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The master formula approach to chiral symmetry breaking proposed by Yamagishi and Zahed is

extended to the URð3Þ � ULð3Þ group in which effects of the UAð1Þ anomaly and flavor symmetry

breaking, mu � md � ms, are taken into account. New identities for the gluon topological susceptibility

and �0, �, �0 ! �ð�Þ�ð�Þ decays are derived, which embody the consequences of broken chiral symmetry

in QCD without relying on any unphysical limits.
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I. INTRODUCTION

Phenomena of the � and �0 mesons have been an
attractive subject both theoretically and experimentally.
Various properties of these mesons are closely related to
the UAð1Þ anomaly of QCD and the flavor mixing arising
from the mass differences among u, d, s quarks. Since the
UAð1Þ anomaly is a realization of the nontrivial topology of
the gluonic configurations, investigating reactions and de-
caying processes associated with the � and �0 mesons will
be one of the most feasible approaches to accessing the
fundamental aspects of QCD.

Several theoretical approaches, such as the chiral per-
turbation theory [1,2] and the zero-momentum Ward iden-
tities with partially conserved axial-vector current
hypothesis [3,4], have been applied for analyzing reaction
processes of � and �0 mesons and exploring the gluonic
context of the low energy QCD. Most of these investiga-
tions start from certain unphysical limits such as chiral,
soft pion, and large Nc.

The master formula approach to chiral symmetry break-
ing proposed by Yamagishi and Zahed is a powerful tool
for analyzing hadronic processes which include ground
state pseudoscalar mesons [5,6]. The approach is based
on a set of master equations, which fully takes account of
the consequences of broken chiral symmetry without rely-
ing on any unphysical limits or expansion schemes. Also,
the master equations provide a systematic procedure,
called the chiral reduction formula (�RF), to derive the
chiral Ward identities satisfied by scattering amplitudes
involving any number of pions with their physical masses.
The advantage of this approach is that one can investigate
the reaction dynamics, which cannot be determined by
chiral symmetry, separately from the general structure
required by the broken chiral symmetry. Once such a
separation is made, any models and/or expansion schemes
can be employed for describing the reaction dynamics
without any contradiction with the constraints from broken
chiral symmetry. A number of investigations based on the
approach has been carried out for hadron reactions in the
resonance region [6–11] and hadronic matter [12–18].

Up until now, the approach has been formulated within
the two-flavor SURð2Þ � SULð2Þ [5] and three-flavor

SURð3Þ � SULð3Þ [6] groups in the isospin symmetric
limit. To analyze reaction processes involving �0 and
address the features of the low energy QCD mentioned
above, however, we need to extend the approach to the
URð3Þ � ULð3Þ group incorporating the full flavor symme-
try breaking due tomu � md � ms and theUAð1Þ anomaly.
In this paper, we will describe how to make such an
extension.
This paper is organized as follows. In Sec. II we first

review the master formula approach for the isospin sym-
metric SURð2Þ � SULð2Þ group proposed in Ref. [5] and
outline a derivation of the master equations with this
simplest case. Then in Sec. III we describe the extension
to the URð3Þ � ULð3Þ group including finite quark masses
and the UAð1Þ anomaly. Several applications of the
URð3Þ � ULð3Þ master equations are presented in Sec. IV.
The summary and outlook are given in Sec. V.

II. REVIEW OF ISOSPIN SYMMETRIC SUð2Þ �
SUð2Þ CASE

A. The Veltman-Bell equations

Consider QCD with massive u and d quarks in the
isospin symmetric limit: mu ¼ md ¼ m̂. The Lagrangian
can be written as

LSUð2Þ
QCD ¼ ½LSUð2Þ

QCD �ð0Þ þ �q��ðva
� þ �5a

a
�Þ �

a

2
qðxÞ

� �qðm̂þ s� ipa�5�
aÞqðxÞ; (1)

where ½LSUð2Þ
QCD �ð0Þ is the QCD Lagrangian in which the

quark masses are set to zero; �a (a ¼ 1, 2, 3) is the Pauli
matrix for isospin; qðxÞ is the isodoublet quark field q ¼
ðu; dÞT . The vector, axial-vector, scalar, and pseudoscalar
external fields, � ¼ ðva

�; a
a
�; s; p

aÞ, are treated as sources

to generate the corresponding currents and densities, O ¼
ðVa

�; A
a
�;�;�

aÞ, which can be defined by O ¼
�ðR d4xLSUð2Þ

QCD Þ=��.

A fundamental quantity in the theoretical framework
developed in Ref. [5] is the extended S-matrix operator
S½��, a functional of the external fields�. This operator is
unitary, SyS ¼ SSy ¼ 1, and is related to the vacuum-to-
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vacuum transition amplitude in the presence of the external
fields �: Z½�� ¼ h0 outj0 ini� ¼ h0 injS½��j0 ini ¼
h0 outjS½��j0 outi. The Schwinger action principle allows
one to express the quantum operators corresponding to
O ¼ ðVa

�; A
a
�;�;�

aÞ as [5,19,20]

O ðxÞ ¼ �iSy �

��ðxÞS; (2)

and their T� product as

T�½Oðx1Þ � � �OðxnÞ� ¼ ð�iÞnSy �

��ðx1Þ � � �
�

��ðxnÞS:
(3)

A more detailed description of the theoretical formulation
based on the extended S-matrix can be found in the litera-
ture [19–21] and this will not be discussed here.

The system described by Eq. (1) and its effective theory
have an approximate SURð2Þ � SULð2Þ chiral symmetry
explicitly broken by the quark masses. It is known that such
systems satisfy the divergence equations for the vector and
axial currents, which, following Ref. [5], we call the
Veltman-Bell (VB) equations [22,23]. The explicit forms
are

r�acVc
� þ a�acAc

� þ pac�c ¼ 0; (4)

r�acAc
� þ a�acVc

� � ðm̂þ sÞ�a þ pa� ¼ 0; (5)

where we have introduced the notation Xac ¼ "abcXb (ap-
plicable to any quantity with one-isospin index Xb);rac

� ¼
�ac@� þ vac

� .

With Eq. (2), the VB equations (4) and (5) can be
rewritten as a set of linear equations of the extended S-
matrix: �

rac
�

�

�vc
�

þ aac�
�

�ac�
þ pac �

�pc

�
S ¼ 0; (6)

�
rac

�

�

�ac�
þ aac�

�

�vc
�

� ðsþ m̂Þ �

�pa þ pa �

�s

�
S ¼ 0:

(7)

Applying functional derivatives of � to Eqs. (6) and (7)
and using Eqs. (2) and (3), one can derive the vector and
axial Ward identities satisfied by the operators O ¼
ðVa

�; A
a
�;�;�

aÞ.

