PHYSICAL REVIEW D 81, 076004 (2010)

Master formula approach to broken chiral U(3) X U(3) symmetry

Hiroyuki Kamano

Thomas Jefferson National Accelerator Facility, Newport News, Virginia 23606, USA
(Received 9 September 2009; revised manuscript received 17 February 2010; published 13 April 2010)

The master formula approach to chiral symmetry breaking proposed by Yamagishi and Zahed is
extended to the Ug(3) X U.(3) group in which effects of the Uy(1) anomaly and flavor symmetry
breaking, m, # m, # my, are taken into account. New identities for the gluon topological susceptibility
and 7°, , 5’ — vy decays are derived, which embody the consequences of broken chiral symmetry

in QCD without relying on any unphysical limits.
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I. INTRODUCTION

Phenomena of the n and 1’ mesons have been an
attractive subject both theoretically and experimentally.
Various properties of these mesons are closely related to
the U, (1) anomaly of QCD and the flavor mixing arising
from the mass differences among u, d, s quarks. Since the
U, (1) anomaly is a realization of the nontrivial topology of
the gluonic configurations, investigating reactions and de-
caying processes associated with the n and n’ mesons will
be one of the most feasible approaches to accessing the
fundamental aspects of QCD.

Several theoretical approaches, such as the chiral per-
turbation theory [1,2] and the zero-momentum Ward iden-
tities with partially conserved axial-vector current
hypothesis [3.,4], have been applied for analyzing reaction
processes of n and 1’ mesons and exploring the gluonic
context of the low energy QCD. Most of these investiga-
tions start from certain unphysical limits such as chiral,
soft pion, and large N..

The master formula approach to chiral symmetry break-
ing proposed by Yamagishi and Zahed is a powerful tool
for analyzing hadronic processes which include ground
state pseudoscalar mesons [5,6]. The approach is based
on a set of master equations, which fully takes account of
the consequences of broken chiral symmetry without rely-
ing on any unphysical limits or expansion schemes. Also,
the master equations provide a systematic procedure,
called the chiral reduction formula (yRF), to derive the
chiral Ward identities satisfied by scattering amplitudes
involving any number of pions with their physical masses.
The advantage of this approach is that one can investigate
the reaction dynamics, which cannot be determined by
chiral symmetry, separately from the general structure
required by the broken chiral symmetry. Once such a
separation is made, any models and/or expansion schemes
can be employed for describing the reaction dynamics
without any contradiction with the constraints from broken
chiral symmetry. A number of investigations based on the
approach has been carried out for hadron reactions in the
resonance region [6—11] and hadronic matter [12—18].

Up until now, the approach has been formulated within
the two-flavor SUg(2) X SU;(2) [5] and three-flavor
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SUR(3) X SU;(3) [6] groups in the isospin symmetric
limit. To analyze reaction processes involving n' and
address the features of the low energy QCD mentioned
above, however, we need to extend the approach to the
U (3) X UL (3) group incorporating the full flavor symme-
try breaking due to m,, # m, # m, and the U, (1) anomaly.
In this paper, we will describe how to make such an
extension.

This paper is organized as follows. In Sec. II we first
review the master formula approach for the isospin sym-
metric SUR(2) X SU;(2) group proposed in Ref. [5] and
outline a derivation of the master equations with this
simplest case. Then in Sec. Il we describe the extension
to the Ug(3) X U, (3) group including finite quark masses
and the Uy(1) anomaly. Several applications of the
U (3) X U.(3) master equations are presented in Sec. I'V.
The summary and outlook are given in Sec. V.

II. REVIEW OF ISOSPIN SYMMETRIC SU(2) X
SU(2) CASE

A. The Veltman-Bell equations
Consider QCD with massive u and d quarks in the
isospin symmetric limit: m, = m,; = m. The Lagrangian
can be written as

E(S;é%) = [£§é§§’](0) +gy* (v, + 75617)761(36)

— g+ s —ip®yst)q(x), (1)

where [L(S;é%)](o) is the QCD Lagrangian in which the
quark masses are set to zero; 7 (a = 1, 2, 3) is the Pauli
matrix for isospin; g(x) is the isodoublet quark field ¢ =
(u, d)T. The vector, axial-vector, scalar, and pseudoscalar
external fields, ¢ = (vz, afu s, p*), are treated as sources
to generate the corresponding currents and densities, O =
(Ve, A%, 2, 119), which can be defined by O =
8(f d'xLocn)/06.

A fundamental quantity in the theoretical framework
developed in Ref. [5] is the extended S-matrix operator

S[¢], a functional of the external fields ¢. This operator is
unitary, S 1S = SSt = 1, and is related to the vacuum-to-
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vacuum transition amplitude in the presence of the external
fields ¢:  Z[¢]=(0out|0in)y = (0in|S[¢]|0in) =
(0 out|S[¢]]0 out). The Schwinger action principle allows
one to express the quantum operators corresponding to
0O = (v, A}, 2, 119) as [5,19,20]

6
= —;St _
O (x) iS 50 S, (2
and their 7" product as
1) 1)
* ce = (=St ce
T [@(xl) O('xn)] ( l) S 5¢(X1) 8¢(x")8
(3)

A more detailed description of the theoretical formulation
based on the extended S-matrix can be found in the litera-
ture [19-21] and this will not be discussed here.

The system described by Eq. (1) and its effective theory
have an approximate SUg(2) X SU.(2) chiral symmetry
explicitly broken by the quark masses. It is known that such
systems satisfy the divergence equations for the vector and
axial currents, which, following Ref. [5], we call the
Veltman-Bell (VB) equations [22,23]. The explicit forms
are

VHacye 4 ghacAS + pacT]e = (), )

VHaCAC 4 gracye — (i + )19 + pS =0,  (5)

where we have introduced the notation X“¢ = g%<X? (ap-
plicable to any quantity with one-isospin index X by, V;‘f =
099, + vif.

