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We investigate cosmological scenarios with a nonminimal derivative coupling between the scalar field

and the curvature, examining both the quintessence and the phantom cases in zero and constant potentials.

In general, we find that the universe transits from one de Sitter solution to another, determined by the

coupling parameter. Furthermore, according to the parameter choices and without the need for matter, we

can obtain a big bang, an expanding universe with no beginning, a cosmological turnaround, an eternally

contracting universe, a big crunch, a big rip avoidance, and a cosmological bounce. This variety of

behaviors reveals the capabilities of the present scenario.
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I. INTRODUCTION

The cosmological research of the last three decades has
elevated the role of scalar fields in the description of
various sides of nature. Introduced as the driving mecha-
nism for almost all inflation realizations [1], the dynamics
of scalar fields gained new interest after observations pro-
vided indications for an accelerated universe expansion
[2]. In particular, the new concept of ‘‘dark energy’’ was
easier to describe with an extra scalar field dubbed quin-
tessence [3] than with the traditional cosmological constant
[4,5], and the corresponding cosmological behavior proves
to be much richer.

However, although the general belief is that the data are
far from being conclusive, some data analyses suggested
that the cosmological constant boundary, that is, the phan-
tom divide, has been crossed in the near cosmological past
[6]. The simplest way to explain this unexpected behavior
is the use of a phantom scalar field instead of a canonical
one, that is, a scalar with a negative sign of the kinetic term
in the Lagrangian [7]. Although the discussion about the
construction of quantum field theory of phantoms is still
open in the literature (see, for instance, [8] for the causality
and stability problems of phantom fields, but also [9] for
attempts in constructing a phantom theory consistent with
the basic requirements of quantum field theory, with the
phantom fields arising as an effective description), the
richness and capabilities of phantom cosmology have
gained significant interest in the literature, extending
from dark energy to the area of inflation [10].

Apart from the aforementioned basic use of scalars
(canonical or phantom ones), cosmological models where
the fields are nonminimally coupled to gravity [11,12] have
been shown to present significant cosmological features,
both for inflation and dark energy areas, and have been

widely studied [13]. Additionally, one can further extend
these ‘‘scalar-tensor’’ theories, allowing for nonminimal
couplings between the derivatives of the scalar fields and
the curvature [14], and these scenarios reveal interesting
cosmological behaviors [15].1

In our recent work [18] we examined the cosmological
scenario of a quintessence field with nonminimal deriva-
tive coupling, and we extracted exact solutions in the case
of zero potential. In the present work we are interested in
extending this analysis to the case of nonzero potentials,
and furthermore, for completeness, to perform it for both a
quintessence field and a phantom field. The plan of the
manuscript is as follows: In Sec. II we construct the
scenario and we extract the cosmological equations. In
Sec. III we examine specific potential choices and we
investigate the corresponding cosmological solutions for
various parameter choices. Finally, in Sec. IV we discuss
the physical implications of the different universe evolu-
tions, and we summarize the obtained results.

II. COSMOLOGY WITH NONMINIMAL
DERIVATIVE COUPLING

In this section we present the cosmological paradigm
with nonminimal derivative coupling between a scalar field
and the curvature. In order to describe the quintessence and
the phantom field in a unified way, we adopt the " notation;
that is, the parameter " takes the valueþ1 for the canonical
field and �1 for the phantom one.

A. Action and field equations

Let us construct a gravitational theory of a scalar field�
with nonminimal derivative couplings to the curvature. In
general, one could have various forms of such couplings.

*msaridak@phys.uoa.gr
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1It is also worth mentioning a series of papers devoted to a
nonminimal modification of the Einstein-Yang-Mills-Higgs the-
ory [16] (see also the review [17] and references therein).
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For instance, in the case of four derivatives one could have
the terms �1R�;��

;�, �2R���
;��;�, �3R�h�,

�4R����;��, �5R;���;�, and �6hR�2, where the coef-

ficients �1; . . . ; �6 are coupling parameters with dimen-
sions of length-squared. However, as it was discussed in
[14,15,18], using total divergencies and without loss of
generality, one can keep only the first two terms. Thus,
the action for the cosmological scenarios at hand can be
written

S ¼
Z

d4x
ffiffiffiffiffiffiffi�g

p �
R

8�
� ½"g�� þ �G����;��;� � 2Vð�Þ

�
;

(1)

where Vð�Þ is a scalar field potential, g�� is a metric, g ¼
detðg��Þ, R is the scalar curvature, G�� is the Einstein

tensor, and � is the single derivative coupling parameter
with dimensions of length-squared.

Varying the action (1) with respect to the metric g��

leads to the gravitational field equations

G�� ¼ 8�½"T�� þ ����� � 8�g��Vð�Þ; (2)

with

T�� ¼ r��r��� 1
2g��ðr�Þ2;

��� ¼ �1
2r��r��Rþ 2r��rð��R�

�Þ
þ r��r��R���� þr�r��r�r��

�r�r��h�� 1
2ðr�Þ2G��

þ g��½�1
2r�r��r�r��þ 1

2ðh�Þ2
�r��r��R���:

Similarly, variation of the action (1) with respect to �
provides the scalar field equation of motion:

½"g�� þ �G���r�r�� ¼ V�; (3)

where V� � dVð�Þ=d�.

