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According to the standard cosmology, near the last scattering surface, the photons scattered via

Compton scattering are just linearly polarized and then the primordial circular polarization of the cosmic

microwave background (CMB) photons is zero. In this work we show that CMB polarization acquires a

small degree of circular polarization when a background magnetic field is considered or the quantum

electrodynamic sector of standard model is extended by Lorentz-noninvariant operators as well as

noncommutativity. The existence of circular polarization for the CMB radiation may be verified during

future observation programs, and it represents a possible new channel for investigating new physics

effects.
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I. INTRODUCTION

The observation of polarization in the cosmic micro-
wave background (CMB) and its correlation to temperature
anisotropies is a very promising tool to test the physics of
the early Universe. The CMB radiation is expected to be
linearly polarized of the order of 10%. This linearity is a
result of the anisotropic Compton scattering around the
epoch of recombination, which has been widely discussed
in the literature [1–3]. A linearly polarized radiation is
described by nonzero values for the Stokes parameters Q
and/or U. Meanwhile, the possibility of the generation of
circular polarization can be determined by the Stokes
parameter V. This parameter is usually given to be zero
in the literature because there is no physical mechanism to
generate a Stokes-V contribution at the last scattering
surface. However, the circular polarization can be gener-
ated naturally if a background magnetic field is present.
Recently, Giovannini has shown that if the CMB photons
are scattered via electrons in the presence of a magnetic
field, a nonvanishing V mode can be produced [4,5].
Furthermore, Cooray, Melchiorri, and Silk have discussed
that the CMB radiation observed today is not exactly the
same as the field last scattered [6]. The CMB polarization
may change during the propagation from the last scattering
surface due to the presence of relativistic magnetized
plasma in galaxy clusters. On the basis of the mechanism
described in [6], the linear polarization of the CMB can be
converted to the circular polarization under the formalism
of the generalized Faraday rotation [7] known as the
Faraday conversion [8]. The evolution of the Stokes pa-
rameter V given by this mechanism is obtained as

_V ¼ 2U
d��FC

dt
; (1)

where ��FC is the Faraday conversion phase shift [6].
Assuming reasonable parameters for the relativistic mag-
netized plasma in the galaxy clusters and for B ¼ 10 �G,
one can estimate the Faraday conversion phase shift as

��FC � few� 10�3. Then with a CMB polarization of
the order of 10�6, which propagates through the galaxy
clusters, the outgoing beam should contain a circular po-
larization of order 10�9 at scales corresponding to the
galaxy clusters [6].
It is also possible that such an effect arise due to new

physics effects. For instance, another mechanism for gen-
erating the circular polarization has been reported by
Alexander, Ochoa, and Kosowsky in [9]. In this method
the photon sector of quantum electrodynamics is extended
so that photon is coupled to an external constant 4-vector
T� via a Chern-Simons-like term as

L 0 ¼ LMaxwell þLT ¼ �1
4F��F

�� þ g�����A�T�F��;

(2)

where LT is a Lorentz violation (LV) symmetry CPT odd
term, and g is the coupling constant of interaction. Then
the collision term on the right-hand side of the Boltzmann
equation is corrected by the interaction (2). The general-
ized Boltzmann equation considered in this reference is
given by the quantum-mechanical evolution of the photon
density matrix. In fact, it is shown that the time derivative
of the polarization brightness associated with the Stokes
parameter V receives a source term such that the V mode
becomes nonzero.
Also in Ref. [10], Finellia and Galavernid have consid-

ered an axionlike cosmological pseudoscalar field acting as
dark matter coupled to the photons as

L ¼ �g�
4
�F��

~F��; (3)

where g� is the coupling constant between the axion field

� and the electromagnetic field strength F�� and ~F�� ¼
�����F��. Then it has been shown that such an interaction

between the pseudoscalar field and photons rotates the
plane of linear polarization and generates the circular
polarization for the cosmic microwave background. A
similar approach with the pseudoscalar photon mixing
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shows a CMB circular polarization up to the order of 10�7

[11].
In this work we address new possibilities and propose

new channels to produce the circular polarization for the
CMB in three different contexts. First, we consider the
QED part of an effective field theory for LV symmetry
[12–18], which is called the standard-model extension
[13]. In this case, we only investigate that Lorentz violation
terms of the standard-model extension that have not been
considered in [9]. Then we examine the noncommutative
QED (NCQED) with Seiberg-Witten expansion of fields
[19] as well as the presence of the primordial magnetic
field background in the last scattering surface [20]. For this
purpose we use the generalized Boltzmann equation for-
mulated in [9], to study the evolution of Stokes parameter
V under the influence of these new phenomena. This
equation shows that a nonzero background field can gen-
erate the circular polarization through either the interaction
of photon with the background itself or the corrections on
the Compton scattering of photon on the electron in the
presence of the background field. One should note that the
quantum corrections on the scattering cross section, for the
low energy particles, are usually negligible. Nevertheless,
the circular polarization of CMB itself as a small quantity
can be produced potentially via accumulation of these
small effects.

On the dimensional ground one can expect ��FC at the
lowest order depends on the appropriate combination of the
parameters of the model, which is dimensionless.
Therefore, for the magnetic field ��FC should be propor-
tional to eB=m2, that is, about 10�19 for the micro gauss
magnetic field. Meanwhile, in the NC space it should

depend on �m2	, which is of the order 10�17 for 1=
ffiffiffi
	

p
about 10 TeV. For the Lorentz violation case the Faraday
conversion phase should be linearly proportional to the
dimensionless LV parameters, which are less than the
present existing bound about 10�15. Therefore, at first sight
it seems that the effect of the magnetic field is at least two
order of magnitudes less than the other new interactions.
But as we will show soon this is not the case, and due to the
wavelength dependence of the solutions the background
magnetic field has its main contribution on the polarization
of the CMB. However, it should be also noted that the
resulting circular polarization modes are certainly small
due to the smallness of quantum effects. Meanwhile, the
probe of circular polarization of the CMB radiation
through the future subtle experiments, certainly give
more information about the new physics or the primordial
magnetic fields in the early Universe. The main condition
that is assumed everywhere in this paper is a cold plasma at
the last scattering surface at a redshift of about 1100 or an
age of about 180 000ð�0h

2Þ�1=2 yrs and a temperature of
the order of OðeVÞ. The low temperature is always appli-
cable for the calculation of the Compton scattering
amplitude.

The paper is organized as follows: In Sec. II, we review
the Stokes parameters formalism and the generalized
Boltzmann equation. In Sec. III, the generation of circular
polarization due to the Lorentz violation is discussed. In
Sec. IV, the same calculation is done for the noncommu-
tativity. In Sec. V, we examine the generation of circular
polarization in the presence of a background magnetic
field. Finally, in the last section we discuss the result.

