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Exact statement for Wilsonian and holographic renormalization group
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We show that Polchinski equations in the D-dimensional matrix scalar field theory can be reduced at
large N to the Hamiltonian equations in a (D + 1)-dimensional theory. In the subsector of the Tr¢' (for all
[) operators we find the exact form of the corresponding Hamiltonian. The relation to the holographic

renormalization group is discussed.
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I. INTRODUCTION

The Wilsonian renormalization group [1] appears to be a
useful tool in the study of various phenomena in quantum
field theory and statistical physics. A convenient form of
the Wilsonian renormalization group is given by the
Polchinski equations [2]. Usually these equations are for-
mulated in the scalar field theory.

Some time ago, after the discovery of the AdS/CFT
correspondence [3], it was recognized [4] that renormal-
ization group equations on the conformal field theories side
are represented by classical equations of motion on the
anti—de Sitter side. The idea was further developed in [5—
12]. And it became clear that the holography is the general
phenomenon for the proper formulation of the Wilsonian
renormalization group at large N [11,12].

In this picture an exact, simple, and easily testable state-
ment was missing. The goal of this paper is to provide such
a statement. We show that Polchinski equations in the
D-dimensional matrix scalar field theory can be reduced
at large N to the Hamiltonian equations in a (D + 1)-
dimensional theory. In the subsector of the Tr¢' (for all
[) operators we find the exact form of the corresponding
Hamiltonian. In the concluding section the relation to the
holographic renormalization group is discussed.

II. FROM RENORMALIZATION GROUP TO THE
HAMILTONIAN FLOW

In this section we consider the Euclidean D-dimensional
matrix scalar field theory,

St1= =% [ TSI + mIK; () (~p)]
+ NS [¢] )

whose action is written here in the Fourier transformed
form. Here ¢ = ||¢¥||, i, j = 1,..., N, is the Hermitian
matrix; the function K, is
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1, when x < AZ%;
0, when x > A2,

Kalo) = | @
and is quickly changing near the point x = A?;i.e. A is an
UV cutoff in our theory; S; is the interaction part of the
action, which includes sources as well. In this paper we
take

SIEAEDY ﬁ gk, 0lk)]

= k), 3)

which is just the Fourier transform of 37° ) [ J;(x)Tr¢p!(x)
representing the subspace of the complete operator product
expansion (OPE) basis of the theory. The crucial observa-
tion for our further considerations is that in the Fourier
transformed form J; depends only on the sum of k’s—
arguments of ¢ ’s under the traces. If we were considering
operators containing derivatives (e.g.
Tr[(9,$)'(0,¢)p"~"]), then the corresponding Fourier
transformed sources (e.g. J},,(— X k)k{'k},,) in general
would depend on all k’s separately.

The Polchinski equation for the theory in question is
given in the Appendix [see Eq. (A4)]. Taking the quantum
average of it, we arrive at

S0 S
dA 2 ), p*+m? dA

2

(. R
8¢ (=p)éd’(p)

8S,[¢] 0S,[4] :|>

8¢"(p) 8¢/ (=p)1/°
The average is taken over the high-momentum modes only.
It means that one should represent ¢(p) as the sum of the
high-momentum and low-momentum modes ¢(p) =
do(p) + ¢(p) and integrate out the field ¢(p) [1]. Here
do(p) is the solution of the equations of motion following
from the action (1). As we will see below, taking the
expectation value in (4) is necessary to close the system

of equations for the sources [12].
It is easy to verify the following relations:

X J(—ky —

“4)
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r[ 88, 88, T
56(p) 06(—p).
X J(=p = pi
I
Tr[5¢(p)5¢(_p)_ pa

Now one should calculate the quantum average of these
traces. As usual this is a complicated problem, but there is a
way to simplify the final expressions.

