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Quark fragmentation within an identified jet
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We derive a factorization theorem that describes an energetic hadron 4 fragmenting from a jet produced
by a parton i, where the jet invariant mass is measured. The analysis yields a “fragmenting jet function”
G/ (s, z) that depends on the jet invariant mass s, and on the energy fraction z of the fragmentation hadron.
We show that G/ can be computed in terms of perturbatively calculable coefficients, J;(s, z/x),
integrated against standard nonperturbative fragmentation functions, Dj? (x). We also show that
>, JdzG!(s, z) is given by the standard inclusive jet function J;(s) which is perturbatively calculable
in QCD. We use soft collinear effective theory and for simplicity carry out our derivation for a process
with a single jet, B — Xh{, with invariant mass mg(h > AéCD. Our analysis yields a simple replacement
rule that allows any factorization theorem depending on an inclusive jet function J; to be converted to a
semi-inclusive process with a fragmenting hadron 4. We apply this rule to derive factorization theorems
for B— XKy which is the fragmentation to a Kaon in b — sy, and for e*e™ — (dijets) + h with

measured hemisphere dijet invariant masses.
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I. INTRODUCTION

Factorization theorems are crucial for applying QCD to
hard scattering processes involving energetic hadrons or
identified jets. In single inclusive hadron production, an
initial energetic parton i = {u, d, g, i, . ..} produces an en-
ergetic hadron & and accompanying hadrons X.
Factorization theorems for these fragmentation processes
have been derived at leading power for high-energy
ete” — Xh,

do =Y dé @ D!, (1)

as well as lepton-nucleon deeply inelastic scattering,
e p— e Xh,

do=>Ydé;@D!'ef;, 2)
i

For a factorization review see Ref. [1]. In Egs. (1) and (2)
the cross sections are convolutions of perturbatively cal-
culable hard scattering cross sections, dd, with nonpertur-
bative but universal fragmentation functions D’(z), and
parton distributions f;,,(£). The fragmentation functions
Df’(z) encode information on how a parton i turns into the
observed hadron /& with a fraction z of the initial parton
large momentum. Fragmentation functions are also often
used for processes where a complete proof of factorization
is still missing, such as high-energy hadron-hadron colli-
sion, H H, — hX.

Another interesting class of hard scattering processes are
those with identified jets. Examples include dijet produc-
tionete” — X;,X;,X; where X | are two jets of hadrons,
and X; denotes soft radiation between the jets. If we
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measure an inclusive event shape variable such as thrust,
or hemisphere invariant masses, then the cross section for
this dijet process has the leading order factorization theo-
rem [2-5]

do = H2jetJ ®J® SZjet' (3)

Here the J = J(s) are inclusive jet functions depending on
a jet invariant mass variable s, Sy is a soft function which
gets convoluted with the Js as denoted by ®, and Hyje is a
multiplicative hard coefficient. Another example of this
type is the B — X, {7, decay in a region of phase space
where X, is jetlike (Aqcp < my << mp). Here the lead-
ing order factorization theorem for the decay rate is [6,7]

dlL =HJ®S, 4

with a hard function A for the underlying b — ufv, pro-
cess, the same inclusive jet function J as in the previous
example, and a “‘shape function” S which is the parton
distribution for a b-quark in the B-meson in the heavy
quark limit.

In this paper we will analyze processes which combine
the above two cases, namely, both the fragmentation of a
hard parton i into /& and the measurement of a jet invariant
mass. Since this probes fragmentation at a more differen-
tial level, we expect it can teach us interesting things about
the jet dynamics involved in producing /, and shed light on
the relative roles of perturbative partonic short-distance
effects and nonperturbative hadronization. We derive fac-
torization theorems that depend on a new “‘fragmenting jet
function” G”(s, z). This function depends on s, the jet
invariant mass variable, and on z, the ratio of the large
lightlike momenta of the fragmentation hadron and parton.
Two interesting formulas involving G” will be derived. The
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first formula states that
T(s 1) = z ] oG5 ) 5)

so that the inclusive jet-function can be decomposed into a
sum of terms, Qf’, for fragmentation to a hadron A with
m? << m%. This formula also leads to a replacement rule
for factorization theorems, where we can take any process
involving an inclusive jet function, and replace J; — G to
obtain the corresponding process with a fragmenting jet.

The second formula states that to leading order in
Adep/s < 1 we have

dx
Gis 2 p) = —

so that the fragmenting jet function can be expressed in
terms of perturbatively calculable coefficients J;;,
gether with the standard unpolarized fragmentation func—
tions D (x, u) renormalized in the MS scheme.

To introduce the concept of G" and study its properties,
we will specialize to a process with a single jet recoiling
against leptons, namely B — Xh{p,. Using soft collinear
effective theory (SCET) [7-10] we derive leading-order
factorization formulas for B — Xh{v, decay rates, in the
region of phase space characterized by Agcp < my;, <K
m% where the hadronic final state is jetlike, and where the
energetic hadron /4 fragments from the jet. This b — ufp,
process has the virtue of having a single jet whose invariant
mass can be measured in a straightforward manner with
available B-factory data. Despite our focus on B — Xh{,
the results obtained can be immediately generalized to
fragmentation in other processes where a jet invariant
mass measurement is made. Two examples will be
described.

The paper is organized as follows. In Sec. I we review
the standard definition of the quark fragmentation function
D!(z) and highlight features that are relevant for later parts
of our analysis. Section III is devoted to the process B —
Xh€v,, including a discussion of kinematics in Sec. IIT A.
Results for relevant differential decay rates in terms of
components of an appropriate hadronic tensor are given
in Sec. IIIB. Section IV contains the derivation of the
SCET factorization formulas for B — Xh{v,, and the
definition of the ‘“fragmenting jet function” G". In
Sec. V we discuss the relations shown above in Egs. (5) and
(6). Conclusions, outlook, and the generalization to other
processes are given in Sec. VII.

jij<s! E’ M)Djl(x’ Iu’): (6)
X

II. THE FRAGMENTATION FUNCTION D(z)

Defining n* = (1,0,0,1) and 72* = (1,0,0, —1), the
light-cone components of a generic four-vector a* are
denoted by a* = n-a and a~ = ii - a where n> = > =

0 and n - i = 2. With @/ we indicate the components of
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a* orthogonal to the plane spanned by n* and n*. For
energetic collinear particles we will follow the convention
where the large momentum is p~ and the small momentum
is p*.