II. STOKES PARAMETERS AND BOLTZMANN
EQUATION

The polarization of CMB is usually characterized by
means of the Stokes parameters of radiation: I, Q, U, and
V [3]. For a quasimonochromatic wave propagating in the z
direction, in which the electric and magnetic fields vibrate
on the x-y plane, the electric field E in a given point can be
written as

Ex ¼ axðtÞ cosð!0t� 
xÞ; Ey ¼ ayðtÞ cosð!0t� 
yÞ;
(4)

where the wave is nearly monochromatic with frequency
!0. Then the Stokes parameters are defined by time aver-
aging of the parameters of electric fields (4) as follows:

I � ha2xi þ ha2yi; (5)

Q � ha2xi � ha2yi; (6)

U � haxay cosð
x � 
yÞi; (7)

V � haxay sinð
x � 
yÞi: (8)

These parameters are physically interpreted as follows: I is
the total intensity of wave, Q measures the difference
between x and y polarization, the parameter U gives the
phase information for the two linear polarization, and V
determines the difference between positive and negative
circular polarization. The time evolution of these Stokes
parameters is given through the Boltzmann equation. We
now turn to the Boltzmann equation, which is vital to our
study. The CMB radiation is generally described by the
phase space distribution function f for each polarization
state. Boltzmann equation is a systematic mechanism in
order to describe the evolution of the distribution function
under gravity and collisions. The classical Boltzmann
equation generally is written as [21]

df

dt
¼ C½f�; (9)

where the left-hand side is known as the Liouville term and
deals with the effects of gravitational perturbations about
the homogeneous cosmology. An important point that must
be mentioned here is that we have disregarded the scalar
fluctuation of metric on the left-hand side of the Boltzmann
equation. The right-hand side of the Boltzmann equation
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contains all possible collision terms. For photons, the
Compton scattering with free electrons, �ðpÞ þ eðqÞ $
�ðp0Þ þ eðq0Þ, is more important and must be included on
the right-hand side. To compute the evolution of polariza-
tion we follow the approach of Refs. [3,9]. At first, the
distribution function f is generalized to the density matrix
�ij

� ¼ 1

2

I þQ U� iV
Uþ iV I �Q

� �

¼ 1

2
ðI1þQ�3 þU�1 þ V�2Þ; (10)

where 1 is the identity matrix and �i are the Pauli spin
matrices. The density matrix �ij is related to the number

operator D̂ijðkÞ ¼ âyi ðkÞâjðkÞ as

hD̂ijðkÞi ¼ ð2�Þ32k0
ð3Þð0Þ�ijðkÞ; (11)

and the time evolution of the number operator is given by

�
d

dt
D̂ij

�
ðtÞ ’ ih½Ĥ intðtÞ; D̂ij�i

�
Z t

0
dt0h½Ĥ intðt� t0Þ; ½Ĥ intðt0Þ; D̂ij��i:

(12)

Hence, in terms of �, the evolution equation leads to

ð2�Þ3
3ð0Þ2k0 d

dt
�ijð0;kÞ

¼ ih½Ĥ intð0Þ; D̂ijðkÞ�i
� 1

2

Z 1

�1
dt0h½Ĥ intðt0Þ; ½Ĥ intð0Þ; D̂ijðkÞ��i; (13)

where the first term on the right-hand side is referred to as
the refractive term and the second one as the damping term.
Note that in (13), all factors of 
3ð0Þ will be canceled from
the final expressions. Equation (13) can be viewed as a
quantum mechanical Boltzmann equation for the phase
space function �. In the case where the interaction term
is the convenient QED interaction, the time evolution of
the Stokes parameter V is always equal to zero, which
leads to the absence of circular degrees of freedom for
the CMB photons. In this paper during the next sections,
we will show that if one considers beyond the standard
model (SM) interaction terms, the time evolution of the V
receives a source term that is interpreted as a nonzero
circular polarization. If the Stokes parameter V is nonzero,
then it contributes on the new angular power spectrum
elements such as CVT

l , CVE
l , and CVV

l , where it may be

detectable in future CMB experiments.

III. GENERATIONOFCIRCULAR POLARIZATION
IN THE PRESENCE OF LORENTZ VIOLATION

TERMS

In the present section we consider a new class of Lorentz
invariance violation (LIV) terms as a generic class of
interaction between photons and an external field and
explore whether they can produce circular polarization
for the CMB photons or not. Although the source of these
asymmetry terms is unknown, physicists usually suppose
that they come from presumably short-distance physics,
which manifest themselves in the interactions of SM fields
[12–18]. The renormalizable sector of the general QED
extension for a single Dirac field c of massm and a photon
also has been studied by some authors for which the
Lagrangian L is written as

L ¼ LQED þLelectron
LIV þLphoton

LIV ; (14)

where

L QED ¼ i �c��D�c �m �c c � 1
4F��F

��; (15)

L electron
LIV ¼ i

2
c��

�c��D�c þ i

2
d��

�c�5�
�D�c ; (16)

L photon
LIV ¼ �1

4ðkFÞ����F
��F�� þ 1

2ðkAFÞ������A
�F��;

(17)

where D� is the covariant derivative. In the electron

sector, c�� and d�� are the dimensionless Hermitian co-

efficients with symmetric and antisymmetric space-time
components. For the photon sector, it will be useful to
decompose the coefficient kF into a tensor with 10 inde-
pendent components analogous to the Weyl tensor in gen-
eral relativity and one with nine components analogous to
the trace-free Ricci tensor with the following symmetries
of the Riemann tensor:

ðkFÞ���� ¼ �ðkFÞ���� ¼ �ðkFÞ���� ¼ ðkFÞ����

¼ ðkFÞ����: (18)

So it contains 19 independent real components. Various
experiments have bounded these coefficients both in fer-
mion and photon sectors. For instance, the only rotation-
invariant component of ðkFÞ���� is constrained to� 10�23

[12], and all other components of ðkFÞ����, which are

associated with violations of rotation invariance, can be
bounded of about � 10�27 [13]. The high-quality spectro-
polarimetery of distant galaxies at infrared, optical, and
ultraviolet frequencies, also constrains the coefficients kF
to less than 3� 10�32 [15]. In Refs. [16,17], another bound
has been estimated. For the couplings c�� and d�� in the

electron sector, one can find a variety of bounds such as
c�� � 10�15 and d�� � 10�14 in [18] and references

therein.
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The 1
2 ðkAFÞ������A

�F�� term in the photon sector, has

been studied in [9], and it was shown that the CMB photons
acquire small degree of circular polarization. In this section
we consider the three remaining terms in the LIV
Lagrangian. We study the contributions of each terms in
the Boltzmann equation and calculate the evolution of the
Stokes parameters. First, the photon sector term with kF
coupling and then the electron sector with c�� and d��

couplings are investigated.

A. The pure photon sector

In this section the Lorentz violation terms (17) are
investigated. These terms do not modify the Compton
scattering but the dynamics of the CMB photons can

be influenced. Here, we consider Ĥ int ¼ � 1
4 �

ðkFÞ����F
��F�� on the right-hand side of the generalized

Boltzmann Eq. (13). Using the canonical commutation
relations of the creation and annihilation operators and
their expectation values given in [3], Eqs. (4.11a)–
(4.11e), one can calculate the refractive term as

h½Ĥ intðtÞ; D̂ijðkÞ�i ¼ �1
2ðkFÞ����ð2�Þ3
ð3Þð0Þ

� ðk�k���s0��s�Þ½
si�s0jðkÞ
� 
js0�isðkÞ�; (19)

where �s�ðkÞ are the photon polarization 4-vectors with

s ¼ 1, 2. Now using the symmetry properties of k
����
F

summarized in Eq. (18), one can write _�ij as

d

dt
�ijðkÞ ¼ � 4

k0
ðkFÞ����ðk�k��s0���s�Þ½
s0i�sjðkÞ

� 
js0�isðkÞ�: (20)

The photon density matrix can be expanded about a uni-

form unpolarized distribution �ð0Þ as follows:

�ij ¼ �ð0Þ
ij þ �ð1Þ

ij ; (21)

where �ð0Þ
11 ¼ �ð0Þ

22 and �ð0Þ
12 ¼ �ð0Þ

21 ¼ 0. Therefore the com-

ponents of the time derivative of the density matrix are
given by

_� ð1Þ
11 ðkÞ ¼ � 4

k0
ðkFÞ����k�k�½�1���2��ð1Þ

21 � �2��
�
1��

ð1Þ
12 �;
(22)

_� ð1Þ
22 ðkÞ ¼ � 4

k0
ðkFÞ����k�k�½�2���1��ð1Þ

12 � �1��
�
2��

ð1Þ
21 �;
(23)

_�ð1Þ
12 ðkÞ ¼ � 4

k0
ðkFÞ����k�k�½�1���1��ð1Þ

12 þ �1��
�
2��

ð1Þ
22

� �1��
�
2��

ð1Þ
11 � �2��

�
2��

ð1Þ
12 �; (24)

_�ð1Þ
21 ðkÞ ¼ � 4

k0
ðkFÞ����k�k�½�2���1��ð1Þ

11 þ �2��
�
2��

ð1Þ
21

� �1��
�
1��

ð1Þ
21 � �2��

�
1��

ð1Þ
22 �: (25)

Note that the polarization vectors �s�ðqÞ are real. Hence,
the evaluation of the Stokes parameters are given as

_I ð1Þ ¼ 0; (26)

_Q ð1Þ ¼ � 16

k0
ðkFÞ����k�k�ð�1���2� � �2��

�
1�ÞVð1Þ; (27)

_U ð1Þ ¼ � 4

k0
ðkFÞ����k�k�ð�2���1� � �1��

�
2�ÞQð1Þ; (28)

_V ð1Þ ¼ � 4

k0
ðkFÞ����k�k�fð�1���1� � �2��

�
2�ÞUð1Þ

� ð�1���2� þ �2��
�
1�ÞQð1Þg: (29)

Therefore, in the first order of Lorentz violation parame-
ter kF, _V is nonzero. This shows that although the usual
Compton scattering of CMB photons cannot generate cir-
cular polarization, the interaction of photon with a non-
trivial LIV background clearly produces a nonzero circular
polarization. To have an estimate of the Faraday phase
conversion we rewrite (29) as follows:

_V ð1Þ ¼ �4k0ðkFÞ����fLU
����U

ð1Þ � LQ
����Q

ð1Þg; (30)

where LU
���� ¼ k�

k0
k�
k0
ð�1���1� � �2��

�
2�Þ and a correspond-

ing relation for LQ
����. Now for 
0 ¼ 1 cm, z ¼ 1000 and

for 1 kpc one has

��FC � 4� 1020kF; (31)

or to have a phase of order one we should have kF � 10�20.

B. The electron sector

1. c�� term

We now turn to the LIV terms in the electron sector (16).
Calculating the refractive term on the right-hand side of the
generalized Boltzmann Eq. (13), leads to _V ¼ 0 for inter-
action (16). Therefore, We move on to the damping term.
This term gives corrections to the Compton scattering of
the CMB photons and electrons. These corrections modify
the right-hand side of the Eq. (13) and then may influence
the evolution of the Stokes parameter V. In this section we
investigate whether these corrections lead to a circular
polarization mode or not. First, the gauge field A� is

expanded in terms of annihilation and creation operators
a and ay and the fermion fields c and �c are expended in
terms of b and by. Then the interaction Hamiltonian can be
written in the momentum space as
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Ĥ intðtÞ ¼
Z

dqdq0dpdp0ð2�Þ3
ð3Þðq0 þ p0 � q� pÞ
� expðitðq00 þ p00 � qo � p0ÞÞby

r0 ðq0Þ
� ay

s0 ðp0ÞðM1 þM2ÞasðpÞbrðqÞ; (32)

where q and q0 are the momenta of electrons and p and p0
are the momenta of photons. Also we have used the follow-
ing shorthand notations

dq ¼ d3q

ð2�Þ3
m

q0
; dp ¼ d3p

ð2�Þ32p0
: (33)

The M1 and M2 are the amplitude for the Compton
scattering process up to the first order of LIV parameters
c�� and d��. Consequently, the commutator in the damp-
ing term, finds the following form:

½Ĥ intðtÞ; D̂ijðkÞ� ¼
Z

dqdq0dpdp0ð2�Þ3
ð3Þ

� ðq0 þ p0 � q� pÞðM1 þM2Þ
� ½byr0 ðq0ÞbrðqÞays0 ðp0ÞasðpÞ2p0ð2�Þ3
� 
is


3ðp� kÞ � by
r0 ðq0ÞbrðqÞays0 ðp0Þ

� asðpÞ2p00ð2�Þ3
js0

3ðp0 � kÞ�:

(34)

In Appendix A we detail the calculation of (34) and its
expectation value. Quoting the results of Appendix A, and

expanding the density matrix as �ij ¼ �ð0Þ
ij þ �ð1Þ

ij , the

evolution of Stokes parameters is derived as

_I ð1Þ ¼ 0; (35)

_Qð1Þ ¼ e2

2mk0

Z
dqneðqÞ

�
2c��

q:k
fq:k�1��2� � k�q:�

2�1�

� q:k�1��
2
� þ k�q:�

1�2� þ q�ðq:�1�2� þ q:�2�1�Þg
þ 4c��

ðq:kÞ2 ðq�q� þ k�k�Þðq:�1q:�2Þ
�
Vð1Þ; (36)

_Uð1Þ ¼ e2

2k0m

Z
dqneðqÞ

�
2c��

q:k
fq:kð�1��1� � �2��

2
�Þ

� k�q:�
1�1� þ k�q:�

2�2� þ 2q�ðq:�1�1� � q:�2�2�Þg
þ 2c��

ðq:kÞ2 ðq�q� þ k�k�Þðq:�1q:�1 � q:�2q:�2Þ
�
Vð1Þ;

(37)

and

_Vð1Þ ¼ ie2

2k0m

Z
dqneðqÞ

��
2c��

q:k
fðq:kð�1��2� þ �2��

1
�Þ � k�q:�

2�1� þ k�q:�
1�2� þ q�ðq:�1�2� þ q:�2�1�Þg

þ c��

ðq:kÞ2 ðq�q� þ k�k�Þðq:�1q:�2Þ
��
�Qð1Þ

�
þ
�
c��

q:k
fq:kð�1��1� � �2��

2
�Þ � k�q:�

1�1� þ k�q:�
2�2�

þ q�ðq:�1�1� � q:�2�2�Þg � 2c��

ðq:kÞ2 ðq�q� þ k�k�Þðq:�1q:�1 � q:�2q:�2Þ
�
Uð1Þ

	
(38)

An exact solution for the evolution of the Stokes parame-
ters involving the coupled evolution equation for all of the
species can only be accomplished through numerical in-
tegration. The time derivative of the Stokes parameter V
has a source term that indicates the appearance of circular
polarization for the CMB photons if they scatter from
electrons through the Compton process with an extra
Lorentz violation c�� term. Once again to have an estimate
of the value of circular polarization we can find the order of
magnitude of the Faraday phase conversion. For this pur-
pose we consider only the largest term and confine our-
selves to q0 ’ m � jqj, jkj. Therefore, one has

_Vð1Þ ¼ ie2m

2k30
�nec

��v�v�f�v:�1v:�2Qð1Þ

þ 2ðv:�2v:�2 � v:�1v:�1ÞUð1Þg (39)

where

Z d3q

ð2�Þ3 neðqÞ ¼ �ne;
Z d3q

ð2�Þ3 qineðqÞ ¼ mvi �ne;

(40)

and v ¼ ð1; vÞ. Thus, for 
0 ¼ 1 cm, z ¼ 1000 and for
length scale about 1 kpc and the number density of elec-
trons about 0.1 per cm3, one has

��FC � 1� 1020jc��j; (41)

or to have a phase of order one we should have jc��j �
10�20. One should note that if we take the intergalactic
electron number density of about 10�8 per cm3, then for a
length scale about few Gpc the result only changes an order
of magnitude.

