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In Regge phenomenology, we first study the spectra of charmonium and bottomonium in the ðn;M2Þ
plane and predict masses of some charmonium and bottomonium states which have not been observed

now. Then, with the aid of the additivity of intercepts and inverse slopes, we calculate the masses of

ground S-wave and P-wave c �b meson states and their first radial excited states. The predictions are in

reasonable agreement with the existing experimental data and those suggested in many other approaches.

The predictions may be useful for the discovery of the unobserved c �c, b �b, and c �b mesons and the JP

assignment of these states.
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I. INTRODUCTION

According to the Particle Data Group’s recent ‘‘Review
of Particle Physics’’ [1], there are about 20 well-
established charmonium and bottomonium states.
However, many doubly heavy meson states (c �c, b �b, and
c �b) are still absent from the ‘‘Meson Summary Table, ’’
especially the c �b (or b �c) meson states. Until recently,
among c �b meson states, only the pseudoscalar mesons
B�
c have been observed experimentally [1,2]. Both c �c

and b �b are heavy quarkonia. The c �b (or b �c) meson states
are special systems with two heavy quarks of different
flavors. The presence of both such quarks impacts on the
production, decay, and mass properties of the c �b mesons.
Recently, many charmoniumlike and bottomoniumlike
states have been observed or measured more precisely,
e.g. the recent observed charmoniumlike states, Xð3872Þ
[3], Xð3940Þ [4,5], Yð3940Þ [6,7], Xð4008Þ [8], Yð4260Þ
[9], Yð4325Þ [10], Xð4350Þ [11], Yð4360; 4660Þ [12], the
newly observed bottomoniumlike states �ð10890Þ [13],
�ð10876Þ [14], �ð10992Þ [14], and the more precise mea-
surement about �bð1SÞ by BABAR [15,16] and CLEO [17].

However, the properties of some recently observed
states are not very clear, e.g. the hotly debated Xð3872Þ
and Yð4260Þ. Some states in the conventional charmonium
and bottomonium spectra are still missing while many
unexpected states are observed. It seems that more exces-
sive states exist experimentally than forepassed theoretical
expectations in the q �q picture. Thereafter, glueballs, hybrid
states, tetraquark states, and molecular states are suggested
to interpret them. Obviously, there is still a lot of work to be
done both experimentally and theoretically. The copious
productions of doubly heavy mesons and their radial and
orbital excitations are expected at the experimental facili-
ties such as the Large Hadron Collider (LHC) at CERN.

Therefore, it is urgent to study the c �c, b �b, and c �b mass
spectra theoretically.
Quantum chromodynamics (QCD) has been verified as

an appropriate theory to describe strong interaction at short
distances. However, the application of QCD to the pro-
cesses of hadronic interactions at large distances is still
limited by the unsolved confinement problem. The simu-
lations of lattice QCD still have large uncertainties and
difficulties in dealing with higher excited states.
Furthermore, calculating the heavy quarkonium spectrum
from lattice QCD requires a more tremendous computa-
tional effort than calculating the light quarkonium spec-
trum [18]. Nowadays calculations of hadronic properties,
which are related to the nonperturbative effects, are fre-
quently carried out with the help of phenomenological
models. Regge phenomenology (which was derived from
the analysis of the properties of the scattering amplitude in
the complex angular momentum plane [19]) is one of the
simplest ones among these phenomenological models.
Regge theory is concerned with almost all aspects of

strong interactions including the particle spectra, the forces
between particles, and the high energy behavior of scatter-
ing amplitudes [20]. One of the most distinctive features of
Regge theory is the Regge trajectory by which the massM
and the total spin J of a hadron are related. Until now, the
Regge trajectory ansatz is still one of the popular and
effective approaches for studying hadron spectra [21–29].
By analyzing the Regge trajectory in the (J, M2) plane,

the numerical values of the parameters of the Regge tra-
jectories were extracted for mesons of different flavors
[24–28] and for baryons of different flavors [29]. The
feature of the radial Regge trajectories in the (n,M2) plane
(n denotes the radial quantum number) were studied in
Refs. [20,26,30–41]. Trajectories for light radial excited
mesons in the ðn;M2Þ plane are suggested to be linear for
light meson spectra, though the values of parameters are
different in different Refs. [26,35–39]. However, according
to the experimental data [1], trajectories for vector (n3S1)
bottomonium in the ðn;M2Þ plane deviate significantly
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from the linearity. The possible reason for such deviation is
that the b quark is a heavy quark [41].

Mass spectroscopy is always one of the foundational
subjects in particle physics. Besides Regge theory, there
are many theoretical approaches to study mass spectros-
copy such as lattice QCD [42,43], quark model [44–46],
potential model [47–54], and the Bethe-Salpeter equation
[55,56].