Let us consider a quark ¢ with momentum k* fragment-
ing to an observed hadron A with momentum p*. In a
frame where & 1L = 0, the hadron has p, = zk™ and p, =
(pi> + m2)/p;, . The standard unpolarized fragmentatlon
function Df‘(z) is defined as the integral over pj- of the
“probability distribution” that the parton i decays into the
hadron & with momentum pff [11,12], see also [13-16].
With the gauge choice 7+-A = 0, the unrenormalized
quark fragmentation function has the following operator
definition [11]:

dx d X1 zk’x+/2i

d2 J.
j 2077 4N,

X TEY (Ol (™, 0, ) IXRYX AL H OO},
X

Dl(z) =

(7

where ¢ is the quark field quantized on x™ = 0, N, = 3 is
the number of colors, and the trace is taken over color and
Dirac indices. In Eq. (7) the state |Xh) = |Xh(p,)) has a
hadron /& with momentum p;, = (p;, pi-), and an average
over polarizations of / is assumed. Boost invariance along
the non- L direction implies that DZ can only be a function
of z =k~ /p, and not k™ or p; individually.

Performing a rotation and a boost to a frame where
pir =0 with p, left unchanged, k, becomes —pir/z,
and Eq. (7) can be written in a gauge-invariant form as [11]

Di(z) =z [dx*

ypm 2 ___ N, TrZ{OIyi‘If(x 0,0,)|Xh)

X (XhW(0)|0)] 1, )

where the field W(x*) = W(x",0,0,) contains an anti
path-ordered Wilson line of gluon fields, in a 3 representa-
tion

Pxt) = 1//(x+)|:13exp(ig [;w dsii -AT(sﬁ))]. 9)

We note that the form of Eq. (8) is not altered if we perform
a Lorentz transformation to a frame where ph equals an
arbltrary fixed reference value pref In this case k L=
(P = pi)/z and P does not play any role due to the
integrals over ph and x,; in Eq. (7).

Our knowledge of the fragmentation functions is an-
chored to the use of factorization theorems to describe
measurements of single-inclusive high-energy processes.
Constraints are obtained by using perturbative results for
the partonic hard collision as input. For example, writing
out the complete form of Eq. (1) for single-inclusive e e~
annihilation into a specific hadron h at center-of-mass
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energy E.,, we have

1 do | Ldx
—— T —hX) = —Ci{(E, X,
oo g =m0 =3 [ )
X D(z/x, ), (10)

where o is the tree-level cross section for e"e™ —
hadrons, u is the renormalization scale in the MS scheme,
and C; is the coefficient for the short-distance partonic
process producing the parton i. In Eq. (10) the sum in-
cludes the contributions from the different parton types,
i=u,i,d, g...andthe C;’s are calculable in perturbation
theory, so measurements of do" /dz constrain D"

Model parameters for fragmentation functions have
been extracted by fitting to cross section data for single
charged hadron inclusive e"e™ annihilation, including
high statistics measurements at CERN-LEP and SLAC
[17-20]. More recently, these data have been combined
with semi-inclusive lepton-nucleon deeply inelastic and
pp cross sections from HERMES and RHIC experiments,
respectively, to perform a global analysis of pion, kaon,
and (anti-)proton fragmentation based on the factorized
expressions for the relevant cross sections, with partonic
input at next-to-leading order in QCD perturbation theory
[21,22], see also [23]. These analyses confirm the universal
nature of the fragmentation function, and, for the 7*,
constrain the fragmentation model for the dominant
D7(z) with uncertainties at the 10% level for z = 0.5
[20]. There is less sensitivity to gluon fragmentation func-
tions, and, correspondingly, these have larger uncertainties.

Factorization theorems like the one in Eq. (10) have
been proven to all orders in «, at leading order in
Aqcp/Een for processes in which all Lorentz invariants
like E2,, = (p,+ + p,-)?* are large and comparable, except
for particle masses [1]. The original proofs are based on the
study of the analytic structure of Feynman diagrams and on
a power-counting method to find the strength of infrared
singularities in massless perturbation theory. Factorization
is possible because only a limited set of regions in the
space of loop and final state momenta contribute to leading
power, namely, the so-called leading regions which are
hard, collinear, and soft. For processes involving fragmen-
tation, the leading regions contain a jet subdiagram that
describes the jet in which the hadron £ is observed [1], see
also [11,24-26]. Accordingly, the fragmentation function
that can be constrained by applying factorization at leading
power, corresponds to Eq. (7) only because the sum over X
is dominated by jetlike configurations for the |Xh) states.
Therefore, it is interesting to explore whether more can be
learned about the fragmentation process when additional
measurements are made on the accompanying jet.

Here we consider what amounts to the simplest addi-
tional measurement, namely, that of the jet-invariant mass
m3%, = (px + p,)*. Rather than using classic techniques
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we exploit the powerful computational framework of
SCET.

III. FRAGMENTATION FROM AN IDENTIFIED
JET IN B — Xh{v

Consider the weak transition b — uf v, measured with
inclusive decays B — X,{7,. The phase space region
where X, is jetlike plays an important role, because the
experimental cuts which remove b — ¢ background most
often restrict the final state to this region. Experimentally
there is exquisite control over this process, e.g. in a large
sample of events the neutrino momentum has been recon-
structed by determining the recoil momentum of the B, and
the spectrum is available for the jet-invariant mass mg(u
[27-29]. There has also been an extensive amount of
theoretical work on this process based on the factorization
theorem shown in Eq. (4) [2,7,30-38]. From our perspec-
tive the nice thing about B — X, €7, is that it involves only
a single jet, and hence provides the simplest possible
framework to extend the factorization analysis involving
jet functions to the fragmentation process we are interested
in, where X,, — (Xh),. Here A is a light-hadron fragment-
ing from a u-quark, with m; << mg. Without any loss of
generality, we shall refer to / as a pion 7 for the following
few sections, though we will return to the general notation
h at the end.

A. Kinematics

In the B rest frame, the inclusive process B — X, {7,
can be completely described by three variables, often taken
as the hadronic invariant mass miu, the square of the total
leptonic momentum ¢* (with g# = p/ + p%), and the
charged lepton energy E,. In the jetlike region a more
convenient set of variables is p;gu, Px,. and E, where g*
is aligned with the —Z-axis, and hence the jet-axis is along
+2 with py = Ex, = [py,|.

With an identified hadron in the final state, B — X7{7,,
there are three additional kinematic variables correspond-
ing e.g. to the three independent components of p,.. The
orientation of the spatial axes will still be chosen such that

p;’: = 0, as shown in Fig. 1. In this frame the perpendicu-
lar component of the total lepton momentum vanishes,

FIG. 1. Kinematic configuration for a pion fragmenting from a
jet X, — X
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g’y =0, and pj = mgv* with v* = (n* + 1*)/2. The
six independent kinematic variables that we will use to
characterize this semi-inclusive process are: py._, px.. E¢,
Pm» Pas ¢, where ¢, denotes the azimuthal angle of the
lepton with respect to the z-axis and p; = E, = p%. By
definition we have py_ <= py., E, = (p5 + p,)/2 and
Pt = (pt2+m2)/p,. In this section we carry out a
complete analysis of the kinematics, determining the phase
space limits for the six kinematic variables without impos-
ing any added restrictions or assumptions. (Later in Sec. [V
we will specialize to the case of a fragmentation pion
collinear in the 7 direction with p}: = p...) Note that
m%, = px.Px, so for our process the measurement of
the jet-invariant mass is a measurement of the invariant
mass of all final state hadronic particles. Lepton masses
will be neglected throughout, but the hadron mass m2 will
be kept for all calculations involving kinematics.