With Eq. (2), the VB equations (4) and (5) can be
rewritten as a set of linear equations of the extended S-
matrix:

8 B B
I:Vac + Q(ZC + pth

© " P
ovy, oay, op°

]S =0, (6)

5 5 5 5
vac + qéc — + P + p9— S — 0
[ K ogar, T e TS TG a e 5s]

(7)

Applying functional derivatives of ¢ to Egs. (6) and (7)
and using Egs. (2) and (3), one can derive the vector and
axial Ward identities satisfied by the operators O =
Ve, A%, 2, 119).

B. Master equations for the chiral symmetry breaking

The VB equations (4) and (5) [or equivalently Egs. (6)
and (7)] are satisfied by the systems in both the Wigner and
Nambu-Goldstone phases. However, if the chiral symme-
try in the system is spontaneously broken, the Nambu-
Goldstone bosons (pions) appear and couple to the axial
current and the isovector-pseudoscalar density:
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©lAg, ()| 7" (p)) = frip, 8% e, (8)

O ()| 7" (p)) = G&*e P, ()]

Here f, is the pion decay constant, which remains finite in
the chiral limit in contrast to those of the pion excitations
[24]; G is the pseudoscalar coupling constant. By taking
the matrix element of the axial VB equations (5) between
the vacuum state (0| and the one-pion state |7%(p)), and
using Eqgs. (8) and (9), we obtain the following mass
relation:

fam% = mG, (10)

which shows clearly the well-known result that the nonzero
quark masses are responsible for the nonzero pion masses.
The master equations proposed in Ref. [5] may be under-
stood as the VB equations incorporating this information
on chiral symmetry breaking.

It was shown in Ref. [5] that the information can be
incorporated into the VB equations by making the follow-
ing modifications:

(1) Introduce new pseudoscalar and scalar external

fields, J¢ and Y, defined by

JO=Gp' + fVicar, (1
Y = G, (12)
and treat ¢ = (aZ, vy, Y, J%) as independent exter-
nal fields.
(2) Introduce a new extended S-matrix S as
S = Sexp(—id]), (13)
with

8] = [d“x[Y(x)G*lC +};’27a"“(x)a‘;(x):|,
(14)

where a new constant C is introduced. (The physical
meaning of C is explained below.)
With these modifications, the new current and density
operators, © = (¥ J4,0 0, ),  defined by O =
—i&81(85/5)8, are related with the original current and
density operators, O = (V§, A, 3, I14), as follows:

w = IV T faail e, (15)
6= Jhu t Iral — [V (16)
3> =G6+C, (17)

[ = G#e. (18)

Here the new pseudoscalar density 7% satisfies
|7 (x)| 7> (p))y = 6%~ P*. This allows one to identify

A

7r* with the normalized interpolating pion field. The
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change of the field variable p* — J¢ defined by Eq. (11) is
responsible for the separation of the one-pion component
from the axial current A}, and thus is introduced to indicate
that the system under consideration includes pions. The
new axial current j§ = has no one-pion component surviv-
ing on pion mass shell, (0] j§ , (x)] 7”(p)) = 0, in contrast to
the original Af,.

The second modification defined by Eqs. (13) and (14) is
introduced to indicate that the action describing the origi-
nal S-matrix operator, S, should contain contact terms, as
defined in Eq. (14), if the chiral symmetry is spontaneously
broken. A justification of this statement has been provided
in Ref. [5] making use of the gauged nonlinear sigma
model. It is also noted that the difference between S and
S just comes from the contact terms of the c-number
external fields and thus does not affect the physical
observables.

The practical role of the second modification is twofold.
The first term in the integrand of 67 is introduced to take
account of the quark-antiquark condensation. In fact, it
explicitly introduces a shift in the scalar density [see
Eq. (17)], amounting to the new constant, C. This constant
carries part of the information on the condensation. (We
allow (&) # 0.) It turns out that C is expressed as the
product of the pion decay constant and the pseudoscalar
coupling constant:

C=f,G. (19)

This follows from the fact that #¢ is the normalized
interpolating pion field. (See Appendix A for the deriva-
tion.) The mass relation (10) can be rewritten as

2m2 = mC. (20)

If (6) = 0, then C = () and Eq. (20) reduces to the Gell-
Mann-Oakes-Renner (GMOR) relation. Therefore, (&)
represents the deviation of the mass relation from the
GMOR relation. In fact, the on-shell (1/f,) expansion
scheme proposed in Ref. [5], which is the expansion in
1/f . around the physical pion mass and is constructed so
that the GMOR relation holds at the leading order, leads to
(6y =0+ O(f;') and C=(Z)+ O(f,"'). The second
term in the integrand of 67 results in the appearance of
f2 in Eq. (16). This ensures the existence of the contact
term 5b f,TgW in the two-point function of the axial
current,

[ dxe ™ (T*[AS (DALO)]) = 692,

qudv
—24_...’

