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Gravitational self-force on a particle in eccentric orbit around a Schwarzschild black hole
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We present a numerical code for calculating the local gravitational self-force acting on a pointlike
particle in a generic (bound) geodesic orbit around a Schwarzschild black hole. The calculation is carried
out in the Lorenz gauge: For a given geodesic orbit, we decompose the Lorenz-gauge metric perturbation
equations (sourced by the delta-function particle) into tensorial harmonics, and solve for each harmonic
using numerical evolution in the time domain (in 1 + 1 dimensions). The physical self-force along the
orbit is then obtained via mode-sum regularization. The total self-force contains a dissipative piece as well
as a conservative piece, and we describe a simple method for disentangling these two pieces in a time-
domain framework. The dissipative component is responsible for the loss of orbital energy and angular
momentum through gravitational radiation; as a test of our code we demonstrate that the work done by the
dissipative component of the computed force is precisely balanced by the asymptotic fluxes of energy and
angular momentum, which we extract independently from the wave-zone numerical solutions. The
conservative piece of the self-force does not affect the time-averaged rate of energy and angular-
momentum loss, but it influences the evolution of the orbital phases; this piece is calculated here for
the first time in eccentric strong-field orbits. As a first concrete application of our code we recently
reported the value of the shift in the location and frequency of the innermost stable circular orbit due to the
conservative self-force [Phys. Rev. Lett. 102, 191101 (2009)]. Here we provide full details of this analysis,

and discuss future applications.
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I. INTRODUCTION

The prospects for detecting gravitational waves from the
inspiral of compact objects into massive black holes have
motivated, over the past decade, research in effort to under-
stand the general-relativistic orbital evolution in such sys-
tems. The underlying elementary theoretical problem is
that of a pointlike mass particle in a strong-field orbit
around a Kerr black hole of a much larger mass. The
dynamics of such systems can be described in a perturba-
tive fashion in terms of an effective gravitational self-force
(SF) [1-5]; knowledge of this force is a prerequisite for
describing the precise evolution of the orbit and the phas-
ing of the emitted gravitational waves. There is an active
research program focused on the development of computa-
tional methods and actual working codes for the SF in Kerr
spacetime [6]. This research agenda is being pursued in
incremental steps, through exploration of a set of simpli-
fied model problems with increasing complexity and
physical relevance. Much of the initial work has concen-
trated on a scalar-field toy model [7—13], but more recently
workers have begun to tackle the gravitational case [14—
18]. The state of the art is represented by three independent
calculations of the gravitational SF for circular geodesic
orbits in Schwarzschild geometry [15,17,18]. These calcu-
lations use different analytic and numerical methods (and
they even invoke different physical interpretations of the
SF), but they were shown to be fully consistent with each
other [18,19]. These calculations were also shown to be
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consistent with results from post-Newtonian theory in the
weak-field limit [17,20,21].

In the current work we extend the analysis of Ref. [15]
(hereafter ““paper I"’) from the special class of circular
geodesics to generic (bound) geodesics of the
Schwarzschild geometry. This generalization is astrophysi-
cally relevant because real inspirals often remain quite
eccentric up until the eventual plunge into the massive
hole [22]. At a more fundamental level, the generalization
to eccentric orbits is interesting because it allows us to start
exploring in earnest the conservative effects of the SF—for
instance, how it influences the orbital precession. Eccentric
orbits have already been considered in calculations of the
scalar [12] and electromagnetic (EM) [23] SFs by Haas.
While these calculations are of a less direct astrophysical
relevance, they offer an important test ground for computa-
tional techniques potentially applicable in the gravitational
problem too. Indeed, many elements of our numerical
method take their inspiration from Haas’ work.

The numerical code we present here takes as input the
two orbital parameters of an eccentric Schwarzschild geo-
desic (the semilatus rectum and eccentricity, to be defined
below), and returns the value of the Lorenz-gauge gravita-
tional SF along this geodesic. The dissipative and conser-
vative pieces of the SF are returned separately. Here we do
not consider the evolution of the orbit under the effect of
the SF, but leave this important next step for future work.
We envisage using, to this end, a version of the ““osculating
geodesics” method [24], which takes as input the value of
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the SF along geodesics tangent to the actual inspiral orbit.
A systematic framework for analyzing the long-term evo-
lution of the inspiral orbits, using multiple-scale perturba-
tion methods, was recently developed by Hinderer and
Flanagan [25] (cf. Sec. VII of Gralla and Wald [4]).

Our strategy is similar to that of paper I. Its basic
elements are (i) the Lorenz-gauge perturbation formalism
of Barack and Lousto [26], (ii) a finite-difference algorithm
for numerical integration of the Lorenz-gauge perturbation
equations in the time domain, and (iii) mode-sum regulari-
zation [27-30]. The perturbation formalism is based on a
tensor-harmonic decomposition of the perturbed Einstein
equations in the Lorenz gauge. The equations are aug-
mented with “gauge damping” terms designed to suppress
gauge violations [26], and are written as a set of 10 hyper-
bolic equations (for certain linear combinations of metric
components) which do not couple at their principal parts.
These equations are sourced by the (tensor-harmonic
modes of the) particle’s energy-momentum, modeled
with a delta-function distribution along the specified ec-
centric geodesic. The equations are solved numerically
mode by mode in the time domain using characteristic
coordinates on a uniform 1 + 1-dimensions mesh. The
nonradiative monopole and dipole modes cannot be
evolved stably in this manner; instead, we solve for these
two modes separately in the frequency domain, using the
recently introduced ‘“‘extended homogeneous solutions™
technique [31] to cure the irregularity of the Fourier sum
near the particle. The code records the value of the pertur-
bation modes and their derivatives along the orbit (each
mode has a C” behavior at the particle and hence a well-
defined value there, as well as a well-defined ““one-sided”
derivatives). These values are then fed into the ‘““mode-sum
formula” [29], which returns the physical SF through
mode-by-mode regularization.

One of the primary advantages of the time-domain
approach is that eccentric orbits—even ones with large
eccentricity—are essentially “as easy” to deal with as
circular orbits, with computational cost being only a
weak function of the eccentricity [32]. Also, a time-domain
code for circular orbits can be upgraded with relative ease
to accommodate eccentric orbits (such a generalization is
radically less straightforward in the frequency domain).
Still, there are several important technical issues which
arise in the time-domain upgrade from circular to eccentric
orbits, and need to be addressed. We list some of these
issues below.

(i) Most obvious, the computational burden increases
significantly because the parameter space for geo-
desics turns from 1D (circular) to 2D (eccentric).
Moreover, for each given geodesic parameters the SF
becomes a function along the orbit (it has a constant
value along a circular geodesic), and one is required
to obtain this function over an entire radial period.
The latter becomes a technical hurdle in situations

(i)

(iii)

(iv)
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where the radial period is very large,e.g., close to the
last stable orbit, or for orbits with very large radii.
In paper I we were able to improve the convergence
rate of our finite-difference algorithm using a
Richardson-type extrapolation to the limit of a van-
ishing numerical grid-cell size. That was possible
because in the circular-orbit case the numerical mesh
could be easily arranged such that the local discreti-
zation error varied smoothly along the orbit. This
cannot be achieved in any simple way when the orbit
is eccentric, and as a result one cannot implement a
similar Richardson extrapolation. The practical up-
shot is that one is forced to implement a higher-order
finite-difference scheme: a 2nd-order-convergent al-
gorithm (as in paper I) proves insufficient in practice.
For this work we developed an algorithm with a 4th-
order global convergence. The algorithm takes a
rather complicated form near the particle’s trajec-
tory, where the field (the Lorenz-gauge metric per-
turbation) has discontinuous derivatives. To
somewhat lessen this complexity (and reduce the
number of grid points needed as input for the
finite-difference formula) the algorithm makes use
of suitable junction conditions across the orbit. The
eventual numerical scheme is considerably more
sophisticated—and involved—compared to that of
paper L.

In the mode-sum scheme one first calculates the
contribution to the “full” (preregularization) force
from each tensorial-harmonic mode of the perturba-
tion, and then decomposes this into spherical har-
monics. The necessary input data for the mode-sum
formula are the individual spherical-harmonic con-
tributions. This procedure involves the implementa-
tion of a tensor-scalar coupling formula, whose
details depend on the orbit in question. The coupling
formula simplifies considerably in the circular-orbit
case; it reverts to its full complicated form [Eq.
(2.25) with Appendix C] when eccentric orbits are
considered.

The computation of the monopole and dipole con-
tributions to the SF (which we perform in the fre-
quency domain, as mentioned above) becomes much
more involved in the eccentric-orbit case. First, the
spectrum of the orbital motion now includes all
harmonics of the radial frequency, and one has to
calculate and add up sufficiently many of these
harmonics. A second, more technically challenging
complication arises from the fact that the perturba-
tion becomes a nonsmooth function of time across
the orbit (at a given radius), which disrupts the high-
frequency convergence of the Fourier sum at the
particle (a behavior reminiscent of the Gibbs phe-
nomenon). A general method for circumventing this
problem in frequency-domain calculations was de-
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vised recently in Ref. [31], and we implement it here
for the first time.

(v) Inexploring the physical consequences of the SF it is
useful to split the SF into its dissipative and conser-
vative pieces, and discuss their corresponding effects
in separate. This splitting is straightforward in the
circular-orbit case: The conservative piece is pre-
cisely the (Schwarzschild) r component of the SF,
while the (Schwarzschild) ¢, ¢ components exactly
account for the entire dissipative effect. This is no
longer true for eccentric orbits, where each of the
Schwarzschild components mixes up both dissipa-
tive and conservative pieces, and it is not immedi-
ately obvious how to extract these pieces
individually. Here we suggest and implement a sim-
ple new method for constructing the dissipative and
conservative pieces out of the computed
Schwarzschild components of the SF (without re-
sorting to a calculation of the advanced perturba-
tion). The method takes advantage of the general
symmetries of Schwarzschild geodesics.

With the computational framework in place, we can start
to explore the physical effects of the gravitational SF. In
this article we concentrate on two such effects. First, we
calculate the loss of orbital energy and angular momentum,
over one radial period, due to the dissipative piece of the
SE. We extract these quantities directly from the computed
SF along the geodesic orbit (for a sample of orbital pa-
rameters). The “lost”” energy and angular momentum must
be balanced by the total amount of energy and angular
momentum in the gravitational waves radiated to spatial
infinity and into the black hole over a radial period. We
derive formulas for extracting these quantities from the far-
zone and near-horizon numerical Lorenz-gauge solutions,
and demonstrate numerically that they agree well with the
values computed from the local SF. Our values for the
energy and angular-momentum losses also agree with
those previously obtained by others using other methods.

The second effect we consider is conservative, and
cannot be inferred indirectly from the asymptotic gravita-
tional waves: It is the conservative shift in the location and
frequency of the innermost stable circular orbit (ISCO).
The analysis of the ISCO shift requires knowledge of the
SF along slightly eccentric geodesics near the last stable
orbit, and our code provides the necessary SF data for the
first time. We reported the results in a recent paper [33],
and here we describe our analysis in full detail. The quan-
titative determination of the ISCO shift is important in that
it provides a strong-field benchmark for calibration of
approximate (e.g., post-Newtonian) descriptions of binary
inspirals. Our result for the ISCO frequency shift has al-
ready been incorporated by Lousto et al. in their “‘empiri-
cal” fitting formula for predicting the remnant mass and
spin parameters in binary mergers [34,35]; and by Damour
[21] for breaking the degeneracy between certain unknown
parameters of the effective one body (EOB) formalism.
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Perhaps of a more direct relevance to the problem of the
phase evolution in binaries with extreme mass-ratio is the
effect of the SF on the periapsis precession of the eccentric
orbit—also a conservative effect. SF corrections to the
precession rate have been analyzed for weak-field orbits
and within the toy model of the EM SF [36,37], but never
before for the gravitational problem in strong field. Our
code generates the SF data necessary to tackle this problem
for the first time. We leave the detailed analysis of SF
precession effects to a forthcoming paper.

The paper is organized as follows. In Sec. II we review
the relevant theoretical background: bound geodesics in
Schwarzschild geometry, the Lorenz-gauge metric pertur-
bation formulation, and the construction of the SF via the
mode-sum formula. Section III describes our numerical
method in detail, and in Sec. IV we present numerical
results for a few sample eccentric orbits, including a
“zoom-whirl” orbit. We explain how the dissipative and
conservative pieces of the computed SF can be extracted
from the numerical data, and present these two pieces
separately in a few sample cases. We also analyze the
dissipative effect of the SF and demonstrate the consis-
tency between the dissipated energy and angular momen-
tum inferred from the local SF, and that extracted from the
asymptotic gravitational waves. Section V covers the
ISCO-shift analysis, and in Sec. VI we summarize and
discuss future applications of our code.

Throughout this work we use standard geometrized units
(with ¢ = G = 1), metric signature — + + + , and (unless
indicated otherwise) Schwarzschild coordinates x* =

(t,r,0,p).

II. THEORETICAL BACKGROUND

A. Eccentric geodesics in Schwarzschild geometry

In this work we consider a pointlike particle with mass
in a bound orbit around a Schwarzschild black hole of mass
M > p. In the limit w — O the trajectory of the particle is
a timelike geodesic of the background Schwarzschild
spacetime. We parameterize this geodesic by proper time
7, in the form xf(7) = (1,(7), r,(7), 0,(7), (7)), with
corresponding four-velocity u* = dxj, /dr. Without loss
of generality we take 6,(7) = 7/2. The geodesic equa-
tions of the particle are given in integrated form as

’p

_ & dn L
dr  f(ry)’ dr ry’

QU

2.1

d
( ’P>2 — & = R(r,, L?),

_ L2
o R(r. [2) = f(r)(l + 7),

(2.2)

where f =1—2M/r, and £ = —u, and L = u,, are the
integrals of motion corresponding to the particle’s specific
energy and angular momentum.

084021-3



LEOR BARACK AND NORICHIKA SAGO

When L2 > 12M? the effective potential of the radial
motion, R(r, £?), has a maximum and a minimum and
hence eccentric (bound) orbits exist. These orbits can be
parametrized by the two values of r,, at the turning points,
Fmin and 1. (“periastron” and “‘apastron,” respectively).
We may alternatively parameterize the orbits by the (di-
mensionless) semilatus rectum p and eccentricity e, de-
fined through

2rminrmax _ Tmax = "min 213
_ winTmax - = Tmax T Tin g 3
M(rmin + rmax) Tmax + T'min

p

From the two conditions R(7;,) = R(ry.) = £, one
readily obtains

_(p—2—2e)(p—2+2e)
plp—3—¢%)
M2

52

5

2.4)
rr=

Bound geodesics have 0 = e <1 and p > 6 + 2¢ [38].
Points along the separatrix p = 6 + 2e (where £ equals
the maximum of the effective potential) represent margin-
ally unstable orbits. Stable circular orbits are those with
e = 0 and p = 6, for which £? equals the minimum of the
effective potential. The point (p, e) = (6,0) in the e-p
plane, where the separatrix intersects the e = 0 axis, is
referred to as the innermost stable circular orbit; see Fig. 1.

Following Ref. [38], we introduce the monotonically
increasing ‘‘radial phase” parameter y, defined so that
the radial motion obeys

pM

—_ 2.5
1+ ecosy (2.5)

ro(x) =

Note y = 2mn (n integer) correspond to periastron pas-
sages. In terms of y, the ¢t and ¢ components of the

1

81 o
] S
o S bound
N ;8 desi
S8 geodesics
41 y %@
21 3
. ISCO
0 ‘,'/ . stable circular (e=0)
6 7 8 9 10

p

FIG. 1. Parameter space for bound geodesics in Schwarzschild
spacetime. The (dimensionless) “‘semilatus rectum” p and “‘ec-
centricity” e are defined in Eq. (2.3). Bound geodesics have ¢ =
0 and p > 6 + 2e. Points along the separatrix p = 6 + 2e rep-
resent marginally unstable orbits. Stable circular orbits lie along
the axis ¢ = 0 for p = 6. The point (p, e¢) = (6, 0) is the ISCO.
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geodesic equations (2.1) are reexpressed as
dr, M p?
dy (p—2—2ecosy)(l + ecosy)?

-2 -2+
% (p—2—2e)p—2 26)’ 2.6)
p—6—2ecosy

d
“Pp _ 4’ 2.7)
dy p —6—2ecosy
and the radial velocity reads
) p— 6 —2ecosy
r=¢& . 2.8
! esmx\/(p—z—ze)(p—ﬂze) (25)

The period of the radial motion can be derived by integrat-
ing Eq. (2.6) with respect to y:
27 dt
T, = —Ldy. (2.9)
0o dyx
With the initial conditions 7, = ¢, =0 at y =0, the
particle’s geodesic trajectory is fully specified by
Egs. (2.5), (2.6), and (2.7). The functions #,(x) and ¢,(x)
cannot be written explicitly in analytic form, but it is easy
to obtain them numerically, for given p and e, at any
desired accuracy.

B. Gravitational self-force via mode-sum regularization

When p is finite (yet still much smaller than M), the
particle experiences a gravitational SF, F*[~0(u?)], and
the equation of motion is formally given by
D%y Di*
p= "Dz

Here we use )?f,’(*?) to denote the (nongeodesic) trajectory
under the effect of the SF, with 7 representing proper time
along this trajectory and iy = dij/d7. The covariant
derivatives D/ D7 are taken with respect to the background
geometry. From symmetry we have F? = 0. Furthermore,
assuming the normalization #,#“ = —1, we have the or-
thogonality condition i, F* = 0, which interrelates the
remaining 3 components of the SF. All in all, then, there
are two nontrivial independent components of the SF to be
determined.