B. Master equations for the chiral symmetry breaking

The VB equations (4) and (5) [or equivalently Eqs. (6)
and (7)] are satisfied by the systems in both the Wigner and
Nambu-Goldstone phases. However, if the chiral symme-
try in the system is spontaneously broken, the Nambu-
Goldstone bosons (pions) appear and couple to the axial
current and the isovector-pseudoscalar density:

h0jAa
�ðxÞj�bðpÞi ¼ f�ip��

abe�ipx; (8)

h0j�aðxÞj�bðpÞi ¼ G�abe�ipx: (9)

Here f� is the pion decay constant, which remains finite in
the chiral limit in contrast to those of the pion excitations
[24]; G is the pseudoscalar coupling constant. By taking
the matrix element of the axial VB equations (5) between
the vacuum state h0j and the one-pion state j�aðpÞi, and
using Eqs. (8) and (9), we obtain the following mass
relation:

f�m
2
� ¼ m̂G; (10)

which shows clearly the well-known result that the nonzero
quark masses are responsible for the nonzero pion masses.
The master equations proposed in Ref. [5] may be under-
stood as the VB equations incorporating this information
on chiral symmetry breaking.
It was shown in Ref. [5] that the information can be

incorporated into the VB equations by making the follow-
ing modifications:
(1) Introduce new pseudoscalar and scalar external

fields, Ja and Y, defined by

Ja ¼ Gpa þ f�rac
� a�c; (11)

Y ¼ Gs; (12)

and treat � ¼ ðaa�; va
�; Y; J

aÞ as independent exter-
nal fields.

(2) Introduce a new extended S-matrix Ŝ as

Ŝ ¼ S expð�i�IÞ; (13)

with

�I ¼
Z

d4x

�
YðxÞG�1Cþ f2�

2
a�aðxÞaa�ðxÞ

�
;

(14)

where a new constant C is introduced. (The physical
meaning of C is explained below.)

With these modifications, the new current and density

operators, Ô ¼ ðjaV�; jaA�; 	̂; �̂aÞ, defined by Ô ¼
�iŜyð�=��ÞŜ, are related with the original current and
density operators, O ¼ ðVa

�; A
a
�;�;�

aÞ, as follows:
Va
� ¼ jaV� þ f�a

ac
� �̂c; (15)

Aa
� ¼ jaA� þ f2�a

a
� � f�rac

� �̂c; (16)

� ¼ G	̂þ C; (17)

�a ¼ G�̂a: (18)

Here the new pseudoscalar density �̂a satisfies
h0j�̂aðxÞj�bðpÞi ¼ �abe�ipx. This allows one to identify
�̂a with the normalized interpolating pion field. The
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change of the field variable pa ! Ja defined by Eq. (11) is
responsible for the separation of the one-pion component
from the axial current Aa

� and thus is introduced to indicate

that the system under consideration includes pions. The
new axial current jaA� has no one-pion component surviv-

ing on pion mass shell, h0jjaA�ðxÞj�bðpÞi ¼ 0, in contrast to

the original Aa
�.

The second modification defined by Eqs. (13) and (14) is
introduced to indicate that the action describing the origi-
nal S-matrix operator, S, should contain contact terms, as
defined in Eq. (14), if the chiral symmetry is spontaneously
broken. A justification of this statement has been provided
in Ref. [5] making use of the gauged nonlinear sigma
model. It is also noted that the difference between S and

Ŝ just comes from the contact terms of the c-number
external fields and thus does not affect the physical
observables.

The practical role of the second modification is twofold.
The first term in the integrand of �I is introduced to take
account of the quark-antiquark condensation. In fact, it
explicitly introduces a shift in the scalar density [see
Eq. (17)], amounting to the new constant, C. This constant
carries part of the information on the condensation. (We
allow h	̂i � 0.) It turns out that C is expressed as the
product of the pion decay constant and the pseudoscalar
coupling constant:

C ¼ f�G: (19)

This follows from the fact that �̂a is the normalized
interpolating pion field. (See Appendix A for the deriva-
tion.) The mass relation (10) can be rewritten as

f2�m
2
� ¼ m̂C: (20)

If h	̂i ¼ 0, then C ¼ h�i and Eq. (20) reduces to the Gell-
Mann-Oakes-Renner (GMOR) relation. Therefore, h	̂i
represents the deviation of the mass relation from the
GMOR relation. In fact, the on-shell (1=f�) expansion
scheme proposed in Ref. [5], which is the expansion in
1=f� around the physical pion mass and is constructed so
that the GMOR relation holds at the leading order, leads to
h	̂i ¼ 0þOðf�1

� Þ and C ¼ h�i þOðf�1
� Þ. The second

term in the integrand of �I results in the appearance of
f2�a

a
� in Eq. (16). This ensures the existence of the contact

term �abf2�g�
 in the two-point function of the axial

current,

i
Z

d4xeiqxhT�½Aa
�ðxÞAb


ð0Þ�i ¼ �abf2�g�


� �abf2�
q�q


q2 �m2
�

þ � � � ;
(21)

which must appear in the two-point function to have a
correct chiral limit. (The symbol hi denotes the vacuum
expectation value.)

Substituting Eqs. (11), (12), and (15)–(18) into the VB
equations and using Eqs. (10) and (19), we have

½r�acjcV� þ a�acjcA� þ Jac�̂c� ¼ 0; (22)

½�r�aerec
� þ a�aeaec� �m2

��
ac � Yf�1

� �ac��̂c

¼ �JaðxÞ � f�1
� ðr�acjcA� þ a�acjcV�Þ

� ½Ja � f�r�acac��	̂: (23)

These equations can be written in the functional derivative
form as

�
rac

�

�

�vc
�

þ aac�
�

�ac�
þ Jac

�

�Jc

�
Ŝ ¼ 0; (24)

�
�ðh�ab þm2

��
ab þ Kab

SUð2ÞÞ
�

�Jb
þ iJa þ f�1

� taA

� ðr�acac� � f�1
� JaÞ �

�Y

�
Ŝ ¼ 0; (25)

with

Kab
SUð2Þ ¼ r�acrcb

� � aac� a�cb þ �abY � �abh;

taA ¼ rac
�

�

�ac�
þ aac�

�

�vc
�

:

By introducing the retarded and advanced Green functions
satisfying

� ½h�ab þm2
��

ab þ Kab
SUð2ÞðxÞ�Gbc

R;Aðx; yÞ
¼ �ac�ð4Þðx� yÞ;

the axial VB equation (23) can be formally solved for the
interpolating pion field �̂. The functional derivative form
of the solution is written as

�Ŝ
�JaðxÞ ¼ iŜ�a

inðxÞ þ iŜ
Z

d4yGab
R ðx; yÞKbc

SUð2ÞðyÞ�c
inðyÞ

�
Z

d4yGab
R ðx; yÞ �Rb

SUð2ÞðyÞŜ

¼ i�a
inðxÞŜ þ i

Z
d4yGab

A ðx; yÞKbc
SUð2ÞðyÞ�c

inðyÞŜ

�
Z

d4yGab
A ðx; yÞ �Rb

SUð2ÞðyÞŜ: (26)

Here �a
in is the in-state asymptotic pion field, �̂a ! �a

in þ� � � ðt ! �1Þ; �Ra
SUð2ÞðxÞ is defined by

�R a
SUð2ÞðxÞ ¼ Ra

SUð2ÞðxÞ þ Kab
SUð2ÞðxÞ

�

�JbðxÞ ; (27)

with
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Ra
SUð2ÞðxÞ ¼

�
iJa þ 1

f�
taA � Kab

SUð2Þ
�

�Jb

�
�
r�acac� � Ja

f�

�
�

�Y

�
ðxÞ: (28)

Equations (24) and (26) constitute the master equations for
the SURð2Þ � SULð2Þ chiral symmetry breaking in the
isospin symmetric limit.

