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Models with large extra dimensions predict the existence of Kaluza-Klein graviton resonances. We

compute the next-to-leading-order QCD corrections to graviton plus jet hadro-production, which is an

important channel for graviton searches at the Tevatron and the LHC. The QCD corrections are sizable

and lead to a significant reduction of the scale dependence. We present numerical results for cross sections

and distributions, and discuss the uncertainty from parton distribution functions and the ultraviolet

sensitivity of the theoretical prediction.
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I. INTRODUCTION

The search for new physics at the TeV-scale is one of the
major tasks for current and future high-energy physics
experiments. Models with extra space dimensions and
TeV-scale gravity address the problem of the large hier-
archy between the electroweak and Planck scales, and
predict exciting signatures of new physics that can be
probed at colliders [1].

In the D ¼ 4þ � dimensional model proposed by
Arkani-Hamed, Dimopoulos and Dvali (ADD) [2], the
standard model (SM) particles are constrained to a 3þ 1
dimensional brane, while gravity can propagate in a 4þ �
dimensional space-time. For simplicity, the additional
�-dimensional space is assumed to be a torus with common
compactification radius R. In such a model, the four-
dimensional effective Planck scale MP is related to the
fundamental scale MS by [2]

M2
P ¼ 8�R�M�þ2

S : (1.1)

For a large compactification radius R it is thus possible that
the fundamental scale is near the weak scale, MS � TeV.
In the ADD model, deviations from the standard Newton

law of gravity are predicted at distances around R �
0:83� 10�16þ30=� mm� ð2:4 TeV=MSÞ1þ2=�. Current
terrestrial test of gravity exclude R � 37ð44Þ �m for � ¼
2ð1Þ [3], which, using Eq. (1.1), translates into MS �
3:6 TeV for � ¼ 2. Further constraints have been derived
from astrophysics and cosmology, in particular, for � < 4,
but they can be evaded in specific models [4] and do not
lessen the importance of collider searches for extra
dimensions.

The D ¼ 4þ � dimensional graviton corresponds to a
tower of massive Kaluza-Klein (KK) modes in four dimen-
sions. The interaction of these spin-2 KK gravitons with

SM matter can be described by an effective theory [5–7]
with the Lagrangian

L int ¼ � 1
�MP

X
~n

Gð ~nÞ
��T��; (1.2)

where the massive gravitons are labeled by a
�-dimensional vector of integers, ~n ¼ ðn1; n2; . . . ; n�Þ,
�MP ¼ MP=

ffiffiffiffiffiffiffi
8�

p � 2:4� 1018 GeV is the reduced four-
dimensional Planck scale, and T�� is the energy-

momentum tensor of the SM fields. The Feynman rules
that follow from Eq. (1.2) can be found in Refs. [5,7]. The
individual KK resonances have masses equal to mð ~nÞ ¼
j ~nj=R and thus the mass gap between neighboring modes
�m ¼ R�1 is small for � not too large. Quantitatively one
finds �m � 20 keV, 7 MeVand 0.1 GeV forMS ¼ 1 TeV
and � ¼ 4, 6 and 8, respectively [5]. The discrete mass
spectrum can thus be approximated by a continuum with a
density of states dN ¼ �ðmÞdm [5,6], where

�ðmÞ ¼ S��1

�M2
P

M2þ�
S

m��1; and S��1 ¼ 2��=2

�ð�=2Þ :
(1.3)

Inclusive collider cross sections, where one sums over all
accessible KK modes, are obtained from a convolution of
the cross section for an individual KK mode of mass m,
d�m, with the mass density function �ðmÞ (1.3), d�=dm ¼
�ðmÞd�m. Although each individual graviton couples to
SM matter with only gravitational strength / 1= �MP [see
Eq. (1.2)] and thus d�m / 1= �M2

P, inclusive collider pro-
cesses are enhanced by the enormous number of accessible
KK states / �M2

P (1.3). The factors
�M2
P cancel in d�=dm ¼

�ðmÞd�m, leaving an overall suppression of only M�2��
S .

If the fundamental scaleMS is near the TeV-scale, graviton
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production can thus be probed at present and future high-
energy colliders.