In this work we do not consider the evolution of the orbit
under the effect of the SF, i.e., we do not seek to obtain
consistent solutions of Eq. (2.10). Rather, we are interested
in calculating the value of the SF F%(7) along a fixed,
geodesic orbit xg‘(r), with given values of p, e. We envis-
age that the SF information F*(7; p, e) (calculated over the
space of p, e) could be used, in a second step, to calculate
the orbital evolution in situations where at any given time
the orbit deviates only very slightly from a geodesic of the
background, and the evolution takes place over a time scale

= Fe(7).

“ (2.10)
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much longer than the radial period (*‘adiabatic approxima-
tion”’). Here, however, we concentrate on the first step,
leaving the investigation of the orbital evolution for future
work.

The gravitational SF acting on the particle at any a point
along the geodesic x (7 p, e) is calculated using the mode-
sum formula [27-29]

Fe = Z[nglh AL — B*] = ZFreg (2.11)

1=0 =0

Here L = [ + 1/2, and F{!, are the multipole modes of the
full force field constructed from the (physical, retarded)
Lorenz-gauge metric perturbation as prescribed in
Sec. IID below The subscript = refers to the two possible
values of Fj, at x§, resulting from taking one-sided radial
derivatives of the metric perturbation from either r — r;
orr — r, . A% and B* are the “regularization parameters,”

given by [29,30]

2
AL =5 A =wRE pe oy,
pfp U
(2.12)
. mPEu” s g
P
B = 2U3 —7 [(&2 + pr)K(w)
—[28*(1 = U) = f,U(1 = 20)]EW)],
_ wru’ broy L2
B¢ 7ﬂ£r5m[l<(w) (1 +2 )E(w)] (2.13)

where K(w) = Wz(l—wsm x)"2dx and E(w) =

1K /2(1 — wsin?x)!/2dx are complete elliptic integrals of

the first and second kind, respectively, f, = f(r,) = 1 —
2M/r,, and
L? L?
=07, =1+ — 2.14
-y re (2.14)

It is important to remember that the gravitational SF [as
also the trajectory x,(7) itself] is a gauge-dependent entity
[39]. The mode-sum formula (2.11) is formulated in the
Lorenz-gauge, and requires as input the modes Fg! de-
rived from the Lorenz-gauge metric perturbation. In our
approach this perturbation is obtained by tackling the
linearized Lorenz-gauge Einstein equations directly, in
the time domain. We proceed by reviewing the relevant
Lorenz-gauge perturbation formalism.

C. Metric perturbation in Lorenz gauge

Ref. [26] presented a formulation of the Lorenz-gauge
perturbation equations in Schwarzschild spacetime, ame-
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nable to numerical treatment in the time domain. In paper [
we applied this formulation (with some minor modifica-
tions) in our study of circular orbits. Here we shall use the
same Lorenz-gauge formulation to obtain our metric per-
turbation, and we describe it here as applied to generic
eccentric orbits.

Let g,., be the metric of the background Schwarzschild
geometry, and h,, be the physical (retarded) metric per-
turbation due to the particle moving on the geodesic
x5 (7; p, e). We assume h,,,, is given in the Lorenz gauge,
i.e., it satisfies

huy'"=2,=0,

(2.15)

where 7 wr = Ny, — (1/2)g,,h is the trace-reversed per-
turbation. The corresponding Einstein equations, linear-
ized in h,, over g,,, take the compact form

By + 2R P hyp = —167T,, (2.16)
where a semicolon denotes covariant differentiation with
respect to g,,,,, and h = g#*"h,,,, is the trace of h,,. T, on
the right-hand side is the energy-momentum tensor asso-
ciated with the particle, given by the distribution

o u,u,8®(x® — x2
Ty, = M[ K ( p)dT’
— [—g

where g is the determinant of g,,,.

It is well known that the hyperbolic set (2.16) admits a
well-posed initial-value formulation, and that the gauge
conditions (2.15) are satisfied automatically if only they are
satisfied on the initial (Cauchy or characteristic) surface.
However, in a time-domain numerical implementation of
Egs. (2.16) it is usually impossible to satisfy the gauge
conditions (2.15) precisely on the initial surface, and, even
if one succeeded to do so, finite differencing errors would
usually lead to an uncontrollable violation of the gauge
conditions (unless one somehow actively imposes the
gauge conditions during the evolution). This problem,
and its resolution, were discussed in Ref. [26], and we
follow here the same method. To the original field equa-
tions (2.16) we add “‘divergence dissipation” terms, in the
form

(2.17)

h + 2R P hop + f(t,Z, + 1,2,) = —167T,,,

(2.18)

s
ny o a

where 7, =(1,f7,0,0) and Z, = (fZ.Z,.Z4 Z,).
While the inclusion of these extra terms does not (in
principle) affect the solutions of the equations, it guaran-
tees that violations of the gauge condition are efficiently
damped during the numerical time evolution. [This can be
shown by considering the divergence of Eq. (2.18), notic-
ing that this yields a hyperbolic equation for Z,, with a
manifest dissipation term [26].]
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Owing to the spherical symmetry of the background
geometry, the field equations (2.18) are separable into
tensorial spherical harmonics using the substitution

i
I M 3

1 10
Z Z agl)ﬁ(i)lm(r’ t)Ylg)Vlm(a’ @ I") (219)
m=——1i=1

(and similarly for the source T,,). The tensorial-harmonic
basis Y}?J’" and normalization factors al’) (i=1,...,10)
are the ones defined in Ref. [26], except that here (as also in
paper I) we take Y, ,(f)yl’” — f(r) X Y,(f,),lm [this modification
is needed to achieve 7™ — const as r — 2M, in line with
the behavior of all other functions 20"]. In Appendix A
we give explicit formulas for reconstruction of the various
Schwarzschild components 7 ur out of the 10 scalarlike
functions 70" (r, 7).

The above substitution reduces the field equations (2.18)
to the coupled set of two-dimensional hyperbolic equations

DA + MR = SOm§(r— 1) (i =1,...,10).
(2.20)

Here a box represents the two-dimensional scalar-field

wave operator
2M
V(r) = —f [z(z + 1)+ _]

(2.21)

O =9, + V),

where v and u are the standard Eddington-Finkelstein null
coordinates, defined through v =¢+ r, and u =1t — r,
with 7, = r + 2M In[r/(2M) — 1]. The terms .’ME;))lﬁ(f)lm
(summation over j implied) involve first derivatives of the
hW!>s at most—hence the principal part of the set (2.20) is
entirely contained in the term 1AW SO are the source
terms for the point particle, constructed from the tensor-
harmonic coefficients of 7,,. In Appendix B we give
explicit expressions for both 3\/18))]};(1')’"1 and SV The

time-radial functions 20" also satisfy four elliptic equa-

tions, which arise from the Lorenz-gauge conditions (2.15).
These relations, too, are given in Appendix B.

D. Construction of the full-force mode

Given the Lorenz-gauge metric perturbation Eaﬁ, the
full-force modes Fg},.. appearing in the mode-sum formula
(2.11) are formally constructed as we now prescribe.

First, following [28], we define the “full-force field” as
a tensor field at arbitrary spacetime points x, for a given
(fixed) worldline point x, (where the SF is to be calcu-

lated):
Fu(xxp) = pkPr2(x; xp)hgy.s. (2.22)

Here the trace-reversed metric perturbation, /,, p» 1s eval-
uated at x, and
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k*BYd(x; xp) = g% %uPu? /2 — g*Puvu® — uuPuru’/2
+ u®ghBru® /4 + g2 ghv /4, (2.23)

where g% is the background metric at x, and u® are the
values of the contravariant Schwarzschild components of
the four-velocity at x, (treated as fixed coefficients). In
principle, one can choose to extend the quantity k*#7® off
the worldline in any one of many different ways (a few
natural choices are discussed in Ref. [29]). The specific
choice made here is advantageous in that it guarantees a
finite mode-coupling in Eq. (2.25) below. Our choice of
extension does not correspond to any of the choices made
in [29], but it can be shown (using the methods of [29]) that
the regularization parameters associated with our exten-
sion are the same as those of the ‘“‘fixed contravariant
components” extension defined in [29]—these are the
parameters whose values we state above in Egs. (2.12) and
(2.13).

In the next step we expand /1,, p In tensor harmonics as in
Eq. (2.19) and substitute in Eq. (2.22). Taking the limits
r — r, and 1 — £, (but maintaining the 6, ¢ dependence),
the full force takes the form

/.L
[FEu(0, oiry t)]e == Z {fedmyim

ry S
+ fmsin? @Y™ + f4im cosf sing Yy
+ femsin? 0yl + f4. (cosfY™
—sinfYy") + feim smGYl’”

+ fedmsin® gyl

+ f4m cosfsin®0Y'sy (2.24)

where Y""(6, ¢) are the spherical harmonics, and the co-
efficients £ are constructed from the perturbation fields
ADIm and their first r and ¢ derivatives, all evaluated at Xp-
The labels + / — correspond to taking one-sided derivatives
from r — rp or r, , respectively. The explicit expressions
for the f@™’s are shown in Appendix C.

Since the mode-sum formula (2.11) requires as input the
spherical harmonic modes of the full force, we must now
reexpand Eq. (2.24) in terms of spherical harmonics. With
the help of the identities given in Appendix D, we obtain

2
« M a al—2,
Ffullli = 7 Z Ylm(ep; ¢p) X {:F(l > + :];(_IZ)Zm

P m=-I
-1, alm I+1, 1+2,
HFO)" A Fo A FL)" H FE

+ Fe - (2.25)

where each of the functions F f“)lm is a certain linear com-

bination of the "‘l’"’s (with the same [, m)—the explicit
relations are given in Appendlx C. Hence, in general, a
given full-force mode F fi+ carries contributions from
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tensorial-harmonic functions ng:n withl =3=1'=1+3.
This coupling arises, of course, from the decomposition of
the tensor-harmonic contributions into spherical har-
monics.

E. Conservative and dissipative pieces of the SF

In analyzing the physical consequences of the SF—as
we start to do in Sec. V—it is useful to consider separately
its conservative and dissipative pieces. We therefore now
define these two pieces, and obtain a separate mode-sum
formula for each. To this end, we first introduce the nota-
tion F* = Fg,, reminding us that the SF F“ is derived

from the physical, retarded metric perturbation h,g =
hict,. We then define the “advanced” SF through

Fiy = D [Fih (i) — ASL = B (2.26)
1=0
where the modes Fy,;+ are constructed precisely as pre-
scribed in the previous subsection, only this time using the
multipole modes of the advanced metric perturbation, ﬁzdg .
The regularization parameters A“ and B® are the same as
those given above for the retarded SF. Since ﬁrae}g and ﬁ'j‘xd[‘;’
have the same local singular behavior near the particle
[40,41], the sum in Eq. (2.26) is guaranteed to converge.
Following Hinderer and Flanagan [25], we define the
SF’s conservative and dissipative components as the parts
of the SF which are (correspondingly) symmetric and
antisymmetric under ret < adv:

F*(= FY) = Féons + F§or (2.27)
where
1 1
Fons = E(Froét + Fag) Fligs = E(Ffét — Fag)-
(2.28)

Substituting from Eqgs. (2.11) (with F* — Fg,) and (2.26),
we obtain the mode-sum formulas

_ I _ _ = 1
Fons = Z[Fg]ll(cons)i A%L Ba] - Z Ff::g(cons)’
=0 =0

(2.29)
Ffiyiss = Z Fgllll(diss)i = Z Ffélg(diss)’ (230)
=0 =
where
1 _ _
Fffllu(cons)t = E[F&Iut(hf;;) + F&’ui(hidé)l
(2.31)

al =

1 _ _
al al d
F full(diss)= E[F fullt(hf%) —F fuut(hig)]'

Notice that the dissipative piece of the SF requires no
regularization within the mode-sum scheme.
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In Egs. (2.29) and (2.30) the splitting of the SF into its
conservative and dissipative pieces is performed mode by
mode. This is useful in practice, because the / modes of the
two pieces exhibit a rather different large-/ behavior:

While Fgllll(cons)i normally admit an asymptotic power
die

series in 1/ [starting at O(/)], the modes of Fgllll(diss)t
off at large [ faster than any power of /. We will come back
to this issue in Sec. III D.

The extraction of the conservative and dissipative pieces
using Eqgs. (2.29) and (2.30) entails a calculation of both
retarded and advanced metric perturbations. This would
normally double the computation time, as it requires one to
solve the perturbation equations twice, changing the
boundary conditions in order to obtain ﬁzdg . Fortunately,
in the case of a Schwarzschild background we can avoid
this extra computational burden using a simple trick. For a
given eccentric geodesic, we think of the SF as a function
of 7 along the orbit. Without loss of generality we take 7 =
0 to correspond to a certain periapsis passage [i.e., rp,(7 =
0) = rpinl- Then we have the following symmetry relation,
immediately following from Eq. (2.80) of [25]:

Fag(7) = € Fia(—7)

(no summation over a), where €, = (—1,1,1, —1) in
Schwarzschild coordinates. This relation can be used to
reexpress Egs. (2.28) in terms of the retarded SF alone, in
the form

(2.32)

1
Fgons('r) = E[F%t(T) + e(a)F;)ét(_T)]’
(2.33)

1
ngss(T) = E[Ffét(T) - E(a)Fﬁét(_T)]-

Similar relations are applicable to the / modes
and F¢!

full(cons) =
the conservative and dissipative pieces of the SF in practice
without resorting to a calculation of the advanced pertur-
bation: All that is required is knowledge of the physical
(retarded) SF along the orbit [42].

Fal
full(cons) =
as well. These relations allow us to extract

III. NUMERICAL METHOD

In this section we describe the numerical method used to
solve the field equations (2.20) and to construct the local
SF along the eccentric orbit. Our numerical scheme is
basically similar to that of paper I—we still use finite
differencing on a characteristic grid in 1+ 1 dimen-
sions—but we have modified our code in several important
aspects. Most importantly, we abandon the use of a
Richardson extrapolation over the grid size: this technique
relies crucially on the uniformity of the local discretization
error along the orbit, which can no longer be guaranteed in
any simple way when dealing with eccentric orbits. To
accelerate the numerical convergence we have instead
upgraded our finite-difference scheme from second order
to fourth order. This introduces a significant amount of
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additional complexity, especially in the treatment of grid
cells traversed by the particle. Our method inherits from
Lousto [43] (fourth-order scheme for 1 + 1D evolution
with a particle source) and Haas [12] (implementation for
a scalar field), but we deviate from their methods in several
aspects.

A. Numerical domain and initial data

Our integration domain is discreterized using a two-
dimensional uniform mesh based on the double-null coor-
dinates v and u, as depicted in Fig. 2. The numerical
evolution starts with characteristic initial data

RO = up,v) =hu,v=1vy) =0 foralli (3.1

where the vertex (vg, ug) corresponds to the particle’s
location at # = 0 [so vy = —uy = r,,(t = 0) where r,,, =
r.(rp)]. The early stage of the evolution will be dominated
by spurious radiation resulting from the imperfection of the
initial data. However, as demonstrated in [26] (also in
paper I), these spurious waves damp down rapidly, and
the error related to this behavior becomes negligible at late
time. Our numerical algorithm monitors the residual error
from spurious initial waves by comparing the SF values
recorded at regular intervals along the orbit. We then make
sure to evolve long enough for this error to drop below a set
threshold. For a fractional error threshold of 10™# in the
final SF we find that the error from the spurious radiation
can be safely ignored after ~2-3 X T, of evolution (de-
pending primarily on the value of p; larger p requires a
longer evolution).

FIG. 2 (color online). Numerical domain: a staggered 1 +
1-dimensional mesh in null coordinates v, u. r. is the standard
Schwarzschild “‘tortoise’” radial coordinate. The dotted line
represents the trajectory of a typical eccentric orbit. In actual
implementation the mesh is, of course, much finer than it is
depicted here.
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Note that, in our setup, the numerical domain has no
causal boundaries. Therefore, no boundary conditions need
be imposed.

B. Finite-difference scheme

To derive our finite-difference equations, let us focus on
a grid cell of dimensions Av X Au = h X h—say, the one
in Fig. 3 with center C and vertices 1, 2, 3, and 4. We shall
assume that the numerical values of A at points 2—15 are
already known, and we wish to derive the value of hD at
point 1. To this end we consider the integral of the field
equations (2.20) over the cell with center C. The
uv-derivative term on the left-hand side is integrated in
exact form to give

RO dudv = B9 — B9 — &9 + ),

cell

(3.2)

where ﬁf,’ ) denotes the value of 21) at the grid point labeled
n in Fig. 3. The integral of the source term on the right-
hand side of the field equations is expressed as
SO = SEQﬁ(r — rp)dudv

cell
_ {2 f;f dtfp"SEZ(xp(t)), (orbit crosses cell),

0, (orbit outside cell),

(3.3)

where #; and 7, are the values of 7 at which, correspond-
ingly, the particle enters and leaves the cell in question.
Since the integrand on the right-hand side depends only on
the known trajectory of the particle (obtained in advance
by solving the geodesic equation numerically), the integral
can be evaluated in exact form. Our code implements a 5-
point closed Newton-Cotes formula (“‘Boole’s rule’) to
evaluate this integral at each grid cell crossed by the
particle.