C. Chiral reduction formula

From the axial master equation (26), we can derive the
commutation relations between the creation and annihila-

tion operators of the pion and the extended S-matrix Ŝ,

½aainðkÞ; Ŝ� ¼ Ra
SUð2ÞðkÞŜ; ½Ŝ; aayin ðkÞ� ¼ Ra

SUð2Þð�kÞŜ;
(29)

where Ra
SUð2ÞðkÞ ¼

R
d4xeikxRa

SUð2ÞðxÞ. Note that we can

rewrite the commutation relations in this form without
using the asymptotic pion field. [Compare them with
Eqs. (6.2) and (6.3) in Ref. [5].]

Iterative use of Eq. (29) results in the �RF for the on-
shell scattering amplitudes involving any number of pions
with their physical masses,

h�;k1a1;��� ;kmamjŜj�;l1b1;��� ;lnbnij�¼0

¼½Ra1
SUð2Þðk1Þ���Ram

SUð2ÞðkmÞRb1
SUð2Þð�l1Þ���Rbn

SUð2Þð�lnÞ�S
�h�jŜj�ij�¼0; (30)

where ki (li) and ai (bi) are, respectively, the four momen-
tum and isospin indices of the outgoing (incoming) pions;
� and � stand for states of other particles. Here we con-
sider the case that no two pions have equal momenta. The
symbol ½ �S represents normalized symmetric permutations
of the functional derivative operators,

½D1 � � �Dn�S ¼ 1

n!

X
perms

D1 � � �Dn: (31)

This operation shows clearly the crossing symmetry in
Eq. (30). By using Eq. (30) together with Eq. (3), scattering
amplitudes are expressed in terms of Green’s functions of

the operators Ô ¼ ðjaV�; jaA�; 	̂; �̂aÞ. The �RF takes the

form of functional derivatives, and all constraints which
stem from broken chiral symmetry are contained in
Ra
SUð2ÞðkÞ. The extension of the �RF to the off-shell pions

has been discussed in detail in Ref. [25].

III. EXTENDING TO URð3Þ � ULð3ÞWITH FLAVOR
SYMMETRY BREAKING

In this section, we extend the master equations reviewed
in Sec. II to theURð3Þ � ULð3Þ group withmu � md � ms.
In the remainder of this paper, the term ‘‘pion’’ (‘‘�’’) is
used for expressing the nonet ground pseudoscalar mesons

generically, and the symbols ��;0, Kþ;0, �K�;0, �, and �0
are used for referring to the specific mesons.

A. The URð3Þ � ULð3Þ VB equations

The Lagrangian now includes massive u, d, s quarks:

LUð3Þ
QCD ¼ ½LUð3Þ

QCD�ð0Þ þ �q��ðva
� þ �5a

a
�Þ

a

2
q

� �qðma
q þ sa � ipa�5Þaq� �!: (32)

Here qT ¼ ðu; d; sÞ; ma
q

a ¼ diagðmu;md;msÞ; � and !

are the vacuum angle and the gluon topological charge

density, respectively. The term ½LUð3Þ
QCD�ð0Þ represents the

QCD Lagrangian with the quark masses, the vacuum angle,
and all external fields set to zero. The flavor matrix a is
taken to be one of the Gell-Mann matrices for a ¼ 1; � � � ; 8
and 0 ¼ ffiffiffiffiffiffiffiffi

2=3
p

1 so that they satisfy Tr½ab� ¼ 2�ab. The
vector, axial-vector, scalar, and pseudoscalar external
fields and the vacuum angle, � ¼ ðva

�; a
a
�; s

a; pa;��Þ,
are sources to generate currents and densities, O ¼
ðVa

�; A
a
�;�

a;�a; !Þ, which are obtained from O ¼
�ðR d4xLUð3Þ

QCDÞ=��. As in the SU(2) case, the quantum

operators corresponding to O are defined by Eq. (2).
The VB equations for the URð3Þ � ULð3Þ group can then

be written as

r�acVc
� þ a�acAc

� þ pac�c þ ðsþmqÞac�c ¼ 0; (33)

r�acAc
� þ aab� Vb

� þ �pab�b

� ð �sþ �mqÞac�c � Tr½a�! ¼ �a: (34)

Here we have introduced the notation1 �Xac ¼ dabcXb and
Xac ¼ fabcXb (applicable to any quantity with one-flavor
index Xb); rac

� ¼ @��
ac þ vac

� . It is well known that an

additional nonconserving contribution in the axial VB
equation, which amounts to �Tr½a�!, is attributable to
the UAð1Þ anomaly. Furthermore, for the URð3Þ � ULð3Þ
group, the non-Abelian anomaly �a associated with the
external gauge fields va

� and aa� also appears. Its explicit

form is [26]

�a ¼ Nc

16�2
"�
�	 Tr

�
a

2

�
FV
�
F

V
�	 þ 1

3
FA
�
F

A
�	

þ i
8

3
ða�a
FV

�	 þ a�F
V

�a	 þ FV

�
a�a	Þ

� 32

3
a�a
a�a	

��
; (35)

with FV
�
 ¼ @�v
 � @
v� � i½v�; v
� � i½a�; a
�,

FA
�
 ¼ @�a
 � @
a� � i½v�; a
� � i½a�; v
�, v� ¼

1The structure constants fabc and dabc are defined by fabc ¼
�ði=4ÞTr½½a; b�c� and dabc ¼ ð1=4ÞTr½fa; bgc�, respec-
tively. With this definition, we have f0bc ¼ 0 and d0bc ¼ffiffiffiffiffiffiffiffi
2=3

p
�bc.
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va
�ða=2Þ, and a� ¼ aa�ða=2Þ. We take a convention with

"0123 ¼ þ1.
The functional derivative form of the VB equations is

given by�
rac

�

�

�vc
�

þ aac�
�

�ac�
þpac �

�pc þ ðsþmqÞac �

�sc

�
S ¼ 0;

(36)

�
rac

�

�

�ac�
þ aac�

�

�vc
�

þ �pac �

�sc
� ð �sþ �mqÞac �

�pc

þ Tr½a� �

��

�
S ¼ i�aS: (37)

B. Flavor symmetry breaking and UAð1Þ anomaly

Besides their key role in the singlet sector, the mass
differences among the u, d, s quarks and the UAð1Þ anom-
aly are responsible for the major complication in the
construction of the URð3Þ � ULð3Þ master equations.
Therefore we first examine those effects carefully.

The mass differences of the quarks violate the flavor
symmetry explicitly as well as the chiral symmetry. Thus
the flavor U(3) basis cannot be the mass eigenstates of
hadrons and mixing of the U(3) basis occurs. Necessary
information on the flavor symmetry breaking here is sum-
marized in the following matrix elements:

h0jAa
�ðxÞjPðpÞi ¼ ~faP� ip�e

�ipx; (38)

h0j�aðxÞjPðpÞi ¼ GaPe�ipx; (39)

h0j!ðxÞjPðpÞi ¼ ~APe�ipx; (40)

where P denotes the physical pion states (the mass eigen-
states): P ¼ ð��;0; K�;0; �K0; �; �0Þ. (Capital indices are
used to represent the mass eigenstates.) Because of the

flavor symmetry breaking, the pion decay constant ~faP� and
the pseudoscalar coupling constant GaP now have two
indices that specify the flavor U(3) basis and the mass

eigenstates.2 Also, it is noted that ~AP has a nonzero value
only for P ¼ �0, �, �0.