Both virtual graviton exchange between SM particles
and real graviton emission provide viable signatures of
large extra dimensions at colliders. Since the coupling of
gravitons with matter is suppressed / 1= �MP, direct gravi-
ton production gives rise to missing energy signals.
Searches for graviton production have been performed in
the processes eþe� ! �ðZÞ þ Emiss at LEP and p �p !
�ðjetÞ þ pmiss

T at the Tevatron. The combined LEP limits
[8] read MS > 1:60, 1.20, 0.94, 0.77, 0.66 TeV, for � ¼
2; � � � ; 6, respectively, while Tevatron searches exclude
MS > 1:40, 1.15, 1.04, 0.98, 0.94 TeV, for � ¼ 2; � � � ; 6,
respectively [9,10]. Searches for the process pp ! jetþ
pmiss
T at the LHC will be able to extend the sensitivity to the

fundamental scale MS into the multi-TeV region [11–14].
Current analyses of graviton production at hadron col-

liders are based on LO cross sections, which are subject to
large theoretical uncertainties from the choice of renor-
malization and factorization scales. In this paper we
present the first calculation of the next-to-leading-order
(NLO) QCD corrections to graviton production in the
process pp=p �p ! jetþG at hadron colliders, results for
the QCD corrections in the photon channel have been
presented in [15]. The NLO cross sections lead to signifi-
cantly more accurate theoretical signal predictions and
thereby more accurate constraints on MS or, in the case
of discovery, will allow to probe the model parameters. The
NLO calculation also enables us to properly study the
relative importance of multijet final states, which has
been addressed in a recent calculation of the (tree-level)
graviton plus di-jet cross section [16]. We note that NLO
QCD corrections to the hadro-production of lepton and
boson pairs in models with large extra dimensions have
been presented in a series of recent papers [17,18].

The remainder of this paper is structured as follows:
In Sec. II we present some details of the NLO QCD
cross section calculation for pp=p �p ! jetþG. Nu-
merical results for the Tevatron and the LHC are presented
in Sec. III. We conclude in Sec. IV. More details of the

calculation and selected formulae are presented in the
Appendix.

II. CALCULATION

The LO cross section for graviton plus jet production
receives contributions from the partonic processes

q �q ! gG; qg ! qG and gg ! gG: (2.1)

The relevant Feynman diagrams are depicted in Fig. 1. The
LO partonic cross sections of the processes (2.1) have first
been presented in Ref. [5]; the corresponding helicity
amplitudes are discussed in the Appendix.
The NLO cross section consists of virtual corrections,

real-emission contributions and a collinear term, which is a
finite remainder of the factorization of collinear singular-
ities into the parton distribution functions (PDFs). We use
dimensional regularization [19] in d ¼ 4� 2� dimensions
to regulate the ultraviolet (UV) and infrared (IR) divergen-
ces, and apply the dipole subtraction scheme [20] to cancel
the infrared singularities. The UV divergences are removed
by renormalization of the QCD coupling 	s in the

MS-scheme.
We have performed two independent calculations of the

virtual corrections, described in more detail below, and
have checked gauge invariance and Ward identities arising
from general coordinate invariance; see Ref. [16] for more
details. The numerical implementation of the real-emission
contributions is based on MADGRAPH [21] and MADDIPOLE

[22]. Some details of the NLO calculation are provided
below.

A. Virtual corrections

The virtual corrections to pp=p �p ! jetþG arise from
the interference of the Born and one-loop amplitudes.
Example one-loop Feynman diagrams are depicted in
Fig. 2. The Feynman rules for the graviton interaction

FIG. 1. The LO Feynman diagrams for gg, q �q ! Gþ jet. The gq channel is related to the q �q channel by crossing and not shown.
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with the SM fields can be found in Refs. [5,7,17].1 For
external gluons we choose the light-cone gauge to avoid
introducing external ghost lines, as in the HELAS conven-
tion [23]. The internal gluon propagators are evaluated in
the ’t Hooft-Feynman gauge, and the unphysical degrees of
freedom are canceled by ghost loops. The UV poles are

removed by MS-renormalization of 	s, while the IR sin-
gularities cancel against those from the real-emission con-
tribution [see Eq. (2.2) below].

Two independent calculations are performed for the
virtual corrections. The first calculation is based on the
MATHEMATICA package FEYNCALC [24]. Because of the

Lorentz indices of the spin-2 graviton, we encounter
high-rank tensor integrals, such as rank-5 4-point func-
tions. Special care is taken to reduce those to one-loop
scalar integrals by an independent MATHEMATICA code,
following the prescription of Ref. [25].