The rest of the terms appearing in the field equations
(2.20) [cf. Egs. (B1)-(B10)] can each be expressed sche-
matically as either H = f(r)h"" H, or H, , where f(r)
is some known functionof r, j = 1, ..., 10, and the indices

11 12 13 14 15

FIG. 3. Grid points involved in constructing our finite-
difference scheme. The point C is the center of the cell over
which we integrate the field equations, as described in the text.
The dimensions of each grid cell are Av X Au = h X h.
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(j)Im are suppressed for brevity. To complete the formu-
lation of the finite-difference scheme we need to obtain
finite-difference expressions for the integrals

I = Hdudv,
cell (34)
H,dudv, and I, = H, dudv.

cell cell

I, =

We are aiming here to achieve a quartic [O(h*)] global
numerical error in the fields 7). Hence, the local finite-
difference error for each of the integrals I, I,, and I,
should not exceed O(h®). To formulate the necessary
finite-difference relations we will need to consider sepa-
rately the following 3 cases (referring again to the grid cell
with center C shown in Fig. 3): (1) The orbit does not cross
the triangular region shown in the figure (“‘vacuum cell”’);
(2) The orbit crosses either the segment 2—11 or the seg-
ment 3—15 (“near-orbit cell”’); (3) The orbit crosses either
the segment 1-2 or the segment 1-3 (“‘orbit cell’).

1. Vacuum cell

Consider the formal two-variable Taylor expansion of a
typical term H about the center of the cell in question—
point C in Fig. 3, with coordinates v = v. and u = u.. We
have

N
Hinv) = > == u)(v = v,)" + O™,
at+b=0""""

3.5)

where a, b, and N are non-negative integers (the latter to be
specified below), and c,;, are constant coefficients. Since
the desired error in / (the integral of H over the 2D cell) is
O(h®), we are allowed an error of O(h*) in H and hence
take N = 3 in Eq. (3.5). This leaves us with 10 expansion
coefficients c,;,, which we can solve for, using Eq. (3.5), in
terms of the values of H at the 10 points n = 1-10 indi-
cated in Fig. 3. Substituting the values of these coefficients
back in Eq. (3.5) and integrating over the grid cell, we
obtain

2
+ (H; — Hy — Hy + Hyp)] + O(h®)  [vacuum],
(3.6)

where H, denotes the value of H at grid point n. To
evaluate I, and I, at local error O(h®), we need instead
truncate the Taylor series (3.5) at N = 4, now leaving us
with 15 coefficients c,;,. These are determined by solving
Eq. (3.5) given the values H,, at the 15 points n = 1-15.
Taking 9, and d,_in Eq. (3.5) and integrating over the grid
cell gives
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h
1, = 57 [9(H, = Hy) + 19(H; = Hy) = 5(Hg — H)

+ (Hyg — Hiy)] + O(h®)  [vacuum], 3.7)

h
I, = ﬁ[ZS(H3 — H,) — 5(Hy — Hs — Hy + Hj)

+ (Hyg— H; — Hyy + Hpp)] + O(h®)  [vacuum],
(3.8)

which are the desired finite-difference expressions for 1,
and [, .

2. Near-orbit cell

The above derivation assumes that the fields 2" (and
hence H) are sufficiently smooth across the region shown
in Fig. 3. This is no longer the case if the worldline of the
particle traverses this region, since H is generally non-
differentiable across the worldline, and the above Taylor-
series-based method would fail. Let us first consider the
simpler case, where the particle crosses either the segment
2-11 or the segment 3—15 (i.e., it does not traverse the
integration cell itself), as demonstrated in Fig. 4. In this
case the function H(u, v) can still be expressed as a formal
Taylor series,

N +

H(u, v) = z C‘%v (u _ uc)a(v _ vc)b + 0(h<N+1)),
a+b=0 47"

(3.9

but we now have two different sets of expansion coeffi-
cients, ¢, and c_,, depending on whether r(u, v) > r,(t)
or r(u, v) < rp(t), respectively. As in the vacuum cell case,
the value of H at the grid points 1-15 provides 15 inde-
pendent equations for the unknown coefficients ¢, which,
however, are now 30 in number. The necessary additional
15 relations between the various c,’s are obtained by
utilizing explicit junction conditions for H and its deriva-
tives across the particle’s orbit, as we now describe.

[

1

j‘ [

u \ '
[y
r [y

Y
.

Ay
Xo

1

11 12 13 14 15

FIG. 4. Same as in Fig. 3, but now point C is located near the
particle’s worldline, represented by the dashed line. The finite-
difference scheme for this case is described in the text under
“near-orbit cell.”
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In Appendix E we derive explicit jump conditions for the
perturbation 2" and its derivatives at a generic point x,
along the (known) geodesic worldline. Specifically (and
using the notation of Appendix E), we calculate the two
jumps [29"™], and [A9"™],, as well as the three jumps
[, [R9™],, and [AM™ ], the 4 jumps in the various
third derivatives, and the 5 jumps in the various fourth
derivatives. Together with the continuity condition
[A®m], = 0, we hence obtain 15 jump conditions in total.
Now referring back to our near-orbit cell scenario and to
Fig. 4, we take x; to be the intersection of the worldline
with the past light cone of point 1, as demonstrated in the
figure. The 15 jump conditions for 20" and its derivatives
at x readily translate into 15 jump conditions for H and its
derivatives at that point. Imposing these conditions in
Eq. (3.9) yields the required additional 15 independent
linear equations for the coefficients c¢;. Our algorithm
solves the total of 30 equations for ¢, numerlcally, given
the numerical values of H,, at points 1-15.

Once the coefficients cfb have been calculated, Eq. (3.9)
can be integrated over the cell of center C, giving
- h2
1= h*|cg+ ﬂ(c;'0 + c{;’z):l + O(h®) [near-orbit],

(3.10)

- h2
I, = h?| ¢y + ﬁ(c;1 + 305'3)] + O(h®) [near-orbit],

(3.11)

2
— 2 + + + + + =+
L, =h I:Cm ~Cip T ﬂ(cﬂ — 3¢50 T 3¢5 C12)]

+ O(h®) [near-orbit], (3.12)

where the values ¢, apply if C is located at r > r,(r) and
the values c_;, apply if C lies in the region r < r, (7).

3. Orbit cell

The procedure described above for calculating the
Taylor coefficients ¢, is applicable even when the parti-
cle’s worldline crosses the considered grid cell. However,
the integration of H and its derivatives over the grid cell
then becomes slightly more involved, because the cell is
divided by the trajectory into two parts, in each of which
the coefficients take different values. Following Lousto
[43], we consider separately the four cases illustrated in
Fig. 5.

“Case UU” (top left in Fig. 5): the particle enters the
cell crossing the v = const segment 2—4, and leaves it
crossing the v = const segment 1-3. The worldline splits
the cell into two bits, “left” and “right,” respectively,
labeled L and R in the figure. Denoting the corresponding
contributions to I by I* and IR, we have I = I* + I,
where, using the expansion (3.9),
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1 1,

1
y (uf, ve+h[2)

(@i, veh/2)F (we=h /2, v)

. 4 4 [
Case UU Case VU
N 1 1

\
(uc+h /2, vy) (weth /2, vp)

(uc—h/2, vi) (i, ve—h/2)
‘

1
Al ]

4
Case VV

4
Case UV

FIG. 5. Illustration of the four cases considered in formulating
the finite-difference equation for grid cells traversed by the
particle’s worldline (here represented by dashed lines). The
center of the cell is at (u, v) = (u., v.), and in each case we
indicate the u, v coordinates of the two points where the particle
enters/leaves the cell.

o /h/2 /‘h/z B
h/2 it (D)

Cab W2y +1
= 7)a
zo(a + )b [_h/zd”” [(r/2)

at+b=

— (i,(2)*"'] + O(h®), (3.13)
o [ o
! [h/Z [h/Z
_ Ca h/ a+
zago(wf)'b' [_ 400 [(ap (@)
— (=1/2)*" '] + O(hS). (3.14)

Here it = u — u, and ¥ = v — v,, and i,(v) represents
the value of i on the trajectory, viewed as a function of ».
Similar expressions are easily obtained for /,, and I, .
“Case VU” (top right in Fig. 5): the particle enters the
cell crossing the u = const segment 3—4, and leaves it
crossing the v = const segment 1-3. We denote the entry
v value by v; and the exit u value by u, and further denote
v; =v; —v.and iy = uy — u.. We obtain, in this case,
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h/2 h/2 (@)
1L=f d duH+[ duj”" doH
—h/2 iy h/2 h/2

>

e a+ 1)V(b + 1)
= (@) "1+ (=D + (a+ 1)

x [1 dawlt@ @t - n2) - ous)

{(h/z>b+l[<h/z>a+l

(3.15)
R —
! .[h/z du[p(u) dvH
- __Cw [ diiii®T(h/2)b+1
a§:0a1<b+ ! [h/Z uit’[(h/2)
— (ﬁp(ﬁ))lHl] + 0(h®), (3.16)

where (i) is the value of ¥ on the trajectory, expressed as
a function of #. Once again, similar expressions can be
obtained for /,, and I, .

“Case VV” (bottom left in Fig. 5): the particle enters the
cell crossing the u = const segment 3—4, and leaves it
crossing the u = const segment 1-2. In this case we obtain

I /‘h/2 i f p(u)
== u
h/2 /2

- Z a!(bc;: 1)![h/ daa (@ (@)™

a+b=0
— (=h/2)*1], a1
IR — [h/2 fh/z
h/2 (1)
- ap "2 iaie b+1
B a0 + D1 2
a§=0a!(b+ ! f_md”” [(h/2)
— (5P(ﬁ))b+ll (318)

and similar expressions for /,, and /, .

“Case UV” (bottom right in Fig. 5): the particle enters
the cell crossing the v = const segment 2—4, and leaves it
crossing the # = const segment 1-2. We denote the entry u
value by u; and the exit v value by vy, with it; = u; — u,
and vy = vy — v.. In this final case we have

It =[ dvf duH
h/2 i1y ()

= Z (a +alb)!b! fh/zdﬁﬁh[(h/z)a+l

a+b=0

— (i,(9))*], (3.19)
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h/2 h/2 ) it (D)
f [ diH + f Y dp [ Y diH
h/2 —h/2 —h/2

>

~
>
Il

—(a e ICxT 1),{(h/2>“+1[1 T (—1)]

a+b=0
X[(r/2)"" = (@) ]+ (b + 1)
x [7 dvotllano) - (-n/2 )

(3.20)

with similar expressions for /,, and /, .

4. Predictor-corrector method

In summary, recalling Eq. (3.2) and with reference to
Fig. 3, our basic finite-difference formula takes the form
p(i) — @)
hy" = hy

+ 5(31') — ﬁy) — dudv[V(r)h" + 3\/18.))5(~")]

cell
+ 89, (3.21)
where S is given in Eq. (3.3) and the integral (over the
cell with center C in the figure) is evaluated with local error
O(h®) as discussed above. A complication arises, since our
finite-difference expressions for the integral in Eq. (3.21)
involve the value of the perturbation at point 1 itself [as in,
e.g., Eq. (3.6)], which is the very unknown value we wish to
compute.

We overcome this difficulty using a type of predictor-
corrector algorithm, whereby we first approximate the
value of the field at the point in question (our point 1)
using extrapolation, and then apply our finite-difference
formula (3.21) iteratively, until the required accuracy is
achieved. Specifically, we use the values of the perturba-
tion H at the four points 3, 6, 10, and 15 (see Fig. 3) to
extrapolate the value H, with an error of O(h*). If the
particle’s worldline happens to cross the null segment 1—
15 we instead use the points 2, 5, 7, and 11 for this
extrapolation. We then use the value of H, thus obtained
as input in Eq. (3.21). Since the extrapolated terms enter
Eq. (3.21) multiplied by at least one power of 4 [see, e.g.,
Egs. (3.6) and (3.7)], the resulting value of H; would have a
local error of O(h®). We then apply Eq. (3.21) once more,
with the new value of H, as input. The output value of H,
following this second iteration should now have a local
error of O(h®) as desired.

The above finite-difference scheme is designed to yield a
local error of O(h%) in ﬁ(li) at each grid point. Since the
overall number of grid points contributing to the accumu-
lated error scales as ~h =2, we expect our scheme to show a
quartic [i.e., O(h*)] numerical convergence.

C. Monopole and dipole modes

In the monopole case (I = 0) the system of 10 field
equations (2.20) reduces to 4 equations only; it reduces
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to 6 equations for each of the two dipole modes (I, m) =
(1, =1) and to a single equation for the dipole mode
(I, m) = (1,0). One may attempt to apply the above nu-
merical evolution scheme to these nonradiative modes as
well. However, numerical experimentation suggests to us
that the monopole and dipole cannot be evolved stably
using this scheme. A naive application of the evolution
scheme yields exponentially growing solutions, and, since
our scheme gives us no handle on the boundary conditions,
the occurrence of these unphysical solutions is difficult to
control.

Instead, we deal with the two modes [ = 0, 1 using the
standard frequency-domain method, just as in paper I. The
physical Lorenz-gauge monolpole and dipole are con-
structed from a basis of homogeneous frequency-mode
solutions of the underlying ordinary differential equations.
These homogeneous solutions are obtained numerically.
However, unlike in the circular-orbit case dealt with in
paper I, here we face the “Gibbs phenomenon,” since for
an eccentric orbit the perturbation is a nondifferentiable
function of coordinate time ¢ at the particle’s location. We
have discussed this problem in depth in Ref. [31], and
proposed an elegant solution, whereby the correct physical
perturbation is constructed as a sum of ‘““fake” frequency-
mode solutions whose Fourier sum converges exponen-
tially even at the particle’s position. Here we apply this
method in order to obtain the physical Lorenz-gauge
monopole and dipole modes. A full description of this
construction will be given in a forthcoming paper [44].

D. Implementation of the mode-sum scheme

Once we obtain the numerical values of the functions 2
and their derivatives along the orbit (over a complete radial
period), we can construct the full-force modes Fg},.. at any
point along the orbit through the procedure described in
Sec. IID. The mode-sum formula (2.11) then gives the
physical SF at that point. The application of the mode-
sum formula involves summation over contributions from
an infinite number of modes, from [ =0 to [ = o0. In
reality, of course, we are only able to compute a small
number of low multipole modes—not least because the
numerical calculation becomes increasingly more demand-
ing with larger /. Since the mode-sum scheme converges
rather slowly (as ~1/1), a calculation of the SF with even a
modest accuracy requires that we take a proper account of
the contribution from the truncated tail of the mode sum.

Let us denote by [ the highest spherical-harmonic / mode
calculated numerically (note this would entail calculating
all tensor-harmonic modes from [ =0 to [ =1+ 3).
Recalling the notation of Eq. (2.11), we express the SF as

i &)
Fe=YFut X Fe=Fy+Fy, G2
=0

4 >r
I=I+1

where F¢

I=I

. . o
is the part calculated numerically, and F7’ ; is
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the truncated tail we need to estimate. Here it is beneficial
to consider separately the conservative and dissipative
pieces of the SF. We remind that these can be constructed
individually using the mode-sum formulas (2.29) and
(2.30) via the procedure described in Sec. IIE.
Consider the conservative piece first. The regularized
force modes in this case admit the large-/ expansion
Fel =D L2+ DY L™*+...,

reg(cons)

(3.23)

where D¢, are [-independent coefficients. An approxima-
tion for these coefficients can be obtained by fitting a
large-/ subset of numerical data to Eq. (3.23). In practice
we take / = 15 and find the two coefficients D%, and D%,
using the numerically derived modes 10 = [/ = 15. The

large-/ tail piece of Ffélg (cons) is then approximated as

(o)

a = al
Fcons,l>i - Z Freg(cons)
I=1+1

= D, I" (I +3/2) + D ,T5(I + 3/2)/3!,
(3.24)

where I',,(x) is the polygamma function of order n, defined
in terms of the derivatives of the standard gamma function
as I',(x) = d""'[logl'(x)]/dx""". Since the leading term
omitted in Eq. (3.23) is of O(L™°), we expect the absolute

error in our estimation of Fe 7 to be of O(I7?), or

o) fractionally. With =15 this amounts to a
~1073 fractional error, which we can afford to tolerate
in this work.

Now consider the dissipative piece. We have that the

magnitude of F' félg (diss) falls off faster than any power of 1/1

at large /. For the range of orbital parameters explored in

this work we find that the numerical value of F félg( diss) drops

below the round-off error at [ ~ 7—-12, and so the large-/

: : a _ al _
tail, estimated as F diss, /> T Freg(diss), can be safely ne

glected taking [ = 12. In practice, to avoid adding up
spurious round-off contributions, we truncate the mode-

sum series at / = min{J, 15}, where [ is the first value of /

above [ = 7 for which we find |Ffé’g aiss| > |Ffé’gl@ilss)|.

Our procedure for estimating the numerical error is as
follows. First, we estimate the discretization error in each
of the computed /-mode contributions (as a time series
along the orbit) by repeating our numerical evolution at a
coarser resolution and using the difference between the
high- and low-resolution data sets as a crude error estima-
tor. [For example, to obtain the data in Tables I, II, III, and
IV below we applied a cell size of Au X Av = (0.02M)?
for our highest resolution runs, then Au X Av = (0.04M)?
for error estimation.] The total error in the numerically
computed part of the SF is then taken (conservatively) as
the sum of the errors (in absolute value) from the various
modes. In the case of the conservative piece we add to this
the estimated standard fitting error for the large-/ tail. For
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TABLE I

PHYSICAL REVIEW D 81, 084021 (2010)

The gravitational SF at selected points along an eccentric geodesic with (p, ¢) = (7,0.2). n = u/M. In the first column y

is the radial phase along the orbit [cf. Eq. (2.5)], with y = 0, 7 corresponding to periapsis and apoaspsis, respectively. Subsequent
columns display, in order, the conservative and dissipative pieces of F' and the conservative and dissipative pieces of F”. Values in
brackets are estimates of the uncertainty (due to numerical error) in the last displayed decimal place. For example, 5.3844(3) X 10™*
stands for (5.3844 = 0.0003) X 10~*. The values for F¥ can be obtained from F®u, = 0. Values for the SF along the inbound half of
the radial period (7 = y = 2) can be deduced based on the symmetry relations (2.33).