B. Cosmological equations

Throughout this work we consider a spatially flat back-
ground geometry with a metric

ds2 ¼ �dt2 þ e2�ðtÞdx2; (4)

where aðtÞ � e�ðtÞ is the scale factor and dx2 is the
Euclidian metric. Thus, the Hubble parameter is simply
HðtÞ � _aðtÞ=aðtÞ ¼ _�ðtÞ.
As usual, we assume a homogeneous scalar field,

namely, � ¼ �ðtÞ. In this case the field equations (2) and
(3) are reduced to the following system:

3 _�2 ¼ 4� _�2ð"� 9� _�2Þ þ 8�Vð�Þ; (5)

�2 €�� 3 _�2 ¼ 4� _�2½"þ �ð2 €�þ 3 _�2 þ 4 _� €� _��1Þ�
� 8�Vð�Þ; (6)

"ð €�þ 3 _� _�Þ � 3�ð _�2 €�þ 2 _� €� _�þ3 _�3 _�Þ ¼ V�; (7)

where a dot denotes a derivative with respect to time. Note
that Eqs. (6) and (7) are of second order, while (5) is a first-
order differential constraint for �ðtÞ and �ðtÞ.
The constraint (5) can be rewritten as

_� 2 ¼ 3 _�2 � 8�Vð�Þ
4�ð"� 9� _�2Þ ; (8)

or equivalently as

_� 2 ¼ 4�" _�2 þ 8�Vð�Þ
3ð1þ 12�� _�2Þ : (9)

Therefore, as long as the parameters " and � and the
potential Vð�Þ are given, the above relations provide re-

strictions for the possible values of _� and _�, since they

have to give rise to non-negative _�2 and _�2, respectively.
Let us now separate the equation for � and �. For this

aim we resolve Eqs. (6) and (7) with respect to €� and €�

and, using the relations (8) and (9), we eliminate _� and _�
from respective equations. We easily obtain the results

€� ¼ �2
ffiffiffiffiffiffiffi
3�

p
_�½"þ "8�� _�2 � 8��Vð�Þ�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½" _�2 þ 2Vð�Þ�ð12�� _�2 þ 1Þ

q
þ ð12�� _�2 þ 1Þð4�� _�2 þ 1ÞV�

"ð1þ 12�� _�2 þ 96�2�2 _�4Þ þ 8��Vð�Þð12�� _�2 � 1Þ ; (10)

€� ¼ �ð"� 3� _�2Þð"� 9� _�2Þ½3 _�2 � 8�Vð�Þ� � 4
ffiffiffiffi
�

p
� _�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið"� 9� _�2Þ½3 _�2 � 8�Vð�Þ�p
V�

1� 9"� _�2 þ 54�2 _�4 � 8��Vð�Þð"þ 9� _�2Þ : (11)

We mention, however, that although the� equation does not contain � terms, the � equation, in general, contains� terms
arising from the potential Vð�Þ.
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III. COSMOLOGICAL SCENARIOS AND
SOLUTIONS

In this section we examine specific cosmological sce-
narios; that is, we consider specific potential choices.

A. Zero potential: Vð�Þ � 0

The case of a canonical field under zero potential has
been investigated in [18]. Thus, in this subsection we
restrict ourselves to the case of a phantom field, that is, " ¼
�1. The field equations (5)–(7) now read

3 _�2 ¼ �4� _�2ð1þ 9� _�2Þ; (12)

� 2 €�� 3 _�2 ¼ �4� _�2½1� �ð2 €�þ 3 _�2 þ 4 _� €� _��1Þ�;
(13)

€�þ 3 _� _�þ3�½ _�2 €�þ 2 _� €� _�þ3 _�3 _�� ¼ 0: (14)

The constraint (12) can be rewritten as

_� 2 ¼ � 3 _�2

4�ð1þ 9� _�2Þ ; (15)

or equivalently as

_� 2 ¼ � 4� _�2

3ð1þ 12�� _�2Þ : (16)

From these relations we deduce that _� and _� should obey
the following conditions:

1þ 9� _�2 � 0; (17)

1þ 12�� _�2 � 0: (18)

Note that these conditions are only fulfilled for � < 0.
Assuming � ¼ �k2, we find

_� 2 � 1

9k2
; (19)

_� 2 � 1

12�k2
: (20)

The separate � and � equations [(10) and (11), respec-
tively] read

€� ¼ � 2
ffiffiffiffiffiffiffi
3�

p
_�2ð8�� _�2 � 1Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
12�� _�2 � 1

q
1� 12�� _�2 þ 96�2�2 _�4

; (21)

€� ¼ � 3 _�2ð3k2 _�2 � 1Þð9k2 _�2 � 1Þ
1� 9k2 _�2 þ 54k4 _�4

: (22)

From these equations we deduce that the case at hand
exhibits three qualitatively different cases:

A1.—ð9k2Þ�1 < _�2 < ð3k2Þ�1. In this case €� is positive,
and _� increases with time. The solution � is varying

between two de Sitter asymptotics: �t!�1 ¼ t=3k and

�t!1 ¼ t=
ffiffiffi
3

p
k.