—
21

5”bf

which must appear in the two-point function to have a
correct chiral limit. (The symbol () denotes the vacuum
expectation value.)
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Substituting Egs. (11), (12), and (15)—(18) into the VB
equations and using Egs. (10) and (19), we have

[v,uac C + a,uac c + Jac C] = () (22)
[_vﬂagvzc + Q,u.aegzc _ m%auc _ Yf;lauc]ﬁ_o

= —Jx) = f71 (VR

_ [Ja _ fﬂ_v,u,acaz]aﬁ' (23)

+ @ ,)

These equations can be written in the functional derivative
form as

o 6 5\
ac ac + —
(V“ svs, M das, 51&)5 @9

[ (@8 + m76° + K&y) =5 Jb +iJ+

RO ] SR D
with
K‘Sl[hj(z) — V,Lwcvgh aaca,u,ch + 6abY 8ah|:|
5
VaL Quc —.
#6ay, T 6V

By introducing the retarded and advanced Green functions
satisfying

[Db‘ab + m2 Sab 4 Kgg(z)(x)]GZfA(X, )’)
= §5W(x — y),

the axial VB equation (23) can be formally solved for the
interpolating pion field 7r. The functional derivative form
of the solution is written as

58
8J4(x)

= iBm () +i8 f dyGEP(x, YKL o) ()7, ()
- [@vag e Ry 03
= im ()8 + i f d*yGsP (x, YKL ) ()76, (1S
- [5G R 3 (26)

Here 77§} is the in-state asymptotic pion field, 7#¢ — #{ +
s (t—> —o0); RgU(z)(x) is defined by

RSU(Z)(X) SU(Z)(x) + KSU(Q)(X) 227)

5Jb( )’

with
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a — | ;7a 1 a ab 6
RSU(Z)(X) - [lJ + EtA - KSU(2) —8_]17
ac ¢ Je 6

Equations (24) and (26) constitute the master equations for
the SUg(2) X SU.(2) chiral symmetry breaking in the
isospin symmetric limit.

C. Chiral reduction formula

From the axial master equation (26), we can derive the
commutation relations between the creation and annihila-
tion operators of the pion and the extended S-matrix S,

[a8,(k), 8] = Rey, (08, [8 aff ()] = Reyn (—R)S,
(29)

where Rgy, (k) = [ d4xeika‘§U(2)(x). Note that we can
rewrite the commutation relations in this form without
using the asymptotic pion field. [Compare them with
Egs. (6.2) and (6.3) in Ref. [5].]

Iterative use of Eq. (29) results in the yRF for the on-
shell scattering amplitudes involving any number of pions
with their physical masses,

<a;klaly o .ykmamlglﬁ;llb]) ey lnbn>|¢:()
= [RS'U@)(M) T Rg%(z)(km)Rg{j(z)(_ll) e Rgﬁ(z)(_ln)]s
X(alSIB) g0 (30)

where k; (I;) and a; (b;) are, respectively, the four momen-
tum and isospin indices of the outgoing (incoming) pions;
a and B stand for states of other particles. Here we con-
sider the case that no two pions have equal momenta. The
symbol [ ]g represents normalized symmetric permutations
of the functional derivative operators,

1
[@1"'9;1]5252171“‘@"- (€29

* perms

This operation shows clearly the crossing symmetry in
Eq. (30). By using Eq. (30) together with Eq. (3), scattering
amplitudes are expressed in terms of Green’s functions of
the operators 0= (¥ Ja,0 0, ). The yRF takes the
form of functional derivatives, and all constraints which
stem from broken chiral symmetry are contained in
R‘S‘U(Z)(k). The extension of the yRF to the off-shell pions

has been discussed in detail in Ref. [25].

III. EXTENDING TO Ug(3) X U, (3) WITH FLAVOR
SYMMETRY BREAKING

In this section, we extend the master equations reviewed
in Sec. I to the Ug(3) X U, (3) group with m,, # m,; # m;.
In the remainder of this paper, the term “pion™ (“7”) is
used for expressing the nonet ground pseudoscalar mesons
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generically, and the symbols 750, K™% K=% 5 and 7’
are used for referring to the specific mesons.

A. The Ug(3) X U (3) VB equations

The Lagrangian now includes massive u, d, s quarks:

_ A¢
Loch = (LoD oy + ay* (s, + Ysay) 54
—q(m§ + s —ip®ys)Aq — Ow. (32)

Here ¢" = (u, d, s); miA* = diag(m,, my, my); 6 and o
are the vacuum angle and the gluon topological charge
density, respectively. The term [£8(C31)3](0> represents the
QCD Lagrangian with the quark masses, the vacuum angle,
and all external fields set to zero. The flavor matrix A¢ is
taken to be one of the Gell-Mann matrices fora = 1, - - -, 8
and A’ = 4/2/31 so that they satisfy Tri{ AYA?] = 289, The
vector, axial-vector, scalar, and pseudoscalar external
fields and the vacuum angle, ¢ = (v$, ai, s% p®, —0),
are sources to generate currents and densities, O =
(v, A%, 24 11%, w), which are obtained from O =
(S d4x£8(c3])3)/ 8¢. As in the SU(2) case, the quantum
operators corresponding to O are defined by Eq. (2).

The VB equations for the Uz(3) X U, (3) group can then
be written as

V’MCV; + Q,U«M'A;'L + B“”HC + (s + mq)“"E” =0, (33)

VracAS + qabyh + pebsp
— (5 + my )™ — Ti{A%lw = Q4. (34)

Here we have introduced the notation' X% = ¢**X" and
X% = fabex? (applicable to any quantity with one-flavor
index X?); V‘;f = 0,6 + vy’ It is well known that an
additional nonconserving contribution in the axial VB
equation, which amounts to —Tr[A%]w, is attributable to
the Uy (1) anomaly. Furthermore, for the Ug(3) X U;(3)
group, the non-Abelian anomaly ()* associated with the
external gauge fields v§, and aj, also appears. Its explicit
form is [26]
N,

A? 1
O = 1672 ghrre TI'I:7 (F,KVFXO' + gFﬁVF?(r

8
+ zg(aﬂa,,FX(, +a,Fy,a, + F},a,a,)

32
- ?a#a,,apa,,)], (35)
. v _ B . .
Wi‘th Fy, = a,,“uy‘ 9V, lﬁ[vw v,]—ila, a,l,
Fy, = 0d,a, — d,a, —ilv,, a,] —ila,v,], v, =

"The structure constants f4*¢ and d“%¢ are defined by fbe =
—(i/4) Tr[[A%, APJA] and d?P¢ = (1/4) Tr[{A%, AP}X¢], respec-
tively. With this definition, we have f%°¢ =0 and d%° =
J2/38%¢.
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v5(A?/2),and a,,
go123 = 1.