X 72 Flons N 2Fli 72 Flons N 2Fli

0 0 —4.06330(3) X 1073 3.35760(5) X 1072 0

/8 5.3846(3) X 107* —3.47962(2) X 1073 3.23228(4) X 1072 3.148027(5) X 1073
/4 8.6422(6) X 107* —2.15692(2) x 1073 2.909 89(5) X 1072 4.73496(1) X 1073
37/8 9.2840(3) x 10~* —9.2831(1) x 1074 2.50709(3) X 1072 4.47010(1) X 1073
/2 8.2846(4) X 1074 —2.5168(3) X 10~* 2.12504(2) X 1072 3.204 188(5) x 1073
57/8 6.61185(8) x 10~* —3.385(1) X 107? 1.81454(2) X 1072 1.893665(3) X 1073
37/4 4.60708(2) X 1074 —1.1241(3) X 107 1.590 157(5) X 1072 9.63374(2) X 1074
7/8 2.36409(2) X 10~* —2.7138(1) X 107 1.454424(7) X 1072 3.90516(1) X 1074
T 0 —3.4614(2) X 1073 1.408 88(2) X 1072 0

TABLE II. The gravitational SF at selected points along an eccentric geodesic with (p, ¢) = (7, 0.4). The structure of the table is the
same as that of Table. I.

X 7772F(t:0ns 7]72F(t]iss 7772F<r;0ns ﬂszSiss

0 0 —1.509113(8) X 1072 5.56081(6) X 1072 0

/8 1.8006(1) X 1073 —1.142319(3) X 1072 5.05974(8) X 1072 1.828 802(3) X 1072
/4 2.5896(2) X 1073 —3.67901(9) X 1073 3.90832(9) X 1072 2.28485(2) X 1072
37/8 1.9915(2) X 1073 1.26976(5) X 1073 2.77839(3) X 1072 1.605261(1) X 1072
/2 1.30621(8) X 1073 1.74587(2) x 1073 1.98195(4) X 1072 7.59798(5) X 1073
57/8 9.8662(4) X 10~* 8.03401(6) X 1074 1.47071(2) X 1072 2.65711(2) X 1073
37/4 7.001 1(1) X 10™* 2.396343(8) X 1074 1.13351(1) X 1072 7.76246(5) X 1074
7w/8 3.49621(1) X 1074 6.31089(3) X 107 9.28115(1) X 1073 2.04288(2) X 1074
T 0 2.92505(1) X 107 8.581533(5) X 1073 0

the fitting itself we use the high-resolution /-mode data
points, weighted by their estimated discretization errors.
This procedure yields a conservative estimate for the nu-
merical error in each of F&(y) and F§ (). It is this error
that we quote in the next section when presenting our

results.

E. Code validation and performance

Using a few test runs with a range of sample parameters,
we tested our code (i) for 4th-order numerical convergence,

(ii) against the SF results of paper I in the circular-orbit
case (e = 0), (iii) by extracting the flux of energy and
angular momentum carried by the gravitational waves
and comparing with results in the literature (see
Sec. IVA), and (iv) by verifying that the dissipative com-
ponent of the computed SF precisely balances the above
flux (Sec. IVA). Our code seems to perform well, at a
standard fractional accuracy of <10~ in the final SF,
across the parameter range 0 = e < 0.5 and p = 20M.
For larger eccentricities and/or larger values of p the

TABLE III. The gravitational SF at selected points along an eccentric geodesic with (p, e) = (10, 0.3). The structure of the table is

the same as that of Table. 1.

b% N Flons N ?Flig N2 Flons N Fl

0 0 —1.024249(7) X 1073 2.303 169(9) X 1072 0

/8 7.2278(2) X 10~* —8.05046(5) X 1074 2.21659(3) X 1072 8.51208(8) X 1074
/4 1.16148(2) X 1073 —3.67855(4) X 1074 1.98540(2) X 1072 1.17785(3) X 1073
37/8 1.247 664(9) X 1073 —6.1078(3) X 1075 1.677294(8) X 1072 9.63601(6) x 1074
/2 1.08725(1) X 1073 3.3434(2) X 1075 1.36220(1) X 1072 5.65458(5) X 107
5m/8 8.11160(7) X 1074 2.83103(3) X 1073 1.088087(7) x 1072 2.63807(5) X 10~*
/4 5.122807(9) x 10~* 1.10418(3) X 1073 8.81008(2) X 1073 1.06375(1) X 1074
77/8 2.408 105(6) x 10~* 2.45312(6) X 107° 7.537692(9) X 1073 3.61963(8) X 1073
T 0 2.836(2) X 1077 7.110909(3) X 1073 0
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TABLE IV. The gravitational SF at selected points along an eccentric geodesic with (p, ¢) = (15, 0.3). The structure of the table is

the same as that of Table. I.

X N2 Flons N Fl N Flons U

0 0 —1.040267(9) X 10~* 1.139648(3) X 1072 0

/8 3.03529(3) X 107* —8.23882(8) X 1072 1.102460(1) X 1072 1.03215(6) X 10*
/4 5.07593(2) X 10~¢ —3.9157(1) X 1075 1.000022(2) X 1072 1.43970(1) x 10~*
37/8 5.68296(2) X 1074 —8.3320(6) X 107° 8.56001(2) x 1073 1.19734(3) X 1074
/2 5.06147(1) X 1074 1.97928(7) X 107° 6.998 10(1) X 1073 7.2183(3) X 1073
5m7/8 3.765543(7) X 1074 2.2286(2) X 107° 5.578997(8) X 103 3.4786(1) X 1073

37/4 2.340696(1) X 1074 8.4719(9) X 1077
77/8 1.084278 5(8) X 10~ 1.0087(2) X 1077
b 0 —9.092(5) X 1078

4.486884(2) X 1073 1.4418(1) X 1073
3.814949(2) X 1073 4.9887(8) X 107°
3.590240(2) X 1073 0

long evolution time required begins to play a prohibitive
role. Our code is still fully functional at (say) (p, e) =
(50, 0.9), although in this case it becomes computationally
impractical to achieve our standard 10~# accuracy running
on a standard (single) desktop computer.

In developing and testing our code we used a desktop
workstation with a 2.5 GHz 64-bit processor and 8 Gb of
RAM. A typical computation of the SF over a complete
radial period, with given parameters in the above ‘“‘work-
able” range (and at the above accuracy standard), demands
4-8 days of CPU time on this machine.

IV. SAMPLE RESULTS

Figure 6 displays SF results for the sample parameters
(p, e) = (10,0.2), (10, 0.5), and (10, 0.7). We plot the
temporal and radial components of the (total) SF along
the geodesic orbit as functions of coordinate time . The
third nontrivial component, F¢, can be obtained using the
orthogonality condition F*u, = 0. In these plots r = 0
corresponds to a periapsis passage (where r = ry;,), SO
that, in accordance with the discussion at the end of
Sec. IIE, the dissipative/conservative pieces of F' are
described by the symmetric/antisymmetric parts of the F’
graph, and conversely for F”.

In Tables I, II, III, and IV we present numerical SF
results for the sets of orbital parameters (p, ¢) = (7,0.2),
(7,0.4), (10, 0.3), and (15, 0.3), for a few sample values of
the radial phase y. These numerical values can be used as a
reference for testing future calculations of the SF. In the
tables we display the conservative and dissipative pieces of
the SF separately. We only display values for F' and F"—
once again, the azimuthal component can be obtained
trivially using F*u, = 0. Also, we only give values for
the “outbound” half of the orbital period (0 = y = 7,
where 7, = 0); the values for the “inbound” half (7 =
X = 2m) can be obtained immediately based on the sym-
metry relations (2.33).

A. Dissipation of energy and angular momentum

Given the local SF, we can calculate the (orbit-averaged)
rate at which orbital energy and angular momentum are

dissipated. This information is contained in the ¢ and ¢
components of the local SF. From Eq. (2.10) one readily
obtains

Ex) = —[pu' Q1 'F,(x),
L(x) = [pu' ()] 'F(x),

where in this section (unlike elsewhere in this work) an
overdot denotes d/dt. We shall assume here, in effect, that
/M is sufficiently small that the back-reaction effect on
the orbit over a period of a few T, can be neglected. At this
“adiabatic™ limit the functions &(x) and L () are periodic
with period 7, and their time average is hence given by

&=~ [Téa
<>—;rj0 X

4.1)

. 1 27 .
D=7 [0 Idy. (42

These averages determine the “‘secular’” dissipative drift in

the values of € and L. Note that (£) and (L) depend only
on the dissipative components Fj  and Fg  (respec-
tively); it is immediately evident from the symmetry rela-
tions (2.33) that the contributions from F’ , and F&s
vanish upon orbital averaging. We also note that the dis-
sipative radial component F, . (let alone F{,,) has no
effect on the values of (£) and (L£). The secular drifts (£)
and (L) must be balanced by the flux of energy and
azimuthal angular momentum in the gravitational waves
radiated to infinity and down the event horizon. Denoting
the respective energy fluxes by (E)w gy and angular-
momentum fluxes by (L) /g, We have the balance equa-
tions

- lu’<g> = <E>oo + <E>BH = <E>total’ (43)

- lu'<-£> = <L>oo + <L>BH = <L>tota1'

Two validation tests for our code now suggest them-
selves. First, we may attempt to extract the asymptotic
fluxes directly from our numerically calculated Lorenz-
gauge metric perturbation, and compare with results in
the literature. Second, using Eqs. (4.1) we can derive the
local quantities (£) and (L) from our SF results, and check

4.4)
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FIG. 6. The gravitational SF for a sample of eccentric orbits. We plot the temporal and radial components of the SF as functions of ¢
for the sample parameters (p, ¢) = (10,0.2), (10, 0.5), and (10, 0.7). The solid and dashed lines show F’ and F", respectively. The ¢

component of the SF can be trivially obtained using the orthogonality condition F¢
periapsis passage. The radial periods for the e = 0.2, 0.5, 0.7 plots are, respectively,

u, = 0. In all graphs t = 0 corresponds to a
T, =~ 328M, 434M, 693M. We have cut out from

these plots the early part of the numerical solution, where nonphysical initial spurious waves dominate; the plots display only the later,
stationary part of the solutions, after the spurious waves have dissipated away. Note the small retardation manifest in the amplitude of
the total SF (with reference to the orbital phase). A similar retardation is observed in the scalar and EM cases [12,23].

whether the balance equations (4.3) and (4.4) are indeed
satisfied.

For both above tests we need a time-domain formulation
of the asymptotic fluxes in Schwarzschild spacetime. Such
a formulation was presented by Martel [45] and Poisson
[46,47], and we shall adopt it here. Martel-Poisson’s con-
struction is based on the Regge-Wheeler and Zerilli-
Moncrief perturbations functions W%, and W4, which
are related to our Lorenz-gauge variables through

m (1—2)! f ~(10
Wiy = O 2)![ PO = h’(”‘)]’ *>
2r - - -
Im  — D — j6) — £j(6)
Mg+ D(ar + 6M)[ f
N I+ 1Vr+2M B — i Ar + 6M 5(7)]’
2r ’ 2Ar

(4.6)

with A = (I +2)(I — 1). In terms of Wi,
fluxes at infinity are given by [45,46]

and Wi the

. 1 (l + 2)! 5 . )
= + m
(Bhe = e 3 g IRV + LGP
4.7)
(L) = IZ 2)‘ <4\pl () [ W (')t
Bl V5 ) ). 48)
where an asterisk denotes complex conjugation, {- - ) in-

dicates a suitable time average (in our case an average over
a period T, would suffice), and the functions W%, and
Win are evaluated at the “wave zone,” v — oo with fixed
u. The horizon fluxes (E)gy and (L)gy are given by ex-
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TABLE V. The flux of energy and angular

PHYSICAL REVIEW D 81, 084021 (2010)

momentum in the gravitational waves radiated to

infinity: comparison with results in the literature. The second column shows the values of the
radiative fluxes (E),, and {L).,, evaluated from our numerical results using Eq. (4.7) and (4.8) for
two sample values of p, e. Values in parentheses estimate the uncertainty in the last displayed
figure. The subsequent columns display, for comparison, the corresponding values obtained by
Martel [45] and Fujita et al. [49]. TD/FD indicate time/frequency-domain methods. Fujita et al.
claim all their displayed figures are significant.

This paper (TD) Martel (TD) Fujita et al. (FD)
p =1.50478, ¢ =0.188917
(E)o X 102 3.169(1) 3.1770 3.168999 891 84
(LYoo X 103°n72M ! 5.967 60(8) 5.9329 5.967552 15608
p = 8.75455, ¢ = 0.764 124
(E)os X 10%n72 2.124(3) 2.1484 2.123603 13326
(DYoo X 10°3n72M 1 2.7774(6) 2.7932 2.777 35938996

pressions similar to (4.7) and (4.8), merely replacing u —
v and evaluating W2, and W4 near the horizon, i.e., at
u — oo with fixed v.

To calculate {E),, and {L).,, we start by recording the
numerical values of the perturbation functions 7D (u) at
v = 10000M (approximating null infinity), over a com-
plete radial period. The desired fluxes at infinity are then
calculated using Egs. (4.5), (4.6), (4.7), and (4.8), making
sure that the error from truncating the sum over [ is
properly controlled (this is not difficult, as the mode sum
converges exponentially; in none of the cases considered
here we found it necessary to include modes beyond [ =
12). In a similar manner we also construct the horizon
fluxes (E)gy and (L)gy, starting by extracting the numeri-
cal values 2 (v) at very large u (approximating the hori-
zon; in practice we used u = 10000M), and then using
Eq. (4.5) and (4.6) with the horizon version of Eqgs. (4.7)
and (4.8). We estimate the error in our flux values by
comparing results obtained at two different grid resolutions
(h = 0.1 against h = 0.2).

The eccentric-orbit fluxes (E)., and (L), were computed
independently in the past by several authors, including

TABLE VL

Tanaka et al. [48] and Cutler et al. [38] [using frequency-
domain (FD) analyses based on Teukolsky’s formalism],
and later by Martel [45] [using a time-domain (TD) analy-
sis based on the Regge-Wheeler-Zerilli formalism]. Very
recently, Fujita ef al. [49] developed a highly accurate FD
algorithm for flux calculations. In Table V we compare our
flux data with the TD data of Martel and the FD data of
Fujita et al. [50]. We look at two strong-field orbits, one
with moderate eccentricity (e = 0.19) and the other with a
rather high eccentricity (e = 0.76). All the results shown
agree with ours to within 1%. The FD results agree with
ours to within at least 0.01%, and in all cases the FD results
fall well within our estimated error bars. Martel’s TD
results were presented without error bars, but they are
likely less accurate than the FD ones.

In Tables VI and VII we carry out the second test
mentioned above, i.e., we check whether our numerical
SF data and flux data satisfy the balance equations (4.3)
and (4.4). The tables compare the time-averaged rates of
loss of orbital energy and angular momentum, () and
w(L), with the corresponding total (horizon + infinity)
fluxes (E)y and (L),. We find that the two are consis-

Testing our code using the global energy balance equation (4.3). The third column displays the (negative of the) average

rate of loss of orbital energy over one radial period, —u(E), for strong-field orbits with semilatus rectum p = 7 and a range of
eccentricities e. This quantity is calculated from local SF data using Eqs. (4.1) and (4.2). For comparison, we give in the fourth column
the corresponding values of the total energy fluxes (E),,; in the gravitational waves radiated to infinity and down the event horizon.
These fluxes are extracted from our numerically derived Lorenz-gauge metric perturbation, evaluated at the corresponding asymptotic
domains. Values in parentheses are estimates of the numerical error in the last displayed figure. The last column shows the relative
difference between —u(&) and (E). confirming that the balance equations are satisfied to within our working precision. For
reference, the fifth column shows the relative contribution to (K, from horizon absorption alone, denoted (E)g;;. Manifestly, for the
strong-field orbits considered here and with our working precision of <10~4, black hole absorption cannot be neglected.

P e _M<g> X 1047772 <E>total X 1047772 <E>BH/<E>t0tal 1+ M<g>/<E>total
7.0 0.0 4.001 63(5) 4.001 66(4) 1.3x 1073 7% 107°
7.0 0.1 4.21696(9) 4.217(2) 1.6 X 1073 9x10°°
7.0 0.2 4.8983(2) 4.898(3) 2.7 %1073 -6 X107
7.0 0.3 6.1852(3) 6.185(4) 4.6 X 1073 -3x107°
7.0 0.4 8.5436(5) 8.544(5) 7.8 X 1073 5% 1073
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TABLE VII. Testing our code using the global angular-momentum balance equation (4.4). The
structure of this table is similar to that of Table VI. The table compares between the average rate
of change of orbital angular momentum, (L), as inferred from local SF data, and the flux of
angular momentum carried away by the gravitational waves, (L), as inferred from the
asymptotic waveforms. We also indicate the relative contribution to (L)p from angular

PHYSICAL REVIEW D 81, 084021 (2010)

momentum absorbed by the black hole, denoted (L)gy.

p e _<£> X 10377_1 <L>tota1 X 103(M/1U‘2) <L>BH/<L>total I+ M<£>/<L>t0tal
7.0 00 7.41112(9) 7.41124(7) 1.3x1073 2% 107
70 0.1 7.5896(2) 7.58961(7) 1.6 X 1073 1X107°
70 02 8.1517(4) 8.15137(7) 2.3%x1073 —4 X107
70 03 9.2090(5) 9.2092(2) 4.0x 1073 2X107°
70 04 11.1627(7) 11.164(2) 7.0 X 1073 1x107%

tent with each other to within the numerical accuracy. This
constitutes a significant, highly nontrivial validation test
for our code.