A2.— _�2 ¼ ð3k2Þ�1, €� ¼ 0. One has exactly the
de Sitter solution

�ðtÞ ¼ t=
ffiffiffi
3

p
k; �ðtÞ ¼ t=

ffiffiffiffiffiffiffi
8�

p
k:

A3.— _�2 > ð3k2Þ�1. In this case €� is negative, and _�
decreases with time. Nevertheless, we remind the reader

that _� always remains larger than 1=
ffiffiffi
3

p
k. The solution�ðtÞ

is varying between two asymptotics. The t ! 1 asymp-

totic is the de Sitter one: �t!1 ¼ t=
ffiffiffi
3

p
k. The second

asymptotic can be obtained as follows: Assuming _� ! 1
at t ! ti gives the following asymptotical form of Eq. (22):

€� � �3
2 _�

2; (23)

_� 2 ¼ 1

12�k2
; (24)

with the asymptotic solution

�t!ti ¼ �i þ 2
3 lnðt� tiÞ; (25)

�t!ti ¼ �i þ 1

2
ffiffiffi
3

p
�k

ðt� tiÞ: (26)

Thus, by construction, the moment t ¼ ti corresponds to a
cosmological singularity.
In order to present this cosmological behavior more

transparently, we perform a numerical elaboration of the
model at hand, namely, of Eq. (22), and the results are
presented in Fig. 1. We mention that the possible singular

behavior of �ðtÞ means that the scale factor itself [aðtÞ ¼
e�ðtÞ] starts from zero at some initial time.

B. Cosmological constant: Vð�Þ � � ¼ const

In this particular scenario the separate � and � equa-
tions (10) and (11) read

(a) (b)

FIG. 1. The evolution of �ðtÞ in the phantom case with zero
potential. The dash-dotted and dotted lines denote the de Sitter
asymptotics t=3k and t=

ffiffiffi
3

p
k, respectively. The solid lines cor-

responds to �ðtÞ with (a) ð9k2Þ�1 < _�2 < ð3k2Þ�1 (case A1) and
(b) _�2 > ð3k2Þ�1 (case A3). We have considered k2 ¼ 1

27 .
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€� ¼ � ffiffiffiffiffiffiffiffiffi
12�

p
_�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
" _�2 þ 2�

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
12�� _�2 þ 1

q
½"þ 8�"� _�2 � 8����

"ð1þ 12�� _�2 þ 96�2�2 _�4Þ þ 8���ð12�� _�2 � 1Þ ; (27)

€� ¼ 3ð"�H2
� � _�2Þð"� 3� _�2Þð"� 9� _�2Þ

1� 9"� _�2 þ 54�2 _�4 � 3�"�H
2
�ð"þ 9� _�2Þ ;

(28)

where, for simplicity, we have defined H� ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8�j�j=3p

and "� ¼ sign�. It proves convenient to consider sepa-
rately the various cases arising from specific choices of the
parameters ", �, and �, and in the following, we present
the eight qualitatively different cases of the scenario at
hand.

B1.—" ¼ 1, �> 0, � > 0. It is easy to see that the �
equation (28) has three trivial particular solutions:

(i) �ðtÞ ¼ H�t, (ii) �ðtÞ ¼ t=
ffiffiffiffiffiffi
3�

p
, and (iii) �ðtÞ ¼

t=
ffiffiffiffiffiffi
9�

p
. Sequentially, substituting them into the whole sys-

tem of field equations (5)–(7), one may straightforwardly
find the following exact solutions:

�ðtÞ ¼ H�t; �ðtÞ � �0 ¼ const; �ðtÞ ¼ tffiffiffiffiffiffi
3�

p ;

�ðtÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3�H2

� � 1

8��

s
t; H� � 1ffiffiffiffiffiffi

3�
p ;

which describe de Sitter universes. However, the third

solution �ðtÞ ¼ t=
ffiffiffiffiffiffi
9�

p
cannot, in general, satisfy Eqs. (5)–

(7) (apart from the fine-tuned case 1=
ffiffiffiffiffiffi
9�

p ¼ H�).
More generally, the constraint (8) gives the following

restrictions for _�2:

x1 < _�2 < x2; (29)

where x1 ¼ minð1=9�;H2
�Þ and x2 ¼ maxð1=9�;H2

�Þ. The
second derivative €�, given by relation (28), is negative if
H2

� < 1=9�, and positive if H2
� > 1=9�, and thus _� is

decreasing or increasing with time. As it is deduced, the
corresponding solutions for �ðtÞ are varying between the
two de Sitter asymptotics depending on values of parame-
ters H� and �. This behavior can be observed in Fig. 2,
arising from numerical elaboration.

B2.—" ¼ 1, �> 0, � < 0. In this case Eqs. (5)–(7)
have the de Sitter solution �ðtÞ ¼ H�t, �ðtÞ � �0 ¼
const. Additionally, the constraint (8) yields

_� 2 >H2
�:

Under this condition €�, given by relation (28), is negative
and _� is decreasing with time. The corresponding solution
�ðtÞ is singular at some initial moment of time, i.e.,
limt!ti�ðtÞ ¼ �1, while for large times �ðtÞ tends to

de Sitter asymptotic H�t. This behavior can be seen in
Fig. 3.