The functional derivative form of the VB equations is
given by

= a{,(A*/2). We take a convention with

P P)
[Vf‘]‘c 6 C g,u‘ 6 C + Bac 6 + (S + m )ac ]8 0
(36)
5 P P 5
vllC _I_ ac + ~ac - o + s ac
[ “5as, s, T ek (5 g ) 5

+ Tr[/\“]%]S _ iQes, 37)

B. Flavor symmetry breaking and U 4(1) anomaly

Besides their key role in the singlet sector, the mass
differences among the u, d, s quarks and the U, (1) anom-
aly are responsible for the major complication in the
construction of the Ug(3) X U;(3) master equations.
Therefore we first examine those effects carefully.

The mass differences of the quarks violate the flavor
symmetry explicitly as well as the chiral symmetry. Thus
the flavor U(3) basis cannot be the mass eigenstates of
hadrons and mixing of the U(3) basis occurs. Necessary
information on the flavor symmetry breaking here is sum-
marized in the following matrix elements:

(01A% ()| P(p)y = feip e~ P, (38)
OIII“(x)|P(p)) = G*Pe~irx, (39)
Olox)|P(p)y = APeirx, (40)

where P denotes the physical pion states (the mass eigen-
states): P = (7= K*0 K% n, n’). (Capital indices are
used to represent the mass eigenstates.) Because of the
flavor symmetry breaking, the pion decay constant f¢ and
the pseudoscalar coupling constant G** now have two
indices that specify the flavor U(3) basis and the mass
eigenstates..2 Also, it is noted that AP’ has a nonzero value
only for P = 7%, 5, n'.

From the axial VB equation (34) and (38)—(40), we can
derive the U(3) version of the mass relation:

FPm2)r = mgbGP + T A AT, @)

where m2 is the diagonal mass- squared matrix of the
physical nonet pions. The appearance of AP is attributable

*The breakmg pattem of the flavor symmetry, i.e., mgA® =

2)\0 + m3A3 + m8 A8, implies that f%© and G are block
diagonal m (I, 23><(77' 7)), (4,5 X(Kt,K7), (6,7) X
(K% K°), and (0,3, 8) X (7T0, 1, 7'). In the isospin symmetric
limit they become (1,2,3)X (7", 7, 7%, (4,567 X
(K™, K, K% K, and (0, 8) X (1, n') and the first two blocks
can be diagonalized.
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to w in the axial VB equation and thus is nothing but a
consequence of the Uy (1) anomaly.

As already mentioned above, the U, (1) anomaly leads to
the nonconserving term proportional to @ in the singlet
axial VB equation. Because of this, the operators A?L and w
get renormalized under a change of the QCD scale [1]:
(A(;)L)ren = ZAAO g (w)ren =owt (ZA - 1)(1/TI‘[/\0])8MA0 >
where Z, is the renormalization factor. Accordingly, the
singlet pion decay constant fo and AP also get renor-
malized as

(PP en = ZafY, (42)

(AP)en = AP + (2, — 1) FL(m2)eP.  (43)

1
Ti[A%]
These are thus scale dependent and not physical constants.
This is in contrast to the octet pion decay constants, £/
with a # 0, which are scale independent. It is noted, how-
ever, that the combination f%2(m2)2? — Tt[A°] A" is in-
variant under a change of the QCD scale.

As pointed out by Shore and Veneziano (see, e.g.,
Refs [4,27,28]), the renormalization group (RG) variant

9P which is defined as a coupling of the singlet axial
current to the physical pions, does not satisfy GMOR type
mass relations. They introduced a RG-invariant decay
constant f9% and showed that the use of this new constant
provides a natural extension of the GMOR relation to the
singlet sector.

Following Shore and Veneziano, let us introduce the RG
invariant fO°. Defining 8 f% = fo — 9P the combina-
tion (£, m2)%" — TH{A°] A" can be rewritten as

(f7m2)" = TH{AYTAP = (f,m2)°F
x[AF -

— Tr[A%]

(8f»m7)F]  (44)
Because (f,m - Tr[)to]le’i and (f,m2)°" are indi-
vidually RG invariant, A” = [ A" — (6f,m2)°"] is also
RG invariant. The values of f% and A must be extracted

from the experimental data. With this modification, the
mass relation (41) becomes

(famzf ) = (R, GfL)® + T ANAST)
= (m,GfL)™ + A, 45)

%T)OP

where & = f% fora # 0; (f7)
of f4; A% = Tr[A](AfL)P.

= (fT)Pe s the transpose

C. Master equations for the Ug(3) X U, (3) symmetry
breaking

We can incorporate the information on the symmetry
breaking described in Sec. IIIB in a completely parallel
way to the SU(2) case:

(1) Introduce a new pseudoscalar and scalar external

fields J” and Y” defined by
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— aqla £T\Pa ~ \a _
JP = pGP + (fr)° (V“a#) (PO

+(fz1)PA%] (46)

Tr [/\0]

YP = 59GeP, 47)

with a4 = a4 + 6*(1/Tr[A°])d,,6, and then con-
sider ¢ = (a4, v, Y?, J¥, —6) as independent ex-
ternal field variables.