For three of our six variables we can treat |X) as a
combined state |X,), and hence {p¥.. px.. E¢} have the
same limits as in the inclusive case, and are given by'

2

mﬂ'Sp};ﬂ'SmB’ —TrSp;;ﬂ'Sp);ﬂ"
pX’/'T (11)
mB_p)?n-gE{) SmB_P;W.
2 ’ 2

In order to determine the limits for the remaining vari-
ables, let us first consider a frame where py,. = 0, so that it
is as if we have X, — X decay in the X, rest frame. We
denote the quantities evaluated in this frame by a “*”
Since

2 2 _ .2
_ My, T mz — px

E; , 12
e iy (12)
the constraint p% = 0 implies
2 + 2
m, = E. < Mz T M7 (13)

2mX7T

Furthermore, in this X, rest frame there are no restrictions
on the azimuthal angle ¢ of the pion with respect to the
z-axis, nor of that of the charged lepton ¢, i.e. 0 = ¢7,
¢, = 2m. The polar angle of the pion is also uncon-
strained:

0=6;, =m (14)
Since pi* + p,* = 2E%, from Eq. (13)
2
Pyt =my, +———p;". (15)
X

Furthermore, since |pL*|> = 0,

ITable 2 in Ref. [34] lists these limits for B — X, v for the six
possible orders of integration.
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my

pa = (16)

—%
T

For the maximum p;~ = p%, = my,, these limits force

“t = mZ/my, and the pion travels along the Z axis.
(Interchanging pi" < pi~ gives the case where the pion
travels along —2) For pi = pit = (my, +
m2/my,.)/2, we have a pion traveling purely in the L
-plane with maximal energy. Note that Egs. (15) and (16)

imply other limits such as p* = |pL*|2.«/p.", as well as

+ -
P = pX:— = Mxqg, and

pr=FEL — \/Eff — m2 cos@: (17)

for all cos@.. This holds true for both cases p*

= p, and

pr* = p,*, which correspond, respectively, to 0 =<
cosf; =1 and —1 = cosf;, = 0.

Let us now perform a boost along the z-axis with veloc-

ity Uy, = vyx,€, to the frame where the B-meson decays at

rest, which requires

E}_ —m%, -~ _ pt
vy, = 4o ——r =B _Pan g
EX7T pX7T+pX7T

where 0 = vy, < 1. Boosting Egs. (15) and (16) yields the
final result for the p; phase space boundaries:

2

M = p- < po
pT - p7T - pX’]T’
- ) ) (19)
—Z=p; Sp;?#(l —T)+T~
Pr Pxn» Pxn
Equivalently, for the opposite order of integration,
2
M7 < pi = pi
. e @
&SI)— = py (1 _p_”)_{_&
2 A S A S
Finally, ¢} = ¢ since the boost is along the z-axis. Hence
0= ¢, =2m 21

B. Differential decay rates

In this section we derive the fully differential decay rate
for B— X{v employing only the Lorentz and discrete
symmetries of QCD, without dynamical considerations.
We work in the B rest frame, and it is convenient to start
by using the six independent variables: ¢°, E;, E;, p,~,
P, = For the fully differential decay rate we have

d°r B 7 A
dq*dEdE;dp,*dp dp,*  (2m)° 2E,(2m)
X 0(4EE, — ¢%),  (22)

where d*p,/[2E,(2m)%] is the phase space for the pion,
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E, = +p2 + m2, and

BIHL | X mto)XXmtp|Hy|B
A= ZZ< | Hyy | Xl o)X Xl v|Hy| >(27T)4

2mB

X ls.

X 6*(pg = pxz — Pe — P»)
= 167GF|V,,|PLPW 5. (23)
For the B-states we use the relativistic normalization

(B(p)|B(q)) = 2E5(2m)*83(p — G). In Eq. (23) the effec-
tive weak Hamiltonian is

4G
Hy = ﬁF V., (@y, PLb)(Iy*PLv), (24)

where P; = (1 — v5)/2, and factoring the leptonic and
hadronic parts of the matrix element gives the leptonic
tensor L*#, and the hadronic tensor W, 5. L*# is computed
without electroweak radiative corrections, so L%F =
Tr[pey* P, p»y?P,]. The hadronic tensor in the B rest-
frame in full QCD is

Wi = 5 ST 800 = prr = 0)
B

f d*xe” xZ(BIJ“T(x)IXw')

47TmB
X (X7|J3(0)|B), (25)

with the flavor changing weak current Jj, = iy, P, b. We
have W, g = WaB(péi, v#, g*) and we will treat this tensor
to all orders in «,. It can be decomposed using Lorentz
invariance, parity, time reversal, and hermiticity into a sum
of scalar functions, so

L = 2pgph + pip§ = 8P pe- Py = i€F peypi)

Wap = —8apWi T v,vgW, — i€

J aB,u.VUMqVWS + qanW4

+ (Woqp T v5q)Ws + (VaPrg + VgPra)We
- ieozﬁ,uup/;qyw7 - ieaﬁ,uuvlup;}rWS
+ p7rap7TBW9 + (pﬂ'a/Q,B + pwﬂqa)wl()’ (26)

with the convention €y53 = 1. The scalar functions W;
depend on the four independent Lorentz invariants ¢2, v -
q,v - pn and p_ - g, or four equivalent variables from our
desired set,

Wi = Wi(pxm Pxm Pos Pr)- (27)

To derive Eq. (27) recall that the leptonic variable g*
equals mgv* — p4_, and can be traded for p%_. Also
recall that m%_ = py.py,. Since the W; do not depend
on ¢, or E, we can (if desired) integrate over these
variables without further information about the functional
form of the W,. In Eq. (26) the W,_,_5 are analogs of the
tensor coefficients that can appear in the inclusive B —
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X, €v decay, but here they induce a more differential decay
rate because of the identified pion. The W,_¢_;o have
tensor prefactors involving p, and have no analog in the
inclusive decay.

Contracting leptonic and hadronic tensors we find

LBW,5 =2¢*W, + (4E(E;, — ¢P)W, + 2¢%(E, — E;)W;
+ (4Epy - pr+4Ep pr— 2ERq7) W
+2q°(p* pr— Py PaIW;
+MEps - pr— Espi Pr)Ws
+@p; - paps Pr— mzq*)Wo, (28)

where W, 5,0 have dropped out since our leptons are
massless. In terms of this contraction the fully differential
decay rate is
T GV
dq*dEdE;dp~dpydp 327

LogW*F

2E, 29)

where the limits on the kinematic variables are left
implicit.