B3.—" ¼ �1, �> 0, � > 0. For these parameter
choices, Eqs. (5)–(7) have the de Sitter solution �ðtÞ ¼

H�t, �ðtÞ � �0 ¼ const. Generally, the constraint (8)
gives

(a)

(b)

(c)

FIG. 2. The evolution of �ðtÞ for " ¼ 1 (quintessence), �> 0,
� > 0 (case B1). The dashed, dash-dotted, and dotted lines
denote de Sitter asymptotics �ðtÞ ¼ H�t, t=

ffiffiffiffiffiffi
9�

p
, and t=

ffiffiffiffiffiffi
3�

p
,

respectively. A solid line corresponds to �ðtÞ with
(a) H2

� < _�2 < 1=9�, (b) 1=9� < _�2 <H2
� < 1=3�, (c) 1=9�<

_�2 < 1=3� <H2
�. In graph (a) we have considered H2

� ¼ 1, in
graph (b) H2

� ¼ 5, and in graph (c) H2
� ¼ 10; � ¼ 1

27 every-

where.
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_� 2 <H2
�:

Under this restriction €�, from (28), is positive and _� is
increasing with time. The corresponding solution for �ðtÞ
varies between two de Sitter asymptotics: �ðt ! �1Þ �
�H�t and �ðt ! 1Þ � H�t. This behavior is more trans-
parently shown in Fig. 4.

B4.—" ¼ �1, �> 0, � < 0. In this case Eqs. (5)–(7)
possess two different de Sitter solutions:

�ðtÞ ¼ H�t; �ðtÞ � �0 ¼ const; �ðtÞ ¼ tffiffiffiffiffiffiffiffiffi
3j�jp ;

�ðtÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 3j�jH2

�

8�j�j

s
t; H� � 1ffiffiffiffiffiffiffiffiffi

3j�jp :

The constraint (8) now yields

_� 2 < x1 or _�2 > x2;

where x1 ¼ minð1=9�;H2
�Þ and x2 ¼ maxð1=9�;H2

�Þ.
Thus, the behavior of �ðtÞ satisfying the above conditions
depends on the specific values of the parametersH� and �.
The corresponding possible types of solutions are demon-
strated in Fig. 5.
B5.—" ¼ 1,�< 0, � > 0. In this case the constraint (8)

leads to

_� 2 <
1

9�
:

Under this condition €�, from relation (28), is negative and

FIG. 4. The evolution of �ðtÞ for " ¼ �1 (phantom), �> 0,
� > 0 (case B3). The dashed line corresponds to the de Sitter
solution �ðtÞ ¼ H�t with H� < 1=

ffiffiffiffiffiffi
3�

p
. The solid line corre-

sponds to a solution with _�2 <H2
�. We have considered H2

� ¼ 1
and � ¼ 1

27 .

(a) (b)

(c) (d)

(e)

FIG. 5. The evolution of �ðtÞ for " ¼ �1 (phantom), �> 0,
� < 0 (case B4). The dashed, dash-dotted, and dotted lines

denote the de Sitter asymptotics �ðtÞ ¼ H�t, t=
ffiffiffiffiffiffiffiffiffi
9j�jp

, and

t=
ffiffiffiffiffiffiffiffiffi
3j�jp

, respectively. The solid lines corresponds to �ðtÞ with
(a) H2

�<1=9j�j< _�2<1=3j�j, (b) H2
�<1=9j�j<1=3j�j< _�2,

(c) 1=3j�j<H2
�< _�2, (d) _�2 <H2

� < 1=9j�j, (e) _�2 < 1=9j�j<
H2

�. In graphs (a), (b), and (d) we have considered H2
� ¼ 1, and

in graphs (c) and (e) H2
� ¼ 15; � ¼ � 1

27 everywhere.

FIG. 3. The evolution of �ðtÞ for " ¼ 1 (quintessence), �> 0,
� < 0 (case B2). The dashed line corresponds to the de Sitter

solution �ðtÞ ¼ H�t with H� < 1=
ffiffiffiffiffiffiffiffiffi
3j�jp

. The solid curve cor-
responds to a solution with _�2 >H2

�. We have considered H2
� ¼

1 and � ¼ � 1
27 .
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_� is decreasing with time. The corresponding solution for
�ðtÞ varies between the two de Sitter asymptotics:

�t!�1 � t=
ffiffiffiffiffiffi
9�

p
and �t!1 � �t=

ffiffiffiffiffiffi
9�

p
. These features

are presented in Fig. 6, arising from numerical elaboration.
B6.—" ¼ 1, �< 0, � < 0. For this parameter subclass,

the constraint (8) does not lead to any restriction on the
values of _�2. Additionally, the second derivative €�, from
(28), is negative and _� is decreasing with time. The corre-
sponding solution for �ðtÞ varies between the two singular
solutions: �t!�t� ¼ �1. This behavior can be seen more
transparently in Fig. 7.

B7.—" ¼ �1, �< 0, � > 0. In this particular case, the
constraint (8) cannot be fulfilled. Therefore, there are no
solutions corresponding to this subclass.

B8.—" ¼ �1, �< 0, � < 0. In this case Eqs. (5)–(7)
possess the following de Sitter solution:

�ðtÞ ¼ tffiffiffiffiffiffiffiffiffi
3j�jp ; �ðtÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 3j�jH2

�

8�j�j

s
t: (30)

The constraint (8) now gives

_� 2 >
1

9j�j :

Under this condition €� from (28) is positive if 1=9j�j<
_�2 < 1=3j�j, and negative if _�2 > 1=3j�j; respectively, _�
is increasing or decreasing with time. The two possible
types of solutions for �ðtÞ are presented in Fig. 8, arising
from numerical elaboration.
We close this subsection by mentioning that for � ! 0,

the scenario at hand coincides with the previously studied
quintessence case with V ¼ 0 [18], or with the phantom
with V ¼ 0 examined in the previous subsection.
Finally, note that, in principle, one could extend the

aforementioned analysis to more complicated potentials,
such as the exponential and the power-law one.
Unfortunately, the complexity of the nonminimal deriva-
tive coupling does not allow for the extraction of any
analytic solutions in these cases. The examination of the
cosmological behavior of such scenarios must be based on
numerical investigation, and this is left for a future inves-
tigation [19].