In the second calculation, the one-loop diagrams are
generated with QGRAF [26] and then projected onto helicity
components and amplitude coefficients with FORM [27].
Details of the projection are given in the Appendix and can
also be found in Ref. [28], where the same method has been
used. The tensor reduction is performed according to the
GOLEM [29,30] reduction algorithm, supplemented with

additional tensor reduction routines for rank N þ 1
N-point tensor integrals with N � 3. To calculate numeri-
cal results we employed the OMNICOMP-DVEGAS package
[31], which facilitates parallelized adaptive Monte Carlo
integration and was developed in the context of Ref. [32].

B. Real-Emission contributions

The real-emission contribution comprises the radiation
of a real gluon or a massless (anti-)quark. Soft and col-
linear singularities are isolated using dipole subtraction
[20]. Collinear emission from initial state partons is fac-
torized into the parton distribution functions defined in the

MS-scheme. The remaining IR and IR/collinear singular-
ities, which cancel those of the virtual corrections, read in
the notation of [20]

hIð�Þigg ¼ 	s

2�

ð4��2Þ�
�ð1� �Þ

�
3
0

2�
þ CA

�2
½ðsÞ�� þ ð�tÞ��

þ ð�uÞ���
�
jMB

ggj2; (2.2)

hIð�Þiq �q ¼ 	s

2�

ð4��2Þ�
�ð1� �Þ

�

0

2�
þ 3CF

2�

þ CA

�2
½ð�tÞ�� þ ð�uÞ���

þ ð�CA þ 2CFÞ
�2

ðsÞ��

�
jMB

q �qj2; (2.3)

where s, t, and u are the Mandelstam variables, 
0 ¼
ð11CA � 4nfTRÞ=3 with nf ¼ 5, and hIð�Þigq can be ob-

tained by crossing from hIð�Þiq �q.
The real-emission matrix elements and subtraction

terms are generated with MADGRAPH with spin-2 particles
[21] and MADDIPOLE [22], respectively, and are imple-
mented in a parton-level Monte Carlo program.

III. NUMERICAL RESULTS

In this section we present NLO cross sections for

pp=p �p ! jetþG at the Tevatron (
ffiffiffi
S

p ¼ 1:96 TeV) and

the LHC (
ffiffiffi
S

p ¼ 14 TeV). Before we proceed with the
numerical results, we note that the interaction of the KK
gravitons with SM matter is described by an effective
theory [5–7], which is valid only for scattering energiesffiffiffî
s

p
smaller than the fundamental scale MS. While hadron

collider cross sections in principle involve partonic scatter-

ings with energies
ffiffiffî
s

p
up to the collider energy

ffiffiffi
S

p
, the

rapid decrease of the parton luminosities at large
ffiffiffî
s

p
sup-

presses the high-energy region and allows for a cross
section prediction that is not very sensitive to the UV
completion of the effective theory. We will return to this
issue at the end of the section and provide quantitative
estimates of the UV sensitivity of the theoretical
prediction.
The numerical results presented below are obtained with

	s and the parton distribution functions defined in the

MS-scheme, with five active flavours. Throughout our
calculation, we employ the 2008 MSTW LO(NLO) PDF
[33] at LO(NLO), with the corresponding value for the

FIG. 2. Examples of NLO QCD virtual Feynman diagrams for pp ! Gþ jet. The dotted loops represent ghost particles.

1Note that there are different sign conventions in the definition
of the covariant derivative, which leads to a sign difference in the
Feynman rules for 4-point vertices such as VVVG.
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strong coupling 	s. Our default choice for the renormal-
ization and factorization scale is the transverse momentum
of the graviton, � ¼ PG

T .
To suppress SM backgrounds in the LHC graviton

searches [11], we require

Pmiss
T > 500 GeV: (3.1)

The jets are defined by the kT algorithm, with the resolu-
tion parameter set to D ¼ 0:6, and are required to satisfy

j�jj< 4:5 and Pj
T > 50 GeV.

For the Tevatron predictions we use the same settings as
in the recent CDF study [9], i.e.