We now want to express Eq. (29) in terms of the coor-
dinates from the previous section: {px.. py.. E¢, P
pr, &} The relations

- p;'n')(mB - p;(—ﬂ)’
- E€ - (p;W + p;(—'ﬂ)/z’

suffice to convert the W , 5 terms. For the remaining W; we
need expressions for p, - p., py - P» and E_. Recall that
Dxr = —q = —(p; + p;)is on the +2-axis, so the leptons
are back-to-back in the L -plane which is transverse to 2.
We perform a rotation about the z-axis to bring . into the
y-z plane with py = 0. Then in spherical coordinates

2 —
q (mp (30)

Eﬁsz

_>7T = (P);Tr p\;T) Pg-r) = |1_57T|(0v Sineﬂ’ COSH#): ﬁ€ =
E(sinf cosey, sinf singy, cosfy), and Dy =
E;(— sinf; cosy, — siné;, sing, cosy), so
Do Pw=E(E,—E¢|p,l(cosf,cosh . + sinf . sinfsing,),
Py Pe=EzE,.— E;|p.|(cosf;cosh . —sinf . sinf;sing,),
1
Er=5(pz + pz). 3D

Using these expressions the two dot products can be writ-
ten in terms of the desired variables. First note that

1Pl cosb, = 3(pz — P)
|ﬁ77| Sineq‘r = (lﬁn’lz - |I_§7T|2008207T)l/2 (32)
= (pzpy — m2)'2.

Furthermore, since p; - p, = E(E; — q*/2, we have p; -
G = —Edqlcosb, = pj + p¢ - py = Ef + E¢E; — ¢°/2,

which, with Ig] = |px.l = [Exﬂ - qur]l/z =
(Px» — Px»)/2, implies E;cosf, = (2E? + 2E(E; —
4*)/(Px» — Px,)- Hence
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(mp — px)mp— px.) — E¢Qmp— px,. — Pxn)
(PXmr— Pxn)

E,cosf,=

s

E,;cos@,;=%(p§#—p§w) — E¢cosf,. (33)
Finally, it is useful to note that the equality of the magni-
tude of the lepton transverse momenta implies E, sinf, =
E; sinf;,.

Together the results in Egs. (32) and (33) allow us to
express L*W,p in terms of the six variables
{E¢, P P7» d¢}. The only remaining ingredient needed
to transform the decay rate to these variables is the
Jacobian, which is easily derived by noting that

&Ep,
2E,

1 1
= ;1 4p7dpzddy = pdprdprde.  (34)
For the last equality we used the fact that the pion azimu-

thal angle becomes equivalent to the lepton azimuthal
|

K, = 2(pxny = Pxx)mg — px)mg — px.),
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angle, d¢, — d¢,, when we rotate the pion momentum
into the y-z plane. Although it would be interesting to
consider measurements of ¢, for our purposes we will
integrate over ¢¢ € [0, 277]. Since the W5 g ¢ prefactors are
linear in p, - p, or p; * p, they have contributions that are
either independent of ¢, or linear in sin¢,, and the latter
terms drop out. In Wy the terms linear in sing, do not
contribute and a quadratic term averages to
J3™ dsin®(pe) = 7. All together this gives

&T _ GVl
dpx,dpx,dpzdpydE, 1287
+ K3W; + KgWe + K7W
+ KgWs + KoWo),

(K\W, + K,W,

(35)

multiplied by 6[(px, + 2E¢ — mg)(mg — px, — 2E()]
which gives the limits for the E, integration, and

Ky = —(px» = Py)mp — px, — 2E)(mg — px. — 2Ey),

123 = (p);# - p;ﬂ)(mB - p;w)(mB - p;ﬁ)(4E( - 2mB + p;# + p;#)’

—2(mp — 2E; — px,)(mp — 2E; — py. A mp(py; — pa

)+ PrPxr — PrPXnh

K; = (mp — px)mp — px)JAE; — 2mp + px. + pxAms(pz — p3) + PrPxr — PraPxnb

= P3) * PaPxs — PaPxsl

Ky = (p7 — px)mg — px)mg — px.)Q2mg — 4E; — px. — px.),

_ 1

Ky = i[{(p;r — pa)mg = py,)mg — px,) — 2Emg(px
Pxn» Pxn

X {m%(pi — p7) + 2mp(p pYn — PiPxs) + PEPXE

— PaPxz: T 2Emp(p; — pi) + pipxs — PaPial}

+2(mp — px)mp — px)mp — px,. — 2E))(mg — px. — 2E)(p4p,; — m%)]

—2m%(px, — Pyn)mp — px.)mp — p¥.),

where the limits on the hadronic variables are displayed in
Egs. (11) and (19). The K; are useful for considering rates
where the pion is observed along with a measurement of
the charged lepton energy.

Integrating Eq. (35) over the lepton energy E,, the W5 ;¢
terms drop out leaving

‘T
dpx,Adpx,dpzdps

— G%lvublz
1287

+ KW + KoWy),

(KyW + KW,

(37)

where

Ky = (mp = px,)mp — p3.) Pxn — Pia)*

K> = 5(pxr — Px2)"

Ko = ¢(pxr — Px2)mp(pz = P3) + prpxs — P7PxA)

Ko = {5(pxr = Px) s (mg — px,) + pz(mg — p3, )T
— 4m7(mp — px,)mg — px,)} (33)

(36)

No further integrations can be performed in Eq. (37)
without first determining the hadronic structure functions

Wi(PX s Pxor Pas P)-

IV. FACTORIZATION WITH A PION
FRAGMENTING FROM A JET

Using SCET, we derive a leading order factorization
theorem for the hadronic structure functions W; appearing
in the differential decay rates in Sec. III B.

We focus on the region of phase space with endpoint
jetlike kinematics where py._ < py,, and with an ener-
getic pion produced by fragmentation with p} < p, . Itis
assumed that suitable phase-space cuts are applied to sub-
tract the b — ¢ background, which phenomenologically is
responsible for the importance of this kinematic endpoint
region. This issue is explored in a separate publication
[39]. With p: = p. the boundaries for p} and p, in
Eq. (19) become:

074009-6
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2

Tr < Pr = Pxm
Pxr 7
2 2 (39)
m ms,
—=py= min{p;, p%(l Pr ) + —}
p?T pX7r pX7T
or, reversing the order as in Eq. (20),
2
m
Tﬂ = P; = p;;ﬁ’
pX7T
my Pr\ ., my
max +,p7 =pr =Pyl ——4 )+ —. 40
P pX7T an'

For jetlike final hadronic states, the relevant power
counting is Ey, ~my,, m}>>m%=myAqcp, and p, ~
my. If we decompose the momentum of the remainder of
the collinear jet after the emission of the pion as pk =
(py.px.px), then it scales as p§~(Agep,my,

mbAQCD) = mb()xz, 1, A) where A ~ ﬂAQCD/mb is the
SCET expansion parameter (which can be defined as A> =
m%. /m% for our process). The total hadronic momentum
Pl is also collinear and scales the same way as py. We
will start by considering the (X7r) system as a combined
collinear jet, to be factored from the hard dynamics at the
scale m,,, and the soft dynamics responsible for the binding
of quarks in the B meson. This part of the computation can
be carried out in SCETj with collinear and ultrasoft (usoft)
degrees of freedom. The energetic pion fragments from the
jet and has a collinear scaling p ~ (AéCD/mh, my, Agep)
with much smaller invariant mass p2% < m%_. The facto-
rization for this second fragmentation step can be carried
out by a SCET] to SCETy; matching computation [40].