In the present work, we will focus on studying doubly
heavy meson masses in Regge phenomenology. We will
first study the trajectories of charmonium and bottomo-
nium in the ðn;M2Þ plane and predict masses of some states
which have not been observed up to now. Then, with the
aid of the additivity of intercepts and inverse slopes, to-
gether with the quasilinear Regge trajectories in the ðJ;M2Þ
plane, we will extract a relation between the slope ratio and
masses of three mesons involving two flavors in one spin-
parity multiplet and a mass relation for six mesons involv-
ing three flavors in one spin-parity multiplet. The masses of
c �b meson states belonging to the 11S0, 1

3S1, 1
1P1, 1

3P0,

13P1, 1
3P2, 2

1S0, 2
3S1, 2

1P1, 2
3P0, 2

3P1, and 2
3P2 meson

multiplets will be extracted. We will compare the results
with those given in many other approaches [42–56].

The remainder of this paper is organized as follows. In
Sec. II we briefly introduce Regge phenomenology and a
relation for hyperfine splittings. In Sec. III we study the
feature of trajectories for charmonium and bottomonium in
the ðn;M2Þ plane and predict masses of some states which
have not been observed up to now. The masses of c �b
ð1S; 1P; 2S; 2PÞ states are calculated in Sec IV. Finally,
we give a short discussion and summary in Sec. V.

II. REGGE TRAJECTORYAND HYPERFINE
SPLITTING

It is known from Regge theory that all mesons and
baryons are associated with Regge poles which move in
the complex angular momentum plane as a function of
energy. The trajectory of a particular pole (Regge trajec-
tory) is characterized by a set of internal quantum numbers
(baryon number B, intrinsic parity P, strangeness S,
charmness C, bottomness B, etc.) and by the evenness or
oddness of the total spin J for mesons [21]. The plots of
Regge trajectories of hadrons in the ðJ;M2Þ plane are
usually called Chew-Frautschi plots.

Assuming the existence of the quasilinear Regge trajec-
tories for both light and heavy mesons, one can have

J ¼ ai �jð0Þ þ �0
i �j
M2

i �j
; (1)

where i and j denote the quark constituents, ai �jð0Þ and �0
i �j

are, respectively, the intercept and slope of the trajectory
on which the i �j meson lies.

For a meson multiplet with spin-parity JP (more exactly
speaking, with quantum numbers n2sþ1LJ, where L and s
denote the orbital quantum number and the intrinsic spin,

respectively), the parameters að0Þ and �0 with different
quark constituents can be related by the following rela-
tions:
the additivity of intercepts [24,25,28,57–62],

ai�ið0Þ þ aj �jð0Þ ¼ 2ai �jð0Þ; (2)

the additivity of inverse slopes [24,25,28,57],

1

�0
i�i

þ 1

�0
j �j

¼ 2

�0
i �j

; (3)

where i and j represent quark flavors. Equations (2) and (3)
were derived in a model based on the topological expan-
sion and the q �q-string picture of hadrons [28]. This model
provides a microscopic approach to describe Regge phe-
nomenology in terms of quark degrees of freedom [63]. In
fact, Eq. (2) was first derived for light quarks in the dual-
resonance model [58], and was found to be satisfied in two-
dimensional QCD [59], the dual-analytic model [60], and
the quark bremsstrahlung model [61]. Also, it saturates the
inequality for Regge intercepts [62] which follows from
the Schwarz inequality and the unitarity relation.
Furthermore, it was shown that Eqs. (2) and (3) still hold
even in the case of nonlinear Regge trajectories in the
ðJ;M2Þ plane [22,28]. In the present work, we will use
Eqs. (2) and (3) together with Eq. (1) [the quasilinear
Regge trajectories in the ðJ;M2Þ plane] to calculate the
masses of c �b mesons (see Sec. IV).
Theoretical work on the Regge-pole model indicates that

the expansion of the amplitude in the Khuri representation
has singularity at t ¼ 0 (t is the square of the momentum
transferred) [32,33,64]. In order to ensure the analyticity of
the Khuri amplitude, a popular suggestion is that there are
further trajectories known as ‘‘daughters’’ which have
singular residues that precisely cancel the singularities of
the original ‘‘parent’’ trajectory [20,32–34]. It is also sug-
gested that the radial excited resonances lie on the corre-
sponding ‘‘daughter trajectories’’ and an equality is
proposed to describe the mass relation between the ground
state and its radial excited states [26,36–39,41],

M2
n ¼ M2

1 þ�2ðn� 1Þ; (4)

where M1 is the mass of the ground state and �2 is a
parameter. For the light meson spectra, M2

n is regarded as
linear with respect to n [26,35–39].
In the string model, �2 and Regge slope �0 are related

[36,37],

�2 ¼ 2�� ¼ 1

�0 ; (5)

where � is the string tension. In Ref. [26], after analyzing
the temporal experimental data for light mesons, the author
pointed out that numerical values satisfy �2 ’ 1

�0 , which
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agrees with Eq. (5) (the result of the string model).
However, Bicudo studied light mesons in the quasiclassical
picture described by the massless Salpeter equation with a
linear confining potential and gave [38]

�2 ¼ �=2

�0 : (6)

In a recent paper [39], mass spectra of light quark-
antiquark mesons were calculated in the framework of
the QCD-motivated relativistic quark model based on the
quasipotential approach. The Regge trajectories of the
calculated masses led to the following result:

�2 ’ 1:3

�0 : (7)

Therefore, the values of the parameter �2 for light
mesons are significantly different in different references.
The main reason is that the nature of most higher excited
mesons is not undoubtedly uncovered experimentally. The
interpretation of these higher excited mesons are different
in different references.