Tables VI and VII also display the partial contributions
to the fluxes (E)p and (L) coming form black hole
absorption, i.e., (E)gy and (L)gy. Note that our numerical
accuracy is sufficient to confidently resolve these (rela-
tively minute) horizon fluxes in the examples considered.
The consistency of the local dissipative SF with the asymp-
totic fluxes, at the accuracy level maintained here, is evi-
dent only when black hole absorption is correctly
accounted for. The data in Tables VI and VII represent a
first numerical test of the Martel-Poisson TD horizon-flux
formula.

B. Zoom-whirl orbits

An interesting family of eccentric geodesics, so called
“zoom-whirl” orbits [51], has p—6—2¢e =€ <K 1.
These geodesics correspond to points in the p, e plane
lying very close to the separatrix (see Fig. 1), possessing
energy-squared £ only slightly smaller than the maximum
of the effective potential R(r, L?). A particle on a zoom-
whirl orbit spends most of the radial period ‘“‘whirling”
around the central hole in a nearly circular orbit near
periapsis, before “zooming out” back to apoapsis distance.
During the whirl episode the particle may complete many
revolutions in ¢—the ¢ phase accumulated over one radial
period scales as Ag o In(64e/€) [see Eq. (2.25) in [38]].

In Fig. 7 we show the SF along a sample zoom-whirl
orbit with parameters (p, ¢) = (7.4001, 0.7). All compo-
nents of the SF are relatively very small near the apoapsis,
as would be expected in virtue of the large distance from
the central black hole. During the brief “zoom-in” and
““zoom out” episodes the particle has a large radial veloc-
ity component, and the SF changes rapidly. During the
whirl phase the particle moves on a nearly circular orbit,
and we expect the SF to settle to a constant value (this
expectation is indeed confirmed in studies of the scalar-
field and EM SFs [12,23]). We find that while this is true
for the ¢ and ¢ components, the r component of the SF
shows an unexpected linear-in-7 behavior during the whirl.

Other zoom-whirl orbits we examined showed a similar
behavior.

In order to understand the above peculiarity we con-
ducted several experiments. The following points summa-
rize the information gained. (i) The linearly growing piece
of F" is entirely dissipative; the conservative piece F.,,
shows no such linear growth (see Fig. 8). (ii) The linearly
growing piece of FJ; . is entirely attributed to the time-
dependent piece of the monopole (I = 0) contribution to
the SF; other modes show no such behavior. (iii)) When
examining a sequence of zoom-whirl orbits approaching
the separatrix (e — 0) with fixed e—see Fig. 8—we ob-
serve that the rate of linear growth decreases with e,
although rather slowly (slower than o« €). It is possible
that our numerical results are in fact consistent with
Fliis — 0 as € = 0 (as expected), but this is difficult to

0.4

0.3

0.2

0.1

(M/w)?F*

0

-0.1

-800 -600 -400 -200 0 200 400 600 800
t [in units of M]

FIG. 7. The gravitational SF for a zoom-whirl orbit with
parameters (p, e) = (7.4001, 0.7). In the upper panel we show
the (contravariant) ¢, r, and ¢ components of the SF as functions
of time ¢ along the orbit. The lower panel shows the radial
motion of the particle, for reference. t = 0 is periapsis, and the
radial period is ~789M. While F' and F? quickly settle to a
constant value during the quasicircular whirl episode (as one
would expect), the radial component exhibits a peculiar linear
behavior. This behavior is analyzed in the text (cf. Fig. 8).
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Conservative and dissipative pieces of the radial SF for zoom-whirl orbits—left and right panels, respectively. Shown are

results for four orbits with the same eccentricity (e = 0.7) but with increasing proximity to the separatrix p = 6 + 2e.

verify numerically. (iv) We have applied our numerical
algorithm to study the zoom-whirl behavior of the scalar-
field SF. As in [12], we observed no linear behavior during
the whirl [52].

The last point (iv) serves to reaffirm our trust in the
numerical code. The combination of points (i) and (ii)
(together with the fact that no linear growth is observed
in the scalar and EM cases) implies that the linear behavior
is purely gauge-related, and suggests that it should have no
observational (gauge invariant) consequences. In particu-
lar, the culprit monopole piece of Fj, is nonradiative and
has no secular physical effect on the orbit. Finally, the
observation made in (iii) suggests there is nothing wrong
with our choice of gauge either. In fact, it may be argued
that the observed linear-in-¢ behavior, with a weak depen-
dence on €, is perfectly consistent with the theoretical
expectation based on a local analysis of Fj near the
separatrix. We explain this in the following.

Consider the behavior of Fj,  for a zoom-whirl orbit,
€ X 1. During the whirl the radial phase y changes very
little, so, taking y = O at periapsis as usual, we can assume
X <X 1. In the following analysis we fix the eccentricity
¢(>0) and consider the limit € — 0 by taking p — 6 + 2e¢
(from above), inspecting the behavior of FJ, at leading
order in both y and €. A convenient starting point for this
analysis is the orthogonality condition u,F* = 0, whose
dissipative part can be rearranged to give

1 (52/fp)(gdiss - Q-Zdiss) _ (52/fp)\1’
e Fdiss u’ - u’

iss

. (49

Here we have used the dissipative part of Egs. (4.1), and
denoted ) = d¢,/dt. Recall f, =1—2M/r, and an
overdot denotes d/dt. The factor (£2/f,) is regular at y =
€ = 0 and hence uninteresting. For the radial velocity,
Eq. (2.8) gives u” = €'/2y, where throughout our present
discussion a proportionately symbol implies the leading-

order scaling with y and e. The function ¥ is symmetric in
x [recall Eq. (2.33)] and clearly W(y = 0) = 0; hence we
write ¥ = 2 (e, €) + O(x*), where ¢ is y independent.
Taking now #(y = 0) = 0, Eq. (2.6) gives y « €'/%¢, and
we thus obtain u” « et and W =« e (e, €). We conclude
that

Fli, = ti(e, €).

It is now essential to understand the scaling of s with € as
€ — 0. Clearly, ¢y — 0 at this limit, since for circular orbits
we have Eges = Qfdiss. It may be argued [38,51] that ¢
scales like the (small) fraction of the radial period that the
particle is spending in the zoom phase, which, in turn, is
proportional to 277/A¢ o [In(64e/€)]™". If this argument
is to be trusted, we obtain

Fr. ot X [In(64e/€)] ",

diss

(4.10)

“4.11)

which may explain the very weak e dependence of the
slope in Fig. 8. It is difficult in practice to test our numeri-
cal results more quantitatively against the scaling relation
(4.11) (precisely because the € dependence is so weak), but
we cannot rule out the possibility that our results are in fact
consistent with this scaling.

It remains to understand why the linear mode does not
exhibit itself so pronouncedly in the scalar and EM cases,
and how the amplitude of this mode might depend on the
choice of gauge in the gravitational case. This requires
further analysis, which we do not attempt here. We remind
that, from a practical point of view, the linear mode should
not cause any real concern, as it cannot affect any gauge-
invariant quantity derived from the SF.

V. ISCO SHIFT

Using our SF code we can start to explore the O(u)
“post-geodesic’ dynamics of the orbit, and quantify the
physical effects resulting from the finiteness of w. As a first
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concrete application of the code, we calculated the O(u)
shift in the location and frequency of the ISCO due to the
conservative piece of the SF. We recently reported the
results of this calculation in a paper [33]. Here (and in
Appendix F) we provide full details of this analysis.

The radiative transition across the ISCO, from a slow
quasicircular inspiral to a rapid plunge, has been studied in
the past and is now well understood. The transition occurs
not at a well-defined radius but rather in a gradual manner,
across a “‘transition regime,” whose width (in terms of the
corresponding azimuthal frequency) is proportional to a
low power of the mass ratio: AQ.s * (u/M)>> [53,54].
However, apart from the dominant radiative effect which
drives the inspiral (and the eventual transition to plunge),
the gravitational SF also has a conservative effect, which
shifts the location of the ISCO away from r = 6M [by an
amount of O(w)]. Unlike the radiative transition, this con-
servative shift is precisely quantifiable. Moreover, the
value of the azimuthal frequency at the shifted ISCO,
0.0, 18 essentially gauge invariant, and hence provides a
useful handle on the strong-field conservative dynamics.
Indeed, the value of ()., (for mass ratios not necessarily
extreme) has long been utilized in testing and calibrating
various approximate treatments of the general-relativistic
binary problem (see, e.g., [55,56], and the very recent
[21]). Our SF code allows us, for the first time, to obtain
a precise value for ()., (modulo a controlled numerical
error) at O(w).

In what follows we first derive a formula for the ISCO
frequency ()., including O(u) conservative SF correc-
tions, and then describe the numerical method used to
obtain the necessary SF data, and the results. Many of
the details are relegated to Appendix F.

A. Formulation

We first review the notion of ISCO in the unperturbed
[geodesic, O(u")] case. The radial geodesic equation [ob-
tained by differentiating Eq. (2.2) with respect to 7] reads

d’r, 1 dR(r, L?)
d—7'2p = j:eff(r ) £2); .Teff(r: £2) = _E T
5D

We consider a slightly eccentric orbit representing an e
perturbation of a circular orbit with radius ry,. We write

ro(7) = ro + er(7) + O(e?), (5.2)

where e < 1 and r;(7) is e independent. Substituting this
in Eq. (5.1) and reading the O(e) term, we obtain

d*ry 9 Fesi(ry, L2)
B _

d7'2 N Brp ezoerl
9 (e, L2
+ Lpz) 5e(£2)’ (53)
0L e=0

where 6, denotes a linear variation with respect to e
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(holding r, fixed). Since §,(L?) = 0 for geodesics [see
Eq. (2.4)], we obtain

d2r1 2
= —wiry, 5.4)
dr? !
with
0 Fege(ry, L2 M(ry — 6M
w% = — 4f tf(rp ) = 73(}’0 ) (55)
ar, e=0 Try(ro — 3M)

Equation (5.4) tells us that the orbit is stable under small-e
perturbations whenever w% > (), and is unstable under such
perturbations when w? < 0. The innermost stable circular
orbit is identified by the condition w? = 0, giving ri, =
6M. We also find that, at O(e), the radial motion is har-
monic in 7. Integrating Eq. (5.4) with the assumption of a
periapsis passage at 7 = 0, we obtain r; = —rycosw,T
and hence

ro(1) = ro(1 — ecosw, ) + O(?). (5.6)

Next, we consider the O(w) correction to the orbit
caused by the conservative piece of the SF. The equations
of motion become

dE . ar

ac _ _ Feons — Feons 57
d’7 L7 _
_~2p = j:eff(rp: -Ez) ay ngonsr (5.8)

foks

where hereafter overtildes indicate quantities associated
with the SF-corrected orbit (which is no longer a geodesic).
Here we have defined the SF-corrected energy and angular-
momentum parameters & (7) and E(%) (in general no longer
constants of the motion) through

~ = d ~ >
diy _ ¢ % _L (5.9)
p

a7 f(7) dr
in analogy with Egs. (2.1). We assume that the orbit
remains bound under the effect of the conservative SF,
with 7 = 7,(7) = Finax, and once again define p and e
as in Eq. (2.3), replacing 7pin — Frin and 7pax — Frax (W
leave e and p untilded for notational brevity). Without loss
of generality we take 7,(7 = 0) = .

The radial component F7,, is an even, periodic function
of 7 along the geodesic Xp(T) [recall Eq. (2.33)], and hence
also, at leading order in w, an even, periodic function of 7
along the perturbed orbit X,(7). [This is because %,(7) —
x,(7) o« O(w) while Fi, is already O(u?).] Since 7,(7)
too is even and periodic in 7 (and monotonically increasing
between 7,;, and 7, ), We may express Fi, as a function
of 7, only, for given p, e: Flon = Flons(Fp; p,e). In
Eq. (5.8) the quantities 7,(7), d*F,/d7?*, and Fl, are all
periodic and even in 7, and we conclude that Z, too, is
periodic and even. Hence, we may write I = z(ip; p, e).
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Let us now specialize to a slightly eccentric (SF-
perturbed) orbit. Working through O(e), we write r;, =
ro(1 — e) and rp,y = ro(1 + e), where ro[= pM + O(e?)]
is the radius of the circular orbit about which we perturb.
For this orbit we write 7,(7) = ry + eF(7) + 0(€?) [as in
Eq. (5.2)], and we have Fly, = Flons(7p; 1o, €) and L=
L(F,; ro, €). At O(€°) (i.e., at the circular-orbit limit) £ is
constant along the orbit from symmetry, and solving
Eq. (5.8) with d*F,/d7 = 0 immediately gives

- Mr? re

j=—2 1——°Fr] 5.10
o r0—3M[ uM"°J (5.10)
where hereafter subscripts “0” denote circular-orbit val-
ues. In particular, we denote by Fj, the circular-orbit value
of F[,, (omitting the label “cons’ for brevity). Then, at

O(e), Eq. (5.8) yields
€d27’1 _ 3 Fese (P L5)

_ er
d#2 a7, Fo=r0 1
9 I 7
+ %02) 5e£2 + /LilﬁeF(':ﬁonSJ
a(_ﬁ ) E:zo

5.11)

where we have used 0,7, = ef;. To evaluate Befz and
6,.F.,s, We note that the two quantities depend on e both
implicitly, thought r,(7; r, e), and explicitly. However, as
we showed in Ref. [33], the explicit linear variation of I?
and F¢,,s with respect to e (with fixed r( and r;,) vanishes at
e = 0. Hence we may write 8ef2 = e?ldfz/dfp and
8. Flons = eF1dF{,, /dF, (Where the derivatives are eval-

uated at e = 0), resulting in that Eq. (5.11) takes the form
d*F .
T = —@:7, (5.12)

with

h

d ~
2 = —dT[Teff(ip’ [(ip)z) + lu,ilFéons(?p)]fp:ro'
p
(5.13)

To obtain a more explicit expression for the shifted
radial frequency @,, we next expand L and Fl,.c in e
through O(e). First, solving Eq. (5.12) with the initial
condition 7, = F,;p, we find 7| = —rpcos®,7. Then we
expand Fon = F + eF((dFons/dp)s =, + 0(e?), giv-

ing

Flon = Fjy + eF} cos@,7 + 0(e?), (5.14)
where we have denoted F{ = —ry(dFlns/ dip); —r,- In a
similar manner we expand L= ZO +

efl(dZ/dip);P:rO + 0(e?), which, in conjunction with
Eq. (5.7), gives
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F&™ = e@, Flsind, 7 + 0(e?), (.15

where Fl, = uro(dL/dF,); —,,. Finally, using Egs. (5.14)
and (5.15) and substituting for fo from Eq. (5.10),
Eq. (5.13) becomes

3(rg — 4M 1
PR U ik L ) SR
ro(ro - 3M) ro
2
- F,/M(ro = 3M)u'F},
0
M 3r2(rg — 4M
. — [ro _ou — 2nalo —4M)
ro(ro — 3M) Mpu

N r%(ro —3M) Fr - 2(rg — 3M)\JM(ry — 3M) F}D]
Mu Mryp
(5.16)

This formula describes the O(u) conservative shift in the
radial frequency off its geodesic value. Note that it requires
knowledge of the SF through O(e) (knowledge of the
circular-orbit SF is not sufficient).

The perturbed ISCO radius, r = F,, iS now obtained
from the condition @Z(ry = Fii.o) = 0. Namely, 7, is the
value of ry that nullifies the expression in square brackets
in the second line of Eq. (5.16) through O(u). Note that in
this expression we are allowed to substitute ry = ri, =
6M in all SF terms, since such terms are already O(u) [so
the error introduced affects 7, only at O(u?)]. Thus, we
readily obtain

Arisco = Fisco — oM
(M?/w)(216F, — 108F

lis

+\3M2FL,)

@is

(5.17)

through O(w), where we have denoted Fj,, = F{(ro =
6M) and similarly for Fi;, F .

Since the coordinate ISCO shift Ar, is gauge depen-
dent (just like the SF itself), it is not very useful as a
benchmark for comparisons. Instead, we now consider the

(SF-corrected) circular-orbit azimuthal frequency,

dg, _ d,/d7
i di,/d7’

0= (5.18)
which, as discussed in [19], is invariant under all O(w)
gauge transformations whose generators respect the helical

symmetry of the circular-orbit configuration. Using
Egs. (5.9) and (5.10) we obtain

ro(ro - 3M) r]

e ey e |
2Mufo

where Q) = (M/r})'/? is the geodesic (no SF) value.

Evaluated at ry = Fis,, the SF-induced frequency shift
AQ = ) — Q reads [through O(u)]

Q= Q[l (5.19)
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1 [Arg, 27M
— Fr |
63/2M[ 4M  2u 0]

A(Z’isco = (520)
Equations analogous to (5.17) and (5.20) were obtained by
Diaz-Rivera et al. [10] in their study of scalar SF effects.