2. d�� term

We now ignore the c�� and move to the d�� term of the
Lagrangian (16),
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L ¼ i

2
�c��D�c �m �c c þ i

2
d�� �c�5��D�c : (42)

Similar to the c�� case, one can evaluate the Compton
amplitudes M1 and M2 and then the interaction
Hamiltonian in order to find the damping term. The com-
putations are detailed in Appendix B. Using that results,
the evolution of Stokes parameter V is given by

_V ð1Þ ¼ 0: (43)

Hence, the d�� correction to the electron sector does not

generate any circular component for the polarization of
CMB. Although considering the higher order corrections
of d�� may result in a nonzero source term for the V.

IV. CIRCULAR POLARIZATION DUE TO
NONCOMMUTATIVITY

In this section we consider the noncommutative correc-
tions to the QED interaction term. There are two funda-
mentally different approaches in which one can find a
closure form for the Lie algebra of a noncommutative
gauge theory [22–31]. In the approach proposed by
Chaichian et al. [22], the group closure property is given
only for U(N) gauge theories with matter content in the
fundamental or adjoint representations. This kind of model
building has been criticized because it leads to some con-
clusions for the SM, which are not consistent with the our
knowledge of particle physics. Wess and his collaboration
have developed another approach to construct a consistent
noncommutative gauge theory [23]. In this approach, the
Lie algebra is extended to an enveloping algebra. The
mapping between the noncommutative gauge theory and
the effective theory on the usual commutative space-time is
obtained by requiring that the theory be invariant under
both noncommutative and the usual commutative gauge
transformations. These requirements are given through the
solutions of some differential equations known as the
Seiberg-Witten map (SWM) [23] appeared originally in
the context of string theory. The basic property of the
SWM method is that the new interactions are added but
no additional particles are introduced. Also in this ap-
proach both the gauge field A� and the gauge transforma-
tion parameter � are expanded in terms of
noncommutative parameter

Â � ¼ A� þ 1
4	

��f@�A� þ F��; A�g þOð	2Þ;
�̂ ¼ �þ 1

4	
��f@��; A�g þOð	2Þ:

(44)

The advantage is that this construction can be applied to
any gauge theory with arbitrary matter representation. The
SWM formulation of the noncommutative standard model
thus uses the standard model gauge group. Following [23],
the noncommutative generalization of QED sector is de-
fined by the action

S ¼
Z

d4x

�
�̂c ? ið��D� ? ĉ Þ �m �̂c ? ĉ

� 1

2
TrF̂��F̂

��

�
; (45)

where

F̂�� ¼ F�� þ 1
2	

��fF��; F��g
� 1

4	
��fA�; ð@� þD�ÞF��g þOð	2Þ; (46)

and

ĉ ¼ c þ 1
2e	

��A�@�c þOð	2Þ: (47)

The Feynman rules for the fermion-photon-fermion vertex
is modified as what given in Fig. 1. The noncommutative
parameter 	 in SWM approach has been bounded through
different experiments. Using the experiment data, the best
bounds are of the orders of 1–10 TeV [32].
Now we turn to the Boltzmann equation and perform the

damping term. Using the new vertex, the amplitude of the
Compton scattering on a noncommutative background is
modified and gives corrections. Details of the calculation
of the evolution of density matrix elements are presented in
Appendix C. Quoting the results (C5) and (C6) and similar
to the previous section, the evolution of the Stokes parame-
ter V is given as

_Vð1Þ ¼ ið _�12 � _�21Þ

¼ ie2

2k0m

Z
dqneðqÞð2ðq	�1q 	 �1 þ q	�2q 	 �2Þ

� ð�12 � �21Þ � 2ðq	�2q 	 �1 þ q	�1q 	 �2Þ�11

þ 2ðq	�2q 	 �1 þ q	�1q 	 �2Þ�22Þ; (48)

where it can be more simplified as follows:

_V ð1Þ ¼ ie2

k0m

Z
dqneðqÞðq	�2q 	 �1 þ q	�1q 	 �2ÞQð1Þ:

(49)

Hence, similar to the Lorentz symmetry violating inter-
action terms discussed in the previous section, the non-
commutative quantum electrodynamics based on the SWM
map, also can generate the circular polarization for the
CMB radiation in the first order of noncommutative pa-
rameter 	. Now (49) can be cast into

FIG. 1. The fermion-photon-fermion vertex of the noncommu-
tative QED: ieQff�� � i

2 ½ðpout	pinÞ�� � ðpout	Þ�ðp6 in �mfÞ�
ðpin	Þ�ðp6 out �mfÞ�g.
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_V ð1Þ ¼ ie2 �nem

�2
NCk0

ðv:	̂:�2v 	 �1 þ v:	̂:�1v 	 �2ÞQð1Þ; (50)

where �NC is the value of the noncommutativity parame-

ter, and 	̂ is the unit vector that shows the noncommuta-
tivity direction and is a constant. Therefore, the Faraday
phase conversion for �NC � 1–10 TeV will be around
10�7–10�9 radians for 
0 ¼ 1 cm, z ¼ 1000 and for
length scale of about 1 kpc.

V. CIRCULAR POLARIZATION AND MAGNETIC
FIELD

When photons impinge electrons in the presence of a
magnetic field, the circular polarization is generated natu-
rally, which leads to a nonvanishing Stokes parameter V,
whose magnitude depends upon the intensity of the radia-
tion field [4,5]. For instance, If the magnetic field is con-
sidered of the order of B� nG, the angular power spectra
for small values of l are derived as Oð10�7Þð�KÞ2 and
Oð10�15Þð�KÞ2 for the VT and VV components, respec-
tively, [4,5]. In these references, the electron-photon scat-
tering is computed by classical considerations. Here, we
want to investigate a similar phenomenon by considering
the Compton scattering of electrons and photons. A physi-
cal situation is considered when prior to recombination a
cold plasma of electrons is supplemented by a weak mag-
netic field whose typical inhomogeneity scale is at least
comparable to the Hubble radius H�1 at the corresponding
epoch. In the epoch of recombination, the magnetic field is
estimated to be about 10�3 �G to 10�1 �G [33]. This
value of magnetic field is very weak compared to the
critical value Bc ¼ m2

e=e ¼ 4:414� 1013 G. For this rea-
son during our strategy, the effect of magnetic field on the
electron wave functions is ignored and only the electron
propagators are corrected. The propagator of a Dirac par-
ticle in an external constant electromagnetic field back-
ground is well known from Schwinger work [34]

Sðx; yÞ ¼ �ðx; yÞ
Z d4p

ð2�Þ4 e
�ip:ðx�yÞ ~SðpÞ; (51)

where the phase factor �ðx; yÞ is defined by

�ðx; yÞ ¼ exp

�
� ie

2
x�B��y

�

�
; (52)

in which B� ¼ � 1
2B��x

� and B�� represents the strength

background magnetic field tensor. The other part of

Schwinger propagator, ~SðpÞ, can be expanded up to the
linear background field as

~SðpÞ ¼ S0ðpÞ þ SBðpÞ þOðB2Þ; (53)

for which S0 is the usual electron propagator and SB is the
linear modified part of the Schwinger propagator given by
[35]