(2) Introduce a new extended S-matrix by

S=Sexp[—i(6] + 81y)], (48)

where
1 ~ ~
5] = [d4x<yP(G—l)Paca + Ea,ua(fﬂf;)abdz

0(A + ffr0)%0

(T A%))?
gn T\0b b 4
and
Nc 4 ~0
61g = 28‘“’""[01 x(afLVﬁcaz\/gaU

Eaﬂayaof ) (50)

Note that the new constant C“, which corresponds to C
in the SU(2) case, now has a flavor index. With these

modifications, the new current and density operators O =
(o0 J4 0 67, 77, &) are defined by O = —iST65/5¢

with ¢ = (v4, a4, Y*, J*, —0). The relations between the
new and original operators are given by
: 8(819)
— sa ab o
- JV/_L + Q,u, (f,n.’]T)h + Suka ’ (51)
A=~ V“b@ﬁr)b + (Fafr) " a,
8(61g)
_ T\a0 2
(.fﬂf ) T [/\0] /.L 60"“1 ’ (5 )
34 = GPer + 9, (53)
¢ = G**#°, (54)
w=0+ T [ /\0] {A% (D17 = (81 Ta”
1
+ —— D0oral + ————
Tr [)\O] (Of nfr) ay (Tr[AO])z
(6
X [A% + (8f,6T)00]0 + 5(( _I ;)). (55)
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As in the SU(2) case, we can identify the new pseudoscalar
density 7" with the (normalized) interpolating pion field
satisfying (0|74 (x)|P(k)) = 84F e~ kx,

The modifications induced by Egs. (46), (47), and (49)
can be understood as a straightforward extension of, re-
spectively, Egs. (11), (12), and (14) in the SU(2) case. With
the modification (46), the one-pion component is separated
from A, and w, and the resulting new operators jj , and @&
have no one-pion component surviving on pion mass shell,
ie., (01j4,IP(p) = (0ld|P(p)y =0 at p*>= (m)".
From Eq. (53), the new constant C* again carries part of
the quark-antiquark condensate: (3¢) = G**(o") + C“.
The terms in Eq. (49), except for the first one, are intro-
duced such that the two-point functions including Aj, and/
or w have the correct chiral limit in the presence of the
pions.

A comment on the term 6 ] is needed since it does not
appear in the SU(2) case. As discussed by Kaiser and
Leutwyler [1], the non-Abelian anomaly, ()¢, which in-
cludes the external singlet axial gauge field a s 18 not
invariant under a change of the QCD scale because of the
U, (1) anomaly. This leads to an inconsistency with the RG
invariance of the VB equations.”> The term 61, is intro-
duced to cure the inconsistency and corresponds to the sum
of the two contact terms, P and P,, of Eq. (78) in Ref. [1].
With this additional term the non-Abelian anomaly ¢ is
replaced with the RG invariant ()&, which is of the same
form as O, but 4, is replaced with —(1/Tr[A°])d , 6.

Taking account of the modifications described above,
the VB equations (33) and (34) can be rewritten as

v,uab b _|_ a,u,ab b

ot (G N*(Gw)P + [(Gy)eb
+ m“h](GO')b + XEA + x4, =0, (56)

and

[—0672 — (m2)PQ — (f;l)PaKabbe]ﬁ.Q
— (f7")Pe(Vab ju
— (F)PUGTTT) (GO + (F7)P(Q8 — x4).

a jt" — TiA“]0)

(57)
Here we have introduced
Xih = (VEa, ) o — (@t ) foF — deb[(G )]
X (F)ed(Vra,) 'GP + d“”C[(G*I)T]bQ
X[(FDOT + (f7)2AD] ——- 0GP, (58)

Tr [/\0]

*The RG invariance of the VB equations arises from that of the
S-matrix S.
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~ab(F FT\bczpuc ~ab( 7 1
X[\1/2 =4a b(f‘ﬂfi)b arc —a b(fﬂ'fg)bo Tr[/\()] are
+ (G™'y)®C?, (59)
X4 = v (fofheare — (fwa)“byﬁ’fa“C
= U (frf 2 7 046, (60)

Tr [AO]

K = (VAV,)® — (a*a,)” + (G V"G5
— s, (61)

TP = I = (FP(V,ar)
+ [(f‘T)POl:l + (fﬂl)PaAaO]

T [)\0] 0. (62)
The terms xy;, xv2, and y, are attributable to the flavor
symmetry breaking and thus they vanish in the flavor
symmetric limit.

In deriving Egs. (56) and (57), we have made use of a
relation satisfied by the new constant C¢,

Cab = (GFH™, (63)

which can be regarded as the U(3) version of Eq. (19). This
relation follows from the fact that #* is the normalized
interpolating pion field and can be derived by the same
strategy as described for the SU(2) case in Appendix A.
Then the mass relation (45) can be rewritten as

(f 725 = (7, O + A%, (64)

From (m,C)" = (in,C) and A*> = 0 for a # 0 [recall that
A% = Tr[/\“](ﬂlffr)b] one can fix A“® up to one constant:
A® = Tr{A“]Ti{A?]A,. Within the 1/f, expansion
scheme [5], we have (67) = 0 at the leading order, and
therefore  C° = —(y/2/3)((au) + {dd) + (3s)), C3 =
—(auy = (dd)),  C* = —([1/3)(au) + (dd) — 2(3s)),
and C* =0 for the other flavor indices. In this case
Eq. (64) reduces to the generalized GMOR relation given
by Shore [4], which is derived by making use of the Ward
identities in the zero-momentum (soft pion) limit. Because
the leading order of the 1/f, expansion scheme corre-
sponds to taking the soft pion limit, we can identify the
constant A, with the nonperturbative coefficient appearing
in the gluon topological susceptibility in QCD [4]. The
quantity (6") again represents the deviation of the mass
relation (64) from the GMOR relation in the same way as
for the SU(2) case.