We shall now consider Eq. (25) at leading order in SCET
to derive factorized expressions for the scalar structure
functions W; in the fragmentation region. We work in a
frame where g, = 0, which will induce a vanishing L
-label momentum for the light quark field in the partonic
subprocess and the X7 system. Since the X7 system is
collinear, it is convenient to decompose momenta as p* =
p!" + p} where we have label momenta p; ~ A, pit ~ A,
and residual momenta p¥ ~ A%. In SCET the pion phase
space integral can be written as

&Epy . [dpyd®p
szW W(pﬁ)—[zi_W( )
d wrd wr -
=35 [P vt

'”pwl

(41)

The same holds for the variables py and py. Thus for all
the W = W;, we can treat py,, p)%ﬁ, pP=»and p# as discrete
label momenta. At the end these variables are restored to
continuous variables using Eq. (41) and the analogs for
phase space integrations over the X7 variables.

PHYSICAL REVIEW D 81, 074009 (2010)

Matching the heavy-to-light QCD current onto SCET
operators at a scale of order m,, at leading order one
obtains [9]

3
JV(x) = e/ Pxmimpvx Z Z Cj(a))JZ;O)(a)). (42)

=1 o

Here P* = ntP/2 + P where P and P, are the O(AY)
and O(A) label momentum operators [10]. The leading
order SCET current becomes

I O(0) = Yo LV H . (43)

In this expression, ¥, , = (&, W,)8,, pt, where £, is the
n-collinear light u-quark field. The collinear Wilson line is
defined as [10]

w,= Y exp(—%ﬁ -A,,(x)) (44)

perms

with collinear gluons A,. Also H ,, = Yth,,, where h,, is
the ultrasoft heavy quark effective theory field, and Y (x) =
Pexp(ig [°, dsn - Ay(ns + x)) is a Wilson line built out
of ultrasoft gauge fields, which results from decoupling the
ultrasoft gluons from the leading-order collinear
Lagrangian [7]. For the leading-order Dirac structures we
use the basis [41,42]

14

T2 =Py, (45)
- n-v

v =Ppy’,  T%=Ppv",

where Pg = (1 + v5)/2. Expressions of the one-loop
Wilson coefficients C; can be found in Ref. [7] and the
two-loop coefficients were obtained recently by several
groups in Refs. [43-46].

For our derivation of the leading-order factorization
formula in SCET; we follow the steps in Ref. [34], except
that we will write out the dependence on P, explicitly.
When the current in Eq. (42) is inserted in Eq. (25) we have
the phase

[d4xe—iq~xeiﬂ’~x—imbv~x — 67_3‘ﬁ.p6?l,0[d4xe—ir~x’
(46)

where 7 - p = m;, — q~ and we used the fact that g; = 0.
Equation (46) leaves discrete o’s that fix the label mo-
menta, and a d*x integration that only involves the residual
momentum r* = ikt /2 with rt =m, — g7 ~ A%
Using the normalization convention in heavy quark effec-
tive theory, (B,(K)|B,(k)) = 20°Qm)383(k — k'), the
leading order expression for Eq. (25) in SCET becomes
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W,(?,), [d“xe_’” Z Z Cy(0)C(w)
=1 w0’
6w’,ﬁ~pZ<Bv|[g-[vl—‘j’,u/\/n,w’,0l](x)|X7T>
X
where X, w0, = 8&7—,60,PL(WJ§,,). Here 1_“]-,,#

yOI‘}L,#yO and 71 - p = p~ is the large momentum of the
energetic quark producing the jet. Grouping ultrasoft and

collinear fields by a Fierz transformation, we have

[H T Xm0, JO X o T H L 1(0)
= (-] H, W, 5 1,,3,0) |
x[;‘( AL (x)]+... 48)
now 4NL nw',0, B
where one should keep in mind that the (B, - - - | B, ) states
will surround the H, bilinear, and the (0| - - - |X7) X

(Xmr|---10) states split the x,, field bilinear into two
parts. The ellipses in Eq. (48) denote Dirac and color
structures that vanish either because they involve an octet
matrix T¢ between the color singlet |B,) states, or by
parity, or because the only available vector for the
(B,|---|B,) matrix element is v*, and v = 0. The
form of the collinear product of matrix elements is pictured
in Fig 2, and the most general allowed parametrization is

4N )| X7m)XX 7] X,,,,(0)]0)

=26, w/B(x+)52(xl)w[—e‘ik+x7/2
’ 2

X G (k*w p—”,pwpﬁ) (49)

where the trace is over color and Dirac indices and Eq. (47)
implies that w = 71 - p. The first d-function in Eq. (49)
stems from label momentum conservation and the remain-
ing ones from the fact that the leading collinear Lagrangian
contains only the n - d derivative. The arguments of GZ[ are
constrained by RPI-III invariance [47], which requires
products of plus-momenta and minus-momenta, or ratios
of minus- (or plus-) momenta. (For our case RPI-III is
equivalent to invariance under boosts along the Z jet
axis.) The arguments of G7 are also constrained by plus-
momentum conservation. The light-cone variable k™ is the
plus-momentum of the up-quark initiating the X 7r produc-
tion, and at the interaction vertex is related to the residual
(soft) plus-momentum €¢* of the b-quark in the B-meson
by k* =€+ — r*, as shown in Fig. 2. The large label

2Strictly speaking the result k¥ = €* — r* also encodes the
presence of Wilson lines in defining these momenta, which
ensure gauge invariance.
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N

X | X

JT | 7T

N

FIG. 2. Sketch of the hadronic fragmentation process for B —
Xmlp.

partonic momentum 7 - p also is fixed in terms of kine-
matic variables:

fi-p=m,=n-q=m,—mg+tipx,

=i pyy — A+ (9( QCD) (50)
mp
Since A = O(Aqcp), the ratio p,/py,. is identified to
leading order with p,/w = p,/p~ = z, the fragmenta-
tion variable in Eq. (7).

