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Computation of the coefficients for p® order anomalous chiral Lagrangian
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We present the results of computing the order p® low energy constants in the anomalous part of the
chiral Lagrangian for both two and three flavor pseudoscalar mesons. This is a generalization of our
previous work on calculating the order p® coefficients for the normal part of the chiral Lagrangian in terms
of the quark self-energy 2 (p?). We show that most of our results are consistent with those we have found

in the literature.
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I. INTRODUCTION AND BACKGROUND

It is well known that the chiral symmetry in quantum
chromodynamics (QCD) suffers anomalies due to the non-
invariance of the path integral measure of the quark fields
under the chiral symmetry transformation. The anomaly
reflects the fact that the classical chiral symmetry may be
violated by quantum corrections. At the level of the effec-
tive chiral Lagrangian for the pseudoscalar meson field U,
anomaly no longer comes from the path integral measure.
Instead, it is due to the noninvariance of the effective chiral
Lagrangian. If we denote by I'.[ U, J] the effective action
for the pseudoscalar meson field U and the external source
J, then this noninvariance can be expressed as

LeelU, J] = Tege[Uq, Jo] = TTQ, J], (1)

where Uy = QtuQt and J, =[QP; + QTP ] X
[J + #QPg + QT P,]. T[Q, J] is the anomaly from the
light quark path integral measure DiyoDiyg =
Dy Dipe" or the well-known Wess-Zumino-Witten
term. We can formally express it as

ITQ,J] = — InDet[(QP; + QT P,)(QPr + QTP))]
= —Trin[# + Jo] + Trin[# + J]. )

Because for N light quarks, each generator of the chiral
symmetry SU(N;), ® SU(N;)g/SU(Ny)y corresponds to
a Goldstone boson, which is treated phenomenologically as
the physical pseudoscalar meson field, the phase angle of
the chiral rotation group element () can be treated as the
pseudoscalar meson field, i.e., U = 02, Then comparing
(1) and (2), we can rewrite the effective action Iy as
F[U,J] = =Trin[d + Jo] + Trin[g + J] + F[U, J],

FIU,J] = FlUq, Jal 3)

The U and J dependence for F[U, J] is not fixed by (1), but
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F[U,J] is invariant on U — Uy and J — Jqo. Hence,
F[U, J] represents those chiral invariant terms. In fact,
Ug = Q1020 =1, and Te[Uq, Jo] = Lex[1, Jo] =
—Trln[ﬁ + JQ] + Trln[y’f + JQ] + F[UQ, JQ] = F[U, J]
Note that the effective action is the path integration result
for S.[U, J], the action of the effective chiral Lagrangian
for the pseudoscalar meson field U and the external source
J,

~Toi[U.J] — —S.i[U,J]
e effL™ ¢l DUe eff s
[ 4

Uyx) = -/.DUU(x)e’Sen‘[UJ]’

where the second equation gives the definition of U,
which fixes U, as the functional of the external source J.
With (3), (4) becomes

eTrln[y’lJrJﬂ]fTrln[iH»J]fF(U[,,J) — ‘/DUe*Scﬂ-[U,J]' (5)

References [1-3] choose as an approximation
SerolU, J] = —Trin[# + Jo] + Trin[# + J],  (6)

where subscript 0 is used to denote the approximation.
From (1), (3), and (5), we find that under the chiral sym-
metry transformation, Seyo[U, J], defined in (6), is not
invariant. Substituting (6) back into (5) and using standard
loop expansion as developed in Ref. [4], we find F[U,;, J]
is the pure loop correction from the action Seo[U, J].
From the action (6), one can calculate various low energy
constants (LECs) of the effective chiral Lagrangian for
pseudoscalar mesons. In Ref. [5], we call (6) the anomaly
approach. In our previous paper [6], we have shown that
the finite order p* LECs of the normal part of S o[U, J]
are exactly canceled by the summation of all the p® and
higher order terms. Equation (2) further shows that even for
the anomalous part, S o[ U, J] only contributes the Wess-
Zumino-Witten term; it cannot produce the p® and higher
order anomaly terms. This absence of the normal part and
the p® and more higher order anomalous part reflect the
fact that the choice of (6) is not correct, although it offers
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the correct Wess-Zumino-Witten term. Further, (6) is in-
dependent of the strong interaction dynamics, i.e., even we
switch off the quark-gluon interaction by deleting the
strong interaction coupling constant, (6) is not changed.
These facts imply that we need to add some strong dynam-
ics dependent correction term ASq[U, J] to Seg o[ U, J] as
given in (6),

Sete[U, J1 = Ser ol U, J1 + ASei[U, J]. (7

From (5) and (6), we find that AS.¢[U, J], introduced in
(7), must be invariant under chiral symmetry transforma-
tions. In Refs. [7,8], AS.[U, J] is taken to be

AS.[U,J1=Trn[f + Jo + 3(—V?)], (8)

with 3 being the quark self-energy satisfying the
Schwinger-Dyson equation (SDE), and V* is defined as
VH = gk — ivy. This expression for ASx[U, J] encodes
the dynamics of the underlying QCD through quark self-
energy %, and in Ref. [9], we have shown that (8) does not
produce the Wess-Zumino-Witten term ensuring the cor-
rectness of (1).

In Ref. [7], we have calculated the orders p? and p*
normal part LECs in terms of the action (7) and (8). The
importance of knowledge of LECs of the chiral
Lagrangian, especially for order p® LECs was emphasized
in Ref. [10]. Recently, in Ref. [6], we improved the com-
putation procedure and generalized the calculations up to
the order p® normal part LECs. In Ref. [9], we have
calculated the p* order anomalous part and shown that
the X dependent coefficient generates the correct coeffi-
cient N, for the Wess-Zumino-Witten term. It is the pur-
pose of this paper to calculate all order p® LECs for the
anomalous part of the chiral Lagrangian (7). In fact, the
general structure of the p® order anomalous part chiral
Lagrangian was first given by Refs. [11,12] and later
clarified by Refs. [13,14]. Reference [15] estimates the
values of several of the order p® LECs for the anomalous
part of the chiral Lagrangian. Although order p® LECs for
the normal part of the chiral Lagrangian seem to attract
more attention in the literature (see references given in
[6]), they are the next to next to leading order terms. The
order p® LECs for the anomalous part of the chiral
Lagrangian belong to the next leading order terms.

This paper is organized as follows: in Sec. II, we review
the calculation of the order p* anomalous part of the chiral
Lagrangian in terms of the action (7). With the method
used in Sec. II, in Sec. III, we compute the order p® LECs
for the anomalous part of the chiral Lagrangian, and obtain
the analytical expression for the LECs in terms of quark
self-energy 3. We further compute the numerical values
for these LECs. We compare our results with those ob-
tained in the literature. Section IV is the summary and
future direction of our work. We list some necessary tables
and formulae in the appendices.
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II. REVIEW OF THE ORDER p* ANOMALOUS
PART OF THE CHIRAL LAGRANGIAN

For the anomalous part of the chiral Lagrangian, the
leading nontrivial order is p*, and it is the well-known
Wess-Zumino-Witten term. In Ref. [9], we have calculated
the action (7) by several different methods and all obtain
the same Wess-Zumino-Witten term. If we naively apply
these methods to the next to leading order p® computa-
tions, we will find that they are too complex to be achieved
even with the help of the computer. In this section, we build
a method that is suitable to be generalized to the order p®
calculations. The order p* of the anomalous chiral
Lagrangian here is only to be used to explain our method.
Reference [9] only expresses the Wess-Zumino-Witten
term in terms of a parameter integration. In this section,
we will explicitly finish this parameter integration and
show that it does recover the Wess-Zumino-Witten term.

Since we are only interested in the U field dependent
part of the anomalous part of the chiral Lagrangian, we can
drop out the pure source terms. Then our choice of
AS LU, J] in (8) gives the result that only X dependent
terms in AS.[U, J] contribute to the chiral Lagrangian,
while the % independent terms in AS.[U, J] are com-
pletely canceled by the term —TrIn[# + Jo]in S o[ U, J1.
leaving a pure U field independent term Trln[# + J]. So
what we need to compute is

Se[U, J1 = [Trin[f + Jq + 3(=V?)]
= Tr ln[ﬂ +J+ 2(_v2)]]2dependent’ )

in which we have added in S.[U, J] an extra pure source
term —Trin[# + J + 2(=V?)]lsdependen for later use, and
we define V# = 9# — ju*. Now we write () as ) = ¢ #
and further introduce a parameter ¢ dependent rotation
element Q(f) = e #F. With the help of the relation
Q1) = Q and Q(0) = 1, (9) becomes

Serr[U, J1 = Trin[# + Joq) + 2(=VDIIZ) s dependent’

V# = VH -0, (10)

with V¥ = g# — ivé’i(t). Jow is Jo with Q replaced by
Q(1). We decompose Jq as Jo = —ipg — idgys — sq +
ipa7Ys, so we can also decompose Jo ) as Jo) = — iy, —
id,ys — s, + ip,vs. Result (10) implies that our chiral
Lagrangian can be expressed as the difference of
TrIn(...) at r dependent chiral rotation between 7= 1
and 7= 0. Since the ¢ dependent rotated source Jq,
satisfies

aaw _ ll:aU,
ot 2L ot

U = 92(1‘),
(11)

we can further proceed to express the chiral Lagrangian in
terms of integration over the parameter :

Ulys i + Jn(r)]+
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1 d .
Seff[Ur J] = [O dta Trln[lﬂ + JQ(t) + E(_v?)]li dependent