IV. DISCUSSION AND CONCLUSIONS

In this work we investigated cosmological scenarios
where there is a nonminimal derivative coupling between
the scalar field and the curvature. In order to be complete,
we considered both quintessence and phantom fields,
although the latter case could be ambiguous at the quantum
level. Finally, in order to examine the pure effects of these
scenarios, we have not included the matter content of the
universe, although this can be straightforwardly taken into
account.
A first observation is that the nonminimal derivative

coupling leads to qualitatively different behavior, com-
pared to the uncoupled case, even for the simple cases of
zero or constant potentials. In particular, as we observe, the
universe evolves between two asymptotic de Sitter solu-

FIG. 6. The evolution of �ðtÞ for " ¼ 1 (quintessence), �< 0,
� > 0 (case B5). The dash-dotted line denotes the de Sitter
asymptotic �ðtÞ ¼ t=

ffiffiffiffiffiffi
9�

p
. The solid curve corresponds to �ðtÞ

with _�2 < 1=9�. We have considered H2
� ¼ 1 and � ¼ 1

27 .

(a) (b)

FIG. 8. The evolution of �ðtÞ for " ¼ �1 (phantom), �< 0,
� < 0 (case B8). The dash-dotted and dotted lines denote

de Sitter asymptotics �ðtÞ ¼ t=
ffiffiffiffiffiffiffiffiffi
9j�jp

and t=
ffiffiffiffiffiffiffiffiffi
3j�jp

, respectively.
The solid curve corresponds to �ðtÞ with
(a) 1=9j�j< _�2 < 1=3j�j, (b) _�2 > 1=3j�j. We have considered
H2

� ¼ 1 and � ¼ � 1
27 .

FIG. 7. The evolution of �ðtÞ for " ¼ 1, �< 0, � < 0 (case
B6). We have considered H2

� ¼ 1 and � ¼ � 1
27 .
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tions, characterized by the strength of the coupling. In the
limit where the coupling tends to zero and in the cases
where the solutions exist, these two asymptotics coincide
and the system acquires only one de Sitter solution,
namely, the one that is exhibited from the corresponding
conventional (that is, uncoupled) model of a universe
without matter. We mention that the transition between
the two de Sitter solutions is a pure effect of the non-
minimal derivative coupling, and it does not require the
presence of matter. Finally, note that as time rolls back-

wards, the scale factor of the universe [aðtÞ ¼ e�ðtÞ] can be
either eternally decreasing or become zero at some initial
time. Thus, our scenario either exhibits the big bang, or it
corresponds to an eternally expanding universe with no
beginning, with the latter case arising easily, without the
need for a specially designed potential as in conventional
cosmology [20].

An additional feature of the scenario at hand is the
radically different evolution of a quintessence universe in
some solution subclasses. In particular, for a negative
cosmological constant and positive coupling (case B5)
the scale factor of the universe is growing; it reaches a
maximum, and then it decreases. This is the realization of
the cosmological turnaround, in which the universe transits
from expansion to contraction [5,21]. The fact that this is
obtained solely from the dynamics of the nonminimal
derivative coupling, without the need for matter or for
exotic gravitational terms, makes the scenario at hand
very interesting. Lastly, note that the contracting phase is
eternal; that is, the universe does not result in a big crunch
[5].

Along similar lines, in the quintessence case with a
negative cosmological constant and negative coupling
(case B6), the scale factor starts from zero at some initial
time and returns to zero at some final time. This is the
realization of a universe starting from a big bang and
ending with a big crunch [5], and the fact that this is
obtained without the need for matter is a novel effect of
the nonminimal derivative coupling.

The phantom evolution also exhibits the aforementioned
behavior. Apart from an eternally expanding universe,
including the transition between two de Sitter solutions,
as we observe in Fig. 5(e) (case B4), that is, for a positive

cosmological constant and negative coupling, the universe
can experience the cosmological turnaround. This is radi-
cally different compared to the uncoupled phantom scenar-
ios, which cannot experience the turnaround; on the
contrary, in the absence of matter they result in a big rip
[22]. It seems that the nonminimal derivative coupling
smooths or (for large coupling) completely alters the evo-
lution, leaving phantom cosmology free of a big rip. This
new and significant behavior reveals the richness of the
scenario at hand.
However, the phantom case exhibits an additional sur-

prising feature that is not present in the quintessence
scenario. As we observe in Fig. 4 (case B3, that is, a
positive cosmological constant with positive coupling), as
well as in Fig. 5(d) (case B4, that is, a positive cosmologi-
cal constant with negative coupling), the universe can
transit from the contracting to the expanding phase, with-
out meeting any singularity. This is just the cosmological
bounce [23], and its realization from a sole phantom field
makes the scenario at hand very interesting.
In summary, the paradigm of nonminimal derivative

coupling either in the quintessence or in the phantom
case may have important cosmological implications, even
in its simplified realization where matter is absent. Apart
from the transition between different de Sitter solutions,
according to the parameter choices we can obtain a big
bang, an expanding universe with no beginning, a cosmo-
logical turnaround, an eternally contracting universe, a big
crunch, a big rip avoidance, and a cosmological bounce,
and this variety of behaviors reveals the capabilities of the
scenario. Furthermore, one could generalize this paradigm
to the case where both the quintessence and the phantom
fields are present, that is, generalize the so-called ‘‘quin-
tom’’ paradigm [24] in the case of nonminimal derivative
coupling. In these scenarios one could obtain a combina-
tion of the above behaviors, such as a cyclic cosmology
[25]. This subject definitely deserves further investigation.