Since pfp, = m2 + pE2, G7 depends on |pL|, which
is nonvanishing with our choice of coordinates (the pion
has px and the 1 -momentum of X is —pz). In general it
is the relative L -momentum between 7, X, and the B that
can not be transformed to zero. Later we will integrate over
|pL| or equivalently p, and study

Gilk*w, z, p) = w[dpthZ,’(kW, % PyPrr ) (S1)
which occurs in

] dptS H O Xnuro, (X mNX ], 0 (0)1O)
X

dk* e
=28, wrﬁ(x+)52(xl)f e ik /ZQ”(kJ“ ”)
‘ 2m w

(52)

The fragmenting jet function GZ[ defined in Eq. (49)
describes the properties of a final state that is collimated
in the 7i-direction and consists of a up-quark initiated jet
from which a pion fragments. Unlike the standard unpo-
larized  parton  fragmentation  function D7 (z),
G7 (s, z, ptp,) carries information about the invariant
mass s of the fragmenting jet and the direction of the
fragmenting pion through p; p, . The matrix elements in
Egs. (49) and (52) are similar to the collinear matrix
element defining the jet function J(s) that appears in B —
X,£7 and B — X,v. The jet function can be written as [4]

. O, Fr 0, O)10)

=86(x")8%(x ) w j dk* e * 2] (wkT).  (53)

J.(s) depends on the product s = k™ py , which is analo-
gous to the first argument in G7.
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The sum in Eq. (53) extends over states with invariant
mass up to mjy ~ my Aqep, which are complete in the

endpoint region. Hence one can write J as the imaginary
part (or discontinuity) of a time-ordered product:

1 .
J, kT w) = —— Im/d4xe’k"‘i
T

X O 0y00,0) 1 0. 6

which is perturbatively calculable with
Ju(s) = 8(s) + O(ay). (55)

On the other hand, G} involves a pion state, and therefore
contains both perturbative and nonperturbative parts. A
simple discontinuity formula like Eq. (54) does not exist
for G7 with the states {|X7)}.

Combining Egs. (47) and (49) the hadronic tensor at
leading order becomes

WM __[dx_ —irtx/2 Z C (mb’ pXW)C (mb’ pXﬂ')
Jj=1
(0) # (0) dk* —ik*x"/2
XT[ F”LZFJV] o ¢
cnf s~ Pa -
X gu<k+pxﬂ-yTr p;pﬂ)
Pxn
X (B, (DY 0, 018 x [ 1+ 0(-%) ]
X
(56)
where
1+ - _
PUZT’ Y(X,y):Y(x)YT()’)’ xﬂ:n-xn:u/z_

(57)

The matrix element of the bilocal operator in Eq. (56)
defines the leading-order shape function [48,49]

[dx
dar

— L 1h,s00 -
S(B,R,3(

fat) = e ™ B |, (9)Y (X 0)h,(0)]B,)

in - D)h,|B,), (58)
with [ = r* + k™ for Eq. (56). In the limit m, — oo, the
support of f is (—oo, A]. The shape function accounts for

nonperturbative soft dynamics in the B-meson. Defining
projectors P{” such that W; = W,,P!", we obtain the

leading power result
h A—r* _ -

W ="py, f dk* Gy (k* P T PP ,U«)
™ 0 Pxn
XfT + 17, ), (59)

where we show explicitly the dependence on w, the renor-

PHYSICAL REVIEW D 81, 074009 (2010)

malization scale. Here h; = h;(m,, px,., Py ) where the
dependence on pj_ is entirely from contractions in the
tensors, while that on m,,, py,., u comes also from loops.
In terms of the Wilson coefficients,

3
b= 3 Cylom i WIC i )
Ji=1

XT[

The projectors P relevant for the differential decay rates
in Egs. (35) and (37) have the following structure:

v g0 # o :IP‘“’ (60)

Juo v

Pl = Aig"” + Biy*v” + Cigtq” + Di(v*q” + v'q")

+ Eippy + Fi(v¥ py + v'ph)

+ Gi(phq” + phrq*) + Hiie""*Pu,qg

+ I,-ie“”“ﬁpgqﬁ + L,»ie“”“ﬁvapg, (61)
where the coefficients A; ... L, are functions of py_, px.
Py, pn, and my that are straightforward to determine by

inverting the result for W,z in Eq. (26).
In terms of hadronic variables, Eq. (59) becomes

h;

0 _ [rxa Pr
W()__Pxﬂ- OX dk+§u(k+px7,p  PEPa M)

X
X fk* + A= pi.pm)

hi _ Pxn —ar _ Dz

=~ Pxnr dk* G;, <k+px7, =, Pa P M)
m 0 pX7T
X S(px, — k' 1)
h' Jr77 ~ _

= inw Py dk'+ g;r(pr(p;w _ k/+),
o 0
Pz pips, )wk”,u) (62)

X
where S(p) = f(A — p) has support for p = 0. The con-

volution variable k'* = p¥_— k™ represents the plus-
momentum of the light-degrees of freedom (soft gluons,
quarks, and antiquarks) in the B-meson, and pyx_(py. —
k'") is the invariant mass of collinear particles in the
u-quark jet including the fragmentation pion.

Evaluating the traces in Eq. (60), we derive from
Eq. (35) the following factorization formula for the end-
point fivefold differential decay rate:

T
dp;ﬂ'dp)?ﬂ'dp;dp;dE€

_ _ — p+77'
= 31—‘OI_I(’MB’ Pxm p;w’ Eq, Iu‘)pXﬂ' ' k"

X GZZ(pi,T(pLT — k), L
X

 Pa Do M)S(k”, ),

(63)
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with Ty = GZ|V,,|?/(15367°) and

PHYSICAL REVIEW D 81, 074009 (2010)

H(mp, pxm P Eoo 1) = 4(mp — py, — 2Ee){(m3 — Px)RE; — 2mp + px. + px,)CT + QE, — mg + py)

_ Cc3
X [(mB — Pi)CICo + (Pxy = PRg)—2 + 22

ot )2
+ (mf PXI) C%:”»
pX7T - pX7T

(mg — px,)’
%CICS + (mg — px,)C2C3
4 Pxxn Pxx

(64)

The py_ - and E,-dependence in this expression comes solely from contraction of the leptonic and hadronic tensors. The
renormalized Wilson coefficients which encode hard loop corrections are functions C; = C;(my, px,., i)
For the decay rate in Eq. (37) which integrates over the lepton energy we obtain:

d'T
dpx.dpx,dpdps

where

125 o - _
= LoH(mp, pxp P M)Px . dk'* Gy (Ph(m?ﬂ — k'), ;T’ Pipm M)S(k’+, ), (65)

Xt

H(mp, pxm Pxm 1) = (Pxy — p;?w)z[(mg — Pxr)Bmg = 2py. — px,)CT + (mp — p,)(Pxn — Pxz)C1Ca

2

_ C _
+ (Pxn — P;W)ZTZ +2(mp — px,)*CiCs + (mg — py)(Pxy — Pxn)C2Cs + (mp — py,)*C3 ]

The functions H and H encode contributions from hard
scales, and from the kinematic contraction of tensor coef-
ficients. In the phase space region where py_ ~ Aqcp, at
leading order in the SCET power counting,

H(mp, px Pxm ) = H(my, p~, 0, w). (67)

The same considerations apply to the function
H(mp, px.» Pxm E¢, 1) in Eq. (63). Most often it is useful
to treat the py. dependence from the tensor contractions
exactly, without expanding py;. << py,, since at lowest
order in the perturbative corrections this allows [37] the
endpoint jetlike factorization theorem to agree with results
derived in the more inclusive situation where m3 ~ mj.