_ f; dtTrI:I:GJaQ(,) N 82(a vz)][zﬁ‘i‘fg(t) +3(-V)] ]

3, dependent

= [land G5 v 0]+ S g s

2 3, dependent

Equation (12) is the main formula we rely on to calculate LECs. Reference [9] explicitly calculates the order p* anomalous
part of the right-hand side (r.h.s.) of (12) and finds the result

S(R)[Z2(k) — I (k) — 2623/ (k)]
Seff[Ur J]lanomalous p? = 2NCE,u,VaB fd X/ dt (277_)4 [ ( [Ez(kg) + k2]4
X (2VEVIVeVP + 20 a?VavP — 2V*arVeaP + 2VFa?a?VP + 2a#VrVeaP — 2a*V7 a2 VP
RI()[2 (k%) — 2k23/(k?)]
[32(k?) + KT

COVRaPVEaP + 4aPVIVEGE — 24PV et VP + 2V VY ata ))] (13)

+2VEV %P + 24" ava%aP) + @AVHVrVevP + 2q"qrVevF

The momentum integration can be calculated analytically, because the integrand is a total derivative. The result is

1 U, 8i
eff[U J]lanomalousp 307 PY ) p,yaﬁfd X/ dttr I:a— UT(VMVVO('B + — [Cll a;,V 01,3]+ + 3dﬂazydaa}3 + ?a”“VW
4
+ gaf‘a}’af‘a?)], (14)

where VI = 9rv? — 9vvl — i[vl, v/] and difa? = 9*al — i[v), a”]. Reference [9] only gives the above result (14)
without finishing the integration over parameter f. References [16,17] obtained the Wess-Zumino-Witten term by
integrating out the Bardeen anomaly [18]. Now we use a similar method to achieve this integration, with the help of
following relations:

dal T w 3Us ] vl 1[ u0U, ]
a2 "l ar 2L Tar at
ds, i aU aU ] ap, i[ au, ]
= p Ul +—= U =), Ul + U
ot 2[p’ ar ! b at 2L o o
adta;y i aU aU, aU
U _ LT (vrvr 1 grat vv ~VESLUIy - ap =t Ufal - at UL ay
Jat 2L at at (15)
aU,
VPV + ata V)]
avikr 1 aU, aU, aU aU aU 3U
a[z 2[ V“—UT v +8—UTV" a—t’UJd;‘a,V + df‘a;’a—tU:r + a,VV#—’UJ - U*V"
oU aU
+ Vv at’U,Ta;‘— at vl — dva —U ”vv + a¥ t’U;rV;’:I,
and by lengthy calculations, we can rewrite (14) as
c 4 : U, t pt pvpApP d HVAp
Seff[U’ J:”Zlﬂomalousp4 = _4877'2 d*x o dlel“,)‘p trf WU, Rt RIRI Rt + EW (Ut’ , r) , (16)

with I[# = vk — a#, r* = v* + a*, R* = Ul orU,, L* = (0*U,)U], and
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WHIA(U,, I, r) = iRERYRMP + 149" IPRY + 9#1"I*RY —
+ iU a7 ULP — iU U PRY

— (U, = Ul I# — i L* — —R™).
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IREI'RMNP + r#U PR)RPUT + iRFIVINP + iU U, 07 1M P
- RrUTO AU + Ul e + WUt rru ot o e

(17

In Ref. [9], we already showed that the first term of the r.h.s. of Eq. (16) is just the Wess-Zumino-Witten term of the form
defined on a four-dimensional boundary disc Q in five-dimensional space-time

N, 1 oU
- 48;2 [ d*x L dte, trf[a—tf U/ Rﬁ‘RtVR,”Rf:I =

N. -
- 24072 [Q dzijklm trf[R’R/RleRm] (18)

with R = U19'U. For the second term of the r.h.s. of Eq. (16), the integration over parameter ¢ can be calculated explicitly,

N, 1 d
_4-8# [d4x'[0 dte,u,v)tptrfl:EWMW\p(Ut’ l, r)] = —

which is just the gauge part of the Wess-Zumino-Witten
term given by Refs. [13,19]. This finishes the explicit
calculation of the order p* anomalous part of the chiral
Lagrangian starting from formula (12). We leave the order
p® part to the next section.

III. CALCULATION OF THE ORDER p°¢
ANOMALOUS PART OF THE CHIRAL
LAGRANGIAN

In this section, we start from Eq. (12) to calculate its
order p® anomalous part of the chiral Lagrangian. For
convenience, we change to the Minkowski space to per-
form our calculations. Direct computation gives the result

210
St U Mlaomatons p° = f ARV f drte [0 (x, )],
(20)

where K}V is the coefficient in front of the operator
OY (x, 1), which depends on quark self-energy = (k?). The
210 parameter ¢ dependent operators OY (x, 1) all have the
oW (x, t) = €,y D UT OB (x, 1) and
oL (x, #) are order p% operators cons1st1ng of multipli-
cations of various compositions of a’*, V¥, s, and p,. In
Appendix A we list all of these operators in Table V. In
obtaining (20), we have applied the Schouten identity,
which reduces the original total 294 operators to the
present 210 operators. In the literature, the general p® order
anomalous part of the chiral Lagrangian given in Ref. [13]
has only 24 independent operators. For N, = 3, 2 this
number reduces to 23 and 5, respectively. Especially for
the case of Ny = 2, to incorporate the electromagnetic field
into the external source v*, the original traceless property
of v# must be dropped. This changes the original five

structure  of

c
48772

f 3,0, e IWHAP(U, 1, 1) — WEPe(1,1, 9] (19)

independent p® order anomalous operators into 13. If we
denote the independent operators by O (x) [0V (x) for
Ny = 2] and corresponding coefficients in front of the
operators by C,/ (¢} (x) for N; = 2), respectively, then
(20) becomes

Seff[Ur J]lanomalous p° = Z

[d4xc oV (x). (21)

Note that our starting chiral Lagrangian (7) only involves
one trace for flavor indices. If we further apply the equation
of motion to (21), there will appear some operators with
two flavor traces. Our result prohibits the appearance of
three operators OY, OV, OY, leaving 21 independent
operators. This implies that our formulation gives C} =
Cl% = CY, = 0.1f we do not apply the equation of motion,
there will be more independent operators, and now this
number is 23. To make our calculation more convenient,
we denote these operators before applying the equation of
motion by O (x) and the corresponding coefficients in
front of the operators by K. We list all possible O) (x)
in Table VI of Appendix A. With these operators, (21) can
also be written as

23
Seff[UJ J]lanomalous p° = Z jd4XKr‘iVOrvzv(x) (22)
=1

Through using the equation of motion, we can obtain the
relations among the two sets of operators O (x) and 0 (x)
as follows:
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oY = oV /B, oY = oY /B, oY = oY /B,, oY = oY /B, oY = oY /B, oY = oY /B,
oy =o/B, of=o00 oy=oy, of=o0% of=oy  Of=o0

- - - 2 1 - -
oy,=0V, of,=o0f  Of%=-0}+ N—fOfV’V’ oYy = —-o¥ — N—fOW oy =0y  Of%=0Y,
i ) i i 1 i |

oY = oy, oy, = oy, oy = oy, oy, = oY — Ffogv, oY, = oy - N—fo%, (23)

where By is the order p? LEC in the normal part of the chiral Lagrangian. Here, we divide OY, - - -, O¥ by B, making the

matrices A,,, introduced later in Eq. (27) independent of By. For Ny = 2, (23) is changed to

oY =o, oY = oV /B, oY = oY /B, oY = —o¥/(2By) + ol /B,, oY = oY/B,,

0f = o} /By, OF = oY /By, 0y = 0y = 0y = 01y =0, O = —of,

O, = 0Y, = —lo¥ + o, O =-of, O =-lof O =ol 0% = Ol = —olj,

O3 = 07 — go8 —ofy + oy — 20, 03y =0, 03, = of - 308 03 =0. @4

Direct comparison between (20) and (22) is difficult, since in (20) we have an extra integration over parameter ¢, and the
number of operators in (20) is much larger than it is in (22). Instead of finishing the integration over parameter ¢ in (20), we
introduce an integration of parameter ¢ in (22). Since we are only interested in the U dependent part of the chiral
Lagrangian, adding some U field independent pure source terms in (22) will not change our result; therefore, we can

rewrite (22) as

Scff[U’ J]lanomalous p6

23
= d*xKVOY () y—y 111 = d*xKY | dt—[O0Y (x)|,—
Zr[ [ v—u,] Z] [ f [ U—U, )

In expression (25), integration of parameter ¢ is already
present in the formula of that in (25), and there are only 23
independent terms acted on by the differential of ¢, while in
(20) there are 210 terms. Comparing (25) and (20), we
obtain

210

Z KWf[OW(xNUﬁU] = > KNON(x1).

m=1

(26)

Note that with the help of relation (15), 4[0) (x)|y—y,]
appearing in the above equation can be reduced to the
linear composition of O (x, 1), i.e.,

210
_[OW(x)lUﬁU] - Z AanW(x t)

m=1

27

with the 23 X 210 matrix A,, given by Table VII in
Appendix B, Then we rearrange (27) by multiplying both
sides of the equation by some 23 X 23 matrix elements
Cn’m

[ ARG () — O (9)lyer] = z ] dxRYIOY Wlyy,, — O Wlyy, ]

(25)