Although the value of �2 for light mesons is still un-
certain now, the linear radial Regge trajectory is widely
accepted for light mesons. However, for heavy quarkonia
such as vector bottomonium, the experimental data [1] do
not lie on linear radial Regge trajectory. A detailed study
for bottomonium and charmonium will be presented in
Sec. III.

Hyperfine splittings (the mass difference between spin-
singlet and spin-triplet states) have been discussed for a
long time. In Refs. [47,65,66], there is an equality for
P-wave hyperfine splittings,

9Mn1P
1
¼ Mn3P

0
þ 3Mn3P

1
þ 5Mn3P

2
: (8)

In Refs. [44,49,67–71] the left-hand side and the right-
hand side of Eq. (8) differ by a fewMeV. The experimental
data for 1P charmonium satisfy Eq. (8) very well. The
masses of doubly heavy mesons are several GeV. The
uncertainty of a few MeV is only about 0.1% of the doubly
heavy meson masses. Therefore, we neglect such possible
uncertainties and use Eq. (8) directly in this work.

III. BOTTOMONIUM AND CHARMONIUM IN THE
ðn;M2Þ PLANE

In this section, we will first study the feature of the
trajectories for n3S1 b �b and c �c in the ðn;M2Þ plane.
Then, we will predict the masses of the unobserved
ð1S; 1P; 2S; 2PÞ b �b and c �c states.

Using the present experimental data, we show the n3S1
bottomonium trajectory in the ðn;M2Þ plane in Fig. 1.
There is an obvious curve in the ðn;M2Þ plane in Fig. 1.
This is very different from the cases for light mesons
shown in Refs. [20,26,32–35,40,41]. This means that the
dependence of M2 on n is not linear. We calculate the
values of �2 for the well-established bottomonium.

Results are given below:

�2jM2
�ð2SÞ�M2

�ð1SÞ
¼ 10:968 GeV2;

�2jM2
�ð3SÞ�M2

�ð2SÞ
¼ 6:764 GeV2;

�2jM2
�ð4SÞ�M2

�ð3SÞ
¼ 4:694 GeV2:

These values obtained from experimental data manifest
that for b �bðn3S1Þ, �2 is not a constant and sensitively
depends upon the radial excitation quantum number n.
The authors of Ref. [41] suggested that the possible reason
for such deviation from linearity is that the massless quark
approximation fails in the bottomonium case.
Let us see the case of vector charmonium states

c �cðn3S1Þ. J=c ð1SÞ and c ð2SÞ are well established.
c ð4040Þ is believed to be c ð3SÞ [40,41,72,73]. It is worth-
while to discuss the recently observed state Yð4260Þwhich
is a candidate for c ð4SÞ.
The state Yð4260Þ [or Xð4260Þ] was first reported by

BABAR in the subsystem (�þ��J=c ) in the initial state
radiation eþe� ! �ISR�

þ��J=c [9]. The CLEO col-
laboration [74] and the Belle collaboration [8] confirmed
this state soon in independent radiative return. In a direct
scan, the CLEO collaboration confirmed the decay
Xð4260Þ ! �ISR�

þ��J=c ð11�Þ, made the first observa-
tion Xð4260Þ ! �0�0J=c ð5:1�Þ, and found the first evi-
dence for Xð4260Þ ! KþK�J=c ð3:7�Þ [75]. In the latest
‘‘Review of Particle Physics,’’ the average mass and width
are given as MXð4260Þ ¼ 4263þ8

�9 and �Xð4260Þ ¼
95� 14 MeV. A new search reported by the BABAR col-
laboration found no evidence for Yð4260Þ decaying into
D� �D or D� �D� [76].
After analyzing the properties of the state Yð4260Þ,

Llanes-Estrada argued that the state Yð4260Þ displaces
c ð4415Þ as c ð4SÞ [77]. Llanes-Estrada also explained
that Yð4260Þ has not been observed to decay into a pseu-
doscalar pair because of the couplings of the S- and

FIG. 1. The ðn;M2Þ plane for some b �b (n3S1) mesons.
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D-wave 1�� mesons. Furthermore, the mass of the state
Yð4260Þ is close to the mass of c ð4SÞ predicted by Quigg
and Rosner using the logarithmic potential in 1977
(4233 MeV) [78] and by Li and Chao using the screened
potential in 2009 (4273 MeV) [79]. Therefore, it is reason-
able to take the mass of Yð4260Þ as that of c ð4SÞ.