ACKNOWLEDGMENTS

This work was supported in part by the Russian
Foundation for Basic Research Grant No. 08-02-91307
and No. 08-02-00325.

[1] A. Linde, Particle Physics and Inflationary Cosmology
(Harwood, London, 1990).

[2] A. G. Riess et al. (Supernova Search Team Collaboration),
Astron. J. 116, 1009 (1998); S. Perlmutter et al.
(Supernova Cosmology Project Collaboration),
Astrophys. J. 517, 565 (1999); C. L. Bennett et al.,
Astrophys. J. Suppl. Ser.. 148, 1 (2003); M. Tegmark
et al. (SDSS Collaboration), Phys. Rev. D 69, 103501

(2004); S.W. Allen et al., Mon. Not. R. Astron. Soc. 353,
457 (2004).

[3] B. Ratra and P. J. E. Peebles, Phys. Rev. D 37, 3406
(1988); C. Wetterich, Nucl. Phys. B302, 668 (1988);
A. R. Liddle and R. J. Scherrer, Phys. Rev. D 59, 023509
(1998); I. Zlatev, L.M. Wang, and P. J. Steinhardt, Phys.
Rev. Lett. 82, 896 (1999); Z. K. Guo, N. Ohta, and Y. Z.
Zhang, Mod. Phys. Lett. A 22, 883 (2007); S. Dutta,

QUINTESSENCE AND PHANTOM COSMOLOGY WITH . . . PHYSICAL REVIEW D 81, 083510 (2010)

083510-7

http://dx.doi.org/10.1086/300499
http://dx.doi.org/10.1086/307221
http://dx.doi.org/10.1086/377253
http://dx.doi.org/10.1103/PhysRevD.69.103501
http://dx.doi.org/10.1103/PhysRevD.69.103501
http://dx.doi.org/10.1111/j.1365-2966.2004.08080.x
http://dx.doi.org/10.1111/j.1365-2966.2004.08080.x
http://dx.doi.org/10.1103/PhysRevD.37.3406
http://dx.doi.org/10.1103/PhysRevD.37.3406
http://dx.doi.org/10.1016/0550-3213(88)90193-9
http://dx.doi.org/10.1103/PhysRevD.59.023509
http://dx.doi.org/10.1103/PhysRevD.59.023509
http://dx.doi.org/10.1103/PhysRevLett.82.896
http://dx.doi.org/10.1103/PhysRevLett.82.896
http://dx.doi.org/10.1142/S0217732307022839


E.N.Saridakis, and R. J. Scherrer, Phys. Rev. D 79,
103005 (2009).

[4] V. Sahni and A. Starobinsky, Int. J. Mod. Phys. D 9, 373
(2000).

[5] P. J. E. Peebles and B. Ratra, Rev. Mod. Phys. 75, 559
(2003).

[6] D. Huterer and A. Cooray, Phys. Rev. D 71, 023506
(2005); B. Feng, X. L. Wang, and X.M. Zhang, Phys.
Lett. B 607, 35 (2005).

[7] R. R. Caldwell, Phys. Lett. B 545, 23 (2002); R. R.
Caldwell, M. Kamionkowski, and N.N. Weinberg, Phys.
Rev. Lett. 91, 071301 (2003); S. Nojiri and S.D. Odintsov,
Phys. Lett. B 562, 147 (2003); V.K. Onemli and R. P.
Woodard, Phys. Rev. D 70, 107301 (2004); E. N.
Saridakis, Nucl. Phys. B819, 116 (2009).

[8] J.M. Cline, S. Jeon, and G.D. Moore, Phys. Rev. D 70,
043543 (2004).

[9] S. Nojiri and S. D. Odintsov, Phys. Lett. B 562, 147
(2003); S. Nojiri and S.D. Odintsov, Phys. Lett. B 571,
1 (2003).

[10] M. P. Dabrowski, T. Stachowiak, and M. Szydlowski,
Phys. Rev. D 68, 103519 (2003); P. F. Gonzalez-Diaz
and J. A. Jimenez-Madrid, Phys. Lett. B 596, 16 (2004);
M. P. Dabrowski and T. Stachowiak, Ann. Phys. (N.Y.)
321, 771 (2006); S. Capozziello, S. Nojiri, and S. D.
Odintsov, Phys. Lett. B 632, 597 (2006).

[11] V. Sahni and S. Habib, Phys. Rev. Lett. 81, 1766 (1998); S.
Sen and A.A. Sen, Phys. Rev. D 63, 124006 (2001); T.
Chiba, Phys. Rev. D 60, 083508 (1999); F. Perrotta, C.
Baccigalupi, and S. Matarrese, Phys. Rev. D 61, 023507
(1999); E. Elizalde, S. Nojiri, and S. Odintsov, Phys. Rev.
D 70, 043539 (2004); V.K. Onemli and R. P. Woodard,
Phys. Rev. D 70, 107301 (2004); E. Elizalde et al., Phys.
Rev. D 77, 106005 (2008).