For the purpose of comparison with phenomenology, it
is appropriate to derive the expression of the decay rate
which is doubly differential in the jet invariant mass and in
the fraction z of large momentum components. Let us first
integrate Eq. (65) over pi. At leading order we can set
m, = 0, since m% = O(A*). Therefore, in the chiral limit,
p+ =0 from Eq. (39). Since the pion fragments from the
jet, the maximum value of p; is py, — k'". Hence we can
write

4T 29
—————— =TyH(mg, px, Pxm fﬂdk+
dp}wdp;}wdp; oH(mp Pxm Px ) 0
k", w)

(68)

X Gr(k* pxm 2 W)S(px, —

where G7 is defined in Eq. (51). By integrating further:

(66)
[
d*T _/'”Xﬂ' + m%(#
dmy,dz oz jmy T (pya)?
T
o ., (69)
dpx,dpx,dp Pa=2Pxy | Pxy=m%/ DX s

where we indicate the two changes of variable explicitly.
The integration boundaries are derived from Eq. (11).

In Sec. VI we will illustrate how to extract from this
doubly differential decay rate information about the stan-
dard parton fragmentation function D] .

V. PROPERTIES OF G

A. Relations with the inclusive jet function, J(s, ©)

If we sum over all possible hadrons % in the X, — Xh
fragmentation process, then the fragmenting jet function
can be related to the inclusive jet function J,(s, u) which is
completely calculable in QCD perturbation theory.
Consider the equality

d‘T d’T
dp; j dp/ — = —,
hezﬂu / " " dpxudpx,dpy dp;  dpy,dpy,
(70)
where the sum with 7 € FH ,, is over all final states with an
identified & hadron fragmenting from the u-quark jet. The
differential decay rate on the right-hand side involves the

hadronic light-cone variables in the process B — X, {7.
The sum takes py, — py and comparing our Eq. (68)

with the leading-order factorization theorem for inclusive
B — X, {v (see e.g. [38])
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dr P
7_167TFHWL, f“dk’+
de dp 0 ( B PX PX )PX o
X J(px (ps, = k), WS, ), (71)
we obtain:

f 26 (K pyy 2 1) = 227V ,(K py, ), (72)
heH,

for j = u, where J, is the leading-order quark jet function.
As the notation indicates, Eq. (72) holds for other partons
j=1{g d u, ...} as well. This relation between the frag-
menting jet function gj? and the jet function is not surpris-
ing since the set of states {|Xh),c4r } is complete. The
factor 2(27)* is related to how we normalized G and
incorporated the phase-space for 4.

B. Relations with the standard fragmentation function
Dl (x, m)
In the SCET notation, Eq. (7) can be written in terms of
the collinear g-quark field

(P ) — !
Dé(;’ /.L) = Ww[dp;{ IN
X (OI[8,, »80,2, Xa(O]IX1)XXR|%,(0)[0),
(73)

since |pi|dlpy| = (p, /2)dp, at a fixed value of p; .
Here u is the MS renormalization scale. According to

Eq. (52), the integral of Gz over its first argument can be
written as

k.
e ikTx ~/2ch kT w. B
[ 27 ¢ G ( o 'u)

=§[dp;fdx+[d2xl4Nc
X TrY #OI[8,, 802, Xa()NXAXX|%,(0)[0). (74)
X

gzree (k+

47Tp€

(

dp/ P |
7)) = r dx—d +d2 ikt x" /2
w, 7) f / x dxtd’x e I,

_[dx dxt dPx | K ~Pi/p)x /2= prxt /2= i s, ,50plp€
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If we perform an operator product expansion on the right-
hand side of this equation we match onto a low energy
matrix element that gives the fragmentation function in
Eq. (73). Thus, (jj? is given by the convolution of a pertur-
batively calculable J;; and the standard parton fragmen-
tation function. The result includes mixing between parton

types:
Ldx Z
Gl(s,z m) = Zf 7\7,-1-(&;, ,u)Dj?(x, )
j Z

X [1 + @(@)] (75)

where i, j = {u, d, g, i, ...}. In Ref. [50] the concept of a
quark “beam function” is discussed. It turns out that a
quark beam function is the analog of G”, but with parton
distributions in place of fragmentation functions (and an
incoming proton in place of an outgoing pion). The deri-
vation of the factorization theorem in Eq. (75) can be
carried out in a manner analogous to the matching of the
gluon beam function onto a gluon parton distribution, as
derived in Ref. [51]. For the factorization theorem for the
fragmenting jet function in Eq. (75), the Wilson coefficient
J ;; describes the formation of a final state jet with invari-
ant mass s within which the nonperturbative, long-distance
fragmentation process takes place.

At tree level Eq. (75) is easily verified. Using a free
g-quark of momentum p in place of 4 in the final state in
Eq. (74) (and denoting the label parts of p# by p,, p{,l and
the residual parts by pt, and defining z = p~ /w), the
partonic G is

#8.,p; 80,51 (01, (01a(P)Xa(p)I€,(0)10)]

d2
- Z J SR sy s = v/ p)8( )5 (P30 B0,

= 2(277)36(k+)8(w -p)
=20Q27)38(kTw)d(1 — 2).

In the second to last step we recombined the residuals and
labels into the continuous p~, via 6wp 8(p;) = 6(w —
p~). The quark fragmentation functlon is Dtree(z) =560 —
z). Since the Wilson coefficients j are 1ndependent of the
choice of states, the tree-level coefﬁment function can be
identified as

(76)
Tk o, z/x, p) =22 8(k* w)6(1 — z/x), (77

which satisfies Eq. (75). The one-loop calculation of 7 ;;
will be presented in a future publication [52].
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VL. D7(z) FROM A DOUBLY DIFFERENTIAL
DECAY RATE

As a further consequence of our factorization formulas,
we explore a strategy to extract from measurements of
suitable differential B-decay rates the standard pion frag-
mentation function D7 (z) for values of z that are not too
small, such as z = 0.5. Ultimately we anticipate that frag-
menting jet functions will be useful for many other pro-
cesses (including hadron-hadron collisions) for which a
factorization theorem like Eq. (65) can be derived involv-
ing G". The phenomenology of B-decays is particularly
instructive to this purpose since it allows to concentrate on
single jet production avoiding the kinematical complica-
tions of more involved scattering processes.

For comparison with phenomenology, we are interested
in the doubly differential decay rate in Eq. (69). We aim at
writing a factorization formula of the type:

d’revt ldx
— =T [ H(m,mﬂ,, )D”x
dmg(#dz Oj:u%‘gm X b Mhx M ( 1“)
(78)
where H is calculable in perturbatlon theory and the cut

refers to a sultable interval in p3;, over which we integrate.
We shall argue that in the ‘““shape function OPE” regime
[32,33] (px, > py, > Aqcp) it is possible to write a
factorization formula involving D}, which does not spec-
ify the invariant mass of the final-state jet.