SBðpÞ ¼ � 1

2
eB��

��ðp6 �mÞ��

ðp2 �m2Þ2 : (54)

Therefore, invoking the above considerations, the
Compton scattering matrix element in the presence of
background magnetic field is given by

M ¼ M1 þM2; (55)

where

M1 ¼ �ur0 ðq0Þ
Z

d4xd4x0eix0:q0 ð�ie�6 s0 ðp0Þeix0:p0 ÞSðx0; xÞ
� ð�ie�6 sðpÞe�ix:pÞe�ix:qurðqÞ; (56)

and

M2 ¼ �ur0 ðq0Þ
Z

d4xd4x0eix0:q0 ð�ie�6 sðpÞe�ix0:pÞSðx0; xÞ
� ð�ie�6 s0 ðp0Þeix:p0 Þe�ix:qurðqÞ; (57)

where urðqÞ and �ur0 ðq0Þ, respectively, are the wave func-
tions for the incoming electron with spin index r and
outgoing electron with spin index r0. Also ��s ðpÞ and
��
s0 ðp0Þ are polarization vectors for incoming and outgoing

photons chosen to be real and with indexes s, s0 ¼ 1, 2
labeling the physical transverse polarizations of photon.
Using the linear expanded Schwinger propagator (53) and
by expanding the �ðx; yÞ factor up to order B, for the
amplitude (56) one can write

M1 ¼ �ur0 ðq0Þ
Z

d4xd4x0
d4k

ð2�Þ4 e
ix0:ðq0þp0�kÞe�ix:ðqþp�kÞ

� ð�ie�6 s0 ðp0ÞÞ
�
S0ðkÞ þ SBðkÞ � ie

2
x0�B��x

�S0ðkÞ
�

� ð�ie�6 sðpÞÞurðqÞ: (58)

Integrating over the first two terms of (58) gives

ð2�Þ4
4ðq0 þ p0 � q� pÞ �ur0 ðq0Þð�ie�6 s0 ðp0ÞÞðS0ðqþ pÞ
þ SBðqþ pÞÞð�ie�6 sðpÞÞurðqÞ: (59)

The remaining ie
2 x

0�B��x
�S0ðkÞ term explicitly violates

the four-momentum conservation. One can assume that
during the interaction time a small momentum 
q� is

transferred from background into the internal electron of
the associated Feynman diagram so that the momentum
conservation will be preserved and takes the following
form:

q0� þ p0
� ¼ q� þ p� þ 
q�: (60)

Substituting the condition (60) into the last term of (58)
and expanding the exponential factor yields

ie

2
B��

Z
d4xd4x0eiðx0�xÞ:ðqþp�kÞx0�x�ð1þ ix0:
qÞ: (61)

In the above expression, the term that is independent of 
q
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vanishes because of the antisymmetric properties of B��

with respect to� and�, while the term that is dependent on

q remains. From classical electrodynamics we know that
the four-momentum of electron that propagates between
two space-time points, changes similar to the Lorentz force
�p� ¼ �eB���x

�. Then the magnitude of 
q� can be

approximated to be of the order of external background
field 
q� eB. Therefore, this term becomes of the order of
OðB2Þ and hence can be ignored in the scattering amplitude
M1. With a similar procedure, the amplitude M2 is given
by

M2 ¼ ð2�Þ4
4ðq0 þ p0 � q� pÞ �ur0 ðq0Þð�ie�6 sðpÞÞ
� ðS0ðq� p0Þ þ SBðq� p0ÞÞð�ie�6 s0 ðp0ÞÞurðqÞ:

(62)

The B-independent terms of M1 and M2 give the usual
Compton scattering. The correction up to the linear back-
ground field is represented as MB and is written as

MB ¼ M1B þM2B

¼ ð2�Þ4
4ðq0 þ p0 � q� pÞ �uðq0Þ½ð�ie�6 s0 ðp0ÞÞ
� SBðqþ pÞð�ie�6 sðpÞÞ þ ð�ie�6 sðpÞÞ
� SBðq� p0Þð�ie�6 s0 ðp0ÞÞ�urðqÞ: (63)

Using these amplitudes, the damping term on the right-
hand side of the Boltzmann equation can be computed.
Computing the damping term is detailed in Appendix D.
By using these results the density matrix element and then
the evolution of the Stokes parameter V up to order of e4 is
derived as

_Vð1Þ ¼ ið _�12 � _�21Þ

¼ �e4

4m2k

Z
dqdp
ðk� pÞ

�
1

q:k
� 1

q:p

�

�
�

1

ðq:kÞ2 �
1

ðq:pÞ2
�
ð~q:�1ðkÞq:�2ðkÞ

� ~q:�2ðkÞq:�1ðkÞÞneðqÞ½ððq:�1ðpÞÞ2
þ ðq:�2ðpÞÞ2ÞðIð1ÞðkÞ � Ið1ÞðpÞÞ � ðq:�1ðpÞq:�1ðpÞ
� q:�2ðpÞq:�2ðpÞÞQð1ÞðpÞ
� 2q:�1ðpÞq:�2ðpÞUð1ÞðpÞ� þOðk; pÞ; (64)

where ~q� ¼ �eB��q
�. Hence, similar to the LIV interac-

tion terms and the noncommutativity, corrections due to
the external magnetic field can generate the circular polar-
ization for the CMB radiation as well. In fact, it is not
necessary for a prior linear polarization to have a nonzero
Stokes-V parameter that is in agreement with Refs. [4,5].
But it should be noted that in [4,5] the scattering matrix is
classically obtained in the electron-ion magnetized plasma,
while in our model the Compton scattering is calculated by
considering the correction on the electron propagator in an

external magnetic field. Here, one can easily see that the
circular polarization is linearly proportional to the back-
ground magnetic field. Meanwhile, if we integrate (64)
over the momentum p and use the approximation q0 ’
m � jqj, jkj, then one can see that the correction will be
proportional to 
3 as follows:

_V ð1Þ ¼ e4m
3

8�

Z d�

4�
�neðv:ðk̂� p̂ÞÞ2

�
�
eB

m2

�
F

�
v; p̂; �1; �2; I; U;Q;

B��

B

�
; (65)

where F can be easily defined by comparing (64) and (65).
Once again one can estimate the Faraday phase conversion
for z ¼ 1000 as

��FC � 1 rad

�
B

10 �G

��

0

1 cm

��
�ne

0:1 cm3

��
L

1 kpc

�
: (66)