From the axial VB equation (34) and (38)–(40), we can
derive the U(3) version of the mass relation:

~f aQ
� ðm2

�ÞQP ¼ �mab
q GbP þ Tr½a� ~AP; (41)

where m2
� is the diagonal mass-squared matrix of the

physical nonet pions. The appearance of ~AP is attributable

to ! in the axial VB equation and thus is nothing but a
consequence of the UAð1Þ anomaly.
As already mentioned above, theUAð1Þ anomaly leads to

the nonconserving term proportional to ! in the singlet
axial VB equation. Because of this, the operators A0

� and!

get renormalized under a change of the QCD scale [1]:
ðA0

�Þren ¼ ZAA
0
�, ð!Þren ¼ !þ ðZA � 1Þð1=Tr½0�Þ@�A0

�,

where ZA is the renormalization factor. Accordingly, the

singlet pion decay constant ~f0P� and ~AP also get renor-
malized as

ð~f0P� Þren ¼ ZA
~f0P� ; (42)

ð ~APÞren ¼ ~AP þ ðZA � 1Þ 1

Tr½0�
~f0Q� ðm2

�ÞQP: (43)

These are thus scale dependent and not physical constants.

This is in contrast to the octet pion decay constants, ~faP� ,
with a � 0, which are scale independent. It is noted, how-

ever, that the combination ~f0Q� ðm2
�ÞQP � Tr½0� ~AP is in-

variant under a change of the QCD scale.
As pointed out by Shore and Veneziano (see, e.g.,

Refs. [4,27,28]), the renormalization group (RG) variant
~f0P� , which is defined as a coupling of the singlet axial
current to the physical pions, does not satisfy GMOR type
mass relations. They introduced a RG-invariant decay
constant f0P� and showed that the use of this new constant
provides a natural extension of the GMOR relation to the
singlet sector.
Following Shore and Veneziano, let us introduce the RG

invariant f0P� . Defining �f0P� ¼ ~f0P� � f0P� , the combina-

tion ð~f�m2
�Þ0P � Tr½0� ~AP can be rewritten as

ð~f�m2
�Þ0P � Tr½0� ~AP ¼ ðf�m2

�Þ0P � Tr½0�
� ½ ~AP � ð�f�m2

�Þ0P�: (44)

Because ð~f�m2
�Þ0P � Tr½0� ~AP and ðf�m2

�Þ0P are indi-

vidually RG invariant, AP � ½ ~AP � ð�f�m2
�Þ0P� is also

RG invariant. The values of f0P� andAP must be extracted
from the experimental data. With this modification, the
mass relation (41) becomes

ðf�m2
�f

T
�Þab ¼ ð �mqGf

T
�Þab þ Tr½a�ðAfT�Þb

¼ ð �mqGf
T
�Þab þ Aab; (45)

where faP� � ~faP� for a � 0; ðfT�Þ ¼ ðfT�ÞPa is the transpose
of faP� ; Aab � Tr½a�ðAfT�Þb.

C. Master equations for the URð3Þ � ULð3Þ symmetry
breaking

We can incorporate the information on the symmetry
breaking described in Sec. III B in a completely parallel
way to the SU(2) case:
(1) Introduce a new pseudoscalar and scalar external

fields JP and YP defined by

2The breaking pattern of the flavor symmetry, i.e., ma
q

a ¼
m0

q
0 þm3

q
3 þm8

q
8, implies that ~faP� and GaP are block

diagonal in ð1; 2Þ � ð�þ; ��Þ, ð4; 5Þ � ðKþ; K�Þ, ð6; 7Þ �
ðK0; �K0Þ, and ð0; 3; 8Þ � ð�0; �; �0Þ. In the isospin symmetric
limit they become ð1; 2; 3Þ � ð�þ; ��; �0Þ, ð4; 5; 6; 7Þ �
ðKþ; K�; K0; �K0Þ, and ð0; 8Þ � ð�;�0Þ and the first two blocks
can be diagonalized.

MASTER FORMULA APPROACH TO BROKEN CHIRAL . . . PHYSICAL REVIEW D 81, 076004 (2010)

076004-5



JP ¼ paGaP þ ð~fT�ÞPaðr�~a�Þa � ½ðfT�ÞP0h

þ ðf�1
� ÞPaAa0� 1

Tr½0� �; (46)

YP ¼ saGaP; (47)

with ~aa� ¼ aa� þ �a0ð1=Tr½0�Þ@��, and then con-

sider � ¼ ðaa�; va
�; Y

P; JP;��Þ as independent ex-

ternal field variables.
(2) Introduce a new extended S-matrix by

Ŝ ¼ S exp½�ið�I þ �I�Þ�; (48)

where

�I ¼
Z

d4x

�
YPðG�1ÞPaCa þ 1

2
~a�að~f� ~fT�Þab~ab�

� 1

2ðTr½0�Þ2 �ðAþ f�f
T
�hÞ00�

� 1

Tr½0�@
��ðf� ~fT�Þ0b~ab�

�
; (49)

and

�I� ¼ Nc

72�2
"�
�	

Z
d4x

�
aa�rac


 ac�
ffiffiffi
6

p
~a0	

� 1

2
a0�@
a

0
�

ffiffiffi
6

p
~a0	

�
: (50)

Note that the new constant Ca, which corresponds to C
in the SU(2) case, now has a flavor index. With these

modifications, the new current and density operators Ô ¼
ðjaV�; jaA�; 	̂P; �̂P; !̂Þ are defined by Ô ¼ �iŜy�Ŝ=��
with � ¼ ðva

�; a
a
�; Y

P; JP;��Þ. The relations between the

new and original operators are given by

Va
� ¼ jaV� þ aab� ðf��̂Þb þ �ð�I�Þ

�v�a ; (51)

Aa
� ¼ jaA� �rab

� ð~f��̂Þb þ ð~f� ~fT�Þab~ab�
� ð~f�fT�Þa0 1

Tr½0�@��þ �ð�I�Þ
�a�a ; (52)

�a ¼ GaP	̂P þ Ca; (53)

�a ¼ GaP�̂P; (54)

! ¼ !̂þ 1

Tr½0� fA
0a½ðf�1

� ÞT�aP � ð�f�Þ0Phg�̂P

þ 1

Tr½0� ð�f�f
T
�Þ0a@�aa� þ 1

ðTr½0�Þ2

� ½A00 þ ð�f��fT�Þ00h��þ �ð�I�Þ
�ð��Þ : (55)

As in the SU(2) case, we can identify the new pseudoscalar
density �̂P with the (normalized) interpolating pion field
satisfying h0j�̂AðxÞjPðkÞi ¼ �APe�ikx.
The modifications induced by Eqs. (46), (47), and (49)

can be understood as a straightforward extension of, re-
spectively, Eqs. (11), (12), and (14) in the SU(2) case. With
the modification (46), the one-pion component is separated
from Aa

� and !, and the resulting new operators jaA� and !̂

have no one-pion component surviving on pion mass shell,
i.e., h0jjaA�jPðpÞi ¼ h0j!̂jPðpÞi ¼ 0 at p2 ¼ ðm2

�ÞPP.
From Eq. (53), the new constant Ca again carries part of
the quark-antiquark condensate: h�ai ¼ GaPh	Pi þ Ca.
The terms in Eq. (49), except for the first one, are intro-
duced such that the two-point functions including Aa