Pmiss
T > 120 GeV; Pj

T > 150 GeV; and j�jj< 1:

(3.2)

Also here, jets are defined by the kT algorithm with D ¼
0:7, and are required to satisfy j�jj< 3:6 and Pj

T >

20 GeV. A second jet with PT > 60 GeV is vetoed. We
will, however, also discuss results without the jet veto.

We first focus on the scale dependence of the total cross
section. For illustration, we set the model parameters to
� ¼ 4, and MS ¼ 5 TeV (LHC) and 1 TeV (Tevatron).
Note that the cross section scales as � / M�2��

S so that

results for other values of MS can be obtained by rescaling
our predictions. Unfortunately, it is not possible to deter-
mine both MS and � independently from just the shape of
the Pmiss

T spectrum [11]. To resolve these parameters would
need very accurate measurements at different hadron col-
lider center-of-mass energies; the ratio of graviton produc-
tion cross sections at different center-of-mass energies
depends on � through the kinematic limit on the graviton
mass, while the dependence on MS cancels. Operating the
LHC at 7 TeV and 14 TeV center-of-mass energies may
offer such an opportunity. We impose the kinematical cuts
listed in Eqs. (3.1) and (3.2) for the LHC and the Tevatron,
respectively. The LO and NLO results are shown in Fig. 3
as a function of the renormalization and factorization
scales varied around the central scale� ¼ PG

T . We observe
that the scale dependence of the NLO cross section is
significantly smaller than that of the LO cross section,
both at the LHC and at the Tevatron: changing � in the
range between PG

T =2 and 2PG
T , the LO cross section varies

by � 30%, while the scale uncertainty at NLO is less than
� 10%. We have also varied both scales independently and
find that in all cases the NLO uncertainty is less than
approximately 10%. At the LHC, the K-factor, K ¼
�NLO=�LO, is sizeable and positive at the central scale
� ¼ PG

T , increasing the LO cross section prediction by
about 20%. At the Tevatron, the QCD corrections are
mild near � ¼ PG

T with K � 1, but are essential to reduce
the theoretical uncertainty.

The experimental analyses at the LHC and the Tevatron

rely on the Pmiss
T and Pjet

T distributions, respectively. In
Figs. 4 and 5 we show the scale dependence of these

FIG. 3 (color online). Scale variation for the integrated cross
section at LHC and Tevatron, for a common scale � ¼ �r ¼
�f. Selection cuts are described in the text.

FIG. 4 (color online). Pmiss
T distribution for the graviton signal

at the LHC with scale uncertainty bands (0:5PG
T < �< 2PG

T ).

Also given is the NLO distribution for the dominant Z ! � ��
background. The lower part of the plot shows KðPTÞ ¼
ðd�NLO=dPTÞ=ðd�LO=dPTÞ for � ¼ 2, 4, 6 (top down).
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distributions, for different choices of the number of extra
dimensions � ¼ 2, 4, 6. Current Tevatron limits appear to
exclude MS ¼ 1 TeV for � < 4. However, these analyses
are based on leading-order predictions and should be re-
fined using the NLO results presented here. We thus in-
clude numerical predictions for MS ¼ 1 TeV and � ¼ 2,
4, 6 below. We also show the NLO QCD predictions for the
main background pp ! Zð! � ��Þ þ jet obtained with
MCFM [34]. [Note that establishing an excess in graviton

plus jet production at hadron colliders requires an excellent
experimental understanding of the SM background. To
precisely estimate the dominant pp ! Zð! � ��Þ þ jet
background process one can rely on a calibration sample
of the related process pp ! Zð! eþe�=�þ��Þ þ jet [9–
11,13]. Furthermore, the signal to background ratio can be
improved by increasing the Pmiss

T - cut.] The bands show the
uncertainty of the LO and NLO predictions when varying
the renormalization and factorization scales in the range
PG
T =2<�< 2PG

T . The reduction of the scale uncertainty

at NLO is evident. Figures 4 and 5 also display the PT

dependence of the K factors, defined as KðPTÞ ¼
ðd�NLO=dPTÞ=ðd�LO=dPTÞ. The K factors are sizeable
at the LHC (Fig. 4), as noted before, increasing with
decreasing �. Furthermore, the K factors depend on the
kinematics and increase with increasing Pmiss

T . At the
Tevatron, the K factors are in general near or below one
and only mildly depend on the jet transverse momentum;
see Fig. 5.

We have also investigated the uncertainty of the NLO
cross section prediction due to the parton distribution
function. Using the MSTW error PDFs [33], we find an
uncertainty of less than approximately 15% for graviton
production at the LHC, even for large Pmiss

T > 1 TeV. At
the Tevatron, the uncertainty is even smaller and approxi-
mately 5%.