I
23 210

23

d .~ _
Z Cn’nE[Or‘iV(x)lU—»Ut] = Z Z Cn’nAanrvX(xr t)
n=1 n=1m=1

210

= Z Rn’mO_l‘Z(x: t)
m=1

23
Rn’m = Z Cn’nAnm (28)

and tune C,,, in such a way that a 23 X 23 submatrix R’ is a
unit matrix, i.e., R, , = 8,y withn',m' = 1,3,4,5,6,7,
20, 43, 44, 49, 50, 51, 52, 54, 57, 59, 62, 63, 64, 127, 128,
133, 134. The C matrix is found to be of the form

(é7><7 07x15 )
Cisxis

O15%7

where C and C are 7 X 7 and 15 X 15 matrices, respec-
tively. The off diagonal parts are two matrices with null
matrix elements and the dimensions are 7 X 15 and 15 X
7. We label the dimension of the submatrices as their
subscripts. C and C matrices are given in Tables VIII and
IX in Appendix B. We call the remaining part of R, the
matrix R,,,, m" # m'. Then (28) is changed to
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Z Cm’n

= Or‘fl/,(x, t) + ZRmrmH Ol}r‘"/,,(x, t) (29)

m//

0,? ®ly—v,]

Multiplying both sides of the above equation by K,

Z Z KWCm’n

= ZKW O t) + 3 3 KRt O (. ). (30)

m' m'"

OW(X)|U—»U]

Comparing (30) and (26), to make these two equations
consistent with each other, we must have conditions

KY =>K"Cpp K" =>KYR,,y, (1)
m' m'

in which the second equation is a consistency check for the
coefficients K", of the dependent operators O, (x, 1). We
have checked analytically that these constraints are all
automatically satisfied, and this can be seen as a consis-
tency check of our formulation. The first equation gives
KY in terms of K% and C,,. Substituting it in the ex-
pressions obtained for K W, and C,,,, we finally obtain the
23 order p® LECs for the three and more flavors anomalous
part of the chiral Lagrangian.

The resulting analytical expressions for K as functions
of quark self-energy ¥ are given in Appendix C. With KV
given in Appendix C, we can choose a suitable running
coupling constant a,(p?), solve the Schwinger-Dyson
equation numerically, obtaining the quark self-energy 3,
and then calculate the numerical values of all order p°®
anomalous LECs. To obtain the final numerical result, we
have assumed F, = 87 MeV as input to fix the dimen-
sional parameter Agcp appearing in the running coupling
constant a,(p?) and taken momentum cutoff A =
1.007319 GeV. Because of the appearance of the divergent
order p> LEC By in Egs. (23) and (24), we need a momen-
tum cutoff A to make B, finite as we did previously in
Ref. [6]. Unlike the case of the normal part, where A enters
into the final expression of LEC:s either through coefficient
B or the lower bound of the proper time integration which
plays the role of suppressing the ultraviolet momentum
contributions to the momentum integration, now A depen-
dence for anomalous LECs is only from By. This is due to
the fact that all momentum integrations for LECs given in
Appendix C are finite which do not need momentum cut-
off. In Table I, we give the numerical values for all 21
nonzero LECs for three flavors (CY = CJ§ =0 in our
formulation). Combined with our numerical result, we
also list the numerical estimates for some of the LECs
from five different models and different processes given
in Refs. [15,21-24]. In Ref. [15], models I and III are all
from direct chiral perturbation (ChPT) computations, ex-
cept that model I is the full ChPT result, while in model III,

PHYSICAL REVIEW D 81, 094037 (2010)

low energy experiment data are extrapolated to the high
energy region; model II is the vector meson dominance
model (VMD); models IV and V are the chiral constituent
quark model (CQM), with some extrapolations included in
model V. For a fixed model, different processes may give
different results. For example, in model I for C;V and
models I and IV for CEVZ, we obtain two results from two
different processes. Further, Refs. [15,23,24] also give
estimations on some combinations or ratios of LECs. We
list our and their results in Table II. For Nf =2, in
Table III, we give the numerical values of all 12 nonzero
LECs (c¢}; = 0 in our formulation), which are actually of
the very same structure as that given by [13]. We see that
most of our results are consistent with those that we have
found in the literature.

To compensate for the missing information in Tables I
and III, which only gives the result of LECs at A =
1.00%819 GeV, in the following, we discuss their depen-
dence on A. As we mentioned previously, A’s dependence
on LECs is from the coefficient By. BoF§ = —( /)/N;
depends on A going through the light quark condensate
(), which is divergent if we take A to infinity. (i i)
and F3 both rely on the quark self-energy 2(p?), which can
be obtained from the SDE. We denote the LEC at A as
CY(A) = CY|, for the three flavor n = 1,2,...,23 and
¢V (A) = V|, for the two flavor n = 1,2, ..., 13, taking
their values at A = 1 GeV (which are our central values
given in Table. I and III); as a reference, see plots
CY(A)/CY (1 GeV) and ¢)V(A)/c¥ (1 GeV) in Fig. 1.

In Fig. 1, the A dependence is drawn from 0.75 GeV to
2 GeV. The reason that the lowest A is only taking
0.75 GeV is that below this value, the SDE cannot give
the correct solution 3(p?) for the fixed F, = 87 MeV.
Further, we find in Fig. 1 that several C)Y(A)/CY
(1 GeV)sforn=2,11orn=26,8,12 —17, 19 —23 and
cV(A)/cV (1 GeV)s for n=1—5o0r n=7—11, 13
shrink to the same curves. This is due to the fact that these
LECs have the same Bj-dependence behaviors.

It should be emphasized that our calculation is under the
large N limit. Within this approximation, standard chiral
Lagrangian LECs are all finite since all pseudoscalar me-
son loop effects that cause ultraviolet divergences of LECs
belong to the 1/N, order corrections. The reason that our
LECs display ultraviolet divergences is due to the fact that
our calculation is not exact large N, limit, i.e., we have
made some further approximations within the large N,
limit. And it is these approximations which caused the
unexpected ultraviolet divergences. Because of this, we
use the difference of LECs at different As, such as
C¥ x=11 Gev — CV1A=1 Gev. to estimate the errors of our
computations.

Further, the suppression of the pseudoscalar meson loop
effects from 1/N, implies that the conventional running
effects of LECs are also suppressed and then our LECs will
not run, i.e., we cannot calculate these running effects
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TABLE 1. The nonzero values of the order p® anomalous LECs CY, CY, CY, ..., ch.cl, ..., C¥. for three flavors. The LECs are in
units of 1073 GeV 2. The second column is our resultant LECs with the values at A = 1 GeV with superscript the difference caused at
A =1.1GeV (e, CVla=i1 gev — CVla=1 Gev) and subscript the difference caused at A = 0.9 GeV (i.e., C/V|r—09 Gev —
C,-Wl A=1 Gev)- The third column to the seventh column contain the results given in Ref. [15]: (I)-ChPT, (II)-VMD, (III)-ChPT
(extrapolation), (IV)-CQM, (V)-CQM (extrapolation). The eighth column shows the results from Refs. [21-24].

n Cy ours [15] (D) [15] (II) [15] (IID) [15] AV) [15] (V) [21-24]

1 4.97933

2 —1.431219 —-0.32 = 10.4 0.78 = 12.7 4.96 =9.70 —-0.074 = 13.3

4 —0.96+922 0.28 £9.19 0.67 = 10.9 6.32 = 6.09 —0.55 +9.05

5 3.26%034 28.50 + 28.83 9.38 = 152.2 33.05 = 28.66 34.51 = 41.13

6 0.9175:03

7 1.68.0% 0.013 = 1.17 0.51 = 0.06 0.1+1.2
20.3 = 18.7 0.1

8 0.41:00 0.76 = 0.18 0.58 = 0.20

0.5"

CI RE

10 —0.18.%31

11 —1.15159%8 —6.37 +4.54 —0.00143 = 0.03 0.68 = 0.21

12 —513.08

13 —6.37.518 —74.09 * 55.89 —20.00 —8.44 + 69.9 14.15 = 15.22 —7.46 + 19.62

14 —2.00,99% 29.99 * 11.14 —6.01 0.72 £ 15.3 10.23 = 7.56 —0.58 =9.77

15 417512 —25.30 £ 23.93 2.00 —3.10 = 28.6 19.70 + 7.49 8.89 £ 9.72

16 3.587019

17 1.987098

19 0.29"501

20 1.8370:03

21 2.487007

22 5.01590% 6.52 = 0.78 8.01 3.94 *0.43 54+08
5.07 = 0.71 3.94 *0.43

23 2.7470%

“This result is just the absolute value given in Ref. [23].

TABLE II.  Some combinations or ratios of LECs in units of 107> GeV 2. The second column is our resultant LECs with the values
at A = 1 GeV, and with the superscript as the difference caused at A = 1.1 GeV and the subscript as the difference caused at A =
0.9 GeV. The third column to the fifth column contain the results given in Ref. [15]: (I)-ChPT, (II)-VMD, (III)-ChPT (extrapolation),
(IV)-CQM, (V)-CQM (extrapolation). The sixth and seventh columns contain the results given in Refs. [23,24], respectively.