[12] V. Faraoni, Phys. Rev. D 68, 063508 (2003); S. Nojiri,
S. D. Odintsov, and M. Sami, Phys. Rev. D 74, 046004
(2006); M. Szydlowski, O. Hrycyna, and A. Kurek, Phys.
Rev. D 77, 027302 (2008); M. R. Setare and E.N.
Saridakis, Phys. Lett. B 671, 331 (2009); M.R. Setare
and E.N. Saridakis, J. Cosmol. Astropart. Phys. 03 (2009)
002.

[13] A. R. Liddle and R. J. Scherrer, Phys. Rev. D 59, 023509
(1998); V. Faraoni, Phys. Rev. D 62, 023504 (2000); N.
Bartolo and M. Pietroni, Phys. Rev. D 61, 023518 (1999);
O. Bertolami and P. J. Martins, Phys. Rev. D 61, 064007
(2000); R. de Ritis, A. A. Marino, C. Rubano, and P.

Scudellaro, Phys. Rev. D 62, 043506 (2000); T. D. Saini,
S. Raychaudhury, V. Sahni, and A.A. Starobinsky, Phys.
Rev. Lett. 85, 1162 (2000); G. Gupta, E. N. Saridakis, and
A.A. Sen, Phys. Rev. D 79, 123013 (2009).

[14] L. Amendola, Phys. Lett. B 301, 175 (1993).
[15] S. Capozziello and G. Lambiase, Gen. Relativ. Gravit. 31,

1005 (1999); S. Capozziello, G. Lambiase, and H. J.
Schmidt, Ann. Phys. (Leipzig) 9, 39 (2000); S. F. Daniel
and R. R. Caldwell, Classical Quantum Gravity 24, 5573
(2007).

[16] A. B. Balakin, H. Dehnen, and A. E. Zayats, Phys. Rev. D
76, 124011 (2007); Gen. Relativ. Gravit. 40, 2493 (2008);
Int. J. Mod. Phys. D 17, 1255 (2008).

[17] A. B. Balakin, H. Dehnen, and A. E. Zayats, Ann. Phys.
(N.Y.) 323, 2183 (2008).

[18] S. V. Sushkov, Phys. Rev. D 80, 103505 (2009).
[19] E. N. Saridakis and S.V. Sushkov (to be published).
[20] G. F. R. Ellis and R. Maartens, Classical Quantum Gravity

21, 223 (2004).
[21] L. Baum and P. H. Frampton, Phys. Rev. Lett. 98, 071301

(2007).
[22] P. F. Gonzalez-Diaz, Phys. Rev. D 68, 021303 (2003); R.

Kallosh, J. Kratochvil, A. Linde, E. Linder, and M.
Shmakova, J. Cosmol. Astropart. Phys. 10 (2003) 015;
S. Nojiri, S. D. Odintsov, and S. Tsujikawa, Phys. Rev. D
71, 063004 (2005).

[23] J. Martin, P. Peter, N. Pinto Neto, and D. J. Schwarz, Phys.
Rev. D 65, 123513 (2002); M.G. Brown, K. Freese, and
W.H. Kinney, J. Cosmol. Astropart. Phys. 03 (2008) 002;
R. Brandenberger, Phys. Rev. D 80, 043516 (2009); Y. F.
Cai and E.N. Saridakis, J. Cosmol. Astropart. Phys. 10
(2009) 020.

[24] B. Feng, X. L. Wang, and X.M. Zhang, Phys. Lett. B 607,
35 (2005); Z. K. Guo et al., Phys. Lett. B 608, 177 (2005);
M.-Z Li, B. Feng, and X.-M Zhang, J. Cosmol. Astropart.
Phys. 12 (2005) 002; B. Feng, M. Li, Y.-S. Piao, and X.
Zhang, Phys. Lett. B 634, 101 (2006); W. Zhao and Y.
Zhang, Phys. Rev. D 73, 123509 (2006); M.R. Setare and
E.N. Saridakis, J. Cosmol. Astropart. Phys. 09 (2008) 026;
Y. F. Cai, E. N. Saridakis, M. R. Setare, and J. Q. Xia,
arXiv:0909.2776.

[25] R. C. Tolman, Relativity, Thermodynamics and Cosmology
(Clarendon Press, Oxford, 1934); P. J. Steinhardt and N.
Turok, Phys. Rev. D 65, 126003 (2002); S. Mukherji and
M. Peloso, Phys. Lett. B 547, 297 (2002); E. N. Saridakis,
Nucl. Phys. B808, 224 (2009).

EMMANUEL N. SARIDAKIS AND SERGEY V. SUSHKOV PHYSICAL REVIEW D 81, 083510 (2010)