Despite the fact that AQ;, is gauge invariant (in the
above sense), care must be exercised in interpreting the
quantity expressed in Eq. (5.20). As pointed out in [26], the
Lorenz-gauge metric perturbation has the somewhat pecu-
liar feature that its ## component (in Schwarzschild coor-
dinates) does not fall to zero as r— oo, but instead
h, — —2a(=const), with a = u[ry(r, —3M)]" /2.
This peculiarity can be removed simply by “rescaling”
the time coordinate as t — 7 = (1 + 2a)/2t = (1 + a)t
[neglecting terms of O(u?)]. The angular frequency ),
whose definition has an explicit reference to ¢, will be

modified under such rescaling as A—-0=>0-a).
As explained in Ref. [19], and recently emphasized by
Damour [21], in order to compare with the frequency
derived in a gauge in which 4, admits the ordinary asymp-
totic falloff [such as the Regge-Wheeler gauge, or the
gauge associated with the O(u) part of EOB theory], one
must not use the “Lorenz-gauge” frequency ), but rather

the r-rescaled frequency Q. For practical reasons, there-
fore, we also give here the ‘“‘f-rescaled” version of
Eq. (5.20):
A 1 Ar, 27TM
Ao = — [ Fisco Fro+ L]
632ML 4M  2u * 18M
(5.21)

where we have used a(ry = 6M) = (u/M)//18.

B. Numerical method and results

In view of Egs. (5.17) and (5.20), the task of calculating
Arieo and AQ;, amounts to obtaining numerical values
for the three coefficients F, Fj;, and Fqlpis. The first
coefficient is easily obtained: F{ is just the SF along a
strictly circular geodesic with radius ry, = 6M, and we
already computed it in paper I using our circular-orbit
code (it is one of the values listed in Table V of [15]).
Here we repeat this calculation at greater numerical preci-
sion, obtaining

Fr,, = 0.0244665(1)/M> (5.22)

This is consistent with Berndtson’s [18] result of
0.024 466497 u/M?.
The computation of F ;is and F7;, is much more delicate,

as it requires to resolve numerically the small variation in
the SF under a small-e perturbation of a circular orbit
[recall Egs. (5.14) and (5.15)]. We are not helped by the
fact that this variation need be evaluated at (p, ) = (6, 0),
which is a singular point in the p-e plane (see below). The
subtlety of the computation task calls for an extra caution,

PHYSICAL REVIEW D 81, 084021 (2010)

so, as a safeguard measure, we devised and implemented
two completely independent strategies for evaluating F glpis
and F7,. The first, more direct approach (method I) in-
volves an evaluation of the SF along a sequence of eccen-
tric geodesics approaching the ISCO along a suitable curve
in the p-e plane; the required SF coefficients are then
extracted as certain orbital integrals, extrapolated to e —
0 (see below). The second strategy (method II) involves an
expansion of the field equations themselves about a circu-
lar orbit, through O(e). In what follows we describe each of
the two methods and their outcomes in turn.

1. Method I: extrapolation in the p-e plane
From Egs. (5.14) and (5.15) we obtain

Fii, = limlim F7(p, e),
p—6 e—0

~ 7T/,
Fi(p,e) =2w,(em)! j Fl scosw,7dt, (5.23)
0
and

1 T . ~1
Fou = lim lim Fo(p. )

~ /o,
FL(p, e) = 2(em)™! fo F&sinw,rdr,  (5.24)

where @,, 7, Fiong, and FP™ are the values corresponding
to a geodesic with parameters p, e (hence we were allowed
to remove the tilde symbols off w, and 7). It may be
noticed that, formally, the quantities F 1(p,e) and
F :D (p, e) are inverse Fourier integrals describing the first
o, harmonic of F{,,, and F@", respectively. The latter two
quantities, recall, are both periodic in 7 along the geodesic,
with Fi,,s being even and F™ being odd in 7.

The order of the limits in Egs. (5.23) and (5.24) is very
important: Since F7, and F glois are defined through an
expansion about a stable circular orbit (e = 0), we must
first take the limit ¢ — O before taking p — 6. In practice,
however, it is more computationally economical to ap-
proach the point (p, ) = (6, 0) along a certain continuous
curve in the p-e plane, rather than having to extrapolate to
e — 0 along several different p = const lines and then
extrapolate the resulting data again to p — 6. In doing
so, however, we must choose our curve carefully, since
the limiting point (6, 0) is known to be a singular one. [A
simple manifestation of this singularity is the fact that the
rate at which the radial frequency w, vanishes at the limit
(p, ) — (6, 0) depends upon the direction in the p-e plane
from which this limit is taken—see, e.g., Eq. (2.36) of
[38].] In particular, the curve must always “‘stay away”
from the separatrix p = 6 + 2e, where the e expansions
(5.14) and (5.15) [on which Egs. (5.23) and (5.24) rely] are
meaningless. As discussed by Cutler et al. in [38] (in a
slightly different context), in order for the e expansion to
hold, one must require not only ¢ < 1 butalsoe < p — 6.

084021-21



LEOR BARACK AND NORICHIKA SAGO

For our purpose, the point (6, 0) must be approached
keeping ¢ << min{l, p — 6}.

Here we pick the curve p = 6 + /e, for which e < 1
automatically implies e << p — 6. We select a set of p
values approaching p — 6, and for each value we use our
code to calculate the SF along an eccentric geodesic with
parameters [p, e.(p)], where e.(p) = (p — 6)%. For each
of these parameter-space points we then construct the
quantities F’(p, e.(p)) and I:“z,,(p, e.(p)) defined in
Egs. (5.23) and (5.24), by numerically integrating the SF
data along the orbit. The results are shown in Fig. 9.

Finally, we obtain the desired coefficients F{;; and F :DIS

by extrapolating the numerical values of ' 1and F }p top =
6. We do this, in practice, by fitting a cubic polynomial to
the numerical data, writing (for example) £ 1=
ap + a;(p —6) + -+ + as;(p — 6)° and taking the value
of the fitting coefficient a as our approximation for F{
The results are

lis®

= 0.0620(5) /M2,
—1.066(1),  (method I).

115

Fl

@is

(5.25)

Here, as elsewhere in this work, a parenthetical figure
indicates the uncertainty in the last displayed decimal place
due to numerical error [so, e.g., 0.0620(5) stands for
0.0620 = 0.0005].

The error in the above calculation is estimated as fol-
lows. For each value of e considered, we first estimate the
numerical error in each of £} and F é, as the difference
between the value obtained with the finest numerical grid
used and the value obtained with a coarser grid (of 4 times
the cell area). We calculate this difference for each of the
I-mode contributions to F and F ;, and conservatively take

0.063 T T
numerical —>—
fit -------

0.062 |-

0.061

0.06

r
1c
e
—
-

0.059 1%

0.058

0.057

0.056
6

6.05 6.1 6.15

p

6.2 6.25 6.3

FIG. 9. Derivation of the SF coefficients F{;; and F 1 is
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the total (/-summed) error as the sum over the moduli of
the individual /-mode errors (adding to this the large-/ tail
extrapolation error). The ‘“‘error bars” thus obtained are
those displayed in Fig. 9. In the final step we fit a cubic
polynomial curve to each of the F7, F q'p data sets, using the
above error bars as a fitting weight. We take the standard
fitting error in the constant term (the above coefficient ag)
as our estimate for the error in FJ;, F (pls It is this estimated
error that we indicate in Egs. (5.25).

2. Method II: e expansion of the field equations

; 1
Our second procedure for evaluating Ff; and F ;o

based on a systematic expansion of the field equations (and
the SF) through O(e), and is similar, in principle, to the
method used in Ref. [10] for the scalar-field SF. The idea is
to consider a slightly eccentric geodesic, with r,(7) =
ro(1 — ecosw,7), where e <1 and ry, = const [as in
Eq. (5.6)], and for this geodesic expand the source term
in the perturbation equations (2.20) through O(e) as

SO, 1)8(r — ry) = S§t, r)8(r — ro) + e[SV(1, ro)
X 8(r—ry) + T?)(t, ro)8'(r — ry)l.
(5.26)

Here we have omitted the indices Im for brevity and used a
prime to denote d/dr. The various expansion coefficients
are given by

aS(z, rp)

Sy =80, S ="

’

e=0

(5.27)

= S(()')ro COS®, T.
e=0

. . ar,
Ty = =501, r) -2
de

' numericqll ——
-1.025 g fit -moom- .

-1.03 e

-1.035

L

-1.04 &

-1.045 e

¢

-1.05

-1.055

-1.06

-1.065 I

-1.075
6

6.05 6.1 6.15

p

6.2 6.25 6.3 6.35

entering the ISCO-shift formula (5.17), using method I. Plotted are the

numerical values of £ (p, ¢) and F' o(p, e) [see Eqs . 23) and (5.24)] for a sequence of points in the p-e¢ plane approaching the ISCO
along the curve p = 6 + \/e. Error bars indicate the estimated numerical error, which is evaluated as explained in the text. The solid
curves are weighted polynomial fits used to extrapolate the values of F| and F' 20 to p — 6. The extrapolated values are the desired

and FL.

,
coefficients F' ois*

lis
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The coefficients S(li) (for i = 1,...,10) are evaluated by
substituting the above expression for r,(7) in Eqs. (B11)—
(B20), along with u” = eryw, sinw, 7 + 0(e?), £ = (ry —
2M)[ro(ro — 3M)]7'2 + 0(e?), and L = ro(ry/M —
3)"12 + 0(e?), and then expanding through O(e).
Explicit expressions for the S(li)’s are given in
Appendix F. We also formally expand the metric perturba-
tion functions 7" in the form

RO r) = () + el (1, 1) + 02 (5.28)
(again omitting the indices Im for brevity), and conse-
quently single out the O(e) and O(e') pieces of the
perturbation equations (2.20) as

Oiy) + MORY = $8(r = 1), (5.29)

Dﬁ(li) + .’ME’}))EY) = S(li)é(r —ry) + Tfi)é’(r - 1p).
(5.30)

Notice that the source terms in these equations are eval-
uated along a circular geodesic (of radius ry). The function
ﬁg ) is just the physical Lorenz-gauge perturbation from this
circular geodesic. The function ﬁ(li) is not a physical per-
turbation; in particular, it is discontinuous across the orbit
(due to the &’ term in its source).

For our purpose we need to solve Egs. (5.29) and (5.30)
for ry = 6M. While there is no problem solving for ﬁg ) (as
we in fact already did in paper I), solving for E(l’) is
numerically subtle, since the source functions S(li) become
singular as w,— 0 [cf. Equations (F2)-(F12) in
Appendix F]. Hence, as in method I, we use extrapolation:
we first solve Eq. (5.30) for a sequence of r, values
approaching 6M, and then extrapolate our data to ry =
6M.

A second difficulty arises because our TD algorithm
assumes that the numerical variables are continuous on
the particle’s orbit. This is no longer the case for the
functions ﬁ(li), which suffer finite jump discontinuities
across the orbit. This requires an adaptation of the junction
conditions implemented in the finite-difference scheme.
We describe the suitably modified junction conditions in
Appendix F. We use our amended TD algorithm to solve
for the functions ﬁ(li) via time evolution.

Once the functions Eg)(t, r) and ﬁ(li)(t, r) are at hand we
can proceed to construct the SF along the slightly eccentric
orbit through O(e). Here we need to be cautious: When we
evaluate 72)(z, ) (and its derivatives) along the slightly
eccentric orbit rp(T), we must take proper account of the
O(e) contribution coming from the term ﬁg)(t, rp) via the
expansion of r; in e. Recalling Eq. (5.28) we have, in fact,
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ROt ry) = 1) (1, ro) + e[ (2, o)

— i) (1, r)rg cosw, 7] + O(e?),  (5.31)

with similar expansions applying to the r and ¢ derivatives
of the perturbation along r,(7):

Rt ry) = by (2, ro) + e[V (1, 7o)

_ ;l(i)

ore (B To)rg cosw, 7] + 0(e?),  (5.32)

where o = r or t. Recall that the derivatives of ﬁg) and ﬁ(li) ,

as well as the function ﬁ(li) itself, are discontinuous at ry
and hence defined only in the sense of a directional limit
r— ry (however, for simplicity we choose here not to
reflect this with a suitable notation). Notice also that the
first derivatives of the metric perturbation ) along the
slightly eccentric geodesic involve second derivatives of
the function ﬁ((f) along the circular geodesic (an rr deriva-
tive for ﬁ,(ﬁ) and an rt derivative for ﬁ,(,i)). The necessary data

for our calculation therefore includes the functions ﬁ(ol) and
ﬁ(li) themselves, as well as the derivatives ﬁg’)r ﬁ((f)t E(ll)r ﬁ(l’),
ﬁf{),r and Ef{)r,, all evaluated (in a one-sided fashion) at the
circular orbit with radius r, = 6M.

To construct the SF through O(e), we substitute
Eq. (5.28) in Eq. (2.25), and evaluate the outcome along
the slightly eccentric orbit r,(7). We remind that the func-
tions F appearing in Eq. (2.25) are given explicitly in
Appendix C in terms of the perturbation 2¥)(z, r) and its
r and ¢ derivatives. We next expand Eq. (2.25) in e through
O(e) using the expansions (5.31) and (5.32) and the above e
expansions for u”, £, and L. Keeping only the O(e) terms,
we proceed through the mode-sum regularization proce-
dure as described in Sec. I E, and construct the O(e) pieces
of the conservative SF components F’ . and F%5, We find
that these O(e) pieces contain only terms proportional to
either cosw, 7 or sinw,7. More precisely, we obtain

O(e) piece of Fly, = eFl, cosw,T, (5.33)

O(e) piece of F¢ = ew, Fi"sinw, 7, (5.34)

where the coefficients F’, and F$" are constructed from
i, ﬁ(l’,)g, ﬁg)g, and ﬁg)m. (The explicit form of these
coefficients is rather complicated and will not be shown
here. The coefficients can be readily evaluated using com-
puter algebra tools.) The O(e) part of the orthogonality

condition u“F, = 0 then also gives

(5.35)

: cons — Sin o3
O(e) piece of FY™ = ew, Fy"sinw,,

where F' f,f“ is related to the numerically computed coeffi-
cients F{" and F}, through

2
Fin = — 10 (g Fsin + ryFY).

5.36
¢ T T Lo (-36)
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Comparing Egs. (5.33) and (5.35) with Egs. (5.14) and
(5.15), one finally identifies F| = Fl, and Fl, = F3".

We have implemented the above procedure for a dozen
or so radii ry near 6M, and for each radius obtained the
values of F7 and F,. We then extrapolated these values to
ro = 6M by fitting a cubic polynomial (see Fig. 10). We
obtained

Fr.. = 0.062095(1)u/M?,

lis
Fii = —1.0665(8)u  (method II).

(5.37)

These values are in agreement, within the estimated nu-
merical accuracy, with the values obtained using method I
[compare with Egs. (5.25)]. Using method II we were able
to explore orbits much nearer to the ISCO, resulting in a
much improved accuracy. Of course, the agreement be-
tween our two independent calculations provides signifi-
cant reassurance.

With the SF coefficient values given in Egs. (5.22) and
(5.37), formulas (5.17), (5.20), and (5.21) finally yield

Arieo = —3.269(2) i,
Ag.z’isco = Qisco X 04869(4)/-L/M, (538)
AQieo = Qoo X 0.2512(4) /M,

where Q,., = (6¥2M)~" is the unperturbed (geodesic)
value of () at r = 6M. The values obtained here are
slightly more accurate than the ones we give in our paper
[33] [AFigeo = _3269(3)“‘ and  AQjo = Qjgeo X
0.4870(6)u/M], an improvement made possible by the
inclusion of additional numerical data points in our
analysis.

0.0622

T
numerical ———
e fit -------

0.062

0.0618 Ty

0.0616 B

1c

F

0.0614 T

0.0612

0.061

0.0608
6

6.01 6.03 6.04

and F!

pis?

FIG. 10. Derivation of F’

lis
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VI. CONCLUDING REMARKS AND FUTURE
APPLICATIONS

This work marks a new frontline in the program to
model realistic two-body inspirals in the extreme mass-
ratio regime. For the first time we are able to calculate the
full [O(u?)] gravitational SF across (essentially) the entire
parameter space of strong-field bound geodesics in
Schwarzschild spacetime. This work also represents a first
complete end-to-end implementation of a range of compu-
tational techniques which were developed gradually over
the past decade: mode-sum regularization scheme [29], the
1 + 1D Lorenz-gauge perturbation formalism [26], and the
method of extended homogeneous solutions [31]. As the
reader may appreciate, the underlying computational chal-
lenge is rather daunting, given the complexity of the field
equations, the technical subtleties involved in dealing with
the delta-function source, the high computational cost, and
the need to patch together different techniques in both the
time and frequency domains. Our eventual working code is
of considerable complexity and took over two years to
develop and test.

Following is a summary of the various tests which
helped us establish confidence in our code’s performance.
(i) The mode-sum regularization procedure is self-
validating, in the sense that it is extremely sensitive to
errors in the computation of the perturbation multipoles
(especially the high-/ ones, which are most computation-
ally demanding). If the regularized mode sum shows the
expected falloff behavior at large /, this by itself is a strong
indication that the high-/ modes were calculated correctly.
(i1) The code reproduces the known results in the circular-
orbit case; these results are now confirmed by 3 indepen-
dent analyses [15,17,18]. (iii) Our evolution code reprodu-
ces the correct asymptotic fluxes of gravitational-wave

-1.045

-1.055

1s
[
‘\
\
et
¢
\
\

F

-1.06

i

-1.065

numerical +—>—

6.02 6.03

p

6.04

using method 1. Plotted are the numerical values of Fl(p) and Fi"(p) [see Egs. (5.33) and

(5.35)] for a sequence of points approaching the ISCO along the p axis in the p-e plane. Error bars indicate the estimated numerical
error, which is evaluated as explained in the text. The solid curves are weighted polynomial fits used to extrapolate the values of F{,
and F" to p — 6. The extrapolated values are the desired coefficients F7{;; and F ('Pis.
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energy and angular momentum, as verified by comparing
with results in the literature. (iv) The work done by the
dissipative piece of the computed SF is found to precisely
balance these fluxes. (v) The value of the ISCO frequency
shift derived from our SF seems consistent with the value
derived in EOB at 3rd post-Newtonian (PN) order: Damour
recently showed that the latter is about 72.5% of the SF
value, with the difference likely attributed to higher-order
PN terms [21].