Using the present experimental data, we show the n3S1
charmonium trajectory in the ðn;M2Þ plane in Fig. 2. We
can see that there is an obvious curve in Fig. 2, which
means that the parameter �2 for c �cðn3S1Þ is not a constant
either and depends upon the radial excitation quantum
number n.

We list the values of �2 for the well-established char-
monium and bottomonium states in Table I, from which we
can see that the values of the parameter �2 are sensitive to
quark flavor and orbital quantum number L. The values of
the parameter �2 are also slightly related to the intrinsic
spin s and the total spin J which is related to the spin-
orbital coupling. It seems perplexing about the values of
�2.

However, we may get an approximate law by analysis.
First of all, both charm-quark and bottom-quark are heavy
quarks. The charmonium states are composed of a charm-
quark and an anti-charm-quark while the bottomonium
states are composed of a bottom-quark and an anti-bot-
tom-quark. The experimental data show that at the quali-
tative level, charmonium and bottomonium are remarkably
similar to each other [1,78,80–82]. Based on the experi-
mental data, we have the following values:

M2
c �cð23S

1
Þ �M2

c �cð13S
1
Þ

M2
b �bð23S1Þ

�M2
b �bð13S1Þ

¼ M2
c ð2SÞ �M2

J=c ð1SÞ
M2

�ð2SÞ �M2
�ð1SÞ

¼ 0:364;

M2
c �cð33S

1
Þ �M2

c �cð23S
1
Þ

M2
b �bð33S

1
Þ �M2

b �bð23S
1
Þ
¼ M2

c ð3SÞ �M2
c ð2SÞ

M2
�ð3SÞ �M2

�ð2SÞ
¼ 0:403;

M2
c �cð43S

1
Þ �M2

c �cð33S
1
Þ

M2
b �bð43S

1
Þ �M2

b �bð33S
1
Þ
¼ M2

c ð4SÞ �M2
c ð3SÞ

M2
�ð4SÞ �M2

�ð3SÞ
¼ 0:396:

We plot Figs. 1 and 2 together to make a new figure
(Fig. 3). It should be noted that the scales of the ordinate
(M2 coordinate) for charmonium and bottomonium are
different (the axis scale for charmonium is 0.4 times of
the axis scale for bottomonium). From Fig. 3, we can see
that the trajectories for charmonium and bottomonium
(with different axis scales) are approximately parallel.
This motivates us to introduce a parameter � to denote

the ratio of �2
c �c and �2

b �b
which refer to the same quantum

numbers n, L, s, and J:

� ¼ �2
c �cðn; L; s; JÞ

�2
b �b
ðn; L; s; JÞ ¼

M2
c �cjðnþ1Þ2sþ1LJ

�M2
c �cjn2sþ1LJ

M2
b �b
jðnþ1Þ2sþ1LJ

�M2
b �b
jn2sþ1LJ

: (9)

Now we try to understand Eq. (9) in the heavy quark
limit. The mass of the heavy quarkonium Q �Q (Q ¼ c, b,)
with the radial quantum number n can be expressed as

FIG. 2. The ðn;M2Þ plane for some c �c (n3S1) mesons.
FIG. 3. The ðn;M2Þ plane for some b �b (n3S1) and c �c (n3S1)
mesons.

TABLE I. The masses of the well-established charmonium and bottomonium states from
PDG08 [1] and the values of �2 for these states calculated by us.

n2sþ1LJ
1S0ðc �cÞ 3S1ðc �cÞ 3S1ðb �bÞ 3P0ðb �bÞ 3P1ðb �bÞ 3P2ðb �bÞ

Mjn¼1 (GeV) 2.9803 3.096 916 9.4603 9.859 44 9.892 78 9.912 21

Mjn¼2 (GeV) 3.637 3.686 09 10.023 26 10.2325 10.255 46 10.268 65

�2 ¼ M2
n¼2 �M2

n¼1 (GeV2) 4.346 3.996 10.968 7.496 7.307 7.193
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MQ �Q;n ¼ mQ þmQ þ ðEnÞQ; (10)

where ðEnÞQ is the binding energy. Then we have

� ¼ M2
c �c;nþ1 �M2

c �c;n

M2
b �b;nþ1

�M2
b �b;n

¼ 4mc þ ðEnþ1Þc þ ðEnÞc
4mb þ ðEnþ1Þb þ ðEnÞb �

ðEnþ1Þc � ðEnÞc
ðEnþ1Þb � ðEnÞb : (11)

WhenmQ ! 1 (i.e.mQ is much larger than the QCD scale

�QCD), the binding energy is much less than the heavy

quark mass [83], therefore,

4mc þ ðEnþ1Þc þ ðEnÞc
4mb þ ðEnþ1Þb þ ðEnÞb

¼ mc

mb

: (12)

When mQ ! 1, the Coulomb potential is dominant, the

binding energy has the following expression [83]:

ðEnÞQ ¼ ���2

2n2
; (13)

where � is the reduced mass, � ¼ ðmQmQÞ=ðmQ þ
mQÞ ¼ mQ

2 , � ¼ 4
3�sðmQÞ. From Eq. (13), we have

ðEnþ1Þc � ðEnÞc
ðEnþ1Þb � ðEnÞb

¼ mc�
2
sðmcÞ

mb�
2
sðmbÞ

: (14)

Therefore, in the heavy quark limit, � ¼
½m2

c�
2
sðmcÞ�=½m2

b�
2
sðmbÞ�, which is independent of the ra-

dial quantum number n. That we take � as a constant is
reasonable.