VI. DISCUSSION AND CONCLUSION

In this work we have considered the evolution of the
Stokes parameters in the context of a general extension of
quantum electrodynamics allowing for Lorentz violation
(LVQED), NCQED and in the presence of the background
magnetic field. In fact, all nonzero backgrounds can poten-
tially produce the circular polarization for the CMB radia-
tion. In the LVQED we have explored three cases, one case
in the photon sector and two cases in the electron sector. In
the former one, the induced circular polarization is pro-
vided through the interaction of photon with the back-
ground Lorentz violation field, Eq. (30), while in the
latter cases the corrections on the Compton scattering in
the LVQED cause the polarization, see Eqs. (39) and (43).
It is shown that the Stokes parameter V in both sectors are
linearly proportional to the dimensionless Lorentz parame-
ters kF and c, which is in contrast with the result of [9]
where the second term of Lagrangian (17) is considered as
the interaction term, and it is found that V depends quad-
ratically on the kAF that is too small with respect to our
result. We have also estimated the Faraday phase conver-
sion in the LV case to give an upper bound on the dimen-
sionless Lorentz parameters c and kF about 10�20, which is
comparable to the current bounds on these parameters. In
the NCQED we have found the nonzero parameter V
through a correction on the Compton scattering in the
NC space, which is linearly proportional with the parame-
ter of noncommutativity as given in (50). Our estimation
on the Faraday phase conversion is about 10�7–10�9 radi-
ans for �NC � 1–10 TeV, which is too small to be detect-
able. Finally, we have examined the Stokes parameter V for
the background magnetic field. In this case, the refractive
term is zero but the damping term has a nonzero V pa-
rameter that depends linearly on the magnetic field, see
Eq. (65). This result can be compared with the result of [6]
in which the circular polarization of CMB due to the
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Faraday conversion depends quadratically on the back-
ground magnetic field. Furthermore, in contrast with [6],
all the other Stokes parameters (I, Q and U) have some
contributions on the generation of the Stokes-V parameter
in the background magnetic field. In fact, it is not needed
for a prior linear polarization to have a nonzero Stokes-V
parameter that is in agreement with Refs. [4,5]. By com-
paring our results together we see a 
3 dependence for the
magnetic field and LV on one hand and 
 dependence for
noncommutativity on the other hand, which leads to differ-
ent spectrum for different wavelengths. Because the re-
quired sensitivity level to detect circular polarization of
CMB is beyond the current instrumental techniques, the
experimental bound on the V modes is rare. The bound
reported in [36], constrains it as V � 1 �K. However, the
post-Planck CMB polarization experiments are already
under study [37]. Then it is time to address the question
whether CMB is circularly polarized or not and what
physical information can be extracted from its measure-
ment. Also it seems that if a new experimental device can
be built with sufficient polarimetric sensitivity beyond the
�K range and with good control of systematic errors, the
resulting observations may have the potential to realize the
physics at energy scales far beyond the reach of the largest
feasible particle accelerators and provide a window to new
physics at these energy scales. Therefore, we encourage
experimenters to make experiments in order to measure the
circular polarization of cosmic microwave radiation.

APPENDIX A: THE CALCULATION OF DENSITY
MATRIX ELEMENTS WITH c�� COEFFICIENTS

In this appendix the scattering amplitudes M1 and M2

are calculated first as follows: For the Lagrangian (16) with
the c�� term, the equation of motion for the electron c is
found as

ði@6 �mþ ic����@�Þc ¼ 0 (A1)

for which the modified Dirac equation is written as

ðq6 �mþ c����q�ÞusðqÞ ¼ 0; (A2)

in which c ¼ usðqÞ expð�iq:xÞ. In the Weyl chiral repre-
sentation for the Dirac matrices, after some straightforward
calculations, one finds the following solution for the Dirac
Eq. (A2):

usðqÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q:�þ c��q���

p
�sffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

q: ��þ c��q� ���

p
�s

 !
; (A3)

where � ¼ ð1; ~�Þ and �� ¼ ð1;� ~�Þ. The electron propa-
gator can be also calculated straightforwardly with a cor-
rection in the denominator as

SðpÞ ¼ i

q6 �mþ c��q���

: (A4)

Since jc��j 
 1, the propagator can be expanded up to the
linear order of c�� as

SðqÞ ¼ S0ðqÞ þ S0ðqÞðic��q���ÞS0ðqÞ þ 	 	 	

¼ i

q6 �m
þ i

q6 �m
ðic��q���Þ i

q6 �m
þ 	 	 	 ; (A5)

where S0ðqÞ is the usual electron propagator. The usðqÞ
solutions can be also expanded in terms of c��,

usðqÞ ¼ u0ðqÞ þ uðqÞ þ 	 	 	 ; (A6)

where u0ðqÞ � us0ðqÞ is the free electron solution for the
usual Dirac equation in the absence of the c�� term and
uðqÞ � usðqÞ is the correction of the c�� order. The dots
show the higher order corrections. Consequently, the
Compton scattering amplitudeM is modified with correc-
tions given by

M ¼ M1 þM2

¼ �uðq0Þð�ieÞð�� þ c����Þ��s0� ðp0ÞSðqþ pÞð�ieÞ
� ð�� þ c����Þ�s�ðpÞuðqÞ þ �uðq0Þð�ieÞ
� ð�� þ c����Þ�s�ðpÞSðq� p0Þð�ieÞð�� þ c����Þ
� ��s0� ðp0ÞuðqÞ; (A7)

where �ðpÞ and �0ðp0Þ are transverse polarization vectors
for the external real photons. The scattering amplitudes up
to the order of c�� are simplified as follows:

M1 � �e2 �u0ðq0Þf����s0� ðp0ÞS0ðqþ pÞc�����
s
�

þ ����s0� ðp0ÞS0ðqþ pÞðic��q���Þ
� S0ðqþ pÞ���s�ðpÞc�����

�s0
� ðp0Þ

� S0ðqþ pÞ���s�ðpÞgu0ðqÞ
� e2 �uðq0Þ�����ðp0ÞS0ðqþ pÞ���s�uðqÞ; (A8)

and

M2 ��e2 �u0ðq0Þf���s�ðpÞS0ðq�p0Þc�����
�s0
� ðp0Þ

����s�ðp0ÞS0ðq�p0Þðic��q���Þ�S0ðq�p0Þ��

���s0� ðp0Þþ c�����
s
�ðpÞS0ðq�p0Þ����s0� ðp0Þgu0ðqÞ

� e2 �uðq0Þ���s�ðpÞS0ðq�p0Þ����s0� uðqÞ: (A9)

Substituting these amplitudes in the Eq. (34) and using the
expectation values computed in [3] and using the photon
polarization vector properties �iðkÞ 	 k ¼ 0 and �i 	 �j ¼

ij, it follows that
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h½Ĥ intðtÞ; D̂ijðkÞ�i ¼ e2ð2�Þ3
3ð0Þ
Z

dqneðqÞ½
si�s0jðkÞ � 
s0j�siðkÞ�
��

1

2k:q

��
c���s�ðkÞðq:k�s0� ðkÞ � q:��s0k�Þ

þ c����s0� ðkÞðq:k�s�ðkÞ � q:�sk�Þ þ c��q�ðq:�s��s0� þ q:��s0�s�Þ
	

þ 2c��

ðq:kÞ2 ðq�q� þ k�k�Þðq:�sq:��s0 Þ
�
; (A10)

where the quantity neðqÞ is the number density of electrons of momentum q per unit volume. It is now straightforward to
calculate the time derivative of the density matrix, which results in

_�11ðkÞ ¼ e2

2mk0

Z
dqneðqÞ

�
c��

q:k
½fðq:k�1��2� � k�q:�

2�1�Þ þ ðq:k�1��2� � k�q:�
1�2�Þ þ q�ðq:�1�2� þ q:�2�1�Þg�21

� fðq:k�2��1� � k�q:�
1�2�Þ þ ðq:k�1��2� � k�q:�

2�1�Þ þ q�ðq:�2�1� þ q:�1�2�Þg�12�
þ 2c��

ðq:kÞ2 ½ðq�q� þ k�k�Þq:�1q:�2ð�21 � �12Þ�
�
; (A11)

