
Implications of a scalar dark force for terrestrial experiments

Sean M. Carroll,1,* Sonny Mantry,2,† and Michael J. Ramsey-Musolf2,1,‡

1California Institute of Technology, Pasadena, California 91125, USA
2University of Wisconsin-Madison, Madison, Wisconsin 53706, USA

(Received 20 October 2009; published 5 March 2010)

A long-range intergalactic force between dark matter (DM) particles, mediated by an ultralight scalar, is

tightly constrained by galactic dynamics and large scale structure formation. We examine the implications

of such a ‘‘dark force’’ for several terrestrial experiments, including Eötvös tests of the Weak Equivalence

Principle (WEP), direct-detection DM searches, and collider studies. The presence of a dark force implies

a nonvanishing effect in Eötvös tests that could be probed by current and future experiments depending on

the DM model. For scalar DM that is a singlet under the standard model gauge groups, a dark force of

astrophysically relevant magnitude is ruled out in large regions of parameter space by the DM relic density

and WEP constraints. WEP tests also imply constraints on the Higgs-exchange contributions to the spin-

independent (SI) DM-nucleus direct-detection cross section. For WIMP scenarios, these considerations

constrain Higgs-exchange contributions to the SI cross section to be subleading compared to gauge-boson

mediated contributions. In multicomponent DM scenarios, a dark force would preclude large shifts in the

rate for Higgs decay to two photons associated with DM-multiplet loops that might otherwise lead to

measurable deviations at the LHC or a future linear collider. The combination of observations from

galactic dynamics, large scale structure formation, Eötvös experiments, DM-direct-detection experiments,

and colliders can further constrain the size of new long-range forces in the dark sector.
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I. INTRODUCTION

There is now compelling evidence for the�CDMmodel
or the ‘‘standard model’’ of cosmology according to which
the energy of the universe is about 74% dark energy, 22%
dark matter (DM), and 4% baryonic matter. There have
been independent confirmations of the dark energy com-
ponent of the universe from observations of high redshift
Type Ia supernovae [1–5]. The evidence for DM is even
more compelling from the study of galactic rotation curves
[6–8], acoustic oscillations in the cosmic microwave back-
ground [9–12], large scale structure formation [13,14], and
gravitational lensing [15,16]. In spite of such strong evi-
dence for the existence of dark energy and DM, almost
nothing is known about their properties. The simplest
explanation of dark energy is a small but nonzero cosmo-
logical constant. The DM properties such as its mass,
quantum numbers, and interactions with the standard
model (SM) remain unknown. Furthermore, it remains to
be seen if there is only one type of DM particle responsible
for all of the observational evidence, or if there exists a rich
spectrum of DM particles analogous to the complexity seen
in the visible sector. Many experiments are underway to
detect DM and determine its properties. Ground based
direct-detection experiments [17,18] put limits on the
DM mass and the strength of its interaction with baryonic
matter from observations of recoiling nuclei. Experiments
[19–22] studying cosmic rays from the galactic halo have

recently seen indications of an electron/positron excess,
which could be interpreted as evidence for DM annihila-
tion, and can constrain the DM mass and interactions.
There has also been a recent proposal to observe a possible
DMmagnetic moment via the gyromagnetic Faraday effect
[23,24].
Another set of experiments are devoted to question of

whether DM couples to new long-range forces of interga-
lactic range which could be observed as an apparent vio-
lation of the Weak Equivalence Principle (WEP) in the
dark sector. There exist a variety of scenarios for new
interactions confined solely to the dark sector and the
possibility that they might be observed as an apparent
WEP violation. The possibility of much shorter range
gauge or Yukawa forces confined to the dark sector have
been studied in other contexts [25–32] and also referred to
as a ‘‘dark force’’. In this work however, we focus on a
long-range intergalactic dark forces, mediated by an ultra-
light scalar, and study its implications for terrestrial experi-
ments. For this scenario, the dark force can be
communicated to ordinary matter via virtual DM loops
that connect the ultralight scalar with ordinary matter, as
long as the DM candidate is not sterile. This mechanism
will give rise to effects in terrestrial experiments. We
investigate the resulting impact on DM-detection experi-
ments, laboratory based WEP tests, or even studies of
Higgs boson properties at colliders. Constraints on an
apparent WEP violation in ordinary matter induced dark
forces were recently studied in [33,34]. In addition, a
connection between direct DM-detection experiments
and WEP tests was shown in [33].
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Many models that contain the interaction of an ultralight
scalar with DM [35–46] have been proposed to explain
features in the DM distribution and explore the possibility
of DM-quintessence interactions. More recently, work with
nonuniversal scalar-tensor theories of gravity with the
Abnormally Weighting Energy (AWE) Hypothesis
[47,48] also invoke couplings of an ultralight scalar to
the dark sector as a way of explaining the observed cosmic
acceleration even in the absence of a dark energy fluid.
Constraints on such scenarios from big bang nucleosyn-
thesis have also been studied [49]. There are several other
observational motivations, including higher than predicted
supercluster densities [50] and voids [41,45] (for a sum-
mary see [33,51]). The existence of a long-range attractive
Yukawa force between DM particles would accelerate
structure formation and could help explain some of these
observations. Strong constraints on such a dark force are
derived from observations of DM dynamics in the tidal
stream of the Sagittarius dwarf galaxy [51,52], which
indicate a force with strength less that 20% of gravity for
a range of about 20 kpc. However, new observational
systematic errors have been recently discovered [53] that
could require a revision of this result, perhaps allowing for
a stronger dark force. A more recent analysis [54] consid-
ers the effect of a dark force on the evolution of density
perturbations and the resulting impact on the CMB spec-
trum. This analysis constrains the strength of a dark force
to be less than 5% of gravity.