Ours [15] [15] [15] [23] [24]
cy -c¥ —-0.91.00 21.67 + 17.41 (I) 5.07 + 5.07 (IV) —2.14 = 6.54 (V)
2CY —4ct, + 9.9510% —244.7 + 148.4 () ~ 8.0 (I —17.52 + 188.3 (IlI)
2cy, - ¢ 2.38707 134.1 +78.17 (I) ~ 8.0 (II) 9.88 + 100.5 (III)
Icyl/1cy 4.12.98 0.2 <0.1
TABLE III.  The nonzero values of the p® order anomalous LECs ¢V, ..., ¢}, c}; for the two flavors in units of 107° GeV 2.
el cy ¥ cy c¥ ey cy cy ey el M ct

“La6'lS 125700 2964 063g) LI 07783 004gl 002 s19E 87 4ssg 0043
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or n=5 - =
n=6,8,10,12-17,19-23
- — —n=7
- = n=9
08753 1 1.2 14 1.6 1.8
A(GeV)

FIG. 1 (color online).

caused by pseudoscalar meson loop corrections from our
first principle computation at present. Therefore, the A
dependence given in Fig. 1 has nothing to do with the
conventional running behavior predicted by the chiral
Lagrangian. As a comparison, in Fig. 2, we plot the stan-
dard running behavior of LECs given by Ref. [13], where
we denote the LEC at scale u as C)V(u) for the three flavor
n=12...,23 and c¥(u) for the two flavor n =
1,2,...,13, taking their values at the u = 1 GeV to be
our central values given in Tables I and III (the same as
those used in Fig. 1) as reference.

We see that Figs. 1 and 2 give two completely different
behaviors on the scale dependence of LECs. Predicting the
conventional running effects of LECs from underlying
QCD is a challenging problem that is already beyond the
ability of our present formalism. We will investigated it in
the future.

At last, as a phenomenological check for the two flavor
anomalous LECs, we discuss the 7 — yy process.

PHYSICAL REVIEW D 81, 094037 (2010)

N
[}
(O]
=
©
=
; (=
o
/
or , 1
/
/
-0.5 1/ n=1-5 1
- — —n=6
- = n=7-11,13
108 1 1.2 1.4 1.6 1.8 2
A(GeV)

The A dependence of CY(A) and ¢}V (A).

Reference [24] gives the amplitude of this process by

171 16
Tio+Nio = F{m + 3

64
+ ?B(md —m,) 5T+ P+ 2C§V’)}.

m(—4c¥m — 4 + )

(32)

In our calculation, we choose the center value B(m, —
m,) = 0.32m>, given in Ref. [24]. Experimentally, the
7 — yy process dominates the lifetime of 7 to
98.79%, and if we ignore that small fraction from other
processes, then the lifetime of 77° can be expressed in terms
of amplitude T as 1/7 = mam3’ T?/4. In Table IV we give
our result for 75 up to the leading order p*, which
corresponds to the first term of the r.h.s of Eq. (32), and
TaLo Up to the next leading order p® of the low energy
expansion. Experimental results from the Particle Data
Group [25] are also included in the table for comparison.

25

n=1

n

cMuwreV(1Gev)

n

- — —n=2
— = n=4
n=5
n=6
- — —n=7-10,23
— - n=1

(1GeV)

n=12
n=13
n=14
——-n=15
n=16
n=17 o
- — —n=19
n=20
n=21
n=22

(e

CW
n

14
1(Gev)

1.6

FIG. 2 (color online).

The running behavior of C)Y(u) and ¢}V ().
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COMPUTATION OF THE COEFFICIENTS FOR p6 .
TABLE IV. 79 lifetime in units of 1077 s.

TLO TNLO
F =87 MeV 7.56 7.59.003
F =93 MeV 8.63 8.67,003
Exp. [25] 8.4 % 0.6

Our result roughly matches the experimental value and
we see that the order p® results have less effect on the
lifetime of 7.

IV. SUMMARY AND FUTURE WORK

In this work, we review the general anomaly structure of
the effective chiral Lagrangian and then generalize our
order p® calculation in Ref. [6] from the normal part to
the anomalous part of the chiral Lagrangian for pseudo-
scalar mesons. The result is obtained by computing the
imaginary 3 dependent part of Trin[d# + Jo + 3(—V?)].
To match the calculation of the order p4 anomalous part, in
practice we calculate the integration of parameter ¢ over
4 Trin[iff + Joq) + (=V?)]. The conventional chiral

|

PHYSICAL REVIEW D 81, 094037 (2010)

Lagrangian is also reformulated to an integration of ¢ and
through comparison of it with our result, we read out all
order p® anomalous LECs expressed in terms of quark self-
energy 2. Inputting the SDE solution of %(k?), we obtain
numerical values and compare them with those we could
find in the literature. Some of them are consistent, some are
not. We leave those inconsistent results to future investi-
gations. Combined with the previous result on the order p®
normal LECs given in Ref. [6], we have now completed all
the order p® LECs computations. Based on them, one
direction of further research is to apply the order p® chiral
Lagrangian to various pseudoscalar meson processes and
discuss the corresponding physics. Another direction is to
improve the precision of (7) and our ladder approximation
of SDE. With these improvements, we expect a more
precise estimation on all LECs in the future.
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APPENDIX A: LIST OF ALL OPERATORS 0***” AND 0OV

In this appendix, we first explicitly write down all 210 O

pvAp
n

operators in Table V, which is cited in the sentence after

Eq. (20) in Sec. III of the text. In Table V, to save space, we use some simplified symbols to represent the original symbols

in the text. Our O%”*”s are constructed in such a way that they are invariant under charge conjugation transformation. This
causes the result that most of O%"**s consist of two terms that are charge conjugates to each other.

TABLEV. u=V¥ v=V/ A=V hp=V a=al,v=a/,A=alp=al,s=s,p=p,--oo=---V7---V,,
. -6'-'~6'E---a;’-~-a,‘,,,---U---o"E--'Vf’---a[y,,, ‘O'E“'a;r"‘v“r

n orrre n ourre n ourre n oure n oure

1 SUVAp + uvdps 43 pvipoo + oouvdp 85  uobAps + Guviop 127 wuvApGo+aaavrp 169 ubAsaop+usavlp
2 wsvAp + uvdsp 44 uviopo + opovip 86  povAop + poviop 128 uvAdpatapavip 170 ubdApo+oavaip
3 HVSAp 45 uvioop + poovip 81  wobolp + gvodop 129 uvAGop+acavip 171 ubGAGp+ uGvGAp
4 SUVYAp+a v Aps 46 uvorpo + ouvodp 88  uodovAp + avAdgop 130 uvoGApo+apvaip 172 uevApo+oavAap
5 SUPAp + avAps 41 pvodop + wovolp 89  uvApdo + ooubdp 131 wvGAGp+aavaip 173 pvApaa+aaavip
6 SuUPAp + puvAps 48 wovipo + ouviop 90  uvdopo + opoidp 132 puvedAp+avaaip 174 avAGpa+a a o vAp
7 SAVAP + AvAps 49 pvApaa+Gauvip 91 uvdoap + udovdp 133 wobApo+aavAop 175 pvAGap+p o avip
8 spvAp + uvAps 50 uvdopa+apovip 92 uvadpo + opvadp 134 povAdp+pacvAop 176 pvodpa+a i vorp
9 saPAp+uvAps Sl uvdedp+adovip 93  puvdAdp + uovglp 135 uovdAp+pvcAop 177 avodGp+advoAp
10 usvAp+avAsp 52 uvoApa+aiavodrp 94  uvaodp + uvoddp 136 poavAp+avAaop 1718 javoGAp+iavaorp
11 wsPAp + @vAsp 53 uvoAdp+advolp 95 juovrpo+ ocaviop 137 uidpda+aapvip 179 aovApa+apviop
12 usvdAp+puvAsp 54 uvoodp+pvoop 96  wovdap + uwoviop 138 uvAdgpo+opavip 180 fpovAap+iadvAop
13 asvAp + @vAsp S5 uovApa+apviop 91  uobodp + uvodop 139 wuivAGap+adavip 181 aovaAp+avaAop
14 jasvAp + ubAsp 56 uovAGp+pdviop 98  woovAp + upddop 140 uvoAps+opvodp 182 poocvAp+avAoop
15 asvAp + uvAsp 57 upovodp+avodop 99 pvApoo+oopvlp 141 uvcAap+pavolp 183  avApa o +a o uiAp
16 uvsAp+iavsip 58 moovAp+avioop 100 wvAapo+oucvp 142 uvoaAp+pvoodp 184  avdopd+a i ovAp
17 wubsAp + gvsAp 59 uvdpod + Goavrp 101 puvdéop + podvlp 143 pevApa+apvAdp 185  avAeap+i G ovAp
18 uisAp 60 uvAGpd + oudvip 102 uvoApo+ouvaAp 144 ueviap+aavAap 186  AvaAp G+ @ vaAp
19 AvsAp 61 pvAGop+ aoavip 103 uvGAop+puobdip 145 uevaAp+avaAap 187  avGAGp+advalp
20 SEPAp+@APApSs 62 uvoApd + auvodp 104 wobdApo+ouvdop 146 ucovAp+pvAoap 188  avGoAp+iavodAp
21 aspAp+avAsp 63 uvodop+ govorp 105 uiApod + Gouvip 147 ubApia+aauvip 189  aovApa+a pviop
22 ADSAp 64 uvodAp + pvaodp 106 wubAops + Guovdp 148 uvdopo+aaovdp 190 AoPAGp+a o viop
23 puvAp — pvApp 65 uovips + cuvrop 107 wubloop + goovip 149 uvAocp+adovAp 191  pobodp+avodop
24 puvAp — uvApp 66 wovAop + povAop 108 wupoAps + Guvodp 150 pubGApG+apvadp 192 GoovAp+iavAGop
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TABLE V. (Continued)