Let us now examine the contribution of the real-
emission cross section with two hard jets. In Fig. 6 we

show the ratio of the cross section where we require two

hard jets with Pj
T > Pcut

T and the inclusive cross section, as

a function of Pmiss
T and the leading P

jet
T at the LHC and the

Tevatron, respectively. Results are presented for the mini-
mum jet-PT set to Pcut

T ¼ 150 GeV and 250 GeV for the
LHC, and Pcut

T ¼ 60 GeV for the Tevatron. Moreover, in
Fig. 6, we show results with an alternative choice of
settings (labeled B in the plot) defined as

�f ¼ minðPj
TÞ and 	s ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
	sðPj1

T Þ	sðPj2
T Þ

q
; (3.3)

which was used in Ref. [16] for the real-emission contri-
bution with two hard jets. We observe that the fraction of

events containing two jets with Pj
T > 250 GeV is 20–40%

at the LHC for Pmiss
T above 1 TeV, depending on the choice

of input parameters for the 2-jet contribution. Between
40% and 70% of the events with Pmiss

T > 1 TeV contain

two jets with Pj
T > 150 GeV. We note that even for the

scale choice B, as given in Eq. (3.3), the fraction of di-jet

FIG. 5 (color online). Same as Fig. 4 but for the PT distribu-
tion of the leading jet at the Tevatron.

FIG. 6 (color online). Di-jet fraction of graviton plus jets
events at the LHC and Tevatron. Results are given for the two
scale choices � ¼ pG

T and Eq. (3.3), respectively, and minimal

transverse momentum requirements Pcut
T for the second jet.
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events is smaller than estimated in Ref. [16]. This is due to
the denominator, i.e. the larger inclusive cross section as
predicted at NLO. Nevertheless, also with our new estimate
we expect a large fraction of high Pmiss

T events with two or
more hard jets at the LHC.While the quantitative estimates
given in Ref. [16] are thus changed due to the impact of the
NLO corrections, the qualitative conclusions remain valid.

At the Tevatron, the contribution of 2-jet events with Pj
T >

60 GeV is moderate and does not exceed 20%. The differ-
ence between the results with the two different scale set-
tings, which represent part of the uncertainty for the (tree-
level) 2-jet cross section, increases with increasing PT , as
the difference between our default choice of scale and 	s

and the alternative choice (3.3) becomes larger.
As mentioned at the beginning of this section, the results

of the effective field theory calculation are valid only as
long as the scales involved in the hard scattering process do
not exceed the fundamental scale MS. To quantify the
sensitivity of our prediction to the unknown UV comple-
tion of the theory, we compare our NLO results with those
involving a truncation scheme which sets the cross section
to zero if Qtruncation � MS. In the numerical results pre-
sented below, the truncation parameterQtruncation is taken to
be the invariant mass of the missing momentum and ob-
servable jet(s),

Qtruncation ¼ jPG þ PjetðsÞj: (3.4)

This definition is equal to Qtruncation ¼
ffiffiffî
s

p
at LO, but takes

into account that the effective partonic energy of the scat-
tering process can be reduced by collinear initial state
radiation at NLO and thus provides an IR-safe definition
of the truncation parameter. NLO results for the transverse
momentum distributions with and without the hard trunca-
tion scheme for � ¼ 2, 4, 6 at the LHC and the Tevatron
are shown in Figs. 7 and 8, respectively. As expected, the
differences between the two calculations increase with

increasing �, as the average graviton mass is shifted to
larger values. Also, the differences become larger as

Pmiss
T ðPjet

T Þ increase. For example, for the LHC, at Pmiss
T ¼

1250 GeV, the uncertainties for � ¼ 2, 4, 6 are about 5%,
20%, and 50%, respectively, while for the Tevatron, at

Pjet
T ¼ 250 GeV, the uncertainties for � ¼ 2, 4, 6 are about

2%, 10%, and 25%. Note that the results with the hard
truncation do not obey the simple scaling � / M�2��

S .

Finally, we comment on the prospects for graviton
searches during the initial phase of the LHC operating at
7 TeV. Even at half the nominal center-of-mass energy, the
LHC will be able to extend the sensitivity of current
Tevatron searches to larger values of MS [13,14]. For
illustration we show in Fig. 9 the NLO Pmiss

T distribution

FIG. 7 (color online). Effect of truncation of the partonic cross
section above Qtruncation ¼ MS at the LHC. See text for details.