From a purely theoretical perspective, the existence of
an ultralight scalar � with mass m� < 10�25 eV, able to

mediate a long-range force over scales of interest to galac-
tic dynamics, would introduce a new hierarchy in addition
to that between the weak scale mW � 100 GeV and the
Planck scale MP � 1019 GeV. However, as we still await
experimental evidence for a mechanism to explain the
hierarchy between the weak and Planck scales, and in light
of the discovery of an unnaturally small cosmological
constant, we keep an open mind and do not attempt to
provide an explanation for the ultralight scalar mass. We
assume the existence of a finely-tuned ultralight scalar
mediating a long-range force dark force and study its
consequences for terrestrial experiments.

In what follows, we amplify on our earlier work [34] and
that of Ref. [33], using simple DM scenarios to illustrate
the prospective implications of long-range scalar dark
forces for terrestrial experiments. We study three represen-
tative minimal DM scenarios to explore the range of pos-
sible implications: scalar DM that is a singlet with respect
to SM gauge interactions; scalar DM that is the neutral
component of a real SUð2ÞL triplet which is a triplet of
SUð2ÞL with zero hypercharge; and fermionic DM that
lives in a vectorlike representation of SUð2ÞL where the
left and right handed components of the Dirac spinor trans-
form in the same representation of SUð2ÞL. Our main
conclusions are:

(i) The presence of a dark force implies a nonzero effect
in Eötvös experiments if the DM interacts with
standard model (SM) fields. For scalar singlet DM,
this effect arises from DM loop-induced mixing
between the ultralight scalar and the SM Higgs
generated from nonrenormalizable operators, while
for representative WIMP scenarios (scalar or fermi-
onic) additional contributions arise from DM loop-
induced nonrenormalizable operators that couple the
ultralight scalar directly to matter. We derive order-
of-magnitude expectations for the minimum size of
these effects for these representative scenarios as
illustrated in Fig. 4 for WIMP DM and Table. II
for scalar singlet DM. For a dark force with strength
roughly 20% of gravity, one could expect a non-
vanishing effect, for nonminimal WIMP DMmodels
and in certain regions of parameter space of scalar
singlet DM models, within reach of future approved
Eötvös experiments such as Microscope [55] able to
detect anomalous accelerations to a sensitivity of
�a=a� 10�15. The MiniSTEP experiment [56]
with an increased sensitivity of �a=a� 10�18, cur-
rently under study by NASA and the ESA, could see
nonvanishing effects in minimal WIMP models
which can induce effects starting with two-loop dia-
grams involving virtual DM.

(ii) For scalar singlet DM, a dark force of astrophysical
relevance, is already ruled out in large regions of
parameter space. The bounds from Eötvös experi-
ments constrain the size of DM-Higgs interaction
which determines the relic density, along with other
known SM interactions, for a fixed value of the
Higgs mass. In large regions of parameter space,
the bound on DM-Higgs interactions implies a sup-
pression in the DM annihilation rate resulting in a
relic density that over-closes the universe. As a
result, relic density considerations in scalar singlet
DM models can yield the strongest bounds on the
size of a dark force.