n orrre n ourre n ourre n o n oure

25  puPlp — uvApp 67 wmovaAp + avadop 109 uborop + povolp 151 ubGAGp+povaip 193 avApoc + Gop v Ap
26 pavAp — wvApp 68  wooPAp + gvioop 110 wuvooAp + gvoocdp 152 pubdoAp+pavosAp 194 GvAopo + ouo v Ap
27 upvAp — @vApp 69 uvApao+odpvip 111 udvipd + GuvAdp 153 uGvApa+apvAap 195 avAGop+ pocvAp
28  wupvAp — ubApp 70 uvAdpo+opdvip 112 uovAcp + govAdp 154 udvAeGp+pacvAap 196 pvaApd + auvaAp
29  wupirp — uvdApp Tl uvAGap+ udavip 113 wovodp + gvordp 155 udvoAp+avoAap 197 avdAop + govaAp
30 apvAp — uvApp 12 uvodpo+opvodp 114 wdovAp + gvioap 156 pudavAp+avAdap 198 aovAps + ouvAop
31 wuvpAp — avprp 13 uvoddap+ udvodp 115 uidpéo + oouvip 157 uvdpoc+ aopvdp 199 G@vlpGa -+ uvAp
32 uwvpAp — uiprp T4 uvosAp+ uvgodp 116  uvdopo + ocpovip 158 uvAapd+ oucvAp 200 @vAopa+aiaovAp
33 pubAp—avApp 15 povipo+oavrop 117 uvlodp + uGovip 159 wuvdéop+ poavdp 201 aplodp+adovip
34 pavAp—avApp 16 uovAdap+ ucviop 118 uvorpo + opvodp 160 uvGApd+ auvdAp 202 apoApa+aavodp
35 pavAp— avApp 11 povddp+ ubdrop 119 uvocAdp + ugvolp 161 uvGAop+ povdAp 203 ApoAGp+advolp
36 pabAp—uvApp 18 moovAp+ uvdoop 120 wovipo + opviap 162 uvaaAp+ prvaaAp 204 @ GvApa+a avAGp
37 upPAp—avApp 19 uvApos + Goubdp 121 gvipod + GouvAp 163 uGvApd+ aubAap 205 AvApGG+aaaviAp
38 apvAp—pavApp 80 uvAops + GuobAp 122 aviops + ouovip 164 uGvAop+ povbAap 206 AvAGpo+HaadivAp
39 apvAp — pvApp 81 uvAoop + poobAp 123 gvioop + goovAp 165 uGvGAp+ praAap 207 aPAGGp+HaaavAp
40 apvAp—ubApp 82 uvalps + auvadp 124 prodpd + cuvolp 166 wGGvAp+ apvAdap 208 AbGApGHGAITAD
41 uppAp—avprp 83 wuvdAop+ govarp 125 pvorep + povorp 161 uvApso+oapvip 209 APGAGHpHATIGTAp
42 pvpAp—avpAp 84 wuvaolp + gvodip 126 fpovipd + Guvicp 168 uvAdpo+opdvip 210 AovApo+aaviap

Next, we list all 23 0~,‘f’ operators in Table VI, which is cited in the sentence before Eq. (22) in Sec. III of the text

TABLE VL. List of O} operators, where we divide 0~¥/, ..

. O~;V by B, making the matrices A,,, introduced in Eq. (27) independent

of By. The symbols are introduced in Ref. [20]. The comparisons between the symbols introduced in Ref. [20] and ours are given in

Table XV of Ref. [6].

n oy n oY

1 Guru”uruP x_)€ 0,/ Bo 13 —i{f uguthP7)€ 0, — KL RAUP UL )E 0,
2 <MMMVX+f)lp>E/.w)‘p/BO - <uﬂuvf)lp/\/+>6,u,1/)\p/B0 14 _iUﬁVu/\hpa'M()_)E#Mp - i(fﬁr"”ua_h/\ﬂup>eﬂw\p
3 <fﬁyu/\up/\/*>6,uu)\p/B0 + <fﬁv/\/* uAup>E,u,V)\p/BO 15 i(fﬁyu)\uphau)guu)\p + i<fﬁyh00'u/‘up>6p,v)\p

4 _<flJ:Vu/\X— up>€,u,1/)\p/BO 16 _igﬁyu)‘haa'up>euw\p

5 i<fl.+LVfip)(—>6,U,VAp/BO 17 i<flio'uyu/\f€0>€,uw\p + i<fﬁa’f2(rul\uﬂ>€p,v)\p

6 i<fl—tyf}—m)(—>ep,v)\p/B0 13 i<f/ia-uyuzrf)lp>f,u,v)np - i<fﬁgszuaup>E;LVAp

7 i<fl-:yf)—\p/\/+>ep,v)np/B0 - i(f/-l—LV/\/+f)lp>E,uV)\p/B() 19 _iqﬁouyf)lpurr>e/tv)\p + i(f}-:o'urrfz)‘up>6,u,w\p
8 _<M(Tu”ullu)‘hp0>€,uw\p + (u”uuu)‘u(rh[)a>euw\p 20 _<f/-;—wu)‘v(rfg—{r>ep‘y)\p + <fl-tyv(rf¢oup>e,u,v/\p
9 (u”u”u’\u/’h"(,)eﬂ,,)\p 21 —(u“V,,fK"f’lp)sw,Ap — (u“fKAVUf/i")eM,,Ap
10 <u0'u'u'uyu)\f/ig>e,uw\p - <uMuVuAua'fgg>Ep,lz)‘p 22 <fl-tyfj\-ph‘f0>€yw\p

11 <u2u“u”fﬁp)ew,\p — (u“u”uzfﬁp)sw,,\p 23 (h"af‘i”f),"’)ew,)\p

12 IR u Ut P o€, + (LT sutulYe, 0,

APPENDIX B: A AND C MATRICES

In this appendix, we give matrices A, and C,,,. We first give A,,,, in Table VII, which is cited in the sentence before
Eq. (27) in Sec. I1I of the text. In Table VII, for convenience, in practice, we do not write the A matrix, but its transverse AT

multiplied by —i.
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COMPUTATION OF THE COEFFICIENTS FOR p® ...

—i(AT),,, matrix.

TABLE VIIL

19 20 21 22 23

11 12 13 14 15 16 17 18

10

32

32

0
0
0
0
0
0
0

0 —64 O

0

=32 0 —-32 0
—32 32

0
0

-32 0

0

0

0
0
0
0

0

0
=32 0

—32 32

-32 0

0

—32 32

0

0
—-32 0

0 —32 32

0

-32 0

0
0
0
0

-32 0

=32 0

32
-32 0

0
0

10

11

-32 0

12
13
14
15
16
17
18
19
20
21

32
32
=32 0

0

0

0
0
0

—64 0

0
0
0
0

0
0
0

—32 -32 64 32 32

32
64

—64 0

—64 0
32

0
0
0
0
0

0 —64 0

0

64

22
23

—-32 0

0 —-32 0

0

0 -32 0 —-32 0 —-32 0
0 —-32 32

0

24
25

0
0

0
—-32 0

—32 32

0 O
0

0
0

26
27

0

-32 0

28

-32 0 O

0

0

29
30

31

0
0

0
0

0 —32 32
-32 0

0

—32 32
0

0
32

—-32 0

0
32
32
—32 32

0

32
33

0
0

32
32

0
0
0

=32 0
32
32

34
35

0

0
0

—32-32 64 32 32
-32 0

36
37
38
39
40
41

0

32 32

0 -32 0 O
0
—32 32

0
0
0
0

32 -32-32 0
—64 0

32
0

0
0

0
0

—32 32

-32 0

42
43

—64 0
32

0

8

0 —24 0

0

44
45

-32 0

0

-8

46
47

32

48

0 —-32 0

8
0

49

8 —16 0

-8

0

=32 0

-8 16

8

0
0

50
51

—48 0

52
53

—-16 0 O

0

0

16

0

—16 32

0
0

16

-8

54
55

0 —-32 0

0

16
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TABLE VII.

(Continued)

22 23
32

19 20 21

18

17
-8

13 14 15 16

12

8

24
—16 0

11
0
0
0
0
0

10

=32 0
32

—48 0

56
57
58
59
60
61

-32 0

0

16

—-16 0

0 -32 0 0
—16 32

—-16 0
32

—32

32

0

0
32

0
0

0

0
—32
—32

0

=32 0

—16 —16 —24 16

0

8
-8

0
0
0
0
0

0
0
0

16
—-16 0

—16 16

62

16 24

0

0
16
0

8
8
0

0
0

63

—-16 24 32
16

0
16

—-16 0
0

64
65

0

0
-8

32
—32

0

—16 —16 0

—-16 0

16
16

-8
-8

0
0

66
67
68

32

-8 64 32

-8
16

—-16 0

—32 —-64 -32 0

0

0

69
70

71

—64 0

8

-8 80 0 64
8§ —32 0
—40 16

0
0
0

0

0

64
0
32

—16 —40 O

0
—16 16 48

-8

—16 —64 O

—-16 0

72
73

-8

—40 8

8
0
0
0

0

=32 0

0

24
—32 32

—32

0
16 24

—16 =24 0

0
0
0

0

0

0

74
75

—64 —32
0

0

0 16 64 O
16
—-32 0

32
—-16 0

32
—32

0
0

76
77
78

0

16

32
—32

16 16 16
—16 —16 —24 16

0
0

0
0

—-16 0

0

0

79

0

0

0

16

80

81

-16 0 O

0
8

0

82
83

16 16 O
—16 =16 O

-8

0

0
32
—-32 8

—-16 0

0

-8 —32 32

8

16
—16 32

84

85

—32

0
0
0

0

0

32
—32

0

—-16 0

0

0
—32-32-32 0

86
87
88
89
90
91

16

16

0
—16 —16 O

-8

32

32

96
—64

0

0

=32 0
—8 48

0

8
-8

0

0
32

16

—16 16

0

16

0

0
0
0

8

0

8 —16 0 0
64

0

0

0
—16 —16 O

16

0

—-16 0

—24 0

8

0

92

8
—16 =32 32

8
0

0
0

16

93

16 0

0

16 32

0

16

94
95
96
97

—96

32
—32

24

32

—24 32 32

24

98
99

0 —-16 0

0

—16 =32 0

—-16 0

0

—32

100
101

-8 0
-8

0 16
—16 =16 O

—-32 8

0 —-16 0

8

32

0

8
-8

0
0

0

16
=32 0

16
16

-8
-8

0
0

102
103
104
105
106
107
108
109

16

—32

—-32 0

0

0

16

-8

0
0

—-16 0

8

8
—16 32

0
0
0
0

—16 0

—8 16
—16 0

0
0

0
0

—-16 0
16

0

0

0

-8

—-16 0

8

110
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TABLE VII. (Continued)