The functional derivative form of Egs. (56) and (57) is
given by

Té(x)S =0, (65)

T¢(x)S = 0, (66)

PHYSICAL REVIEW D 81, 076004 (2010)

with
o
T = Vi S T 4 sat
R I (A
mab]GbP 5Y7(x) + Xv1(x) 5JP( ) in\l/z(x),
(67)
6
i) = FT-08 — ) @)oo+ fRY (),
(6%)
RP(x) = =(Fz)" K ()17 JQ PR
a 5 a 6 a
x| v s T gy T A 533
+ (PG T ()G 6Y(Z(x)
i TQ80) — X W) ()

By introducing retarded and advanced Green’s functions
satisfying

[~00,872 — (m2)"2 — (f7)P1K(x) f721GE5 (x, y)
= 6"R8%(x — ),

one can formally solve Eq. (66) as

5
n 4. ~PO 1\0a
e ) zS7Tm(x) szd yGR=(x, ()
X K (y) fLR 7R (y) — ] dyGE2(x, YRO()S
= im0 + i [ a6l pr) e
X K (y) foR R (1)S — f d*yGhe(x, y)
X R2(y)S, (70)
with

RP(x) = RP(x) + (f7)P K (x) f32 (71)

8J%(x)’
where 7l is the in-state asymptotic pion field. Equations
(65) and (70) are the desired extension of the master
equations to Ug(3) X U, (3), incorporating the finite u, d,
s quark masses and the U,(1) anomaly. The major con-
sequences of flavor symmetry breaking are the two-index
character of the various constants and the appearance of
XE P, x%,, and x4 terms. On the other hand, those arising
from the U, (1) anomaly are the mass relation (64) and the
appearance of the operator @.
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D. Chiral reduction formula

The commutation relations of the pion creation and
annihilation operator with the extended S-matrix S are
given by

[al(k), 81 = RP()S,  [S abf ()] = RP(—K)S, (72)

where RP (k) = [ dxe™RP(x). The Ug(3) X U, (3) version
of the yRF for on-shell pions can be expressed as

@Py(k), -, Plk)IS18: 0101, Qg
= [RP1(ky) - RPn(k, )R (—1)) - RO(=1,)]s

X (S8 g, (73)

where k; (/;) is the four momentum of the outgoing (in-
coming) pion P; (Q;), and « and B label states of other
particles. Here we again consider the case that no two pions
have equal momenta. The symbol [ ] is defined in Eq. (31).
Before closing this section, we note that the singlet axial
current jg . (or its functional derivative form) always ap-
pears as the RG-invariant combination 6% /| , — Tr{A°]@ in
the axial master equation (70) and the yRF (73). [In the
absence of the external fields, j§ ,, and &9 are renormalized
as (j?\/;)ren = ZAjg,u and (d))ren =0+ (ZA - 1)(1/TI‘[)\0])X
ar jg . respectively.] Therefore, the existence of @, which
originates from the U(1), anomaly, is crucial for ensuring
the RG invariance of the master equations and the yRF.

IV. APPLICATIONS

As an illustration, we will present several applications of
the Ug(3) X U (3) master equations and the yRF.

A. Gluon topological susceptibility

By using Egs. (3) and (55), we can derive the chiral
Ward identity for the gluon topological susceptibility y:

x=—i f &I T ()w(0)])
A - ] AT Lo BO)]) — i6A2(F5)PO(f7 )20
x [ AT TP () #20)]) — 2464, (f51)

x f T [o(x) 7 (0)]). (74)

This shows clearly how the pion poles contribute to the
gluon topological susceptibility. The constant A, of the
first term corresponds to the leading contribution in the
large N, limit of QCD with massive quarks, y = A, +
O(1/N,) [28]. The appearance of A, is ensured by the
modification introduced by the third term of 6 I [Eq. (49)].
The RG transformation property of @ implies the RG
invariance of the zero-momentum projected two-point
functions [ d* (T [&(x)#F(0)]) and
J d*x(T*[&(x)@(0)]), and therefore Eq. (74).

PHYSICAL REVIEW D 81, 076004 (2010)

Making use of the chiral Ward identities of
(T*[&(x)#F(0)]) and (T*[#"(x)#2(0)]) derived from the
axial master equation (70) (see Appendix B for the results),
the above identity can be further written as

X = A, — 62[(F,m2 1)1 — i(1
— 6A [(f s T) 0P [ T o) 0)])

+ 6A2[(f pm2 1) 1 102 (G(aN) P L(f ym 1)1,
(75)

Here the second term comes from the pion pole in
(T*[#P(x)#72(0)]). This is the most general expression
constrained only by the broken chiral symmetry.

We observe that our result consistently reduces to those
obtained in previous works by taking appropriate limits.
With the mass relation (64), we obtain

1 \-!
quq) ’

(76)

where C,=C+C;, C;,=C—Cs, and C, = (Cy—
V2Cy)/~/6 with € = (2C,, + Cg)/~/3. The on-shell expan-
sion scheme [5] gives C, = —(dq) (¢ = u, d, s) at the
leading order. In this case, the first and second terms of our
general expression (75) (i.e., the contributions from the
leading term in the large N, limit and the pion pole term)
reproduce the classic result [4,29]. Also, our result ap-
proaches zero in the chiral limit, y — 0(m, — 0), showing
the noncommutative character of the N. — oo and m;, — 0
limits [30].

The third and forth terms in Eq. (75) are new. The third
term shows how the higher meson states X, including
hybrids states and glueballs, contribute to the gluon topo-
logical susceptibility through (0|®|X) # 0. The forth term
is proportional to ("), which characterizes the deviation
of the mass relation (64) from the GMOR relation.