� and/

or ! have the correct chiral limit in the presence of the
pions.
A comment on the term �I� is needed since it does not

appear in the SU(2) case. As discussed by Kaiser and
Leutwyler [1], the non-Abelian anomaly, �a, which in-
cludes the external singlet axial gauge field a0�, is not

invariant under a change of the QCD scale because of the
UAð1Þ anomaly. This leads to an inconsistency with the RG
invariance of the VB equations.3 The term �I� is intro-
duced to cure the inconsistency and corresponds to the sum
of the two contact terms, P1 and P2, of Eq. (78) in Ref. [1].
With this additional term the non-Abelian anomaly �a is
replaced with the RG invariant �a

0 , which is of the same

form as �a, but a0� is replaced with �ð1=Tr½0�Þ@��.
Taking account of the modifications described above,

the VB equations (33) and (34) can be rewritten as

r�abjbV� þ a�abjbA� þ ðG�1JÞabðG�̂Þb þ ½ðG�1YÞab
þmab

q �ðG	̂Þb þ �aP
V1�̂

P þ �a
V2 ¼ 0; (56)

and

½�h�PQ � ðm2
�ÞPQ � ðf�1

� ÞPaKabfbQ� ��̂Q

¼ �JP � ðf�1
� ÞPaðrab

� j�b
a þ aab� j�b

V � Tr½a�!̂Þ
� ðf�1

� ÞPaðG�1J ÞabðG	̂Þb þ ðf�1
� ÞPað�a

0 � �a
AÞ:
(57)

Here we have introduced

�aP
V1 ¼ ðr�~a�Þab ~fbP� � ð~a�v�Þab ~fbP� � dabc½ðG�1ÞT�bQ

� ð~fT�ÞQdðr�~a�ÞdGcP þ dabc½ðG�1ÞT�bQ

� ½ðfT�ÞQ0hþ ðf�1
� ÞQaAa0� 1

Tr½0� �G
cP; (58)

3The RG invariance of the VB equations arises from that of the
S-matrix Ŝ.
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�a
V2 ¼ ~aab� ð~f� ~fT�Þbc~a�c � ~aab� ð~f�fT�Þb0 1

Tr½0�@
��

þ ðG�1YÞabCb; (59)

�a
A ¼ vab

� ðf� ~fT�Þbc~a�c � ðf�fT�Þabvbc
� a�c

� vab
� ðf�fT�Þbc 1

Tr½0�@
��; (60)

Kab ¼ ðr�r�Þab � ða�a�Þab þ ðG�1YÞacðGf�1
� Þcb

�h�ab; (61)

J P ¼ JP � ð~fT�ÞPaðr�~a
�Þa

þ ½ðfT�ÞP0hþ ðf�1
� ÞPaAa0� 1

Tr½0��: (62)

The terms �V1, �V2, and �A are attributable to the flavor
symmetry breaking and thus they vanish in the flavor
symmetric limit.

In deriving Eqs. (56) and (57), we have made use of a
relation satisfied by the new constant Ca,

�C ab ¼ ðGfT�Þab; (63)

which can be regarded as the U(3) version of Eq. (19). This
relation follows from the fact that �̂P is the normalized
interpolating pion field and can be derived by the same
strategy as described for the SU(2) case in Appendix A.
Then the mass relation (45) can be rewritten as

ðf�m2
�f

T
�Þab ¼ ð �mq

�CÞab þ Aab: (64)

From ð �mq
�CÞT ¼ ð �mq

�CÞ and Aab ¼ 0 for a � 0 [recall that

Aab ¼ Tr½a�ðAfT�Þb], one can fix Aab up to one constant:
Aab ¼ Tr½a�Tr½b�A�. Within the 1=f� expansion

scheme [5], we have h	̂Pi ¼ 0 at the leading order, and

therefore C0 ¼ �ð ffiffiffiffiffiffiffiffi
2=3

p Þðh �uui þ h �ddi þ h �ssiÞ, C3 ¼
�ðh �uui � h �ddiÞ, C8 ¼ �ð ffiffiffiffiffiffiffiffi

1=3
p Þðh �uui þ h �ddi � 2h�ssiÞ,

and Ca ¼ 0 for the other flavor indices. In this case
Eq. (64) reduces to the generalized GMOR relation given
by Shore [4], which is derived by making use of the Ward
identities in the zero-momentum (soft pion) limit. Because
the leading order of the 1=f� expansion scheme corre-
sponds to taking the soft pion limit, we can identify the
constant A� with the nonperturbative coefficient appearing

in the gluon topological susceptibility in QCD [4]. The
quantity h	̂Pi again represents the deviation of the mass
relation (64) from the GMOR relation in the same way as
for the SU(2) case.

The functional derivative form of Eqs. (56) and (57) is
given by

Ta
VðxÞŜ ¼ 0; (65)

Ta
AðxÞŜ ¼ 0; (66)

with

Ta
VðxÞ ¼ rab

�

�

�vb
�ðxÞ

þ aab� ðxÞ �

�ab�ðxÞ

þ ðG�1JÞabðxÞGbP �

�JPðxÞ þ ½ðG�1YÞabðxÞ

þmab
q �GbP �

�YPðxÞ þ �aP
V1ðxÞ

�

�JPðxÞ þ i�a
V2ðxÞ;
(67)

Ta
AðxÞ ¼ faP� ½�h�PQ � ðm2

�ÞPQ� �

�JQðxÞ þ faP� RPðxÞ;
(68)

RPðxÞ ¼ �ðf�1
� ÞPaKabðxÞfbQ� �

�JQðxÞ þ iJPðxÞ þ ðf�1
� ÞPa

�
�
rab

�

�

�ab�ðxÞ
þ aab�

�

�vb
�ðxÞ

þ Tr½a� �

��ðxÞ
�

þ ðf�1
� ÞPaðG�1J ÞabðxÞGbQ �

�YQðxÞ
� iðf�1

� ÞPa½�a
0ðxÞ � �a

AðxÞ�: (69)

By introducing retarded and advanced Green’s functions
satisfying

½�hx�
PQ � ðm2

�ÞPQ � ðf�1
� ÞPaKabðxÞfbQ� �GQR

R;Aðx; yÞ
¼ �PR�4ðx� yÞ;

one can formally solve Eq. (66) as

�

�JPðxÞ Ŝ ¼ iŜ�P
inðxÞ þ iŜ

Z
d4yGPQ

R ðx; yÞðf�1
� ÞQa

� KabðyÞfbR� �R
inðyÞ �

Z
d4yGPQ

R ðx; yÞ �RQðyÞŜ

¼ i�P
inðxÞŜ þ i

Z
d4yGPQ

A ðx; yÞðf�1
� ÞQa

� KabðyÞfbR� �R
inðyÞŜ �

Z
d4yGPQ

A ðx; yÞ
� �RQðyÞŜ; (70)

with

�RPðxÞ ¼ RPðxÞ þ ðf�1
� ÞPaKabðxÞfbQ� �

�JQðxÞ ; (71)

where �P
in is the in-state asymptotic pion field. Equations

(65) and (70) are the desired extension of the master
equations to URð3Þ � ULð3Þ, incorporating the finite u, d,
s quark masses and the UAð1Þ anomaly. The major con-
sequences of flavor symmetry breaking are the two-index
character of the various constants and the appearance of
�aP
V1�

P, �a
V2, and �

a
A terms. On the other hand, those arising

from the UAð1Þ anomaly are the mass relation (64) and the
appearance of the operator !̂.
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D. Chiral reduction formula

The commutation relations of the pion creation and

annihilation operator with the extended S-matrix Ŝ are
given by

½aPinðkÞ; Ŝ� ¼ RPðkÞŜ; ½Ŝ; aPyin ðkÞ� ¼ RPð�kÞŜ; (72)

where RPðkÞ ¼ R
dxeikxRPðxÞ. The URð3Þ � ULð3Þ version

of the �RF for on-shell pions can be expressed as

h�;P1ðk1Þ; � � � ; PmðkmÞjŜj�;Q1ðl1Þ; � � � ; QnðlnÞij�¼0

¼ ½RP1ðk1Þ � � �RPmðkmÞRQ1ð�l1Þ � � �RQnð�lnÞ�S
� h�jŜj�ij�¼0; (73)

where ki (li) is the four momentum of the outgoing (in-
coming) pion Pi (Qi), and � and � label states of other
particles. Here we again consider the case that no two pions
have equal momenta. The symbol ½�S is defined in Eq. (31).