m,n 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23

1mr o0 o o o o o o0 o0 o0 0 O o0 32 o0 o 0 o0 0 o0 8 0 —-32 0

12 0 O o O O o O 0 o0 0 0O -8 16 0 0 O 8§ —16 0 -8 0 32 O

13 0 0 O O O O O o0 o 0 0 8 o o0 o O -8 0 0 O 8 =32 0

14 0 o0 O O O O O 0 o0 0 o o o o0 32 o0 o0 1.6 0 0 0 32 0

15 o0 o o o o o o0 o0 o 0 0O 0 -16-32-32-32 0 0 0 -8 —8 32 32
16 0 o0 O O O O O 0 o0 0 0O -8 0 0O 0 32 -8 16 0 8 24 0 -32
17 0 o0 O O O O O 0 o 0 0O -8 16 0 0 O 8 0O 0 0 —-16 0 O

18 0 o O O O O O o0 o0 0 0 8 0O O o0 -32 8 —-16 0 -8 8 0 32
1o o0 o o o o o o o0 o0 0 o 8 -16 0 0 0O -8 0 O O O O O

200 0 o o0 0 0 o0 0 0 o0 0 O 0O -3232 0 32 0 0 0 0 o0 o0 -3
206 0 0 O O O O O O O 0 o o o o o o o o0 o 8 0 —64 0

2 0 o0 o o0 o0 o0 o0 o0 o 0 o o o o o o o o0 0 —-24 0 32 0

2 0 0 o0 0 0 o0 o0 0 o0 0 o o o o o o o o0 0 24 0 0 o0

24 0 o0 0 O O O 0 0 o 0 o o o o o o o o o -8 0 -3 0

2 0 o0 o0 o0 o0 o0 o0 o0 o 0 o o o o o o o o o -8 0 o0 o

26 0 0 0 0 0 o0 o0 0 o0 0 o o o o o o o o o o o 32 o0

27 0 0 o0 O O 0 0 16 O 16 0 —-16 —-16 16 =32 0 0 —-16-16-24 0 32 O

2 0 0 0 0 0 0 0 —-16 0 -16 —-32 8 16 —16 0 O 8 16 16 24 -8 0 O

2 0 o0 o0 0 0 0 0 o0 o0 0 -32 8 0 O O O -8 16 0 O 8 0 0

30 0 0o o0 O o0 o0 0 —-16 O -16 32 -8 32 —-16 0 0 -8 0 16 —-16 16 0 O

3M o0 o o0 o0 o0 o0 o0 32 0 32 0O —-16 0 32 0 0 16 —-32-32 0 —-16 0 O

32 0 0 o0 0 o0 0O 0 —-16 0 -16 32 8 16 —-16 0 0 -8 0 16 0 8 0 0

33 0 0 0O O O O O —48-32 16 —-32-16 16 —48-64-32 0 0 —-16 0 —16 32 O

134 0 0O O O 0O o 0 16 32 -16 0 8 32 16 64 32 -8 16 16 0 16 —32 0

3% 0 o0 o0 o0 o o0 0 0 -3 0 0 -8 —-32 0 —-64-32 8 —-16 0 -8 —8 32 O

36 0 0 O O O O 0 64 o4 0 0 16 0 64 9 64 0 0 O 8 0 =32 0

37 0 0o o0 O O O O 0 o 0 64 0 O O O O 0 -3 0 0 -8 0 32
3 0 o0 o0 O O o0 O o0 o0 0 -32 0 0 O O O O 16 0 0 -8 0 O

39 0 o0 o0 o0 o0 o0 0 —-16 0 -6 -32 0 16 0 0 O 0 16 0 0 16 0 O

40 0 o0 O O O O 0 16 o0 -16 32 0 —-16 16 0 O O 0 16 —-16 24 0 O

41 0 O O O O O 0 —-32 0 32 0O 8 16 —-16 0 O 8§ —32-16 24 =32 0 O

492 o0 o0 o0 o0 o o o0 o0 -—-32 0 0 —24-32 0 -64 0 -8 16 0 —24 16 32 -—-32
43 0 0 O O O O 0 16 0 16 0O 0 —-1616 0 0 0 —-16-16 0 —24 0 32
14 0 0 O O O O 0 —-16 O -16 -32 8 0 —-16 0 0O -8 32 16 0 24 0 -—-32
45 0 O O O O O 0 —-16 O -16 32 -8 16 0 0 O 8 —16 0 0O -8 0 32
46 0 O O O O O O —48-3216—-32-32 0 16 —-32-32-32 0 O O O O 0 -—-32
47 0 0O O O O O 0 16 0 16 0O 0 —-1616 0 0 0 —-16-16 0 —24 0 32
4 0 0 O O O 0 0 16 0 -16 32 0 —-1616 0 0O O 0 16 —-16 24 0 O

49 0 O O o o o0 0 16 32 -—16 0O O 16 0 32 32 0 16 0 16 0 0 0

0 0 o o O O O O o0 o 0 -32 0 0 O O O O 16 0 0 -8 0 O

5106 0 O O O O O 32 0 32 0O 8 -3216 0 0 -8 -16—-16 0 -8 0 O

2 0 0 0O O O O 0 16 32 -—16 0 24 16 16 64 O 8 0 16 8 0 —-32 32
3 0 0 0 O O O O 0 o0 0 64 0 O O O O 0O -3 0 0 -8 0 32
4 o0 o o0 o0 o0 o0 O o0 o0 0 -32 -8 16 0 O O 8 16 0 O 8 0 —-32
55 0 0 O O O O O 16 0 -6 32 -8 0 0 O O -8 0O O -8 0O 0 32
6 0 o0 O O O O 0 16 0 16 o 0 -16 0 0 O O O O O o0 o0 -3
7 0 0 O O O O O —48-32 16 —-32-16 16 —48-64-32 0 0 —-16 0 —16 32 O

58 0 0 O O O O 0 —-16 O -16 32 -8 32 —-16 0 0 -8 0 16 —-16 16 0 O

5 o0 o o o0 o o o0 o0 -3 0 0 8 —48 0 —-32-32 8 0 0 8 0O 0 O

60 0 0 O O O O 0 —-16 O -16 —-32 8 16 —16 0 O 8 16 16 24 -8 0 O

61t 0 0 O O O 0O 0 —-32 0 32 0 —-16 32 =32 0 0 —-16 0 —-32-16 0 O O

62 0 O o0 O o0 o0 0 —-16 O -16 -32 -8 32 —-16 0 O 8 16 16 8 0o 0 O

63 0 0 O O O O 0 16 0 16 0 —-16-16 16 =32 0 0 —-16-16-24 0 32 O

64 0 0 O O O O 0 16 0 —-16 32 24 -32 16 32 0 8 0 16 24 0 —-32 0

65 0 0o O O O O O 0 o0 0 —-32 8 —48 0 —-32 0 -8 16 0 -8 0 32 0
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TABLE VII. (Continued)

m,n 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23

66 0 0 O O O O O o0 o 0 64 0 O O 32 0 0 —-16 0 0 O —-32 0

67 0 0O O O O O O 48 64 —16 32 32 16 48 128 64 O O 16 32 0 —-64 O

8 0 0 O O O O 0 0 -—-32 0 32 -16 =32 0 —64-32 0 —-16 0 —-32 0 32 O

69 0 O o0 O o0 0o 0 16 O 6 -32 0 -16 16 0 0 O 0 —-16 0 O O O

7 o0 o o o0 o o0 O 16 32 -—-16 32 16 16 16 64 32 0 0 16 16 0 —-32 0

7t 06 0 O O o 0o O 0 O 0 -32 0 0 O O O 0 16 0 0 0 0 o0

72 0 0 O O O 0 0 —64-32 0 0 —-16 32 -64-64-32 0 0O O O O 32 0

73 0 0 O O O O O 0 o 0 0O 0 0 —-32-64-32 0 —-16 0 —8 —8 64 32
74 o0 o0 o0 O o0 O O 0 o 0 0 -8 80 0 64 O 8 0O 0 16 8 —-64 0

75 o0 o o o0 o0 o0 O o0 o0 0 0 8 =320 0 O -8 16 0 -8 0 0 O

76 o0 o0 o0 o0 o0 o0 O o0 o0 0 0 —40 16 -16 =64 0 -8 0 —-16-40 0 64 O

77 0 o0 O O O O O 0 o0 0 0 24 0 —-16 0 O 8 —16 16 48 -8 0 O

78 0 o0 O O O O O 0 o0 0 0 -3232 0 -3 0 0 0 0 —-40 8 32 -—-32
79 o0 o0 o0 o0 o0 o0 O 0 o0 0 0 32 0 16 64 0 0 0 16 24 0 —64 —-32
8 o0 o o o o o o0 o0 o 0 0O -16 0 16 0 O O O —-16-24 0 O 32
81 0 o0 o o0 o o o0 o0 o 0 0O 16 -32 0 0 O O O o0 16 8 0 —-32
82 o0 o o o0 o0 o0 o0 o0 o 0 o o o o o o o o o o -8 0 32
83 0 0 O o0 o0 o o0 0 o0 0 o o o 16 0 0 0 —-16-16 0 —32 0 96
8 o0 o o o0 o0 o0 o0 o0 o0 0 0 8§ —16 16 0 O 8 0 16 —8 48 0 —-64
B8 0 0 o0 o0 o o o0 o0 o 0 0O -8 0 0 0 32 -8 16 0 8 —16 0 O