A, — 6A2[(f 2 fT) 10 = AX(I >
q=u,d,s

B. Two-photon decay of 77, , n’ mesons

Next let us consider the two-photon decay of the 7, 7,
and n' mesons: P(p)— y*(q)y*(q,) with P =
(7°, m, n’). For this purpose, we need to evaluate the

amplitude [ dx,, dy,,OIST*[j§, ()7, 07" (P))] g0,
where [dx, = [d*xexp(igx). The yRF gives

[ dy o OSTUF WA DN (Do

) ) ) A
= [dqudyqz(—l)zm WRP(PKSN(;&:O

8 8
dvy, (x) Sv(y)

= fdx41dyQ2dZ—p(f;1)PC|:i Q(L)(Z)

T (x)j’;”(wa(z)D], (77)
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where W¢ = 9#j§ — Tr[A]@. With expressions for the
electromagnetic current, jh, = (j3)* + (1/+/3)(j%)*, and
the external electromagnetic field, —eA,, = v3, = \/gvi

we can derive a general expression for the P — )y
decay amplitude:

_ ¢*N,
gwp(q%, q%QPZ) = (fnl)Pcl:Cgm 8ml 560\/6}777&)
X (g1, 43:p°) + Fy0(at. 43: P°)
- F*CyvAz(Q%’ Q%; PZ)], (78)

with (2, 8., ¢%) = (2/3, 24/3/9, 44/6/9). Here we have
defined

[ iy BT Lt ) (Do

= ieﬂya'BQIan,Bgy'yP(q%: q%; p2)’ (79)
[ st (T 06ED
= eﬂya'BQIaCIZ,BFyy(I)(q%: Q%,Pz), (80)

and
[ stz (T T @315 @D

= €' Pq1aqaplFyyu1(at, 43: ) = Fo0(at 43 1%)])
(81)
modulo (27)*8*(p — ¢ — ¢»). In Eq. (81) we have used

the general expression of the vector-vector-axial correla-
tion function [31,32] [denoting F%, (g7, ¢3; p*) as F5,, ,;1:

1 e . L o )
: [ g, dy (T L (0 )OO = S FE I
i=1

with
L = gy, DM = gy,
Iéwl = E“’““BCIMCIZBCI; IZL\W = EA”“Bqlaquqi‘,
LY = er g atpgt, 1" = € Pa1aq2405

The broken chiral symmetry relates the P — )y decay
amplitude to the correlation functions of the current and
density operators (80) and (81). The correlation functions
themselves, however, cannot be fixed from symmetry re-
quirements and thus some dynamical inputs are needed to
evaluate them.

Equation (78) is applicable both for on- and off-shell
pions. Using the partially conserved axial-vector current
hypothesis g,.,»(q3, 43:m3) ~ g,,p(q}. ¢3:0) and setting
g and g, to the photon point, g7 = g3 = 0, our general
expression (78) consistently reduces to the two-photon

PHYSICAL REVIEW D 81, 076004 (2010)

decay formula of 7%, 7, %’ mesons derived by Shore
(4,28],

gy'yP(O’ O; m%) -~ g'ny(O) 0, O)

= (f;‘)”[cgm

e’N,
8772 - \/ng'yc?)(Oy 0,0)],

(82)

if we identify F,,,;(0, 0;0) as Agg,,. Here we have used
F<,1(0,0;0) = F<_,,(0,0;0) = 0 [32]. The RG invari-
ance of the operator W¢ = 9#j4 ~— Tr[A‘]@® implies that
the combination \/6F,., — F9 a1+ Fo s is also RG
invariant. Therefore F,,; (0, 0;0) is by itself RG invariant.

V. SUMMARY AND OUTLOOK

We have derived an extension of the master equations
for chiral symmetry breaking proposed in Refs. [5,6] to the
U (3) X UL(3) chiral group, carefully taking into account
the Uy(1) anomaly and full flavor symmetry breaking
m, # my # m,. With the master equations and the yRF,
new chiral Ward identities for the gluon topological sus-
ceptibility y and P — y™y™ decay amplitude have been
derived, showing how the constraints from broken chiral
symmetry enter into those quantities without relying on
any unphysical limits. Then we have seen that our general
results consistently reduce to those obtained in previous
studies by taking appropriate limits.

The yRF is applicable to any reaction processes which
include ground state pseudoscalar mesons, e.g., 7, K, K, n,
1’ production reactions on a baryon target and heavy
meson decays such as J/WV — 3P, y2P, y3P, - - - with P =
7, K, K, 5, '. The heavy meson decays are interesting in
relation to new meson resonance states appearing in the
decay processes [33,34]. A careful treatment of the final
state interactions in the decay processes will be vital for
exploring properties of such new meson states. The yRF
enables one to separate details of each reaction mechanism
from the general framework required by broken chiral
symmetry, and thus will provide a useful theoretical basis
for the analysis of such processes. Investigations in this
direction will be discussed elsewhere.
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APPENDIX A: DERIVATION OF EQ. (19)

In this Appendix we describe the derivation of Eq. (19),
which relates the new constant C to the pion decay constant
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f and the pseudoscalar coupling constant G. The strategy
used here can be straightforwardly applied to the U(3) case
[Eq. (63)]; in this case the algebraic operations just become
more complicated.