For S wave, we have

� ¼ M2
c ð2SÞ �M2

J=c ð1SÞ
M2

�ð2SÞ �M2
�ð1SÞ

¼ M2
�cð2SÞ �M2

�cð1SÞ
M2

�bð2SÞ �M2
�bð1SÞ

; (15)

and for P wave, we have

� ¼ M2
	c2ð2PÞ �M2

	c2ð1PÞ
M2

	b2ð2PÞ �M2
	b2ð1PÞ

¼ M2
	c1ð2PÞ �M2

	c1ð1PÞ
M2

	b1ð2PÞ �M2
	b1ð1PÞ

¼ M2
	c0ð2PÞ �M2

	c0ð1PÞ
M2

	b0ð2PÞ �M2
	b0ð1PÞ

: (16)

Assuming that � is approximately constant (for S wave
and P wave at small radial quantum number n), based on
Eqs. (15) and (16) and the corresponding meson masses in
PDG [1], we have the masses of �bð2SÞ, 	c0ð2PÞ, 	c1ð2PÞ,
and 	c2ð2PÞ. The results are also shown in Table II.
Inserting the masses of 	b0;1;2ð1PÞ, 	b0;1;2ð2PÞ, and

	c0;1;2ð2PÞ into Eq. (8), we have the masses of hbð1PÞ,
hbð2PÞ, and hcð2PÞ, respectively. The results are shown in
Table II. In Table II, we also list the results of Refs. [79,84]
for comparison. The results of Ref. [79] were given in the
screened potential model while the results of Ref. [84]
were given in lattice QCD.

IV. MASS RELATIONS AND MASSES OF SOME c �b
MESONS

The mass of the ground pseudoscalar meson Bþ
c was first

measured by the CDF collaboration in 1998 [85], with the
mass to be 6:40� 0:39� 0:13 GeV. After that, the OPAL
[86] and the CDF [2,87] collaborations studied B�

c further.
The CDF collaboration confirmed their earlier report
[85,87] with higher statistical samples (with a significance
greater than 8�) and the more accurate mass was reported
to be 6275:6� 2:9� 2:5 GeV [2].

A. Relation about six mesons involving three flavors
among one multiplet

Since Eqs. (2) and (3) are the relations of the parameters
in Eq. (1) [the quasilinear Regge trajectories in the ðJ;M2Þ
plane], we can use Eqs. (1)–(3) together. Using Eqs. (1) and
(2), one obtains

�0
i�i
M2

i�i
þ �0

j �j
M2

j �j
¼ 2�0

i �j
M2

i �j
; (17)

where the meson states i�i, j �j, and i �j belong to the same
n2sþ1LJ multiplet. This relation can be reduced to the
quadratic Gell-Mann–Okubo-type formula by assuming
that all the slopes are independent of flavors (�0

i�i
¼ �0

i �j
¼

�0
j �j
). As demonstrated in our previous paper [29], when

quark masses mi < mj, combining the relations (3) and

(17), one can get the following relation between the slope
ratio and meson masses:

�0
j �j

�0
i�i

¼ 1

2M2
j �j

½ð4M2
i �j
�M2

i�i
�M2

j �j
Þ

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð4M2
i �j
�M2

i�i
�M2

j �j
Þ2 � 4M2

i�i
M2

j �j

q

�: (18)

Equation (18) is a relation about three mesons involving
two flavors in a spin-parity multiplet. Based on Eq. (18),
with the help of arguments that the slope ratio is a real
number and the Regge slope decreases with the increase of
the quark mass [22,24,25,27,28], one can get two inequal-
ities:

TABLE II. The masses of some unobserved c �c and b �b mesons
given by Eqs. (8), (15), and (16) (in units of MeV). The results of
Ref. [79] were given in the screened potential model while the
results of Ref. [84] were given in lattice QCD.

States (n2sþ1LJ) Prediction [79] [84]

hbð1PÞ (11P1) 9900 9903

hbð2PÞ (21P1) 10 260 10 256

�bð2SÞ (21S0) 10 005 9987

hcð2PÞ (21P1) 3883 3908 3858� 70
	c0ð2PÞ (23P0) 3794 3842 3825� 88
	c1ð2PÞ (23P1) 3871 3901 3853� 57
	c2ð2PÞ (23P2) 3907 3937
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2Mi �j > Mi�i þMj �j; (19)

2M2
i �j
< M2

i�i
þM2

j �j
: (20)

Both of the linear inequality (19) and the quadratic
inequality (20) satisfy the experimental data. We will
show later that the masses of c �c, b �b, and c �b given in the
present work also satisfy these two inequalities.