(iii) The constraints derived on the DM-Higgs interac-
tions lead to upper bounds on the magnitude of
Higgs-exchange contributions to DM-nucleus cross
sections. These bounds depend on the Higgs mass,
implying that a combination of direct-detection
experiments and Higgs boson discovery could be
used to test simple scenarios for dark forces. In
particular, Higgs-exchange contributions dominate
the SI scalar singlet DM-nucleus cross section, so
that dark force considerations—together with the
observed DM relic density—imply constraints on
the entire cross section. In contrast, WIMP-nucleus
cross sections receive contributions from electro-
weak gauge-boson-exchange that are not con-
strained by the presence of a dark force. As we
show below, dark force considerations and present
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limits from Eötvös experiments imply that the
Higgs-exchange contributions are subleading com-
pared to those from gauge boson-exchange. The
corresponding bounds for the scalar singlet and
real triplet DM models are illustrated in Figs. 10.
Tests of the WEP can only constrain the full DM-
nucleus cross section if the DM particles are sin-
glets with respect to the SM gauge symmetries (see,
e.g., [57–59] and references therein) so that elastic
scattering proceeds only via Higgs exchange (at
least at tree level).

(iv) In multicomponent WIMP DM scenarios, where
one of the light ( & 200 GeV) DM components
has a nonzero coupling to the Higgs, the presence
of a dark force—together with tests of the WEP—
imply testable upper bounds on one-loop WIMP-
induced shifts in the branching ratio for the SM
Higgs to decay to two photons. These bounds gen-
erally lie well below the prospective sensitivities of
LHC studies of BrðH ! ��Þ as seen in Fig. 12. The
observation of a significant shift in this branching
ratio would likely preclude this scenario for a dark
force.

(v) The existence of an observable long-range dark
force which requires m� < 10�25 eV, implies re-

strictions in the space of finite renormalized parame-
ters in addition to the usual fine-tuning of radiative
corrections that are sensitive to the cutoff. We dis-
cuss these regions in parameter space and their
implications for the observation of a dark force.

In arriving at these conclusions, we emphasize we have
drawn upon representative cases rather than carrying out a
comprehensive study. We expect that our conclusions will
generalize to other DM scenarios, but do not preclude the
possibility of exceptions in some cases. We also note that
our analysis and conclusions differ from those of Ref. [33],
who first observed that bounds onWEP and the presence of
an astrophysically relevant dark force could imply con-
straints on DM-nucleus cross sections. The bounds ob-
tained in that work lie well below the reach of future
direct-detection experiments. In what follows, we argue
that an effective operator analysis consistent with the fine-
tuning needed to maintain a vanishingly small scalar mass
implies considerably weaker bounds than given in
Ref. [33].

The outline of the paper is as follows. In Sec. II we
review the phenomenology of experimental WEP tests and
establish notation. In Sec. III we review the derivation of
the ultralight scalar coupling to macroscopic objects in
terms of its couplings to the SM particles. In Sec. IV we
discuss in a model independent way the mechanisms by
which the ultralight scalar can couple to the SM. In Secs. V
and VI we examine the experimental consequences of a
dark force for various minimal DM models. In Sec. VII we
discuss the regions in parameter space where an observable

dark force is possible and how they relate to our analysis.
We conclude in Sec. VIII.

II. FIFTH-FORCE PHENOMENOLOGY

We begin by considering the force between two bodies
mediated by a scalar field � with mass m�. In the non-

relativistic limit, the Yukawa potential between a test body
i and a source s separated by a distance r is given (in units
where @ ¼ c ¼ 1) by

V� ¼ ��i�s

QiQs

4�r
e�m�r; (1)

whereQi;s denote the charges of the test and source objects

under the force mediated by �. The parameters �i;s are
1

�i;s ¼
�
1 for fermionic objects;
1

2mi;s
for scalar objects: (2)

Note that the charges Qi;s are of mass dimension one and

zero for scalar and fermionic objects, respectively, so that
the equation is dimensionally consistent. These mass di-
mensions will become apparent when we study specific
models. The Newtonian gravitational potential between a
body with mass Mi and a source with mass Ms is

VG ¼ �GMiMs

r
; (3)

where G is Newton’s constant. It is therefore convenient to
write the total potential as

V ¼ �GMiMs

r
ð1þ �ise

�m�rÞ; (4)

where

�is ¼ 1

4�G

qiqs
�i�s

�̂i�̂s; (5)

is a dimensionless parameter characterizing the strength of
the new force relative to gravity, expressed in terms of the
charge-to-mass ratio q=� ¼ Q=M, where � is the mass in

atomic mass units. The parameters �̂i;s are

�̂ i;s ¼
�
1 for fermionic objects;
1

2�i;s
for scalar objects: (6)

The parameter �is is not universal and in general depend
on the composition of the macroscopic bodies acting as
sources for �.