Before closing this section, we note that the singlet axial
current j0A� (or its functional derivative form) always ap-

pears as the RG-invariant combination @�j0A��Tr½0�!̂ in

the axial master equation (70) and the �RF (73). [In the
absence of the external fields, j0A� and !̂0 are renormalized

as ðj0A�Þren¼ZAj
0
A� and ð!̂Þren¼ !̂þðZA�1Þð1=Tr½0�Þ�

@�j0A�, respectively.] Therefore, the existence of !̂, which

originates from the Uð1ÞA anomaly, is crucial for ensuring
the RG invariance of the master equations and the �RF.

IV. APPLICATIONS

As an illustration, we will present several applications of
the URð3Þ � ULð3Þ master equations and the �RF.

A. Gluon topological susceptibility

By using Eqs. (3) and (55), we can derive the chiral
Ward identity for the gluon topological susceptibility �:

� ¼ �i
Z

d4xhT�½!ðxÞ!ð0Þ�i

¼ A� � i
Z

d4xhT�½!̂ðxÞ!̂ð0Þ�i � i6A2
�ðf�1

� ÞP0ðf�1
� ÞQ0

�
Z

d4xhT�½�̂PðxÞ�̂Qð0Þ�i � i2
ffiffiffi
6

p
A�ðf�1

� ÞP0

�
Z

d4xhT�½!̂ðxÞ�̂Pð0Þ�i: (74)

This shows clearly how the pion poles contribute to the
gluon topological susceptibility. The constant A� of the

first term corresponds to the leading contribution in the
large Nc limit of QCD with massive quarks, � ¼ A� þ
Oð1=NcÞ [28]. The appearance of A� is ensured by the

modification introduced by the third term of �I [Eq. (49)].
The RG transformation property of !̂ implies the RG
invariance of the zero-momentum projected two-point
functions

R
d4xhT�½!̂ðxÞ�̂Pð0Þ�i andR

d4xhT�½!̂ðxÞ!̂ð0Þ�i, and therefore Eq. (74).

Making use of the chiral Ward identities of
hT�½!̂ðxÞ�̂Pð0Þ�i and hT�½�̂PðxÞ�̂Qð0Þ�i derived from the
axial master equation (70) (see Appendix B for the results),
the above identity can be further written as

� ¼ A� � 6A2
�½ðf�m2

�f
T
�Þ�1�00 � ið1

� 6A�½ðf�m2
�f

T
�Þ�1�00Þ2

Z
d4xhT�½!̂ðxÞ!̂ð0Þ�i

þ 6A2
�½ðf�m2

�f
T
�Þ�1�0a �mac

q ðGh	̂iÞcb½ðf�m2
�f

T
�Þ�1�b0:

(75)

Here the second term comes from the pion pole in
hT�½�̂PðxÞ�̂Qð0Þ�i. This is the most general expression
constrained only by the broken chiral symmetry.
We observe that our result consistently reduces to those

obtained in previous works by taking appropriate limits.
With the mass relation (64), we obtain

A� � 6A2
�½ðf�m2

�f
T
�Þ�1�00 ¼ A�

�
1þ A�

X
q¼u;d;s

1

mqCq

��1
;

(76)

where Cu ¼ ~Cþ C3, Cd ¼ ~C� C3, and Cs ¼ ðC0 �ffiffiffi
2

p
C8Þ=

ffiffiffi
6

p
with ~C ¼ ð2C0 þ C8Þ=

ffiffiffi
3

p
. The on-shell expan-

sion scheme [5] gives Cq ¼ �h �qqi (q ¼ u, d, s) at the

leading order. In this case, the first and second terms of our
general expression (75) (i.e., the contributions from the
leading term in the large Nc limit and the pion pole term)
reproduce the classic result [4,29]. Also, our result ap-
proaches zero in the chiral limit, � ! 0ðmq ! 0Þ, showing
the noncommutative character of the Nc ! 1 and mq ! 0

limits [30].
The third and forth terms in Eq. (75) are new. The third

term shows how the higher meson states X, including
hybrids states and glueballs, contribute to the gluon topo-
logical susceptibility through h0j!̂jXi � 0. The forth term
is proportional to h	̂Pi, which characterizes the deviation
of the mass relation (64) from the GMOR relation.

B. Two-photon decay of �0, �, �0 mesons

Next let us consider the two-photon decay of the �0, �,

and �0 mesons: PðpÞ ! �ð�Þðq1Þ�ð�Þðq2Þ with P ¼
ð�0; �; �0Þ. For this purpose, we need to evaluate the

amplitude
R
dxq1dyq2h0jŜT�½jaV�ðxÞjbV
ðyÞ�j�PðpÞij�¼0,

where
R
dxq � R

d4x expðiqxÞ. The �RF gives

Z
dxq1dyq2h0jŜT�½ja�V ðxÞjb
V ðyÞ�j�PðpÞij�¼0

¼
Z

dxq1dyq2ð�iÞ2 �

�va
�ðxÞ

�

�vb

ðyÞ

RPðpÞhŜij�¼0

¼
Z

dxq1dyq2dz�pðf�1
� ÞPc

�
i

�

�va
�ðxÞ

�

�vb

ðyÞ

�c
0ðzÞ

þ ihT�½ja�V ðxÞjb
V ðyÞWcðzÞ�i
�
; (77)
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where Wc ¼ @�jcA� � Tr½c�!̂. With expressions for the

electromagnetic current, j
�
em ¼ ðj3VÞ� þ ð1= ffiffiffi

3
p Þðj8VÞ�, and

the external electromagnetic field, �eA� ¼ v3
� ¼ ffiffiffi

3
p

v8
�,

we can derive a general expression for the P ! �ð�Þ�ð�Þ
decay amplitude:

g��Pðq21; q22;p2Þ ¼ ðf�1
� ÞPc

�
ccem

e2Nc

8�2
� �c0

ffiffiffi
6

p
F��!̂

� ðq21; q22;p2Þ þ Fc
��A1ðq21; q22;p2Þ

� Fc
��A2ðq21; q22;p2Þ

�
; (78)

with ðc3em; c8em; c0emÞ ¼ ð2=3; 2 ffiffiffi
3

p
=9; 4

ffiffiffi
6

p
=9Þ. Here we have

defined

Z
dxq1dyq2h0jŜT�½j�emðxÞj
emðyÞ�j�PðpÞij�¼0

¼ i��
��q1�q2�g��Pðq21; q22;p2Þ; (79)