First, let us introduce the following notations:

= ;
[p(n) '/;l-"pn

Tn(plr L) pn) = Tr[¢0(pl): R ‘150(17;1)];
Ji(=ky) =T (=ky — -+ — k). (6)

In these notations the action (3) takes a short form
Sildol = X2 [i, Tiky, ... k))Ji(=kg)). The quantum
average of the trace Tr{(¢g; + ¢1)... (o, + ¢,)] over
the high-momentum modes can be reduced to the action
of some operator on T(ky, ..., k;):

( f Til(bo(p1) + (p1))r . (o) + go(pn»])
Pn)

f [ DoeTrl(bo(p1) + @(p1) oo (Bo(pr) + 2(pa)]
P

[pwf@goesoexp[jp‘Ppm]Tr[d)o(p]),...,d)o(pn)]

W{L(")Tr[Cﬁm,--nﬁf’On]}

W[[ Tn(pl"")pn)]’
P

== paelp —k —

j nzTrw(pl) o B (P)ITLG (i),
P1-Pn
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-3 (n - DTGP -, Pk, .., b(k)]
n,1=0 Pukyky

- = kp)s

S dpI)V(=p1r— = pu). )

where Sy =—4% fp T ¢ (p)(p> + m*)K ' (p?)p(—p)] and

ol [ o o)

with G, (p)
propagator.

We work in the large N limit, where the following
factorization property is in effect:

free

= K\(p?)/(p* + m*) being the

<]‘[ Tr0n> = l:[(Tr0n>. (8)

Using this property and the notation 7 = WT, we can write

WIT (ky, ..., k)T,(py, -, pa)]
= W[Tl(kl: L) kl)]W[Tn(ply LR} pn)]
= 7h:vl(kl’""kl)’f}'L(pl""J Pn); (9)

and the Polchinski equation for the theory (1) acquires the
form

00 00 a 1
> [, mtibiick = =3 [ KGNSS [ D @ DTN (i)

Y j Dl b g DKy — P (g +p>],
Lj=1<4G-nku-1n

(10)

where the overdot means the differentiation with respect to d/d logA. Note that 7 depends on A, because the W operator

does depend on the cutoff.

1Using the equation (see e.g. [13])
Z (- m)T -2k 1}h {gm—1})

52 o [=2

T [5¢o 5¢0pj| -/kmzm 1

5T1({k/—2}: p.—p)

the operator W can be written in terms of derivatives with respect to the natural variables T, (ky, ..

8T,({ki—1}, )T, ({1}, p)

ka-2) 1=2 m=

., k,), which makes it obvious that

such actions as (3) (with single-trace operators only) give rise to multitrace operators in the Polchinski equation.
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It will become clear in a moment that the structure of the
theory in question suggests the introduction of the momen-
tum conjugate to J;(k) as follows:

I1,(k) = N—lf 8Pk — k1T (ky, ... k). (11)
k)

This definition reflects the fact that our sources depend
only on the sum of the arguments of 7’s. And the factor of
N was included to make the sources J; and the canonical
momenta II; to be of the same order as N — oo. In these
variables Eq. (10) reduces to

| S i@ii-a
q1=0

1 Ky\(pY) -
--1 frz . qu z,sz=0(l + 5+ 2I,(q,)

X IqMesaai— )+ [ 3 ¢om)
0492 fh=1
X Myppn(q + %)#(“]1)%(“]2)]- (12)

Then the corresponding equations for the sources and for
the momenta can be represented in the form of the
Hamiltonian equations:

dll,(q) _  éH
8Ji(—q)

dJ,(—q) _ oH

dT 811,(q)’ dr (13)

where the “time” dT = dlogA [p %"’2 is related to the
cutoff scale. The first equation in (13) follows from the
Polchinski equation” (12). Recall that this equation im-
poses the condition that the functional integral of the
theory in question is independent of the cutoff. The second
equation in (13) similarly follows from the derivation of
the vacuum expectation value (VEV) (Tr¢!(x)) with re-
spect to A. Or it may be obtained via the variation of the
Polchinski equation with respect to J,(—¢g). The easiest
way to see the latter fact is to recall that the effective
actions expressed through the sources and through the
VEV’s are related to each other via the Legendre (func-
tional Fourier) transformation [12].