In principle, our code can return the SF along any bound
geodesic in Schwarzschild geometry, although in practice
computational cost may becomes prohibitive when the
orbital period is too large (i.e., for very large p and/or e
close to unity). The “workable domain” of our code using
a current-day standard single-processor desktop computer
is roughly 0 < ¢ =< 0.5 and p = 20M if a fractional accu-
racy of <107* in the SF is sought. The current algorithm
incorporates an explicit reference to the radial frequency
parameter, so it cannot be used to tackle unbound orbits.
However, it may be adapted with moderate effort to handle
unbound orbits (including orbits below the last stable orbit)
as well.

Even within the above ‘“‘workable domain,” the current
code is discouragingly slow. It takes a few days to compute
the SF along a single strong-field geodesic, which makes it
impractical to cover the entire parameter space of inspirals
at sufficient resolution (having in mind the development of
theoretical gravitational waveform templates for astro-
physical inspirals). There are, however, various ways in
which one may improve the computational efficiency and
speed. Most obvious, one can use distributed computing—
our algorithm should be easily amenable for distribution on
a cluster, since different / modes can be calculated in
parallel. Other natural approaches include the use of
mesh refinement (see Thornburg’s recent report [57])
and/or higher-order finite-difference schemes. One may
also seek to reduce the computational cost attached to the
initial stage of the numerical evolution (when spurious
initial waves dominate) by iteratively improving the initial
conditions for the evolution—this idea is already being
implemented successfully in a 2 + 1D framework [58].
Other ideas represent a more significant deviation from
our approach: (i) work entirely in the frequency domain,
making full use of the method of extended homogeneous
solutions [31] (this is likely to prove most efficient with
smaller eccentricities); or (ii) abandon finite differencing
altogether and instead use finite elements or other pseudo-
spectral techniques [59,60], benefiting from their natural
flexibility in accommodating multiple length scales.

Nonetheless, some interesting applications are already
possible with the current version of our code, and we have
presented one of them in Sec. V. Our computation of the
ISCO frequency shift represents the first physically mean-
ingful new result coming out of the SF program, and it has
already informed both numerical-relativistic calculations

PHYSICAL REVIEW D 81, 084021 (2010)

[34,35] and EOB/PN theory [21]. Further ideas for SF/
EOB synergy were recently discussed by Damour in [21].
In particular, Damour showed that a computation of the
(gauge-invariant) conservative SF correction to the preces-
sion rate of the periapsis, for slightly eccentric orbits, will
give access to the presently unknown 4PN (and possibly
higher-order) parameters of EOB theory. We are currently
working to extract the necessary SF data to facilitate this
calculation [these are essentially the coefficients Fy, FY,
and F}D of Egs. (5.14) and (5.15), as functions of ry]. Our
preliminary results show excellent agreement with the
analytic EOB predictions at 2PN and 3PN, and we are
hoping to publish these findings elsewhere [61].

More generally, our code allows to tackle the calculation
of post-geodesic [O(u)] precession effects at any eccen-
tricity, not necessarily small. This would not only provide a
handle on the “Q’ function of EOB theory, but can also
directly inform the computation of conservative effects in
inspiral trajectories. Information on the periastron advance
as a function of p, e could, for example, be incorporated
into an orbital evolution scheme a la Pound and Poisson
[24]. We are currently investigating this direction.

Finally, we comment briefly on the possibility of ex-
tending this work to the Kerr case (a more elaborate dis-
cussion of possible strategies for attacking the Kerr
problem can be found in [6]). The framework of the current
code, i.e., numerical evolution in 1 + 1D is not directly
applicable in Kerr spacetime, because the perturbation
equations in Kerr cannot be separated into harmonics in
the time domain. It is possible to tackle the field equations
in 2 + 1D (i.e., separating the perturbation into azimuthal
m modes only) or in full 3 + 1D, and there has been
considerable progress in that direction in the past two
years—although work so far has been restricted to the
toy problem of a scalar field in Schwarzschild geometry
[11,58,62,63]. Schemes for regularizing the SF directly in
2+ 1D or 3 + 1D have been proposed and recently im-
plemented [58,63,64]. Alternatively, one may attempt to
tackle the field equations in 1 + 1D by properly accounting
for the coupling between different / harmonics, and a
similar strategy may be applicable in the frequency domain
too. A first calculation of the SF in the Kerr case (using the
frequency-domain approach)—for a scalar charge in a
circular equatorial orbit—will be presented in a forthcom-
ing paper [65].
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APPENDIX A: ALGEBRAIC RECONSTRUCTION
OF THE METRIC COMPONENTS IN THE LORENZ
GAUGE

We prescribe here the construction of the various com-
ponents of the (trace-reversed) Lorenz-gauge metric per-
turbation ﬁaﬁ in terms of the 10 time-radial scalarlike
functions A" introduced in Eq. (2.19). In the following
Yim = y'm(@, ¢) are the standard spherical harmonics, f =
1 —2M/r, and for brevity we suppress the multipolar
indices 1, m in A%W'™  Recall that the functions 7)™ —our
basic numerical evolution variables—are obtained by solv-
ing the coupled set (2.20).

The metric perturbation is reconstructed through

ﬁ
2r

nMg
M-

iy (AD)

hopg =

where the various Schwarzschild components are given by
= (RO + RO™,
Wy = FIRO Y,
= D = RO,
him = r(hWylm + ®yim),
him = rsin(RYY{ — hi®yim),
him = rf YR Y + ROYm),
him = rf~sing(h Yl — hOylm),
Al = r2(ROym + B Dyim + p0ylm)

(A2)

iyt = P2 sin@(h Dyl — RO0y),
hlm = r2sin?@(h®yim — p Dyl — p0ylm)

The angular functions appearing in these relations are
defined as

Yim(o, ¢) = e Yl (for 1> 0),

Yin(g, ¢) = 10 _li_ l)sin_lﬂ)’,’;” (for > 0),

Yin(e, ¢) = El ; 2;' [sinf(sin~'OY"") o — sin= 20y ]
(for 1 >1),

Yim(o, ¢) = %(Sm-leﬂg}g (for [>1). (A3)

We note that for / = 0, 1 we have A7'9 = 0 identically,
and that for / = 0 we have additionally #(*>3% = 0.
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APPENDIX B: FIELD EQUATIONS AND GAUGE
CONDITIONS FOR THE PERTURBATION
FUNCTIONS A9 (r, ¢)

We give here explicit expressions for the various terms
appearing in our 1 + 1D field equation (2.20). In what
follows f=1—2M/r, f' =2M/r*, r, is the standard
tortoise radial coordinate defined through dr/dr. = f(r),
and v =t + r,. We also denote A = (I + 2)(I — 1).

The terms .’ME;))I AV in Eq. (2.20) read

.’J\/lgjl.))ﬁ(/) _ i(lff/ﬁe)) n (r_z#)f(ﬁ(l) — i)
254
(r—6M)f? -
— h®, Bl
o B1)
MR = L(l ff/;;@)) + L — oy
v
3Mf oy 0 200f
r 2r3
. 2
L Br=8MMf oy o ST )
r 272 2r
2 ¢l
+ I e, (B2)
r
MO = — L[;;m _ e - (1 _ 4_M)(;;(3> N ;;(e)):l
) 252 r '
(B3)
MOV - 9 [f (7 — ,;(5))] _ +21)f )
2r
_Mf pay _2MS py _WE DEF
23 r 4r
/
+ 1 o, (B4)
4r

)h<5> —l(l + 1)(hD — fA®)

i) —
MR = —2[(
1
5( (BS)

)(1(1 + 1)A© — h<7>)]

MO = L[;;(l) e (1 _ ‘LM)(;;@) . 5(6))]
(./) 2r2 r >
(B6)

D70 = — L (5D & A7
MQAD = = (B + A7), (B7)
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MO = a[ (W® — <9>)] ];If 7®

2Mf M o MI R0, (B8)
r 2r3
MO — %(1 _ 9_M);;<9> _ %(1 _ 3_M>;;<10),
) r 2r 2r r
(B9)
MR = — %(E“m + ARO). (B10)

These expression are the same as those given in
Appendix A of paper I, although we write them here in a
slightly different form, more amenable to discretization in
v, u coordinates.

The various source terms @ in Eq. (2.20) are given
(referring to Sec. IT A for notation) by

s = ”f TR~ fy = LAY (/2 ),

(B11)
8 2
S = 7T—f"u’Y?,,,(w/z, @), (B12)
T,
p
(3) _ dar )
Sin = 23 oy + LY (7/2, ¢y), (B13)
P
8mimfiL
Sim = %Y;“m(w/z ®p) (B14)
p
8mimfyu’ L -
s = 75 Y5.(7/2, ¢p), (B15)
P
4 f2L?
6 _ \
Im — rg}:g Y[m(ﬂ-/zr ¢p)r (B16)
ST =i+ 1) — 2m?1s'0), (B17)
8wfiL |
Sty = =, (/2. ¢y), (B18)
P
8mwfiu L .
St = — 3o Vi o(7/2, @), (B19)

2
rpg
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o) _ 8mimfyL?

Im e Y o(7/2, p). (B20)

The 1 + 1D field equations. (2.20) are supplemented by
4 elliptic ““constraints’ stemming from the Lorenz-gauge
conditions (2.15). These constraint equations read

O — @

vy f< O+ R + ): 0, (B21)

r

E(IZ) —fﬁ(rl) +f2}5(§) _J_C(E(l) — 7% _ﬂ;(3) _2fﬁ(6)) =0,
, , , ,
(B22)

B — LR + 200 + 1+ RO — 7D) = 0, (B23)
r

B —L (i 1 2i — 00y = o, (B24)
r

APPENDIX C: CONSTRUCTION OF THE
FULL-FORCE SPHERICAL-HARMONIC MODES

Following are the explicit values of the functions _’]:"‘”"
appearing in Eq. (2.25):

al al alr
Fily = G et + E0a /12"
j:'(alm — aéan)falm BfnJ:Z)falm (+2)f§x_{_m’

f(ahf) = fé’ﬁnf“”” + 5111)16?3" + f(ﬁ"gfgim + §(+1)f§1*l:m’
f(of)l)m = fg_{_m + aﬁ)l)m alm 4 ,3(0)f§“i’" + Y(O)fgi’”,

.'Ffi”f) = lm )fﬁ’im + 5"" )f“[m + f( 1)f“i'" + f( 1)f§’im,
Ty = 0‘( Iy ST B + VS5

:]:'(o;lrgl) 3)fozlm + f( g)falm. (C)
The various functions f% are those appearing in
Eq. (2.24), and below we give these functions explicitly
for a = ¢, r (the values for ¢, # are not needed in this
work). The values of the various [/, m-dependent coeffi-
cients a, B, v, €, {, £ in the above expressions are given in
Egs. (D3)—(D9) of Appendix D. In what follows we use the
notation £ = £/r,, and for brevity we suppress the in-
dices /, m as well as the subscript =; it is to be understood
that the ¢ and r derivatives in the following expressions are
taken from either “outside” or “inside” the orbit, yielding,
in general, two different one-sided values which corre-
spond to the suppressed + or — subscripts.
For the t component we have
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+4M . ) ]
fo= 4f4 e (85 —2ny o = impy R+ 22y i - 4r—J%[(52 T f)w? + E(E — [ IR

p

ra+M r—M)

4 rg[(ur)Z + &2 2fp]h(1) 2; [( r)2<52 P . fp P +%52(52 _fp) _ imfpu'Z(gz _fp)jlﬁ(z)
p

4f p p p
r L m
3 (2) + u’ 2 (2 + _ (3) _ 2+ (3 +y" 7(3) +
f4 [E u (&> = fo)hr.] if, (u imL)h 4fp —— (& + fh] +uEh;!] TSR Yz
N _ mEL
« 2 lp M 2)+ 2 ] @ _ _ tmrp 356 4 (e A9+
L[Zm (5 ) e = gy i - 1)f3 (S + w6 = fR + 5 s
3M iM imryu rf _ £ n
(2 _ e r (5) 2 (5) r (5) 4+ (= (6)
X [z(u ) (2 rp ) + " E*+mfyu E:Ih 721(14_ 1)f3 [(E* + fo)hy +u"Eh.] 4fp( u"+imL)h
+ i[(c‘)2 - f )5(6) + u’gﬁ(@] — —m5z2 [3mu" — ij:(4 + m?) 7 + —mzr r [(E*+f )hm + urSh(7)]
412 pi T+ DAS, (1 + DAS !
(C2)
2 -2 e
P — wer? W — £—(52 fo)h@ + wel h® L (52 noM_ f2>ﬁ(8)
! 2f2 212 P 21, 3 1+ Df; ) P
imEL> g1’ - r &L "o u L
_ jAC 3u” — imL)h© + p h(g) + 2 h(s)
21(1 T, af, Gu’ ~im L) 200+ )3 e nf €= 1)
- o .
b 7?2 (&2 +fp)h(6) p2 u’é‘ﬁzh,(ff _ EL [ a2l —3M M 2] (9)
4fp 4/ ) A S ¢
im€L3 -
N A () (C3) o s 24 O 4 ro)?EL
’ — hy +————h,
W+ DAS, i nf R T N
(m> = DEL’ - )
P e - ) r_ _WEL o 2001+ 1)Af, S 7
2 201+ 1)f2 201+ 1)f?
r? o
4[(l+—1)/\f2[fpg(3ur - Slmﬁ)hw)
— ry(& + fIRD — ryur€R])], (C4)
er’ o -
f_ ©) 4 j(10)
72 fs 20(1 + DAS, (Ah ), €8
t _ 1 (7)
5= qa+ 1)Af2[ fo€Gu’ ~ imL)h
+ ry(E2 + fR) + ryu €AY, (C5)
fi= —””ﬁz S[(E = f) + wERD)] EL o
201+ Df; == pU0, (C9)
; 7201+ DAS,
iml )00
-r p(gz + f p)h,(t1 O—r p“rgﬁ»(fl*o )]’ (Co) For the r component we have
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5= 13 [(ur)4 lmfp(ur)3£ + (u’)2< 52 + fp) — imurfpz(gz +2f,) — fp52(1 4M)]h<1>
4fp "p p
_ £ M R
_ 2 2 (1) r\4 22 _ 2150 4+ "3 . 2
o (0P & 420 I = LG+ R+ gy = W+ g R(1+ ) = impynE
%u’(é’Z +2f,) — im f2£:|h(2> [(u’)2 + fli - WP o L@+ imEy + 2y
o ! 213 ! 2fy T Af
R ) e _ }
= (i L f)E = FU S (W = 84 IR 4 T = £ + € = Sy
p p
imu L M A7 - imr.u &1 _ imr, &r imZl
+ r e ) “4) _ p (4) \2 (4)
20 + 1)f2 [2” (1 rp) ""fpﬁ]h 200 + 1)f2 YT 02 L@y = folhr + 0% 2
3M A M imr, &L _
|32 = 222) — "N T 4oy =g2 4042 27 [ — p "2 4 ®)
[(u ) (2 : ) imfy(u)>L + u (r & 2fp) imf £:| AT+ DF [(u")? + folh;
_imry(u")? r 6 _ 5 u'€ _
s - r T4 1 (6) + p (6) p N2 4 (f)
R [(u )> — imu’ L + f,1h v h; 4fp (") + fplh,
mL® N2 ir ] 2 (1) m>ryu” £r? (1) mzrpZz "2 (1)
+ m[ 3m(u")? + iu" L4+ m*) —mf ]n') + 40+ DA, T DAL, (W) = fplhy.,  (C10)
[
o uEL? (u"2EL M\ - ru &1
r "2y 0 HEL fe) re _ ( __> ® 4 ®)
i T2, TR 2f, 5= "+ /2 ! o T /2 hi
I’ _ imu I3 5£ u L
+ T () + 1B — ®) )2 p(® _
5 LW+ £ 20+ 1) T s L™ = folhirs = 5705 s
2 r 2
+ £—[3(u’)2 imu" L + fp]ﬁ“’) - rpzzigﬁﬁ(?) X [u w")?* + Ké'z + 2f§:|ﬁ(9)
p p p
A r 3 7 3 7
e _ g _ imu L o, " v WLy i L WL e
4fp [(” L T YA 20+ Df2 LW+ ol + 305 072 r.
N (m?> — Du'L* -
£2 _ ~ M, = (10)’ (ClS)
T ETA [w &R+ (@) + f)h] 2+ DA
I? R
N2 _ & r i (7)
+ W0+ DAL, DAY, [f,(3(")* — Simu" L + f,)h e N "
) _ r—_ = [ARO + 410, C16
— rg ERY = ry()? = fRT], (C12) T EYL | (C16)
r? R
ro— _ N2 _ = r i (7)
oA+ 1))lfp[ JoB) = imu L+ fi )l w L’ 7(10)
) _ r=__— = j0) C17
+ g ERD + ry()? = f)RT)]) (C13) U TIESY (1D
LS Y PN T
* 201+ 1)f, b APPENDIX D: USEFUL IDENTITIES
imz2

Y2 — it [ i (10)
+ 20+ DA, [fp(3(u")?> = 2imu" L + f,)h

— iy ERYY = () = £, (C14)