Z
dxq1dyq2dz�phT�½j�emðxÞj
emðyÞ!̂ðzÞ�i
¼ ��
��q1�q2�F��!̂ðq21; q22;p2Þ; (80)

and

Z
dxq1dyq2dz�phT�½j�emðxÞj
emðyÞ@jcA ðzÞ�i
¼ ��
��q1�q2�½Fc

��A1ðq21; q22;p2Þ � Fc
��A2ðq21; q22;p2Þ�;

(81)

modulo ð2�Þ4�4ðp� q1 � q2Þ. In Eq. (81) we have used
the general expression of the vector-vector-axial correla-
tion function [31,32] [denoting Fc

��Aiðq21; q22;p2Þ as Fc
��Ai]:

1

i

Z
dxq1dyq2hT�½j�emðxÞj
emðyÞjcA ð0Þ�i ¼ X6

i¼1

Fc
��AiI

�

i ;

with

I
�

1 ¼ ��
�q1�; I

�

2 ¼ ��
�q2�;

I
�

3 ¼ ����q1�q2�q



2 ; I

�

4 ¼ �
��q1�q2�q

�
1 ;

I�

5 ¼ ����q1�q2�q



1 ; I�


6 ¼ �
��q1�q2�q
�
2 :

The broken chiral symmetry relates the P ! �ð�Þ�ð�Þ decay
amplitude to the correlation functions of the current and
density operators (80) and (81). The correlation functions
themselves, however, cannot be fixed from symmetry re-
quirements and thus some dynamical inputs are needed to
evaluate them.

Equation (78) is applicable both for on- and off-shell
pions. Using the partially conserved axial-vector current
hypothesis g��Pðq21; q22;m2

PÞ � g��Pðq21; q22; 0Þ and setting

q1 and q2 to the photon point, q21 ¼ q22 ¼ 0, our general
expression (78) consistently reduces to the two-photon

decay formula of �0, �, �0 mesons derived by Shore
[4,28],

g��Pð0; 0;m2
PÞ � g��Pð0; 0; 0Þ

¼ ðf�1
� ÞPc

�
ccem

e2Nc

8�2
� ffiffiffi

6
p

F��!̂ð0; 0; 0Þ
�
;

(82)

if we identify F��!̂ð0; 0; 0Þ as AgG��. Here we have used

Fc
��A1ð0; 0; 0Þ ¼ Fc

��A2ð0; 0; 0Þ ¼ 0 [32]. The RG invari-

ance of the operator Wc ¼ @�jcA� � Tr½c�!̂ implies that

the combination
ffiffiffi
6

p
F��!̂ � F0

��A1 þ F0
��A2 is also RG

invariant. Therefore F��!̂ð0; 0; 0Þ is by itself RG invariant.

V. SUMMARYAND OUTLOOK

We have derived an extension of the master equations
for chiral symmetry breaking proposed in Refs. [5,6] to the
URð3Þ � ULð3Þ chiral group, carefully taking into account
the UAð1Þ anomaly and full flavor symmetry breaking
mu � md � ms. With the master equations and the �RF,
new chiral Ward identities for the gluon topological sus-

ceptibility � and P ! �ð�Þ�ð�Þ decay amplitude have been
derived, showing how the constraints from broken chiral
symmetry enter into those quantities without relying on
any unphysical limits. Then we have seen that our general
results consistently reduce to those obtained in previous
studies by taking appropriate limits.
The �RF is applicable to any reaction processes which

include ground state pseudoscalar mesons, e.g.,�,K, �K,�,
�0 production reactions on a baryon target and heavy
meson decays such as J=� ! 3P; �2P;�3P; � � �with P ¼
�, K, �K, �, �0. The heavy meson decays are interesting in
relation to new meson resonance states appearing in the
decay processes [33,34]. A careful treatment of the final
state interactions in the decay processes will be vital for
exploring properties of such new meson states. The �RF
enables one to separate details of each reaction mechanism
from the general framework required by broken chiral
symmetry, and thus will provide a useful theoretical basis
for the analysis of such processes. Investigations in this
direction will be discussed elsewhere.
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APPENDIX A: DERIVATION OF EQ. (19)

In this Appendix we describe the derivation of Eq. (19),
which relates the new constantC to the pion decay constant
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f� and the pseudoscalar coupling constant G. The strategy
used here can be straightforwardly applied to the U(3) case
[Eq. (63)]; in this case the algebraic operations just become
more complicated.

Originally the operator Ra
SUð2ÞðkÞ has the following form:

Ra
SUð2ÞðkÞ ¼

Z
d4xeþikx

�
i
f�
GC

Ja þ 1

f�
taA � Kab

SUð2Þ
�

�Jb

�
�
r�acac� � Ja

f�

�
�

�Y
þ i

�
1� f�

GC

�

� f�r�abab�

�
ðxÞ: (A1)

Equation (19) is obtained by making use of the fact that the
�̂a is the normalized interpolating pion field satisfying
h0j�̂aðxÞj�bðpÞi ¼ �abe�ipx. By applying the �RF to the

matrix element h0j�̂aðxÞj�bðpÞi, we have (note that Ŝj0i ¼
Ŝyj0i ¼ j0i following from the stability of the vacuum
state),

�abe�ipx ¼ h0j�̂aðxÞj�bðpÞi

¼ �ih0jŜy �

�JaðxÞR
b
SUð2Þð�pÞŜj0ij�¼0; (A2)

with

�iŜy �

�JaðxÞR
b
SUð2Þð�pÞŜ ¼þ f�

GC
�abe�ipx þ 	̂ðxÞ

f�
�abe�ipx þ i

f�

Z
d4ye�ipyðipÞ�T�½�̂aðxÞjbA�ðyÞ�þOð�Þ

¼ þ f�
GC

�abeipx þ�ab

f�
ðp2 �m2

�Þ
Z

d4ye�ipy�Rðx� yÞ	̂ðyÞ � 1

f�

Z
d4ye�ipyp�jbA�ðyÞ�a

inðxÞ

þ 1

f2�
"abc

Z
d4ye�ipy�Rðx� yÞ½�2ip� þ ð@yÞ��jcV�ðyÞ

� 1

f�

Z
d4y�Rðx� yÞð@yÞ�Ŝy½ŜjaA�ðyÞ; abyin ðpÞ� þOð�Þ; (A3)

where ð@yÞ� ¼ ½@=ð@y�Þ�. In the last step of Eq. (A3), we
have used Eqs. (26) and (27) with Ra

SUð2Þ replaced by
Eq. (A1), and the relation

Ŝy½ŜjaA�ðyÞ; abyin ðpÞ� ¼ �i
�

�a�aðyÞR
b
SUð2Þð�pÞŜ

¼ �abð@yÞ�½e�ipy	̂ðyÞ�
þ "abc

1

f�
e�ipyjcV�ðyÞ

� 1

f�
p


Z
d4ze�ipz

� T�½jaA�ðyÞjbA
ðzÞ� þOð�Þ: (A4)
Noticing that h0jjaA�j�bi ¼ 0, h0jjaV�j0i ¼ 0, and p2 ¼
m2

�, Eq. (A2) gives

1 ¼ f�
GC

: (A5)

