

check this by straightforward calculation. To do so, we
divide Iiþ;l and Iiþ;m as Eq. (B4) and evaluate the mean

squares and the averages of the cross terms of the two term,
using above approximations, such as Eqs. (B5) and (B12).

As a result, the mean square of Iiþ can be evaluated by
summing up Eq. (B11) for each l. Then we obtain

hjIiþj2i �
X
l

c l!
�2

�
Z 1

c max

dc
dN

dc
ðc Þc!�2 � L

� c max

dN

dc
ðc maxÞ � c max!

�2 � L; (B14)

where L denotes the integration range of Iiþ. This implies
that the greatest contribution to hjIiþj2i comes from kinks
which satisfy c � c max. Such kinks dominantly contrib-
ute to GWs with frequency �!.

So far we have discussed the casewhere c k
dN
dc ðc kÞ �!

has a solution. However, if ! is so large that c k
dN
dc �

ðc kÞ 	 ! is satisfied for arbitrary values of sharpness, all
kinks are thought of as ‘‘big kinks.’’ Therefore, the con-
tribution from each interval of length�! around each kink
becomes (B11). That from regions far from any kinks is
exponentially small when ! ! 1. Eventually,

hjIiþj2i �
Z 1

0
dc

dN

dc
ðc Þc!�2 � L

� c max

dN

dc
ðc maxÞ � c max!

�2 � L; (B15)

where c max denotes the value of c at which dN
dc ðc Þ has a

peak. This implies that kinks which satisfy c � c max

dominantly contribute to hjIiþj2i and GWs of frequency
�!. Thus we have proved the validity of Eq. (44).

APPENDIX C

Here we discuss a subtlety related to validity to use the
distribution function of kinks [Eqs. (15), (16), and (19)].
These formulas are derived without considering gravita-
tional backreaction. The distribution may be altered if such
an effect is taken into account. It may be necessary to
define the residual lifetime for blunt kinks and set lower
cutoff of sharpness. It is difficult to clarify how we should
take into account this effect at this moment. However, at
least we can find a crude condition which must be satisfied
regardless of the detail of backreaction; the energy of GWs
emitted from strings must be less than the string energy.
This condition is expressed as

Z !
d!0 dP

d!0

��������tot
�t < �t: (C1)

The left-hand side represents the energy emitted from
kinks on one infinite string in a Hubble horizon per
Hubble time, and the right-hand side denotes the energy
of one infinite string in a Hubble horizon. (Note that this is
only a necessary condition that the backreaction does not
affect kink distribution.)
First, let us assume that strings emerged in the radiation

era. In the radiation era, the condition (C1) is satisfied for

t < ð10G�Þ3=Er t� � ð10G�Þ�7:9t�ð, T > ð10G�Þ�3=2ErT�
� ð10G�Þ3:9T�Þ: (C2)

(E � 8� � �, Er ’ �0:38, Em ’ �0:4.) For Eq. (C2) to
be satisfied in the whole radiation era,

T� < ð10G�Þ3=2ErTeq � ð10G�Þ�3:9Teq: (C3)

If we take G�� 10�7, this becomes T� & 1014 GeV. In
the matter era, the condition (C1) is written as

t > ð10G�Þ3=Em

�
T�
Teq

��2Er=Em

teq � ð10G�Þ7:5
�
T�
Teq

�
1:9
teq:

(C4)

The condition that the backreaction is not problematic in
the matter era also leads to (C3). Eventually, if we assume
that kinks had not appeared until friction domination ended
or strings emerged at low temperature at which friction can
be neglected, the gravitational backreaction is not
important.
Next, let us assume that strings were born at the end of

inflation. It is easy to see that (C1) is satisfied in the first
matter era, using Eq. (45). After the first matter era, the
situation depends on whether the reheating temperature
exceeds Tc [Eq. (14)] or not. If Tr < Tc, there is no period
when the friction works and kinks produced in the first
matter era survive. The peak of ! dP

d! jtot consists of con-
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tribution from kinks produced around the turning point
from the first matter era to the radiation era. Therefore,
the above discussion applies and the condition (C1) is
satisfied all the time. On the other hand, in the case of Tr >
Tc, the friction becomes problematic in the early stage of
the radiation dominated era. If all kinks disappear in this
stage and kinks restart to emerge at the end of friction
domination, the condition (C1) is never violated as dis-
cussed above. In the opposite case, where all kinks survive
the friction-dominated era, (C1) is not guaranteed. In such

a case, the largest contribution to
R
d! dP

d! jtot comes from

kinks produced around the end of the first matter era. The
condition (C1) is satisfied if

10G�

�
Tr

Teq

��2Er=3
< 1: (C5)

For G� ¼ 10�7, this leads to Tr=Mpl & 10�4. Therefore

the gravitational backreaction might be able to be ne-
glected unless the reheating temperature is so high.
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