The following identities are used in deriving Eq. (2.25)
for the full-force modes. In these relations Y”" are the
standard spherical harmonics, and the identities are valid
for any values of [, m.
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Sin20ylm — almQ)yl+2,m + alm Ylm + alnj Yl—2,m’
sin?0Y'y, =

m 1+2,m Im lm Im - 2m
VYT Y™+ (1Y

COSGYlm _ Slnaylm — Elm Yl+1m + Eém Yl lm

(+1)

cosf sinHY,’g" = ,8{
Sin@Yln = st yItlm 4 i yi=lm,
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Yl+2m _;’_Blmylm + ﬁfm Yl 2m

(D1

Sll’l30Ylm — §(+%) Y/+3 m o4 {lm Yl+1 m 4 Zlm Yl 1,m + é«lm Yl 3, m
2 — 1+3, Imyl+1, 1 -1, 1 1-3,
cosfsin 01(5’}9 = §(+3)Y " gqrytthm 4 f(’fl)Y m f(’f3)Y ",

Here the various coefficients are all constructed from

c > —m? 1/2 Do
o= [@er] 2
using

afﬂz) = —CrrimCriom af('f) =1- C2 - C12+1m,
a"y = =CinCitm (D3)
Bfrﬁz) = 1Cr1,mCraom Bfg’) =I1C},,,, — (+ 1),
B( 2) = _(l + l)ClmCl—l,m: (D4)

7%2) = PCriymCriom

753’) =m*—I(l+1)+PC},, +(+1)C, (D5

7%@2) = (l + 1) ClmCl—l,m;

(+1) =1Cr1,m 5é'fl) =—(+1DCy, (D6)
ety = (= DCryim €’ = +2)Cp, (D7)
{1y = =1C1 1 mCriomCraam
Z(H) Cropmll(l = C},y = C%+zm> + (1 + 1),
{ry = —Ciul+ D0 =y, = ) +1CE, )
"y = U+ DCCrymCrom (D8)
3 = PCriamCrromCrazm
gm = Cpoylm® = 11+ 1) + BC
+(+ )¢, + PG,
g = Cplm? — 1+ 1) + PCh,,
+(+ 12, + (L + D2CE L]
£y = L+ 1°CruCroymCirgm (D9)

APPENDIX E: JUMP CONDITIONS FOR THE
PERTURBATION MODES AND THEIR
DERIVATIVES

As explained in Sec. III B, our finite-difference scheme
makes use of formal jump conditions for the perturbation

modes 7" and their (first through fourth) derivatives
across the particle’s orbit. In this appendix we derive the
necessary conditions. Our derivation refers to a specific
(yet generic) point x; along the orbit, with known coordi-
nates (rg, ty) or (ug, vy), and velocity components 1, =
du,/dr|,, and vy = dv,/dr|,,, where T is proper time
along the orbit. We will use the notation [A]y = A(x]) —
A(xy ), where A(xj) are the values of a 1 + 1D field A(r, t)
calculated by taking the limits 7 — #, and r — rg. In this
appendix we shall omit multipolar indices /m for brevity.

1. Continuity condition for / @

The Lorenz-gauge perturbation modes /) are all con-
tinuous at any point along the orbit. This can be verified,
for example, by noticing that the distributional form 42 =
B(r, 6[r — ro()] + W9 (r, 1)6[r,(t) — r] is indeed a so-
lution of the perturbation equations (2.20) only if the
homogeneous solutions 15(3 and 19 satisfy fz(l) = i along
the worldline. Hence, for any i we have

[A], = 0. (E1)

2. Jump conditions for the 1st derivatives

Let us we reexpress the field equations (2.20) in the form
i+ P = [ drS00x, ()80 — u(m)o(w ~ wy(r),
(E2)

where

PO = V()h® + MO, 50 =2ef,250, (E3)

with .7\/18 and SY being the quantities given in
Appendix B, and V(r) being defined in Eq. (2.21). Now
consider formally integrating Eq. (E2) along the ray v =

v, over an infinitesimal interval (1, — €, uy + €) across x.
The integral of the left-hand side yields

+ . .
ROore + f PO — —[RD], (B4
uy—€

as € — 0, since P is bounded. Similarly integrating the
right-hand side of Eq. (E2) one finds
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[u0+€du [dTg(i)(xp(T))5[u — upy(7)]8[vy — vy(7)]

Uuy—€
— 55159 (xp). (ES)

The desired jump condition is therefore
(A%l = =05 "5 (xo). (E6)

Similarly integrating the field equations along u = u, over
an infinitesimal interval (vg — €, vy + €) one also obtains

[T = 15" 59 (xp). (E7)

3. Jump conditions for the 2nd derivatives
It is straightforward to derive the jump condition in the
mixed uv-derivative. From Eq. (E2) we immediately have

[0,0,h]y = —[P7],, (E8)

as the source term is supported only on the worldline.
Recall PY involves the perturbation 2 and its first de-
rivatives only, and so the jump in PY can be readily
calculated from the jump conditions obtained above.

To derive a jump condition for the vv derivative, we first
take the v derivatives of the field equations (E2), and then
integrate with respect to u along v = v, over (uy — €,
ug + €). We thereby obtain

—(+ upt+e .
—[AD) = lim [ du[—Pf,’)(u, V)
eV Juy—e
+ fdrf(i)(xp)é’[vo — v,(7)]6[u — MP(T)]].
(E9)

Now, for P%) we may write

PO = PO, v)6[v — vy(u)] + P (u, v)8[v,(u) — v],
(E10)
in which P(ti) are smooth and where v,,(u) is the value of v

at which the outgoing ray of retarded time u intersects the
worldline. Using this form we obtain

uyt+e . uyte ;
[0 P(,’,)(u vo)du=/0 du{(P(i)(u, vg)

— P(u, v9))8[vy — vp(u)]
+ P (u, v0)8[vy — vy(u)]
+ P, (1, vo) 8wy () — vol}

— (itg/00)[P7], (E11)

as € — 0, since P(ri),u are bounded. Lastly, for the integral
involving §® in Eq. (E9) we have
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[u0+€du [dTS(i)(xp(T))(S/[UO — vp(7)]6[u — uy(7)]

uy—E€

= [dTg(i)(xp(T))6’[v0 — vp(7)]0[uy(7)
— (ug — €)10[(up + €) — uy(7)]

Tot04 joy
- f dr§(x,(7))8' g — v(7)]

To—0_

To+04 -
= — / ! dTS(’)(xp)i)El di(?[vp(r) — vp]
T

To— 06—

— /TO+6+ dT%[0§l§(i)(xp(7'))]5[vp(7) ~ vo

To—6_

o d e
= ig ! [0 'S0l (E12)
where 7 is the value of 7 at x(, and 6. are the values of 7
at which the two outgoing rays of constant retarded times
uy * € cross the worldline. Combining the above results,
we arrive at

(s . d o
[0 = Gito/00)[PV]y — vy E[i}p_ls(l)(xp)]lxo'
(E13)

The jump condition for the uu derivatives is derived in a
similar fashion. The result is

iy . d -
[ = (90/ig)[PD]y + 11! <Ly SO0, (E14)

4. Jump conditions for the 3rd derivatives
The jumps in the two mixed third derivatives are readily
obtained by considering the derivatives of the field equa-
tions (E2) with respect to v and with respect to u:

[ D0udo = —[P o, (E15)

[Awlo = =[P (E16)
Here the jumps in P,(,i) and P,(f,) can be obtained from the
jumps in the first and second derivatives of 2 derived
above.

To obtain the jump condition for the vvv derivative, we
differentiate the field equations (E2) twice with respect to
v, and then integrate with respect to u along v = v, over
(ug — €, ug + €). This yields

—[ﬁ,(f,w]o = lin(l) [u0+6 duI:—Pff;)v(u, Vo)
+ [dTS(i)(xp)é”[vo — v,(7)]
X 8[u — up(T)]]. (E17)

Using Eq. (E10) again, we obtain
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e i) Upte (i) ()
Py, vo)du = du{2(P7 ,(u, vy) — PZ(u, vy))6[vy —
MO_E uyg— €

P(i)vv(u, vo)0[vy —

as € — 0. Here we have introduced v

!l —=

(v)/dv with uy = uj(vy) =
have used

f T PP, vo) — P, (u, v0)) L —

0" €

(as € — 0), along with

uy—€

j‘u0+e
ug—€

The term involving S¥ in Eq. (E17) gives, upon twice
integrating by parts,

fuojfdu fdfﬁ(i)(xp)g//(vo — up(q-))5(u — ”p(T))

d d 0
1 -1 =180
— vy dT[ v, E(vp St >)] (E21)
as € — 0. Finally, substituting from Egs. (E18) and (E21)
in Eq. (E17) we arrive at

[h(vvv]() = 2(”6)7][}),(9]0 + (U6)72[P,(1i)]0 + M(’)’[P(i)]o

d

The jumps [P?], and [P,(f,)]o can be obtained in a straight-
forward way from the jumps in the first and second deriva-
tives of the perturbation, obtained in previous steps.

In a precisely analogous manner, differentiating the field
equations (E2) twice with respect to u and then integrating
with respect to v along u = uy over (vy — €, vy + €) gives

[ﬁ,(z?uu o = 2(”/0)_1[13([)]0 + (”6)_2[P(i)]0 + [P,

n u*l; [ —(u*sm)]

Xo

(E22)

Xo

(E23)

Xo

where Ug = U”(uo) = (UOMO - Uouo)/ug

5. Jump conditions for the 4th derivatives

The jumps in the five 4th-order partial derivatives of /%)
are obtained in a similar manner. The results are

o/ Vo and ug = uy(vo) = (iigvy —
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vy ()] + (P (u, o) — PO (u, v9))8'Tvg — vy(u)]

UP(M):| + P(*i),vv(uy U())@[‘UP(M) — vy}
= 200)~ [Py + (wp) 1P + [Py

(E18)

dvp(u) /du and vy = v (ug) = vy/1iy; and similarly, defining u,(v) as the value
of u at which the i 1ncom1ng ray with advanced time v intersects the worldline, we introduced u’ = du (v) /dv and up

Il =

iyiiy)/v3. To evaluate the 11m1t in Eq. (E18) we

vy ()] = () '[P (E19)

S au v = PO v 8T — vy = = [ au (P v~ PO v ) AR ()}

du{d% [P, v9) = PO (u, ve))(wp) ™ 1(wp) ™' 8(u — ”v(”))}

— () [PV —

vl(wh) 3Py = (w) HPD Ty + ul[PVTy.  (E20)

[
[wode = =[PD 10 [Abwndy = =[P T,
0 0 (E24)
[h,tlmuv]o = _[P,llm](),
[ Dvwulo = u TPy + 3ul[PD 1y + 3uf(wh) '[P,
—2[P0,0

d d
+ (v~ 3[P(WO—UO1 { ~1

ar ™ ar

+3()) " [PD]y + 30!

(E25)

Xo

[ Duado = v'TPDYy + 30i[PDTy + 3v4(uh) ' [PYT,
+3(u) [Py + 3uf) 2P0

, d d
+ (M/O)73[P(uv]0 + M d { ~1

“p dr
d o
X [u;lﬁ(up‘lS(’))]}

Here I/lgl = M//l(ro) = (Movo 31401101)0 + 3M0U(2) -
lgUvo)/vy  and vy = v})(ry) = (Voud — 3giigity +

(B26)

Xo

30iig — voiigity)/ 3. The jumps in the various P terms
are related to the jumps in the 1st, 2nd, and 3rd derivatives
of the perturbation, which were obtained in previous steps.
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APPENDIX F: SOURCE TERMS AND JUMP
CONDITIONS FOR SLIGHTLY ECCENTRIC
ORBITS

1. Source terms

We give here explicit expressions for the O(e) source

coefficients S(li) defined in Eq. (5.27). These are needed in
our discussion of the e-expansion method in Sec. V. We use
the notation

ro — 2M
\”"0(7‘0 - 3M)’
\/Mro
Ao — 3M’

along with f, = 1 — 2M/r,, and omit multipolar indices /,
m for brevity.

Eo=E(p=rpe=0)=
(F1)
Lo=Lp=ry,e=0)=

The coefficients S(li) are obtained by formally expanding

the source terms S given in Egs. (B11)—(B20) in powers
of e through O(e), assuming the e-expansion forms of the
trajectory,

ro(7) = ro(1 — ecosw,7) + O(e?),

2w,

@p(7) = 0, T+ esinw, 7 + 0(e?),

;
where we wrote w, = L/r. S(li) in then obtained as the

linear variation of @ with respect to e [recall Eq. (5.27)].
The result can be expressed in the form

S(li) — Z S(i) e—iw,,m’r’ (F2)

1,n
n=x*1

where w,,, = nw, + mw,, and the various coefficients are

(1) _ 27T(r0 - 2M)3
Ln Soré(ro - 3M)

X [ro — 6M + 2mn(rq — 2M) &]Y;‘m(o), (F3)
wr
ST = —4minw, f3Y},0), (F4)
2
5(13,)1 = 77-280 [ro —4M + 2mn(ry — 2M) ﬁ]YZn(O),
, 2 ,
(F5)
4) _ 87Tim£0(r0 - 2M)
Sl,n - rg
X I:ro —4M + mn(ry — 2M) ﬁ:IY;"m(O), (F6)
wr

drmne, Ly(ry — 2M)?

8(5) —
Ln 50}’(3)

Y (0), (F7)
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27 L3(rg — 2M)

8(6) —
L,n 501”(5)
X [3;»0 —10M + 2mn(ry — 2M)ﬂ]y;n(0), (F8)
wr
ST =[11+1) —2m*1SY, (F9)
S(g) _ 87T.£0(r0 - ZM)
1,n rg
X [ro — 4M + mn(ry — 2M) ‘”‘”]Y;*m,,(O), (F10)
W, '
dminw, Ly(rg — 2M)* _
50 = - Amne Lol 20y o)y
'L
S0 = dmim Loty — M) [3r0 ~ 10M
! 5()7'0
w
+ 2mn(ry — ZM)—“’]Y,*m ,(0). (F12)
W, '

Here w,,, = nw, + mo,, with Y;, (0) and Y}, ,(0) denot-
ing the spherical harmonics and their 6 derivatives eval-
uated at § = 77/2 and ¢ = 0.

Notice that if we also write

TY) = Z T(ll;)neiiwnm’r

n==1

with TV =78y (¢, = 0),

N[ =

(F13)

then we may split the O(e) part of the metric perturbation
into two harmonic components, 72\ = ﬁ(lf) T ﬁ(l”)_l, each
of which satisfying the field equation

O, + MO, = [S)) 8(r — ro) + TV, 8'(r — 19)]

()
X e"iomT  (n = x1). (F14)

Evidently, the source for ﬁ(li)

, 1s simple harmonic in 7, with

frequency w,,,. It is clear that the solutions E(l’:)n(r, t) (and

their derivatives) will inherit this simple harmonic depen-
dence on 7 along the orbit. Hence we may write, for
example,

3, ) = =i oo | (FIS)

where the factor fo&y ! is simply (dr,/d7)~".

2. Jump conditions

Here we explain the derivation of the necessary jump
conditions for the variables ﬁ(li) associated with the O(e)
piece of the metric perturbation [recall Eq. (5.28)]. Unlike
the full physical metric perturbation functions 2) [or the
0(") variables A1, the functions 7\” are in general

084021-33



LEOR BARACK AND NORICHIKA SAGO

discontinuous across the particle’s worldline, because the
field equation which defines them, Eq. (5.30), is sourced by
a derivative of a delta function. For our TD algorithm we

need to derive analytic jump conditions for ﬁ(li) itself as
well as for its first to fourth derivatives along the orbit. Our
task here will be somewhat simpler than in the case of the
full perturbation 7 (analyzed in Appendix E) thanks to

the simple harmonic dependence of ﬁ(li) on ¢ along the orbit,
expressed in Eq. (F15).

We start by reexpressing the field equations (F14) in the
form

(02 — 9DRY, — 4P = —4[SV 8(r — ry)

+ 70 (r — ro)]ei@mT™

1,n

(n==1), (F16)

where the definition of P(l’)n is similar to that of P in
Eq. (E3), simply replacing 1) — ﬁ(li)n. Substituting

(F17)

In

PP = h(ll;)lfﬁ(ro —r) + h(l)+9(r - 1)

and comparing the 8'(r — ry) and 8(r — ry) terms on both
sides of the resulting equation, we readily obtain the jump
formulas
(i) — 4 —iw,,T
(A do = = T e, (F18)
' 1o

[Gr*h(l) 1o = 2 [fOS(Z) + fé:]-’(ll;)n]e*iwnmf’

(F19)

(i)
_Pﬁln_
0

where Pg)n are the terms < §(r — ry) in P1 ',» which are
given by

1
Py, = S SRAlA Do (F20)
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Py, = %fof' Lfoh3) + A = Ao, (F21)
P, = L FofsTAY, = B (F22)

P, = L IfdlS — B2, (F23)

PY =0 (others). (F24)

We may now easily obtain jump conditions for the
second and higher r, derivatives in a recursive manner:
Formally differentiating Eq. (F16) k times with respect to
r. we get the jump relations
[0 2R 1o

i n

= [070% A\ 1o + afat P 1,

= —(@unfo/EV LR + 4L8% P Ty
(k=0), (F25)
where the second equality is due to the harmonic depen-
dence of h() on t along the orbit, expressed in Eq. (F15).
The jumps in the ¢ derivatives are also obtained in a
straightforward manner, by writing
[0k i, Jo = (—i@anfo/EDMOERD N (F26)
The desired jump conditions in ﬁgi) and their derivatives
are finally obtained by adding up the jumps in the two n =
1 harmonics:
[ofok a"]y =

> [okok i) ]y (kK =0). (F27)

n=x=x1
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