From Eq. (18), high-power meson mass equalities can be
derived. Using Eq. (18) and the identical equation,

�0
c �c

�0
n �n

� �0
b �b

�0
n �n

� �0
c �c

�0
b �b

; (21)

and noticing mn <mc < mb, we have

ð4M2
n �c �M2

n �n �M2
c �cÞ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð4M2
n �c �M2

n �n �M2
c �cÞ2 � 4M2

n �nM
2
c �c

q

2M2
c �c

¼
½ð4M2

n �b
�M2

n �n �M2
b �b
Þ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð4M2
n �b

�M2
n �n �M2

b �b
Þ2 � 4M2

n �nM
2
b �b

q

�=2M2
b �b

½ð4M2
c �b
�M2

c �c �M2
b �b
Þ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð4M2
c �b

�M2
c �c �M2

b �b
Þ2 � 4M2

c �cM
2
b �b

q

�=2M2
b �b

: (22)

Relation (22) gives the high-power mass equalities about six mesons involving three flavors among one JP multiplet.
They can be used to predict the masses of unobserved states. In the following, we will apply Eq. (22) to predict the masses
of Bc and B�

c.

B. Calculation the masses of Mc �b

In the following, we will first use Eq. (22) to calculate the masses of Bc and B
�
c. Then, the slope ratios ð�0

b �b
Þ=ð�0

c �cÞ for the
11S0 and 13S1 multiplets can be calculated based on Eq. (18). After that, we will calculate the masses of c �b ð1P; 2S; 2PÞ
mesons. The results will be compared with those given in other works.

Noticing mc <mb and using Eq. (18), one can have

�0
b �b

�0
c �c

¼
½ð4M2

c �b
�M2

c �c �M2
b �b
Þ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð4M2
c �b

�M2
c �c �M2

b �b
Þ2 � 4M2

c �cM
2
b �b

q

�
2M2

b �b

: (23)

TABLE III. The predicted masses of c �b mesons (in units of MeV) given by us and those in other approaches: nonlinear Regge
trajectory [22], quasilinear Regge trajectory [24], lattice QCD [42,43], quark model [44–46], nonrelativistic quark model, potential
model [47–54], Bethe-Salpeter equation [55,56].

n2sþ1LJ 11S0ðBcÞ 13S1ðB�
cÞ 11P1 13P0 13P1 13P2 21S0 23S1 21P1 23P0 23P1 23P2

Predicted 6270 6355 6761 6697 6750 6782 6863 6895 7103 7052 7095 7120

Experiment 6276

[22] 6283 6356 6740 6780

[24] 6263 6354 6788 6781 6894

[42] 6278 6315 6796 6732 6778

[43] 6280 6321 6765 6727 6743 6783 6960 6990

[44] 6270 6332 6749 6699 6734 6762 6835 6881 7145 7091 7126 7156

[45] 6260 6340 6740 6680 6730 6760 6850 6900 7150 7100 7140 7160

[46] 6271 6338 6750 6704 6741 6768 6855 6887 7150 7122 7145 7164

[47] 6264 6337 6736 6700 6730 6747 6856 6899 7142 7108 7135 7153

[48] 6253 6317 6729 6683 6717 6743 6867 6902 7124 7088 7113 7134

[49] 6314 6355 6763 6728 6760 6773 6890 6917 7160 7134 7159 7166

[50] 6286 6341 6760 6701 6737 6772 6882 6914

[52] 6349 6373 6738 6715 6726 6749 6821 6855 7136 7102 7119 7153

[53] 6247 6308 6757 6689 6738 6773 6853 6886

[54] 6255 6320 6660 6740 6780 6900

[55] 6380 6416 6775 6693 6772 6837 6875 6896 7139 7081 7136 7186

[56] 6258 6334 6883
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For the 11S0 multiplet, when i ¼ n, j ¼ c, and k ¼ b,
inserting the masses of �, �cð1SÞ, �bð1SÞ [15], D, and B
into Eq. (22), we have MBc