1The t-channel � exchange amplitude is accompanied by an
extra factor of 2mi;s for fermions relative to scalars. This is due
to the fermionic spinor normalization �ui;sui;s ¼ 2mi;s in the
nonrelativistic limit. These factors are absorbed by switching
to states with normalization hpjqi ¼ ð2�Þ3�ð3Þðp� qÞ in order
to compare with the nonrelativistic Born amplitude. For scalars
we are then left with an additional factor of 1

2mi;s
in the potential

relative to fermions.
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Eötvös experiments look for apparent violations of the
equivalence principle by measuring the difference in ac-
celeration of two test bodies of different compositions in
the presence of a common source. Experimental con-
straints on new long-range composition-dependent forces
are typically expressed in terms of the Eötvös parameter,

� ¼ 2
ja1 � a2j
ja1 þ a2j ’

��������
�a

a

��������; (7)

where ai is the total acceleration of object i ¼ 1, 2, �a �
a1 � a2, and a is the universal gravitational acceleration in
the absence of any new long-range forces. The last ap-
proximation made above is valid when the fifth force is
weaker than gravity. From (4), the acceleration of object i
due to the source s is

ai ¼ GMs

r2
½1þ �isð1þm�rÞe�m�r�: (8)

The dark forces are constrained to be weaker than gravity,
and we are interested in distances less than the Compton
wavelength of the scalar, r� m�1� . The Eötvös parameter

is then

�1;2
s ¼ 1

4�G

��������
q1�̂1

�1

� q2�̂2

�2

��������
��������
qs�̂s

�s

��������: (9)

Currently, the strongest limits on violations of the weak
equivalence come from torsion balance Eötvös experi-
ments [60] which give the constraints

�Be; Ti
E < ð0:3� 1:8Þ � 10�13;

�Be; Ti
DM < ð4� 7Þ � 10�5:

(10)

The Eötvös parameters �Be; Ti
E and �Be; Ti

DM measure differ-
ential acceleration of laboratory test samples of Beryllium
and Titanium with the Earth and galactic dark matter as the
source bodies, respectively.

Future experiments, currently being studied, are ex-
pected to further improve the bound on the Eötvös parame-
ter by several orders of magnitude as shown in Table I. The
MiniSTEP experiment [56], currently under study, would
use test objects of different composition orbiting earth in
free fall and new technology to reduce thermal noise. If
approved, this experiment is expected to achieve the high-
est sensitivity of �� 10�18. The Microscope experiment,

which has been approved, uses the same principle but is
expected to reach a sensitivity of �� 10�15. In the method
of Lunar Laser Ranging (LLR) used by the APOLLO
collaboration [61], the differential acceleration of the
Earth and Moon is measured in the presence of a source
like the Sun or galactic dark matter. The APOLLO col-
laboration, which is currently underway, is expected to
achieve a sensitivity of �� 10�14 improving the current
sensitivity for � by an order-of-magnitude. Methods using
atom interferometry [62] could reach a sensitivity of ��
10�17.
These experiments are also sensitive to dark forces, if

the DM has interactions with the SM. Through quantum
effects involving virtual DM, dark forces will be commu-
nicated [33,34] to ordinary matter and these effects can be
tested in Eötvös experiments. A dark force is already con-
strained from an analysis of the tidal disruption in satellite
galaxies [51]. This study constrains the coupling of � to
DM particles by putting bounds on the parameter 	

	 ¼ MPffiffiffiffiffiffiffi
4�
p jg
j

M


�
; (11)

where we reserve the symbol g
 for the DM charge under

the fifth force, M
 denotes the DM mass, MP ¼ 1=
ffiffiffiffi
G
p

is

the Planck mass, and �
 is as defined in Eq. (2). The

coupling g
 appears in the Lagrangian via interaction

terms for fermionic2 and scalar DM of the form

�L ¼
�
g
 �

�; fermionicDM;
g



y
� scalarDM;
(12)

Thus, we see that for fermionic DM, g
 is dimensionless

and for scalar DM it has dimension one. From the analysis
of tidal streams in the Sagittarius galaxy, Kamionkowski
and Kesden [51] obtained the approximate upper bound of

	 & 0:2: (13)

Newly discovered systematic errors [53] could lead to a
revision of this bound and more recently, the work of [63]
showed the possibility of 	� 1 consistent with observa-
tions of galactic dynamics. A more recent analysis [54] of
the CMB and large scale structure formation gives a tighter
bound of 	< 0:05. In this paper we use 	 ¼ 0:2 as a
reference value for most discussions, and our results be
straightforwardly translated to other values of 	.