APPENDIX B: COMMUTATION RELATIONS AND
CHIRALWARD IDENTITIES

1. Commutation relations

The functional derivative operators defined in Eqs. (67)
and (68) satisfy the following commutation relations [de-
fining Ta

VðkÞ ¼
R
d4x expðikxÞTa

VðxÞ and Ta
AðkÞ ¼R

d4x expðikxÞTa
AðxÞ]:

½Ta
VðkÞ; Tb

Vðk0Þ� ¼ �fabcTc
Vðkþ k0Þ; (B1)

½Ta
VðkÞ; Tb

Aðk0Þ� ¼ �fabcTc
Aðkþ k0Þ; (B2)

½Ta
AðkÞ; Tb

Aðk0Þ� ¼ �fabcTc
Vðkþ k0Þ: (B3)

With Eqs. (68) and (B3) we further obtain

½Ta
AðkÞ; RPðk0Þ� ¼ �ðf�1

� ÞPbfabcTc
Vðkþ k0Þ

þ ½k02�PQ � ðm2
�ÞPQ�

Z
d4xeiðkþk0Þx

�
�
ifaQ� þ d̂aQC �

�YCðxÞ
�
; (B4)

where d̂aBC ¼ dabcðG�1ÞBbGcC. If k0� is the on-shell pion

momentum satisfying ðk0Þ2 ¼ ðm2
�ÞPP, we have

½Ta
AðkÞ; RPðk0Þ�Ŝ ¼ 0. Therefore, we can make use of the

same prescription as proposed in Ref. [25] to derive the off-
shell extension of the U(3) �RF (73).

2. Chiral Ward identities for the two-point functions

Here we summarize several chiral Ward identities used
for obtaining the results in Sec. IVA. Making use of
Eqs. (55), (2), and (3), the two-point function of ! can
be expressed as
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Z
d4xe�ipðx�yÞhT�½!ðxÞ!ðyÞ�i ¼

Z
d4xe�ipðx�yÞhT�½!̂ðxÞ!̂ðyÞ�i þ i

�
A� þ 1

6
ð�~f��~fT�Þ00ð�p2Þ

�
þN Pðp2Þ

�
Z

d4xe�ipðx�yÞhT�½!̂ðxÞ�̂PðyÞ�i þN Pðp2Þ
Z

d4xe�ipðx�yÞhT�½!̂ðyÞ�̂PðxÞ�i

þN Pðp2ÞN Qðp2Þ
Z

d4xe�ipðx�yÞhT�½�̂PðxÞ�̂QðyÞ�i; (B5)

with N Pðp2Þ ¼ ffiffiffi
6

p
A�ðf�1

� ÞP0 þ ðp2=
ffiffiffi
6

p Þð�~f�Þ0P. This identity reduces to that of the gluon topological susceptibility
[Eq. (74)] by setting p� ¼ 0 and y ¼ 0.

Similarly, with the axial master equation (70), the two-point function of the interpolating pion field can be written asZ
d4xeipðx�yÞhT�½�̂AðxÞ�̂BðyÞ�i ¼

Z
d4xeipðx�yÞh�̂BðyÞ�A

inðxÞi þ i
Z

d4xeipðx�yÞ�AB
R ðx� yÞ þ i

Z
d4xeipðx�yÞ�AC

R ðx� yÞ

� ðf�1
� ÞCcd̂cBDh	̂Di �

Z
d4xeipðx�yÞ Z dz�AC

R ðx� zÞðf�1
� ÞCchT�½WcðzÞ�̂BðyÞ�i

¼ i
Z

d4xeipðx�yÞ�AB
F ðx� yÞ þ i

Z
d4xeipðx�yÞ�AC

R ðx� yÞðf�1
� ÞCcd̂cBDh	̂Di

þ i
Z

d4xeipðx�yÞ�BC
R ðy� xÞðf�1

� ÞCcd̂cADh	̂Di þ i
Z

d4xeipðx�yÞ Z dz�AC
R ðx� zÞ

��BF
R ðy� zÞðf�1

� ÞFd½ðm2
�ÞCD � 6A�ðf�1

� ÞC0ðf�1
� ÞD0�d̂dDEh	̂Ei þ

Z
d4xeipðx�yÞ

�
Z

dzdz0�AC
R ðx� zÞ�BD

R ðy� z0Þðf�1
� ÞCcðf�1

� ÞDdhT�½WcðzÞWdðz0Þ�i: (B6)

Here we have used Wa ¼ @�jaA� � Tr½a�!̂; �AB
R ðx� yÞ and �AB

F ðx� yÞ are, respectively, the retarded and Feynman

propagators satisfying ½�hx�
PA � ðm2

�ÞPA��AB
RðFÞðx� yÞ ¼ �PB�4ðx� yÞ. In the last step, we have made use of Eq. (70)

and the following Ward identities:

Z
d4xeipðx�yÞhT�½jaA�ðxÞ�̂AðyÞ�i ¼

Z
d4xeipðx�yÞhjaA�ðxÞ�A

inðyÞi þ
Z

d4xeipðx�yÞp��
AC
R ðy� xÞðf�1

� ÞCcð~f�TÞBad̂cBDh	̂Di

�
Z

d4xeipðx�yÞ Z dz�AC
R ðy� zÞðf�1

� ÞCchT�½jaA�ðxÞWcðzÞ�i; (B7)

Z
d4xeipðx�yÞhT�½!̂ðxÞ�̂AðyÞ�i ¼

Z
d4xeipðx�yÞh!̂ðxÞ�A

inðyÞi � i
Z

d4xeipðx�yÞ ffiffiffi
6

p
A��

AC
R ðy� xÞðf�1

� ÞCcðf�1
� ÞB0d̂cBDh	̂Di

� i
Z

d4xeipðx�yÞ p
2ffiffiffi
6

p �AC
R ðy� xÞðf�1

� ÞCc½�fT��Bad̂cBDh	̂Di

�
Z

d4xeipðx�yÞ Z dz�AC
R ðy� zÞðf�1

� ÞCchT�½!̂ðxÞWcðzÞ�i: (B8)

Setting p2 ¼ 0 and y ¼ 0, Eqs. (B6) and (B8) become

ðf�1
� ÞA0ðf�1

� ÞB0
Z

d4xhT�½�̂AðxÞ�̂Bð0Þ�i ¼ �i½ðf�m2
�f

T
�Þ�1�00 � i2½ðf�m2

�f
T
�Þ�1�0cðf�1

� ÞC0d̂cCDh	̂Di
þ i½ðf�m2

�f
T
�Þ�1�0a½ðf�m2

�f
T
�Þ�1�0c½ðf�m2

�f
T
�Þab � Aab�ðf�1

� ÞCbd̂cCDh	̂Di
þ 6½ðf�m2

�f
T
�Þ�1�00½ðf�m2

�f
T
�Þ�1�00

Z
d4xhT�½!̂ðxÞ!̂ð0Þ�i; (B9)

and

ðf�1
� ÞA0

Z
d4xhT�½!̂ðxÞ�̂Að0Þ�i ¼ i

ffiffiffi
6

p
A�½ðf�m2

�f
T
�Þ�1�0cðf�1

� ÞB0d̂cBDh	̂Di � ffiffiffi
6

p ½ðf�m2
�f

T
�Þ�1�00

Z
d4xhT�½!̂ðxÞ!̂ð0Þ�i;

(B10)

respectively. Substituting these equations into Eq. (74), we obtain Eq. (75).
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