_�22ðkÞ ¼ e2

2mk0

Z
dqneðqÞ

�
c��

q:k
½fðq:k�2��1� � k�q:�

1�2�Þ þ ðq:k�2��1� � k�q:�
2�1�Þ þ q�ðq:�2�1� þ q:�1�2�Þg�12

� fðq:k�1��2� � k�q:�
2�1�Þ þ ðq:k�2��1� � k�q:�

1�2�Þ þ q�ðq:�1�2� þ q:�2�1�Þg�21�
þ 2c��

ðq:kÞ2 fðq�q� þ k�k�Þq:�1q:�2ð�12 � �21Þg
�
; (A12)

_�12ðkÞ ¼ e2

2mk0

Z
dqne

�
ðqÞ c

��

q:k
½fðq:k�1��2� � k�q:�

2�1�Þ þ ðq:k�1��2� � k�q:�
1�2�Þ þ q�ðq:�1�2� þ q:�2�1�Þg

� ð�22 � �11Þ þ fq:kð�1��1� � �2��
2
�Þ � k�q:�

1�1� þ k�q:�
2�2� � �2��

2
�Þ � ðk�q:�1�1� � k�q:�

2�2�Þ
þ 2q�ðq:�1�1� � q:�2�2�Þg�12� þ 2c��

ðq:kÞ2 fðq�q� þ k�k�Þ½q:�1q:�2ð�22 � �11Þ þ ððq:�1Þ2 � ðq:�2Þ2Þ�12�g
�
;

(A13)

and

_�21ðkÞ ¼ e2

2mk0

Z
dqne

�
ðqÞ c

��

q:k
½fðq:k�2��1� � k�q:�

1�2�Þ þ ðq:k�2��1� � k�q:�
2�1�Þ þ q�ðq:�2�1� þ q:�1�2�Þgð�11 � �22Þ

þ f2q:kð�2��2� � �1��
1
�Þ � 2ðk�q:�2�2� � k�q:�

1�1�Þ þ 2q�ðq:�2�2� � q:�1�1�Þg�21�
þ 2c��

ðq:kÞ2 ðq�q� þ k�k�Þ½q:�1q:�2ð�11 � �22Þ þ ððq:�2Þ2 � ðq:�2Þ2Þ�21�
�
: (A14)

APPENDIX B: THE CALCULATION OF DENSITY
MATRIX ELEMENTS WITH d�� COEFFICIENTS

In this appendix we compute the density matrix ele-
ments with interaction given by (42). The equation of
motion for the Lagrangian (42) is calculated as

usðqÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q:�þ ðd��q���Þ

q
�sffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

q: ��� ðd��q� ���Þ
q

�s

0
B@

1
CA; (B1)

and the propagator changes as

SðqÞ ¼ i

p6 �mþ d��p��
5��

: (B2)

Similar to the c�� case, one can write the following ex-

pansion for the propagator up to the order Oðd��Þ:
SðqÞ ¼ S0ðqÞ þ S0ðpÞðid��q��5��ÞS0ðqÞ

� i

q6 �m
þ i

q6 �m
ðid��q��5��Þ i

q6 �m
: (B3)

Then the Compton scattering matrix elementsM1 andM2

in this theory are calculated as

M ¼ M1 þM2

¼ �uðq0Þð�ieÞð�� þ d���5��Þ��s0� ðk0ÞSðqþ pÞ
� ð�ieÞð�� þ d���5��Þ�s�ðpÞuðqÞ þ �uðq0Þ
� ð�ieÞð�� þ d���5��Þ�s�ðkÞSðq� p0Þð�ieÞ
� ð�� þ d���5��Þ��s0� ðpk0ÞuðqÞ; (B4)
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where

M 1 � ð�e2Þ �u0ðq0Þf����s0� ðp0ÞS0ðqþ pÞðd���5��Þ�s� þ ����s0� ðk0ÞS0ðqþ pÞðid��q��5��ÞS0ðqþ pÞ���s�ðpÞ
þ d���5���

�s0
� ðp0ÞS0ðqþ pÞ���s�ðpÞgu0ðqÞ � e2 �uðq0Þ�����ðp0ÞS0ðqþ pÞ���s�uðqÞ; (B5)

and

M2 � ð�e2Þ �u0ðq0Þf���s�ðpÞS0ðq� p0Þðd���5��Þ��s0� ðp0Þ þ ���s�ðp0ÞS0ðq� p0Þðid��q��5��ÞS0ðq� p0Þ����s0� ðp0Þ
þ d���5���

s
�ðpÞS0ðq� p0Þ����s0� ðp0Þgu0ðqÞ þ ð�e2Þ �uðq0Þ���s�ðpÞS0ðq� p0Þ����s0� uðqÞ: (B6)

Substituting these amplitudes in Eq. (34), and using the expectation values calculated in [3], leads to

h½Ĥ intðtÞ;D̂ijðkÞ�i ¼ e2

2m
ð2�Þ3
3ð0Þ

Z
dqneðqÞ½
is�s0jðkÞ �
js0�isðkÞ�

�
d��

ðk:qÞ2 ð�
�s0
� �s� � ��s0� �s�Þ½ð�2q�k�ðq�q� þ k�k�Þ

� 2q�q�ðq�k� þ k�q�ÞÞ����� þ ðk2q�k� � 2m2q�k� þ 2ðq:kÞq�q�Þ����
��

þ 2d��

q:k
��

���½��s0� q�ðq��s� � q��
s
�Þ � �s�q�ðq���s0� � q��

�s0
� Þ� � 4id��

q:k
�����q�q��

�s0
� �s�

	
; (B7)

where ����� is the Levi-Civita symbol appearing through the tracing process when �5 is present. Similar to the c�� case,

the time evolution of�12 and �21 are obtained as

_�12ðkÞ ¼ e2

2mk0

Z
dqneðqÞ

�
�12

�
4id��

q:k
�����q�q�ð�1��1� � �2��

2
�Þ
�
þ ð�22 � �11Þ

�
d��

ðq:kÞ2 ð�
2
��

1
� � �2��

1
�Þ

� ½ð�2q�k�ðq�q� þ k�k�Þ � 2q�q�ðq�k� þ k�q�ÞÞ����� þ ðk2q�k� � 2m2q�k� þ 2ðq:kÞq�q�Þ����
��

þ 2d��

q:k
�����½q�q�ð�2��1� � �1��

2
�Þ þ q�q�ð�1��2� � �2��

1
�Þ þ 2iq�q��

2
��

1
��
�	
; (B8)

and

_�21ðkÞ ¼ e2

2mk0

Z
dqneðqÞq0

�
��21

�
4id��

q:k
�����q�q�ð�1��1� � �2��

2
�Þ
�
þ ð�11 � �22Þ

�
d��

ðq:kÞ2 ð�
1
��

2
� � �1��

2
�Þ

� ½ð�2q�k�ðq�q� þ k�k�Þ � 2q�q�ðq�k� þ k�q�ÞÞ����� þ ðk2q�k� � 2m2q�k� þ 2ðq:kÞq�q�Þ������
þ 2d��

q:k
�����½q�q�ð�1��2� � �2��

1
�Þ þ q�q�ð�2��1� � �1��

2
�Þ þ 2iq�q��

1
��

2
��
�	
: (B9)