FIG. 8 (color online). Effect of truncation of the partonic cross
section above Qtruncation ¼ MS at the Tevatron. See text for
details.

FIG. 9 (color online). Pmiss
T distribution for the graviton signal

at the LHC at 7 TeV cms energy. Also shown is the NLO
distribution for the dominant Z ! � �� background. The lower
part of the plot shows KðPTÞ ¼ ðd�NLO=dPTÞ=ðd�LO=dPTÞ for
� ¼ 2, 4, 6 (top down).
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for MS ¼ 2 TeV and � ¼ 2, 4, 6, together with the domi-
nant SM background. We find sizeable signal rates, in
particular, for � ¼ 2, which exceed the background for
Pmiss
T * 250 GeV. We reemphasize that comparing mono-

jet signatures at 7 TeV with results obtained at higher
center-of-mass energies during a later stage of LHC op-
eration may allow to disentangle the fundamental parame-
ters MS and �.

IV. SUMMARY

We have presented the first calculation of the NLO QCD
corrections to Kaluza-Klein graviton plus jet hadro-
production in models with large extra dimensions. The
calculation has been set up as a fully flexible parton-level
Monte Carlo program,2 and results have been presented for
cross sections and distributions at the Tevatron and at the
LHC.

The QCD corrections stabilize the theoretical prediction
and significantly reduce the scale uncertainty to a level of
approximately 10%. Near the central scale, � ¼ PG

T , the
QCD corrections increase the cross section at the LHC by
30–50%, depending on the kinematical region and the
choice of model parameters. At the Tevatron, the QCD
corrections are modest and negative near � ¼ PG

T and do
not strongly depend on the kinematics. A significant con-
tribution of di-jet events is expected at the LHC, where 20–
40% of signal events at Pmiss

T > 1 TeV contain two jets

with Pj
T > 250 GeV. At the Tevatron, on the other hand,

the contribution of 2-jet events with Pj
T > 60 GeV is mod-

erate and does not exceed 20%. The theoretical uncertainty
of the cross section prediction due to the parton distribution
functions is mild, with approximately 15% and 5% at the
LHC and the Tevatron, respectively.

We have also studied the uncertainties arising from the
UV completion of the theory by comparing our default
NLO results with those involving a hard truncation
scheme. The differences between the two calculations are
small for � ¼ 2 but can reach up to 50% for � ¼ 6 and
large PT . Reducing these uncertainties requires to go be-
yond the effective field theory approximation of Eq. (1.2),
which is beyond the scope of the present paper. Ignoring
form factor effects for the graviton couplings to gluons and
quarks and ignoring Kaluza-Klein excitations in the loops,
defines one particular phenomenological model. For this
model, our calculation quantifies the size of QCD correc-
tions, and these results may then be taken as an indication
of what to expect of QCD corrections in more complete
models of the UV physics.
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APPENDIX: AMPLITUDE CALCULATION

The amplitude for the partonic processes gg ! Gþ jet
and q �q ! Gþ jet can be expressed as

Mðgðp1; �1Þgðp2; �2Þ ! gðp3; �3ÞGðp4; �4ÞÞ
¼ M�1�2�3����1

�1
��2
�2
��3
�3
��4
��fabc;

Mðqðp1; �1Þ �qðp2; �2Þ ! gðp3; �3ÞGðp4; �4ÞÞ
¼ hp�2

2 jM�3��jp�1

1 i��3
�3�

�4
��Ta

ij;

(A1)

where jp	
i i is the Weyl spinor for a massless particle with

momentum pi. Since we consider all quarks to be massless,
the helicity of the quark line is conserved, and therefore we
have �1 ¼ �2 2 ½þ;��. (Note that the physical helicity of
the antiquark is given by ��2.)
Applying spinor helicity methods [35], the polarization

vector for a massless spin-1 boson for helicity 	 is given
by

�	�ðp; rÞ ¼ 	 hr
j��jp	iffiffiffi
2

p hr
jp	i ; (A2)

where the vector r in (A2) denotes an arbitrary reference
vector (with r2 ¼ 0Þ.
The polarization tensor ��4