083510-8

http://dx.doi.org/10.1103/PhysRevD.79.103005
http://dx.doi.org/10.1103/PhysRevD.79.103005
http://dx.doi.org/10.1103/RevModPhys.75.559
http://dx.doi.org/10.1103/RevModPhys.75.559
http://dx.doi.org/10.1103/PhysRevD.71.023506
http://dx.doi.org/10.1103/PhysRevD.71.023506
http://dx.doi.org/10.1016/j.physletb.2004.12.071
http://dx.doi.org/10.1016/j.physletb.2004.12.071
http://dx.doi.org/10.1016/S0370-2693(02)02589-3
http://dx.doi.org/10.1103/PhysRevLett.91.071301
http://dx.doi.org/10.1103/PhysRevLett.91.071301
http://dx.doi.org/10.1016/S0370-2693(03)00594-X
http://dx.doi.org/10.1103/PhysRevD.70.107301
http://dx.doi.org/10.1016/j.nuclphysb.2009.04.011
http://dx.doi.org/10.1103/PhysRevD.70.043543
http://dx.doi.org/10.1103/PhysRevD.70.043543
http://dx.doi.org/10.1016/S0370-2693(03)00594-X
http://dx.doi.org/10.1016/S0370-2693(03)00594-X
http://dx.doi.org/10.1016/j.physletb.2003.08.013
http://dx.doi.org/10.1016/j.physletb.2003.08.013
http://dx.doi.org/10.1103/PhysRevD.68.103519
http://dx.doi.org/10.1016/j.physletb.2004.06.080
http://dx.doi.org/10.1016/j.aop.2005.10.006
http://dx.doi.org/10.1016/j.aop.2005.10.006
http://dx.doi.org/10.1016/j.physletb.2005.11.012
http://dx.doi.org/10.1103/PhysRevLett.81.1766
http://dx.doi.org/10.1103/PhysRevD.63.124006
http://dx.doi.org/10.1103/PhysRevD.60.083508
http://dx.doi.org/10.1103/PhysRevD.61.023507
http://dx.doi.org/10.1103/PhysRevD.61.023507
http://dx.doi.org/10.1103/PhysRevD.70.043539
http://dx.doi.org/10.1103/PhysRevD.70.043539
http://dx.doi.org/10.1103/PhysRevD.70.107301
http://dx.doi.org/10.1103/PhysRevD.77.106005
http://dx.doi.org/10.1103/PhysRevD.77.106005
http://dx.doi.org/10.1103/PhysRevD.68.063508
http://dx.doi.org/10.1103/PhysRevD.74.046004
http://dx.doi.org/10.1103/PhysRevD.74.046004
http://dx.doi.org/10.1103/PhysRevD.77.027302
http://dx.doi.org/10.1103/PhysRevD.77.027302
http://dx.doi.org/10.1016/j.physletb.2008.12.026
http://dx.doi.org/10.1088/1475-7516/2009/03/002
http://dx.doi.org/10.1088/1475-7516/2009/03/002
http://dx.doi.org/10.1103/PhysRevD.59.023509
http://dx.doi.org/10.1103/PhysRevD.59.023509
http://dx.doi.org/10.1103/PhysRevD.62.023504
http://dx.doi.org/10.1103/PhysRevD.61.023518
http://dx.doi.org/10.1103/PhysRevD.61.064007
http://dx.doi.org/10.1103/PhysRevD.61.064007
http://dx.doi.org/10.1103/PhysRevD.62.043506
http://dx.doi.org/10.1103/PhysRevLett.85.1162
http://dx.doi.org/10.1103/PhysRevLett.85.1162
http://dx.doi.org/10.1103/PhysRevD.79.123013
http://dx.doi.org/10.1016/0370-2693(93)90685-B
http://dx.doi.org/10.1023/A:1026631531309
http://dx.doi.org/10.1023/A:1026631531309
http://dx.doi.org/10.1002/(SICI)1521-3889(200001)9:1<39::AID-ANDP39tpmkset 
http://dx.doi.org/10.1103/PhysRevD.76.124011
http://dx.doi.org/10.1103/PhysRevD.76.124011
http://dx.doi.org/10.1007/s10714-008-0634-4
http://dx.doi.org/10.1142/S0218271808012802
http://dx.doi.org/10.1016/j.aop.2008.04.003
http://dx.doi.org/10.1016/j.aop.2008.04.003
http://dx.doi.org/10.1103/PhysRevD.80.103505
http://dx.doi.org/10.1088/0264-9381/21/1/015
http://dx.doi.org/10.1088/0264-9381/21/1/015
http://dx.doi.org/10.1103/PhysRevLett.98.071301
http://dx.doi.org/10.1103/PhysRevLett.98.071301
http://dx.doi.org/10.1103/PhysRevD.68.021303
http://dx.doi.org/10.1088/1475-7516/2003/10/015
http://dx.doi.org/10.1103/PhysRevD.71.063004
http://dx.doi.org/10.1103/PhysRevD.71.063004
http://dx.doi.org/10.1103/PhysRevD.65.123513
http://dx.doi.org/10.1103/PhysRevD.65.123513
http://dx.doi.org/10.1088/1475-7516/2008/03/002
http://dx.doi.org/10.1103/PhysRevD.80.043516
http://dx.doi.org/10.1088/1475-7516/2009/10/020
http://dx.doi.org/10.1088/1475-7516/2009/10/020
http://dx.doi.org/10.1016/j.physletb.2004.12.071
http://dx.doi.org/10.1016/j.physletb.2004.12.071
http://dx.doi.org/10.1016/j.physletb.2005.01.017
http://dx.doi.org/10.1088/1475-7516/2005/12/002
http://dx.doi.org/10.1088/1475-7516/2005/12/002
http://dx.doi.org/10.1016/j.physletb.2006.01.066
http://dx.doi.org/10.1103/PhysRevD.73.123509
http://dx.doi.org/10.1088/1475-7516/2008/09/026
http://arXiv.org/abs/0909.2776
http://dx.doi.org/10.1103/PhysRevD.65.126003
http://dx.doi.org/10.1016/S0370-2693(02)02780-6
http://dx.doi.org/10.1016/j.nuclphysb.2008.09.022