8% 0 o0 o0 o0 o0 o0 o0 o0 o 0 0O 8 -16 0 0 O -8 0O O 0 —-24 0 o4
87 0 o0 o0 o0 o0 o0 O 0 o0 0 0O -8 0 16 0 O 8§ —16 —16 0 8 0 0

88 0 0 O O O O O o0 o 0 0O 16 0 16 32 0 0 0 16 0 -—16-32 32
8% o0 o o o0 o o0 o0 o0 o 0 o o o o o o o o o o 8 0 —96
%% o0 o o o0 o0 o0 o0 o0 o 0 o o o o o o o o o o0 -8 0 32
%9 o0 o o0 O O O O o0 o0 0 o o o o o o o o0 o0 0 24 0 -32
92 o0 o0 o0 o0 o o0 o0 o0 o 0 o o o o o o o o o o -8 0 32
9 o0 o0 o0 o0 o0 o o0 o0 o 0 0 —-16 0 -16-32 0 O O —-16 0 —24 32 32
9% o0 o o0 o0 o0 o0 O o0 o 0 0 8 o o o o -8 0 0 0 24 0 -—-32
9 o0 o o o0 o0 o0 O o0 o 0 0 8 0 —-16 0 —-32 8 0O 16 -8 0 0 O

9% O O o O O o O o0 o0 0 0 -8 16 16 0 O 8 —-16 —-16 0 —-8 0 32
97 o0 o0 o0 O O O O o0 o 0 0O -8 16 =32 0 0O -8 16 O 8 0O 0 O

98 0 0 O o0 o0 o0 o0 0 o0 0 o o o o o o o o o o o o0 -3
9% o0 o o0 o0 o0 o0 O o0 o 0 0O 0 -16-32-32-32 0 0 0 -8 —8 32 32
2000 0 0 O O O O O O 0 0O -8 0 0O 0 32 -8 16 0 8 24 0 -32
2000 0 O O O O O O o0 0 0O -8 16 0 0 O 8 0O 0 0 —-16 0 O

200 0 0 O O O O o o0 o 0 o 8 0O O 0O —-32 8 —-16 0 -8 8 0 32
20600 0 O O O O O O o0 0 O 8 -16 0 0 0O -8 0 O O O O o0

2040 0O O O O O O O o0 0 O 0O -3232 0 32 0 0 o0 0 0 o0 -3
2060 0 0 O O O O O 48 64 —16 32 32 16 48 128 64 O O 16 32 0 —-64 O

2000 0 0 0O O O O O O —32 0 32 -16 =32 0 —64-32 0 —-16 0 —-32 0 32 0

2000 0 O O O O O 16 0 6 -32 0 —-1616 0 0 O 0 —-16 0 0 O O

206 0 0 0O O O O O 16 32 -—-16 32 16 16 16 64 32 0 0 16 16 0 —-32 0

20 0 0 O O O O O O o 0 -32 0 0O O O O 0 16 0 0 o0 o0 o0

20 0O O O O O O O —64-32 0 0 —-16 32 -64-64-32 0 0O O O O 32 0

200 0 0 O O O O O o0 o 0 0 8 0O O 0 -32 8 —-16 0 -8 8 0 32
20300 0 O O O O O O o 0 O 8 -16 0 0 0O -8 0 O O O O o0

2040 0O O O O O O O o 0 O 0O -3232 0 32 o0 o0 o0 o0 0 0 -3
206 0 0 O O O O O 48 64 —16 32 32 16 48 128 64 O O 16 32 0 —-64 O

200 0 0 O O O O O O —-32 0 32 -16 -32 0 —64-32 0 —-16 0 =32 0 32 O

2000 0 O O O O O 16 0 6 -32 0 -16 16 0 0 O 0 —-16 0 O O O

2060 0 0 0O O O O O 16 32 -—-16 32 16 16 16 64 32 0 0 16 16 0 —-32 0

20 0 0 0O O O O O O o 0 -32 0 0 O O O 0 16 0 0 0 0 o0

20 0 0O O O O O O —64-32 0 0 —-16 32 -64-64-32 0 O O O O 32 0
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COMPUTATION OF THE COEFFICIENTS FOR p° ... PHYSICAL REVIEW D 81, 094037 (2010)
TABLE VIIL.  C,, matrix.

', n 1 2 3 4 5 6

1 -4 0 — 4 0 + 0o 0
3 0 0 0o 0 & — &
4 - i 0 -4 0 0 0 0
5 0 5 0 5 0 -4 0
6 5 -4 0 0o 0 0 0
7 —% 0 0 -4 0 0 0
20 -4 0 0 0 0 0 0

From (28), the C matrix consists of two submatrices, C and C. We list the C matrix in Table VIII, and the C matrix is
given in Table IX. These two tables are cited in the sentence before Eq. (29) in Sec. III of the text.

TABLE IX. C,, matrix

n' n 9 o 1112 13 14 15 16 17 18 19 20 21 22 23
43 19 i 19 _ 1 _3  _i _7i 9 i i 3 i i _i  _3i _ i

160 80 160 160 80 80 160 160 160 80 40 32 40 10 160 160
44 3 3 2 _n o 3 i B I 10 i 9 i _i 3 _ i _3i

320 20 30 320 160 160 320 320 320 160 160 o4 20 0 760 320
Y % = £ s 1 m m 1. 0 g s = 0 1 0 &
50 0 0 0 0 0 0 % 0 5 0 TS % 0 0 0 0

i 3i i i i i 3i i i i i i i

51 _537 2 5*45. 3743 n 0 A R 5 0% w0 {5 0 1
52 ﬁy ~ i —53—’ 0 0 -% % = "3 “§ "1 0 -5 0 -5
AR R - S - A R B
ST ~a = R B M M w n n e 9 1% 0 E5)
59 0 -4 0 o 0 0 0 0 & 0 o 0 0 0 0 0
62 4 & -5 0 0 0 & 0 —L 0 o -4 0 0 0 0
63 -4 L & 0 0 0 L 0 —4 0 0O 45 0 0 0 0
64 0 L 0 o 0 0 0 0 -4 0 o 0 0 0 0 -4
127 3’—2 0 ﬁ - %2 0 0 0 0 0 0 0 0 0 0 0 0
28 &£ -4 -4 -L o o 0 0O O 0O 0O 0O 0 0 0 0
33 -4 4L 4 0o o 0o 0o 0O ©0O 0O 0 0 0 0 0 0
134 — ﬁ 1L6 % 0 0 0 0 0 0 0 0 0 0 0 0 0
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APPENDIX C: FINAL ANALYTICAL RESULT ON K

In this appendix, we list our analytical result on 23 LECs for the p® order anomalous part of the chiral Lagrangian,

gy = [LET Lasays Lssys 4 3pesasins 4 §k2242'x5]
1 (277_)4 | 2 k 2 k 4 k“<k 4 k“<k
_ kT o1 1 5
Ky = il 7200+ g RRXC 4 gkzi‘;E;XS]
_ kT o1 1 1 1
KY = f ol FIRXT - 23X SRR+ §k22§E§CX5]
. kT o1 1 1 1
KY = emil” FRXT - 23X SRR+ 5#212@(5]
. d*k T3 3 1 1 7
W _ ZOR2S3XS 4 SSXS — pOSI XS — _pAS2sIys L p2v4 /Xs]
3 m)*L16 % 162" 16 > 2 i3 16 i
g = [LET L esays y Lysys  Lpasasiys - 1k2242/x5]
6 (277.)4 _16 k 16 k 8 k< k 8 k<k
_ kT o1 1 1 3 5
RV — K233 X5 — L SSXS 4 jOSIXS 4 T pAS2SIYS 4 T 234 ’XS]
7 Qm)*L 16 > 162" 32 > 16 ik 32 2%
_ d*k 179 1 3 1 29 17 3
KW= _k2 [/ ) //+_k4 ///+_k2 2 I//)kZ X4+(_—k4 /+_k2 3 Ly = 5%/
8 2m)* _(40 it 40 > 40 ot 180 R Rl 80 22 80 i 40 i
7 3 3 67 31 3 27 1
+ 1—6k6253 — Zk“ziz;f — 1—6k2212;3 — mkﬁkz’k’ + mk“EiEfj + %18222;/ + %kSE;E;’ — 51&2%2;{2;{’
13 17 1 3 151 5 13 59
+7k4 AN II)X5+(_7k4 2—*/(2 4 _ 6+7k6 /—*k4 3 /+7k2 5 /_7](8 2
80 222 80 > 8 > 80 > 240 22 8 22 80 22 120 >
893 217 39 293 5 39
+—k6 2 /2__k4 4 /2+_k2 6 12__k8 /3+_k6 3 /3__k4 5 IS)XG:I
480 i 240 23 160 235 240 22 8 22 80 22
_ d*k 7 3 7 1 37 1 1
KY = __k2 "N _ = N2 /I__k4 /I/__kZ 2 ///)kz X4+(—k4 /__k2 3 S 5%/
o f (277)4[( 40 % 40 2 120 % 360 R Al 80 i 80 ik 40 i
116/2142/2124/2 276 11143l/125//88/l/162/l/
_Ek zk +Zk Ekzk _Rk Ekzk +%k EkEk_Bk zkzk +%k Ekzk_gk Ekzk _gk Ekzkzk
7 8 1 3 139 7 17 17
— L pAaAs ”)Xs-i-(—k“ 2 4 234 4 T 56 776 Iy L pAS3ST 23Sy 4 L 8sn
15 222 15 i 4 bt 10 % 120 2 12 22 40 22k 20 >
317 23 51 197 11 51
D632 2 4 T7 pASAS2 T p2v6y 2 4 7 g8 By p633SB T 4SS /3)X6]
240 2 120 i 80 i3 120 22 12 22k 40 2%
. d*k 33 27 11 71 17 31 3
KW: _—k2 4 = 2 Il__k4 /”+—k2 2 /Il)k2 X4+<—k4 /__k2 3 Iy = 55/
10 (277)4[< 80 % 80 i 80 % 720 T e 40 213 40 i 102’<2’<
1 3 107 217 3 7 23
— KOS+ UTIR - DRSSP + KON, T - DI + SIS — S + RSN
17 11 7 43 37 71 213 29
——k4 4357 II)X5+<_k4 2__k2 4+_ 6__k6 /+_k4 3 l__k2 5 /+_k8 2
20 222y 240 > 8 % 80 > 80 > 24 22 80 22 120 >