Originally the operator RY,, (k) has the following form:

SU(2)

1)
SU(Z)(k) fd4xe+’kx[ = LT e+ —tA K

GC" [ U 50
J* o fn
_ pacge =)\ 7 4 — L7
(V ay, f,r) 57 l(l GC)
X fWV”“baZ:I(x). (A1)

(x)

T
ab

) 7, _
i 5 (x) Ry (—P)S = +f e M+ ——

oJ¢

— +f_775abeipx
GC [

+ O (= m2) f d*ye " Ag(x — )6(y)

PHYSICAL REVIEW D 81, 076004 (2010)
Equation (19) is obtained by making use of the fact that the

7r* is the normalized interpolating pion field satisfying
Ol #(x)| 7> (p)) = 8 e~r*. By applying the yRF to the
matrix element (0] 7#4(x)| 77* (p)), we have (note that S|0) =
8710y = |0) following from the stability of the vacuum
state),

5% e rr = (0l# (x)| 7" (p))
0

— _ /0l <t
= —i(0|S 570

Ry (— P)SI0 4=, (A2)

with

§ab p—ipx +fﬂ_ [d4yefim'(ip)’uT*[’ﬁ'a(x)jzu(y)] + (Q(dJ)

1 o
- f dtye=iryprjh  (y)ar (x)

1 . . .
L [ atve ragt = pl-2ipt + 042, 0)

= [t = (0SS, 00, ()] + O0),

where (9,)* = [9/(dy,)]. In the last step of Eq. (A3), we
have used Egs. (26) and (27) with R¢ replaced by

SU(2)
Eq. (A1), and the relation

1)
S84, abt(p)] = — is a0 REy0)(— »S

= 8(0,) e o (y)]

I .
et e, ()
T

f
_ fiﬂpujd4ze—ipz
X T[4, M7k, @] + 0(¢). (A4)

Notlcmg that <0|JAM|7Tb> 0, {0lj{,10) = 0, and pr =

m2, Eq. (A2) gives

[

. AS

GC (AS5)

APPENDIX B: COMMUTATION RELATIONS AND
CHIRAL WARD IDENTITIES

1. Commutation relations

The functional derivative operators defined in Eqgs. (67)
and (68) satisfy the following commutation relations [de-
fining  T¢(k) = [d*xexp(ikx)T¢(x) and  T$(k) =
J d*x exp(ikx)T4(x)]:

(A3)
[T¢(k), TH(K)] = — fPeTs (k + k), (B1)
[T¢(k), Th(K')] = — feeT§(k + k'), (B2)
[T4(k), TS (K] = — fooeTg(k + k). (B3)

With Egs. (68) and (B3) we further obtain

[T5(R), RP(K)] = = (f7 )PP fTy(k + &)

+ [k/28PQ _ (m%T)PQ][délxei(kJrk/)x

x [i F9Q 4 gaoC (B4)

)
8YC(x) L
where d?8€ = qabe(G=1)BbG<C_ If k', is the on-shell pion
momentum  satisfying  (k')> = (m2)P?,  we have
[T4(k), R?(K")]S = 0. Therefore, we can make use of the

same prescription as proposed in Ref. [25] to derive the off-
shell extension of the U(3) yRF (73).

2. Chiral Ward identities for the two-point functions

Here we summarize several chiral Ward identities used
for obtaining the results in Sec. IVA. Making use of
Egs. (55), (2), and (3), the two-point function of @ can
be expressed as
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[ e NP lowomD = [[dte T To@amD + i 4, + @70 |+ NG
x [ dte NP ToWA D + N () [ dtre P NI o0 ()
F NN [ dixe T T 070D, (B3)

with NP (p?) = /6A (FADP+ (p?/ V6)(8f,)°F. This identity reduces to that of the gluon topological susceptibility
[Eq. (74)] by setting p,, = 0 and y = 0.
Similarly, with the axial master equation (70), the two-point function of the interpolating pion field can be written as

[d4xe"”(x*y)<T*[7ATA(x)ﬁ'B(y)]> = '[d“xe”’(x*-")(ﬁ'B(y)Wﬁl(x)) + i/d“xei”()‘*y)AﬁB(x —y) + ijd4xei”(x*>’)A§C(x -y)
X (£ 0@ (6P — [atxern [azaget = ) v @At o)D)
= i[d4xei”(x_Y)A§B(x —y)+ i[d“xei”(x_y)A;‘}C(x — V) (f2HCeqBL(5P)
i f dxeP Y ABC(y — 0)(F71)CedAP(GD) + i f dxeir j dzAAC(x — 2)
X ABF(y — 2)(f7)Fm2)P — 64, (f- 1) )P0]d"PH (6 F) + '[d4xei”(x7y)
x [ dzaaf = DA G = DU PUT W QWHEND. (B6)
Here we have used W* = 9% j4 , — Tr{A“]@; AzP(x — y) and A2%(x — y) are, respectively, the retarded and Feynman

propagators satisfying [~ 6”4 — (m7)PA A%, (x — y) = 87P8*(x — y). In the last step, we have made use of Eq. (70)
and the following Ward identities:

[ dxer e, a0 = [ dxere G, mhm) + [ et p, M - 0 )

= [atwert [ amagety = AT L, oW @D, (B7)

f dxe PN T o (1) A ()]) = [ dxePE G () (7)) — i f dxePINGA AAC(y — x)(f2)CE(f 71 POd ()
_ i[d4xeip("_y)5—26A’2C(y _ x)(f;l)cc[éfg]Ba&’CBD@'D)
- [ d*xei?=) f A=Ay — ()T o ()W ()] (BS)
Setting p> = 0 and y = 0, Egs. (B6) and (B8) become
(F2 )05y f P TFA@QFPO) = —i[(fym2 1)1 = 2[(f ym2 1) e (f5)OdCP(5P)
i m2 1) L f 1) L fT) — ASP](f71)CP 3PP
- 6[(F 2 fT) 0L 2 £1) 110 j KT o) d0)]), (B9)

and

(f71)0 ] d* T [&(x) 7 (0)]) = iv6A [(frm2 fL) 11 (£ 7)B0dBP(GP) — VoL (f ym ) 110 [ d* (T [&(x)d(0)]),
(B10)

respectively. Substituting these equations into Eq. (74), we obtain Eq. (75).
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