The Hamiltonian can be calculated exactly and has a
remarkably simple form:

“Note that to make the transformation from (12) to the first
equation in (13) legal, one has to extend the collection of
couplings J, Tr¢p! to the full OPE basis in the theory and then
perform the same transformations as we did to arrive at (13) [12].
At the end one has to put all the additional sources to zero to
obtain (13) in its present form.
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1 [o0]
H=— [ Sl+s+2l)
41492 | s=0

X (g 1542(=q1 — q2) + (L + (s + 1)
X (g1 + g1 (=g )1 (—q2) ] (14)

We emphasize that the momentum II;(¢) contains all
powers of the traces since it is the result of the action of
the W operator on T)(k).

The trivial observation here is that the summation over s
and / in the Hamiltonian in question can be converted into
the integration over the new artificial coordinate o €
[0, 77r]. Such a conversion obviously could have been
done in the original action (1)—(3).

II1. DISCUSSION

Thus, we have managed to rewrite the Polchinski equa-
tions for the matrix scalar field theory at large N as the
Hamiltonian equations. The configuration space of the
obtained (D + 1)-dimensional theory consists of the single
trace operators of the original D-dimensional theory. Our
result does not depend on whether the theory in question is
renormalizable, or even whether it is UV divergent.

Why is such a relation important? First of all, it clearly
shows that if one keeps all sources for a subsector of the
full OPE basis, then the renormalization group becomes
holographic. Indeed, knowing the values of J’s and II’s at
some energy scale, one can find them, through the
Hamiltonian equations, at any other scale.

Furthermore, despite the fact that we average over the
Gaussian quadratic part of the action in the transformation
from (4) to (13) and (14) we still have the complete knowl-
edge of the renormalization group flow in the subsector of
the theory in question. In particular, if one would like to
know e.g. where the UV theory

S161= =3 [ THLop)p? + mIKL () b(~p)]

4
e 5(; 1 L0 12) k) k)]
(1)

(g = const) flows under the renormalization group, one
just has to solve the Hamiltonian equations (13) with the
initial conditions J, = gand J, = Oforalln # 4as A —
0,

Fortunately enough the subsector of the OPE basis,
which we are considering in this paper, factors (at large
N) under the renormalization group flow from the rest of
the OPE basis. So far we did not find the closed form
Hamiltonian if the other parts of the OPE basis are in-
cluded in the renormalization group dynamics. This re-
mains a challenge for future work. As well, it would have
been interesting to reconcile our observations with the
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information theory interpretation of the renormalization
group flow [14].
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APPENDIX

Here we derive the Polchinski equation [2] in the case of
the D-dimensional matrix scalar field theory (1). In the
Wilsonian renormalization group one integrates out the
high-momentum modes in ¢ so that the energy scale is
reduced from the cutoff to a much lower scale Az—the
scale where we are probing our physics [1]. We assume that
m* < A3

Consider generating a functional for the theory (1):

Z = f DepeSle-MI, (A1)
Obviously one has to impose the condition that physics
should not depend on the cutoff:

dzZ
AH = 0. (A2)
The result of the differentiation is
A——[fDqSeS[d’A{j}]TrI:/d’ p)(p* + m?)
X p(p)A AP K\ (P7) | Ad—SI] (A3)
dA dA ]
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It is easy to verify that the expression under the integral on
the right-hand side of (A3) becomes a full functional
derivative if

d_SI _ _l 1 A dKA(Pz)( 8%S,
dA 2J,p2+m? " dA \8¢Y(—p)5dii(p)
58, 88, )
. A4
T 567(p) 567 (—p) (A9

Indeed substituting (A4) into (A3) we obtain

A_—fAdKA(pz)[D¢Tr [(fb(p)KXl(Pz)

! i)esw’A,{m ]
¢

It is straightforward to see that (AS5) and (A3) are equiva-
lent because

+ E(p2 + m?)~ (AS)

SeSleAl oS,
Sh(—p) ( d(p)(p* + m*)K ' (p?) + ¢)
X eSLB AU,
52 S[p,A] 5 - 81
SHCmadt LIRS N s
_ 2 —1( 2 85,
(o0 - mK 07 + S ]
X Sl AL (A6)

Equation (A4) is referred to as the Polchinski equation.
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