641 1127 89 283 97 89
2oy sasn 07 gavesn 4 “07 8 B _ 2l o3 o ©7 14s /3)X6]
160 22 240 2z 160 242 240 2 24 2 80 2i 2
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~ d*k 17 3 7 1 9 1
RY = [ o] (a0 s + eSS~ Tk S+ 3gg SIS Jemxt + (GRS — 3o
1 5 1 1 49 7 1 31
oIS - RS RISIIP £ RSIEP KON, - SIS - RIS - SR
1 7 9 1 3 1 1 2
+GROSISSY — SISO + (oS + o B - RN S] + SIS+ eSS, + S
541 41 23 221 5 23
2 SKSSISP - S MSESP - L RSESP 4+ S+ KSR %k“EiEf)Xﬁ]
. d*k 1 1 1 7 1 1
KW: __k2 "N _ _— N2 /I__k4 Il/+_k2 2 ///)kZ X4+(_—k4 /__k2 35/
12 (27)* [( 40 % 40 i3 120 % 360 T )2 20 2k 10 i

1 1 1 1 1 1 1 7
— 55 ST+ RSP 4 ZISIER + ORISR - KSR, - KEIS) - LRSI 4 oS
31 53

1 1 11 5 2
k4 451 //)X5+( k4 2_7k2 4+ 6+ kf) /+7k4 3 /_7k2 5%/
KSR L R BRI ORI O o/ O 5
59

37 13 3 5 13
82 62/2+ 45472 256572 8 3 _ 63/3+ 455573 6
IR — SSKSSISE + SRR - ZIRESR - ISR, SP - SASSEE 4 KT )x ]

7
o KSR —

7

60
d*k

@em?

1 1 1
+ kﬁ 2 _ kZ 4572 _ k() "N _

. 1 1 1 1 1 3 1

KW: _k2 n4 2 //+_k4 ///+_k2 2 ///>k2 X4+(——k2 3 /__k4 S 5%/
3 [(80 = go T gk = g o S L e T Ry
1
240

7
240

7
2o K S

13
k8 12+_
> 240

1
R LT e yr Ly
41 !

120 15

1 1
O3~ SRS + kS|

7 1 1
+ (— P RO R KSS23P

1 7
40 KZ S+ SKSTE] - LRSS -
13
+ =

120

13

1
454572 2N6N /2
KSISP - LIRSS - o

kW — d4k _szEII +2222” _3k42/” +ik2222/1/ kZE X4 + lk42 2/ _gk2232/ +2252/
oS @mfL\ 80" K g0 KR 45T Tk T apn TRTE )T 80 KTk goT TRTK T 0 TKTK

13
120
17 13 19
__k4 45/ II)X5+<_k4 2+_ 6+
20" FE 240" > g0
113 197 57

7](6 2 /2_’_7](4 4572
160 i 80 23 160

5 3 19 3 1 13
FIRSIEZ — SREISE 4 RS - S KUSIS] SIS S 4 RSN
1
120

7

ko330 +
Ekzk 12

47 1
K] - ORI - kP

41

7
REPSP - KNP -

57
S + st )]

IZW :f d4k [( 11 kZEII _ 9 2221/ + 19 k4EW _ 11 kZEZE//I)k2E X4 + (_ 9 k42 E/ + 7 k2232/
15 Qm*L\160" 7% 160 KTk T 7207 Tk 720" KT k 80" kK T gpT ThTk
1 1 1 1 2 11 19
— 5 /+_6 12 _ 482 /2+_24 7 _ 6 "4

20 2% gk Ek e 2% gk 2 T 2% 120 160
362/// 3144///5 34213616 114311925118/2
343 97 29 103

+ k6 2572 k4 4572 + k2 6%\/2 __
480 X 240 X 160 = 240

1
R T S e P Ly

5 29
O3+ 2 RONEP - S Rsfsp ]
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4
oy _ [ d'k
16 (2 77.)4
23

1 7
T %k‘*zizf T REER g +

1
240 120
109 61

5 3 13 23 2
+—k6 2%/ "+—k4 AN /I)X5_|_<__k4 2__k2 4 _ 7 6+—k6 I+_k4 35/
12 22y 240 R 240 b 8 2 80 % 120 23 3 i

1

7 7 1 3 1 7
[(~ggHst — o 38t — RSt — RIS JOEX + (R RS, - (RS - o8N

7 3
KIS - S RSES] - TS

29 1 209 109 79 49 1
L2725 g8y 2 T 65282 T pANAS 2 4 17 p2N0y 2 4 T g8 B _ 63333
40 i3 20 > 160 i3k 80 e 160 234 80 22 24 23
79
- gk
w_ [ d%
17 (2m)*

5 3 1 8 79 1 29
151 37

1 9 14 8 1 43
_k4 AN /I)X5_|_(_k4 2__k2 4 _ 7 6__k6 l+_k4 3 l+_k2 5 I+_k8 2
240 2i2 2 120 > 2 t 402" 15 23 3 22 10 2 60 et

2 e sy 2., 1 ) (23 19 1
_ = + _ k /ll+ 2525111 1,2 X4+ k4 ! _ 253857 55/
[( SRS+ S STSY - SIS+ RSISIOX + (DRSS, - SRS - ST

119

1031 53 53 271 13 53
_ k6 2572 + k4 4572 k2 6% /2 + k8 3 _ k6 3573 + k4 5 /3)X6]
520 323 0 343 20 PPN 0 DI S O 3337 0 PP
5 d*k 9 11 2 7
KW — _ 251 + PA N/ ANV +
18 ,[(2#)4[( SOkE" 802"2" 45k2k 180

1 1 3
—ghORR A SHIREER - S XINE 4

eSSt + (RS, - SN + S0
13
120
— PSSO + (= ST - S+ LS04 TS+ RS -

97
240

_ d*k 1 1 1 5 3 9 1
RY = [ oo (-39m + 3 - sy + s Jena + (RS - RS+ XY

19 3 7 1
KO3 3 — o kXIS + 0 P33 — % S L
21 28335/ 1 8312
— + —
oL+ gk

223 51
k62%222 + mké‘z;:zf - %kzzng +

17

7 51
k8 3 _ _k6 38573 + _k4 5 /3)X6:|
120 22 12 22 40 22

11 5 1 5 1 1 37
b SRS - SRSESP 4 KON - DRSS 4 SRSIE] - ST 4 D keNIE Y

5 1 1 5 1 4 7 1
= sz:z;zg)r + (— gKSE - IS 50— SROR,S) 4 TSEE) - SRSER, - kel

91 173 3 25 29 3
- SKOSPSP 4+ S CRSIIP - DRSSP + DRI - RSP + Ek“EZEf)Xﬁ]

Sw o _ d*k
20 (27T)4

I I I 11 7 13
__k6 2 __k4 2572 __k2 4572 + k6 /s
R T R 120

1 3 1 1 2 1 1 1
+ %k“z‘k‘zgzg)ﬁ + (70 K432 + Zkzzﬁ + Ezg - §k62k2; - 5/&222; - EI@E%E}( + §k82;3

I ey 1 1 1
+ I/ — AN/
[(—40k S{ + 25 3F5) - oo kY -

1 1 1
— O R e R e o

1 1
RSS) + S RSIE] - I - KOS SY

1 1 1 1 1
— TGKOSESP - CKISESR 4 RSP 4 KNI - §k42;§2;§)x6]
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W _

21

&= [ ooy
_ ikéE/Z + Lk2242/2 + ikéz S+ ik42321/ _ ikzzszu _
165 7k 16" TKTK T go" TRTK T 40" TRTR gt ThTK

1223 =

where B, is the LEC appear in p? order normal part of the chiral Lagrangian. 3, = 3(k?) and X =

(1]
(2]
(3]
(4]
(5]
(6]

(7]
(8]
(9]
[10]
(1]

[12]
[13]

[14]

d*k
2m)*

PHYSICAL REVIEW D 81, 094037 (2010)

11 9 11 3 13 19 1
_ 2 /s PANI/ IS 4 mn 4 2N2NV11) 1,2 X4+< 4 I _ 2%'3 A 5%/
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