APPENDIX C: THE CALCULATION OF DENSITY MATRIX ELEMENTS FOR THE NONCOMMUTATIVE
THEORY

The density matrix elements for the noncommutative theory are calculated in this appendix. In the Boltzmann Eq. (13),

the commutator ½Ĥ intð0Þ;D0
ij� has the form

½Ĥ intð0Þ;DijðkÞ� ¼
Z

dqdq0dpdp0ð2�Þ3
3ðq0 þ p0 � q� pÞðM	
1 þM	

2 þM	
3 þM	

4Þ
� ½by

r0 ðq0Þbrðq1Þays0 ðp0ÞajðkÞ2p00ð2�Þ3
is

3ðp� kÞ

� by
r0 ðq0ÞbrðqÞayi ðkÞasðpÞ2p00ð2�Þ3
js0


3ðp0 � kÞ�; (C1)

where M	
i are the noncommutative parameter dependent parts of the amplitudes of the diagrams shown in Fig. 2. In this

figure the box shows vertex in the noncommutative space. These amplitudes can be calculated straightforwardly as
follows:
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M	 ¼ M	
1 þM	

2 þM	
3 þM	

4

¼ �ie2

8p 	 q �ur0 ðq0Þ½ð�6 s0 ðp0Þq0	ðqþ pÞ þ q0	�s0 ðp0Þp6 0Þðq6 þ p6 þmÞ�6 sðpÞ þ �6 s0 ðp0Þðq6 þ p6 þmÞð�6 sðpÞðqþ pÞ	q

þ q	�sðpÞp6 Þ�urðqÞ þ ie2

8p0 	 q �ur0 ðq0Þ½ð�6 sðpÞq0	ðq� p0Þ � q0	�sðpÞp6 Þðq6 � p6 0 þmÞ�6 s0 ðp0Þ þ �6 sðpÞðq6 � p6 0 þmÞ
� ð�6 s0 ðp0Þðq� p0Þ	q� q	�s0 ðp0Þp6 Þ�urðqÞ; (C2)

where p	q � p�	
��q�. Therefore, one finds

ih½Ĥ intð0Þ;DijðkÞ�i ¼ e2

8m

3ð0Þ

Z
dqð2�Þ3 neðqÞ

k 	 q
� ð
is0�s0jðkÞ � 
js0�isðkÞÞ
� �ur0 ðqÞ½q	�s0 ðkÞðk6 0q6 �6 sðkÞ
þ �6 sðkÞq6 k6 Þ þ q	�sðkÞð�6 s0 ðkÞq6 k6
þ k6 q6 �6 s0 ðkÞÞ�urðqÞ; (C3)

After some calculations the time evolution of the density
�ij generally is given by

2k0
d

dt
�ijðkÞ ¼ e2

16m

Z
dq

neðqÞ
k 	 q ð
is�s0jðkÞ � 
js0�isðkÞÞ

� ðq	�s0 ðkÞð16k 	 qq 	 �sÞ
þ q	�sðkÞð16k 	 qq 	 �s0 ÞÞ; (C4)

where for the special cases _�12 and _�21 one obtains

_�12ðkÞ ¼ e2

2mk0

Z
dqneðqÞð2ðq	�1q 	 �1

þ q	�2q 	 �2Þ�12 � ðq	�2q 	 �1 þ q	�1q 	 �2Þ�11

þ ðq	�2q 	 �1 þ q	�1q 	 �2Þ�22Þ; (C5)

and

_�21ðkÞ ¼ � e2

2mk0

Z
dqneðqÞð2ðq	�1q 	 �1

þ q	�2q 	 �2Þ�21 � ðq	�2q 	 �1 þ q	�1q 	 �2Þ�11

þ ðq	�2q 	 �1 þ q	�1q 	 �2Þ�22Þ; (C6)

APPENDIX D: THE CALCULATION OF DENSITY
MATRIX ELEMENTS FORTHEMAGNETIC FIELD

BACKGROUND

In this appendix we calculate the density matrix ele-
ments in the presence of a background magnetic field.
Vanishing of the refractive term on the right-hand side of
(13) forces us to go to the next order and calculate the
damping term of the Boltzmann Eq. (13). As has been
clarified in [3], using the expectation values of the creation
and annihilation operators calculated in this reference, the
damping term can be written in terms of amplitudes in the
following form:

1

2

Z 1

�1
dt0h½Ĥ intðt0Þ; ½Ĥ intð0Þ;DijðkÞ��i ¼ 1

4
ð2�Þ3
3ð0Þ

Z
dqdpdq0Mðq0r0; ps01; qr; ks1ÞMðqr; ks02; q0r0; ps2Þ

� ð2�Þ4
4ðq0 þ p� q� kÞ½neðqÞ
s2s
0
1
ð
is1�s0

2
jðkÞ þ 
js0

2
�is1ðkÞÞ

� 2neðq0Þ
is1
js0
2
�s0

1
s2ðpÞ�: (D1)

Up to the linear order of B��, the evaluation of the product of matrix elements yields

FIG. 2. Diagrams for noncommutative Compton scattering.
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Mðq0r0; ps01; qr; ks1Þ �Mðqr; ks02; q0r0; ps2Þ jB term ¼ � e4

4m2
ðtrfðq6 0 þmÞ½�6 s0

1
ðpÞS0ðqþ kÞ�6 s1ðkÞ þ �6 s1ðkÞS0ðq� pÞ�6 s0

1
ðpÞ�

� ðq6 þmÞ½�6 s0
2
ðkÞSBðq0 þ pÞ�6 s2ðpÞ þ �6 s2ðpÞSBðq0 � kÞ�6 s0

2
ðkÞ�g

þ trfðq6 0 þmÞ½�6 s0
1
ðpÞSBðqþ kÞ�6 s1ðkÞ þ �6 s1ðkÞSBðq� pÞ�6 s0

1
ðpÞ�

� ðq6 þmÞ½�6 s0
2
ðkÞS0ðq0 þ pÞ�6 s2ðpÞ þ �6 s2ðpÞS0ðq0 � kÞ�6 s0

2
ðkÞ�gÞ;

(D2)

where the B term shows the terms that are linear in terms of the background magnetic field. For relevant cosmological
situations one can consider the cold plasma of electrons and photons such that their kinetic energies are small compared to
the electron mass, i.e. p, k, and q 
 m. As mentioned in [3], if the electron and photon temperatures are comparable,
which means p, k 
 q, then various functions in (D1) can be expanded in terms of p=q and q=m. Hence, by computing the
traces in (D2), for the leading order, the matrix element is simplified as

Mðq0r0;ps01;qr;ks1Þ�Mðqr;ks02;q0r0;ps2Þ jB term ¼ ie4

2m2

�
1

q:k
� 1

q:p

��
1

ðq:kÞ2�
1

ðq:pÞ2
�
½~q:�s2ðpÞq:�s1ðkÞq:�s01ðpÞq:�s02ðkÞ

� ~q:�s02ðkÞq:�s2ðpÞq:�s1ðkÞq:�s01ðpÞþ ~q:�s1ðkÞq:�s01ðpÞq:�s2ðpÞq:�s02ðkÞ
� ~q:�s01ðpÞq:�s1ðkÞq:�s2ðpÞq:�s02ðkÞþOðk;pÞ�; (D3)

where ~q� ¼ �eB��q
�. Now by substituting (D3) in (D1) and integrating over the q0, gives functions such as neðqþ

ðk� pÞÞ and 
ðk� pþ EðqÞ � Eðqþ k� pÞÞ, where they can be expanded as follows:

neðqþ ðk� pÞÞ � neðqÞ
�
1� ðk� pÞ:ðq�mvÞ

mTe

� ðk� pÞ2
2mTe

þ 	 	 	
�
; (D4)

and


ðk� pþ EðqÞ � Eðqþ k� pÞÞ � 
ðk� pÞ þ ðk� pÞ:q
m

@
ðk� pÞ
@p

þ 	 	 	 : (D5)

Inserting the above equations into the (D1) leads to the density matrix �12 and �21.
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