¼ 6270 MeV. Inserting the
masses of �cð1SÞ, �bð1SÞ [15], andMBc

¼ 6270 MeV into
Eq. (23), we have ð�0

b �b
Þ=ð�0

c �cÞj11S
0
¼ 0:4667. For the 13S1

multiplet, when i ¼ n, j ¼ c, and k ¼ b, inserting the
masses of 
, J=c ð1SÞ, �ð1SÞ, D�, and B� into Eq. (22),
we have MB�

c
¼ 6355 MeV. Inserting the masses of

J=c ð1SÞ, �ð1SÞ, and MB�
c
¼ 6355 MeV into Eq. (23),

we have ð�0
b �b
Þ=ð�0

c �cÞj13S1 ¼ 0:4702. The comparison of
the masses of Bc and B�

c given in the present work and
other references is shown in Table III. The mass splitting
between Bc and B�

c will be discussed in Sec. V.
Regge slopes are independent of charge conjugation in

accordance with the C-invariance of QCD [22]. The Regge
slope of the radial excited state is the same as that of the
corresponding ground state [26] and the slopes of the parity
partners’ trajectories coincide [88]. Therefore, the authors
of Ref. [24] divided all the multiplets into the 11S0-like
multiplets and the 13S1-like multiplets. Mesons with the
same flavors and belonging to the 13S0-like multiplets (the

13S1-like multiplets) have the same slopes.
The 11S0-like multiplets include 11S0, 1

1P1, 1
3P1, 2

1S0,

21P1, 2
3P1, . . ..

�0
b �b

�0
c �c
j11S

0
¼ 0:4667.

The 13S1-like multiplets include 13S1, 1
3P0, 1

3P2, 2
3S1,

23P0, 2
3P2, . . .. ð�0

b �b
Þ=ð�0

c �cÞj11S
0
¼ 0:4702.

Using the values of slope rations (ð�0
b �b
Þ=ð�0

c �cÞj11S
0
¼

0:4667, ð�0
b �b
Þ=ð�0

c �cÞj13S
1
¼ 0:4702) and the masses of c �c

and b �b obtained in Sec. III and given by experiment [1], we
can have the masses of c �bð1P; 2S; 2PÞ from Eq. (23). The
comparison of the masses of excited c �bð1P; 2S; 2PÞ me-
sons extracted in the present work and those given by other
works is also shown in Table III.

From Table III, one can see that the mass of the Bc

meson given in the present work is very close to the
experimental data. The masses of the 12 c �b mesons
given in the present work are in reasonable agreement
with those given in many other approaches. The masses
of c �bð1P; 2PÞ mesons satisfy Eq. (8) (equality for P-wave
hyperfine splittings). A detailed discussion will be given in
Sec. V.

V. DISCUSSION AND SUMMARY

In this work, we have studied the feature of radial Regge
trajectories for charmonium and bottomonium in the
ðn;M2Þ plane and predicted masses of some states which
have not been observed up to now. Using the additivity of

intercepts and inverse slopes for the quasilinear Regge
trajectories in the ðJ;M2Þ plane, we have extracted all the
masses of the c �bmesons belonging to the 11S0, 1

3S1, 1
1P1,

13P0, 1
3P1, 1

3P2, 2
1S0, 2

3S1, 2
1P1, 2

3P0, 2
3P1, and 23P2

multiplets. Therefore, all the masses of the unobserved
doubly heavy mesons ð1S; 1P; 2S; 2PÞ have been extracted.
The present results of the ð2PÞ c �c mesons (Table II) and
ð1P; 2PÞ c �b mesons (Table III) satisfy Eq. (8) (equality for
P-wave hyperfine splittings) very well. All the present
results satisfy the linear mass inequality (19) and the
quadratic mass inequality (20). The predictions are in
reasonable agreement with the existing experimental data
and those suggested in many other different approaches.
In the calculations, all the input masses are the masses of

the well-established mesons whose mass uncertainties are
very small. We have analyzed the relation between the
value of Mc �b and the value of �0

b �b
=�0

c �c from Eq. (23),

and have found that the 10% uncertainty of �0
b �b
=�0

c �c only

leads to less than 1% uncertainty of Mc �b.
Based on the experimental data [1], Tables II and III, one

can have the following hyperfine splittings:
Charmonium hyperfine splittings,MJ=c ð1SÞ �M�cð1SÞ ¼

116 MeV, MJ=c ð2SÞ �M�cð2SÞ ¼ 49 MeV;

Bottomonium hyperfine splittings, M�ð1SÞ �M�bð1SÞ ¼
71 MeV, M�ð2SÞ �M�bð2SÞ ¼ 18 MeV.

The c �b hyperfine splittings, MB�
c
�MBc

¼ 85 MeV,

MB�
cð2SÞ �MBcð2SÞ ¼ 32 MeV are between the splittings

of charmonium and bottomonium as expected.
In Ref. [89], the authors gave an approximate relation

for mass splittings,

MB�
c
�MBc

’ ð0:7ÞðMJ=c �M�c
Þ0:65ðM� �M�b

Þ0:35;
(24)

and pointed out that the uncertainty of Eq. (24) is at the
order of 10%.
We list these splittings given in the present work and

those given in many other works in Table IV. From
Tables III and IV, we can see that our predicted splittings
agree with some works and are different from others.
From Table II, one can see that our predicted mass of

	c1ð2PÞ (23P1) is 3871 MeV, which is in excellent agree-
ment with the mass of the hotly debated charmoniumlike
state Xð3872Þ.
Xð3872Þ is one of the most complex charmoniumlike

states discovered recently. It was discovered by the Belle
collaboration in the exclusive decay process B� !
K��þ��J=c in 2003 [3]. After that, there are many
theoretical and experimental works focused on the nature

TABLE IV. The mass splittings (in units of MeV).