According to the discussion in Ref. [38], the shape
function can be written as a convolution when integrated
over a large enough interval [0, A] such that perturbation
theory is applicable at the scale A:

S(w) = fo " do'Colw — ') F(), (79)

where C, is the b-quark matrix element of the shape
function operator calculated in perturbation theory and F
is a nonperturbative function that can be determined by
comparison with data. F falls off exponentially for large o’
and all its moments exist without a cutoff.

Combining Eqgs. (68), (69), and (75), the integration over
Py leads to

d2Teut j‘l dx D”( )
— = - X, U
deﬂ'dZ j=u,i,dg...
"xm + m%(n' m%(#
X N deﬂ' 2 H\m + ’ pXﬂ" K
mxw/mB ( ) Pxn
2
0 Pxn

% [ Y dw'Colps, — k* — o, WF(w')  (80)
0

if py M > Aqgcp. Let us now perform a Taylor expansion
of the perturbative kernel Cy around o’ = 0:

PHYSICAL REVIEW D 81, 074009 (2010)
kt — ') = Co(px, — k¥) — &'Cy(py, — kT)
+ ... (81)

CO(P;?W -

Since [38]
foo do'F(w') =1 and
0

[ " do' 0" F(') = O(Alp) (82)
0
the kK -convolution integral in Eq. (80) can be written as

+
Pxn

L)t

(83)

2
dk* 7, (kJr , = ,U,)C()(p;ﬂ, — k"
0 pX7T X

where the dots indicate terms suppressed by increasing
powers of Aqcp/py, in the phase-space region where
the jet becomes less collimated and increases its invariant
mass (py, > Agcp). Hence, for py™n" > Agcp and

¥ max leading  order in  the

Pxm <LK Dxoms at
Aqcp/ px--expansion,
> [ Corm [ dpi,
mB
2

dzl"cut
5 =
dmy, . dz i
%(W H(mB m
(pX’JT)2 pX7r
2
my,. 2
X ju}(k+ _)f y Ty M)C()(p;ﬂ. - k+
Pxz X

H pX’)T’ /J“) P dk+
0

). (84)

By identifying

oowi )= [ a2
i\ mp, m s T T X N
uj\ "> My M w2y per (pxw)Z
2 +
xH(mB,m—i“T,p;w ,u) " it
X 0
+m§(7r <
>< \7”] k + » M
Pxz X
X Co(px, — k", ), (85)

we see that Eq. (78) is satisfied at leading order in SCET.
Note that to obtain the complete inclusive H there are
additional hard corrections from processes beyond those
treated in the jetlike region, so Eq. (85) does not give the
complete expression for H, j- Following the same steps,
one can also test the consistency with the factorized ex-
pression

d31‘*cut ldx ~
_— =13T —H R LEo,—, u |D7
dm%(ﬂ-dZdEe 0/; X u](mb an- O /’L> (X /'L)
(86)
where H(mg, py, = m%._/p¥., py.. E¢, u) in Eq. (64)

replaces H in Eq. (85).
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QUARK FRAGMENTATION WITHIN AN IDENTIFIED JET
VII. CONCLUSIONS

Using soft collinear effective theory, we have derived
leading-order factorization formulas for differential decay
rates in the process B — Xh{ where h is a light, energetic
hadron fragmenting from a measured u-quark jet. We
obtained results for differential decay rates with various
kinematic variables, for example

4T , P
=ToH(mg, pxp Py ,u)f(; M dkt

dpy,dpx,dpy,
X Ghk* pxmz WSy, — kT, ), (87)

where T’ is a constant prefactor, H encodes contributions
from hard scales, z = p, /py, and S is the leading-order
shape function. G” is the novel leading-order fragmenting
jet function: at variance with the standard parton fragmen-
tation function D? (z), it incorporates information about the
invariant mass of the jet from which the detected hadron
fragments.

We have also shown that it is possible to extract D (z)
from a suitable B — Xh{» differential decay rate, for
values of z that are not too small, like z = 0.5.

Moreover, our analysis implies that to obtain a factori-
zation theorem for a semi-inclusive process where the
hadron & fragments from a jet, it is sufficient to take the
factorization theorem for the corresponding inclusive case
and make the replacement

1
22y Gl(k* w, z)dz, (88)

where J; is the inclusive jet function for parton j and theI

do _ 09
dM*dM?*dz;  2Q2m)?
U, (M2 — QIF, WG -

+J,(M2 — QI quj(w —or 2

where o is the tree level total cross section which acts as a
normalization factor, Q is the center-of-mass energy, M?
and M? are hemisphere invariant masses for the two hemi-
spheres perpendicular to the dijet thrust axis. Since here we
assume that it is not known whether the hadron % frag-
mented from the quark or antiquark initiated jet, we have a
sum over both possibilities in the factorization theorem.
For the definitions of o, Hje;, and S see Ref. [4] whose
notation we have followed.

The factorization formulas derived with our analysis
should allow improved constraints on parton fragmentation
functions to light hadrons, by allowing improved control
over the fragmentation environment with the invariant
mass measurement, as well as opening up avenues for
fragmentation functions to be measured in new processes,
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additional phase-space variable is z = p, /py,, the mo-
mentum fraction of the hadron relative to the total large
momentum of the Xh system. This replacement rule is
consistent with integration over the phase space for .
Applying Eq. (88) to the factorization theorem given sche-
matically in Eq. (4) we derive the following factorization
formula for the doubly differential decay rate in the process
B — XKYy:

d’T FO mb Pxk
=_= , dk* GX (k™ my, z,
iE,d: Q) H(pxg ,u)f s (KTmy, 7, 1)
X S(pxx — k%, )
1—‘Os’nh Pxx 1dx
— oy H,(pix M)Zf act [

X Js](k*mb, 7 M)Df(x, wS(pxx — k*, ),
(39)

with p¥p = mg — 2E,, and the I'y; and H are defined in
Eq. (5) and Eq. (A1) of Ref. [38]. The soft function S is the
same one as in endpoint B — X,7y. The jet Wilson coef-
ficients J; are process independent and calculable in
perturbation theory. At tree level:

T 5kt @, 2/x 1) = 227 8(k* 0)8(1 — z/x). (90)

Analogously, for the process ete™ — (dijets) + h we
apply Eq. (88) to the factorization theorem for ete™ —
(dijets) in Eq. (3) to obtain the factorized differential cross
section

Hyol @ w) [ A1 A (GHM — Q1,2 W, (8~ 01, )
O, z, wW)ISoje (I, 7, p)

d
ET )gHZJm(Q M)XZ[ drtdl- f x[ q,(MZ oI, E

)J (i1 — 01, )

w) s st ), o)

[
such as B-decays. We also expect that further study based

on the definition of the fragmenting jet function, will
contribute to a better understanding of the relative roles
of perturbative partonic short-distance effects and nonper-
turbative hadronization in shaping jet properties and
features.
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