�� of the graviton, a massive
spin-2 vector boson, can be constructed from the polariza-
tion vectors of massive spin-1 bosons, �	;0

� , as follows3:

�þþ
�� ¼ �þ��þ� ;

�þ�� ¼ 1ffiffiffi
2

p ð�þ��0� þ �0��
þ
� Þ;

�0�� ¼ 1ffiffiffi
6

p ð�þ���� þ ����þ� � 2�0��
0
�Þ;

���
�� ¼ ������ ;

���� ¼ 1ffiffiffi
2

p ð����0� þ �0��
�
� Þ:

(A3)

In order to extend the spinor-formalism to massive
gauge bosons, it is useful to decompose the graviton mo-

2The FORTRAN code is available upon request from
karg@physik.rwth-aachen.de.

3Note that Eq. (A2) follows the convention ��;�� ¼ þ���
� . An

additional sign is sometimes included in the literature, which
would alter the sign of the third term in �0�� in Eq. (A3).
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mentum into two lightlike vectors:

p4 ¼ q4 þ 	r; with p2
4 ¼ m2;

q24 ¼ 0 ¼ r2; 	 ¼ m2

2p4 � r ;
(A4)

where the arbitrary reference momentum r can be taken
from the list of available lightlike external momenta. The
expressions for the three polarization vectors �	;0 can now
be constructed from the two lightlike vectors p4 and r and
read

�	�ðp4; mÞ ¼ 	 hr
j��jq	4 iffiffiffi
2

p hr
jp	i ;

�0�ðp4; mÞ ¼ 1

m
ðq�4 � 	r�Þ:

(A5)

Of course, individual helicity amplitudes are no longer
independent of the choice of the reference momentum of
the graviton. However, we are only interested in the spin
sum, which is independent of the reference momentum.

By a suitable choice of the reference vectors, we can
assemble the individual spinor products and write them as
a trace times a global spinorial factor. The projector for the
�1�2�3 ¼ þþþ helicity combination, for example,
reads

�þ�1
�þ�2

�þ�3
¼ h3�j�1j1�iffiffiffi

2
p h31i

h1�j�2j2�iffiffiffi
2

p h12i
h2�j�3j3�iffiffiffi

2
p h23i

¼ tr½ð1� �5Þ3�11�22�3�
4

ffiffiffi
2

p h31ih12ih23i ; (A6)

and the projector for the �4 ¼ 2þ helicity is given by

�þþ
�� ¼ h1�j�j4�iffiffiffi

2
p h14i

h4�jp6 2j1�i
h42i½21�

h1�j�j4�iffiffiffi
2

p h14i
h4�jp6 2j1�i
h42i½21�

¼ tr½ð1� �5Þ1�421�42�
4h14i2h42i2½21�2 ; (A7)

with the spinor inner products hiji ¼ hp�
i jpþ

j i, ½ij� ¼
hpþ

i jp�
j i.

Note that the 40 (20) helicities for gg ! gGðq �q ! gGÞ
are related to each other by discrete symmetries, like
parity, Bose symmetry or invariance under charge conju-
gation. The symmetries therefore allow for a cross check of
the results or can be used to reduce the algebraical work by
calculating only a generic set of helicity amplitudes. In this
way, we could perform the spin sum by computing only
1 (2) helicity amplitude(s) for gg ! gGðq �q ! gGÞ.
The helicity amplitudes for gg ! gG and q �q ! gG

summed over the polarization of the graviton are given by

X
�4

jMþ���4

gg!gG j2 ¼
2û4

stu
and

X
�4

jM����4

q �q!gG j2 ¼
û2

2stu
ð4tuþ sm2

GÞ;
(A8)

where û ¼ u�m2
G etc. Applying Bose and parity trans-

formations on the above expressions gives us all helicity
amplitudes.
Summing over final colors and averaging over initial

helicities and colors, the squared LO matrix elements are
given by

jMLOj2ðgg ! gGÞ ¼ 3

32

g2s
�M2
P

�
4
ŝ4 þ t̂4 þ û4

stu

�
;

jMLOj2ðq �q ! gGÞ ¼ 1

9

g2s
�M2
P

�
ð4tuþ sm2

GÞ
t̂2 þ û2

stu

�
;

(A9)

in agreement with [5], but in a form where the symmetries
are more obvious. The process qg ! qG is related by
crossing to q �q ! gG.
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