Mass splittings Predicted Experiment [44] [45] [46] [47] [48] [50] [53] [56] [67] [90] [91] [92] [93]

B�
cð1SÞ-Bcð1SÞ 85 62 80 67 73 64 55 61 77 70 68–83 65–90 75� 28 65� 24þ19

�16

B�
cð2SÞ-Bcð2SÞ 32 46 50 32 43 35 32 33 42 40 31–42
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of Xð3872Þ (see Ref. [81] and references therein). In
PDG2008 [1], the average mass and width of Xð3872Þ
are 3872:2� 0:8 MeV and 775� 4 MeV, respectively.
In the recent report of the CDF collaboration, it was
pointed that the data ofXð3872Þ are consistent with a single
state, with no evidence for two states [94]. With the single-
state model the Xð3872Þmass is measured to be 3871:61�
0:16� 0:19 MeV, which is the most precise determination
to date. Angular distribution analysis by the Belle collabo-
ration [95] and the CDF collaboration [96] both favor the
quantum number JPC ¼ 1þþ. Therefore, interpreting the
Xð3872Þ as the 	c1ð2PÞ seems favorable. This assignment
can explain most of the experimental features of Xð3872Þ,
but fails in the isospin-violating decay Xð3872Þ ! J=c
.
In Refs. [79,97], the authors use the final state rescattering
mechanism to explain this isospin-violating decay. After a
comprehensive analysis, the authors of Refs. [79,97] assign
Xð3872Þ as a 	c1ð2PÞ-dominated charmonium state.

In Table II, we give the mass of 	c2ð2PÞ (23P2) as
3907 MeV. The Belle collaboration reported a 	c2ð2PÞ
(23P2) candidate in �� ! D �D production [98]. The mass
and width are 3929� 5� 2 MeV and 29� 10� 2 MeV,
respectively. The observed transverse momentum of the
D �D conflicts with the possible moleculesD �D� orD� �D�. In
many papers it is referred to as Zð3930Þ or Xð3930Þ. The
observation of Zð3930Þ ! D �D decay can rule out the
interpretation as �cð3SÞ. The fact that Zð3930Þ was pro-
duced from �� can exclude the interpretation as c 3ð13D3Þ.
By assuming that M	c2ð2PÞ ¼ 3931 MeV, the authors of

Ref. [99] got �	c2ð2PÞ ¼ 28:6 MeV which is in good agree

with experimental data. The mass of 	c2ð2PÞ calculated in
our approach deviates from the experimental mass of
Zð3930Þ by only about 20 MeV. Therefore, we support
the assignment of the state Zð3930Þ as the charmonium
state 	c2ð2PÞ.

However, the nature of many of the recently discovered
charmoniumlike and bottomoniumlike states are still un-
clear. Some states in the conventional charmonium and
bottomonium spectra are still missing while some unex-
pected states are observed. All of these indicate that our
understanding of charmonium (bottomonium) states above
the open charm (bottom) threshold is still poor.

In Sec. III, we have shown that the trajectories in the
ðn;M2Þ plane are indeed nonlinear for bottomonium (bend
down). There is a curve (bend down) for charmonium if the

mass of c ð4SÞ is close to the mass of Yð4260Þ. The convex
radial Regge trajectory (bend down) in the ðn;M2Þ plane
implies that the spectrum condenses at high energies. This
view is not isolated. In a recent paper [100], for light
mesons in AdS/QCD models, Afonin pointed out that the
dependence of m2 on n is nonlinear at larger n. The holo-
graphic models reflect thereby the merging of resonances
into continuum and the breaking of gluon string at suffi-
ciently large quark-antiquark separation that causes the
linear Regge trajectories to bend down. The authors of
Ref. [79] found the masses of higher charmonium and
bottomonium states with screened potential are consider-
ably lower than that with unscreened potential.
From the above analysis, we can give a summary as the

following:
(1) The trajectories in the ðn;M2Þ plane are indeed non-

linear for bottomonium (bend down). There is a
similar curve (bend down) for charmonium if the
mass of c ð4SÞ is close to the mass of Yð4260Þ. The
fact that trajectories in the ðn;M2Þ plane are convex
(bend down) implies denser spectra than the linear
case. This feature agrees with experiment and some
recent theoretical work.

(2) We support that Xð3872Þ is a 	c1ð2PÞ-dominated
charmonium state and Zð3930Þ is the charmonium
state 	c2ð2PÞ.

(3) Our predictions (masses of three bottomonium, four
charmonium, and 12 c �b states) are in reasonable
agreement with the existing experimental data and
those suggested in many other different approaches.
The predictions may be useful for the discovery of
the unobserved c �c, b �b, and c �b mesons and the JP

assignment of these states.
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