III. LIGHT SCALAR COUPLING TO
MACROSCOPIC OBJECTS

The charge-to-mass ratio under a fifth force for an
elementary particle is straightforward to obtain in terms

TABLE I. Expected sensitivities for the Eötvös parameter in
future experiments testing the WEP. The MiniSTEP experiment
is currently under study by NASA and the ESA. Microscope has
been approved and the Apollo (LLR) experiment is underway.

Experiment Expected Future Sensitivity in �

MiniSTEP [56] 10�18
Microscope [55] 10�15
Apollo (LLR) [61] 10�14

2For simplicity we assume that the fermionic DM is in a
vectorlike gauge representation so that �

� is gauge invariant.
For chiral DM, the coupling to � can arise from higher-
dimension operators.
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of the Lagrangian parameters. For example, the charge-to-
mass ratio for elementary fermionic or scalar DM 
 is
given by �

q

�

�


¼ g


M


: (14)

This charge-to-mass ratio is obtained by computing the
tree-level � exchange diagram between two DM particles
and taking the nonrelativistic limit to compare with Eq. (4).

For composite materials the calculation of the charge-to-
mass ratio is more complicated [64–67], as one has to take
into account hadronic, nuclear, and atomic matrix elements
of various operators containing SM fields that couple to �
as well as the effects of binding energy. In particular, one
needs the charge-to-mass ratio for the various types of
atoms that make up the laboratory test materials. We
compute these ratios using an effective field theory valid
near the nucleon mass scale that involves the light quarks
q ¼ fu; d; sg, gluons, the charged leptons ‘ ¼ fe; �g, the
photon, and the light scalar �. All other heavier degrees of
freedom have been integrated out. The interaction terms in
this effective Lagrangian take the form:

L� ¼
X
q

gq
mp

mq �qq�þ
X
‘

g‘
mp

m‘
�‘‘�þ cg�Ga

��G
��
a

þ c��F��F
��: (15)

As we discuss below, the effects of the� coupling to heavy
quarks, the tau lepton, massive gauge bosons, and 
 that
have been integrated out are encoded in the operator co-
efficients gq;‘ and cg;�. We assume that the couplings of �

to the SM fermions are linearly proportional to the fermion
mass. This will make the analysis simpler, as we will see,
by allowing us to exploit the scale invariance of the energy-
momentum tensor. This assumption is realized in several
types of DM models. The couplings cg and c� can be

straightforwardly computed in any given model. To illus-
trate, consider a model in which � couples to the SM
fermions at the electroweak scale as

L�f �f ¼
X
q

gq
mp

mq �qq�þ
X
‘

g‘
mp

m‘
�‘‘�þ g�

mp

m� ����

þX
Q

gQ
mp

mQ
�QQ�; (16)

where the sum over Q denotes a sum over the heavy b, c, t
quarks and all the couplings g‘;�;q;Q above are independent

of the SM fermion masses. One can then integrate out the
heavy quarks and the tau lepton to obtain [64] the renor-
malization group invariant relations

mQ
�QQ ¼ � �s

12�
Ga

��G
��
a � �

16�
F��F

��;

m� ��� ¼ � �

16�
F��F

��

(17)

to leading order in the heavy quark and tau lepton mass

expansion and perturbation theory. Note that the right-hand
side (rhs) above is independent of the heavy quark and tau
lepton mass. In this case the couplings cg and c� in Eq. (15)

are given by

cg ¼ � 1

mp

�X
Q

gQ

�
�s

12�
;

c� ¼ � 1

mp

�X
Q

gQ þ g�

�
�

48�
;

(18)

at leading order. The mass operators on the left-hand side
(lhs) of the equations in Eq. (17) appear in the QCDþ
QED energy-momentum tensor and are scale invariant,
allowing us to evaluate �s and � in Eq. (18) at the low-
energy scale of the effective theory (when taking the
atomic matrix element). Because they do not run below
the electroweak scale, couplings gQ;� are evaluated at that

scale.
We now evaluate the coupling of � to an atom [66–69]

of type ‘‘A’’. Doing this allows us to determine the charge-

to-mass ratio qA�̂A=�A needed for Eötvös parameters, as
seen from Eq. (9), if the test or source bodies are made up
of atoms of type ‘‘A’’. We define the effective atomic
coupling as

L AA� ¼
�
gA �AA�; fermionic atoms;
gAA

yA�; scalar atoms;
(19)

where the A is the field that destroys the atomic state and
again gA is dimensionless for a spin 1=2 atom and has
dimension one for a spin zero atom. While a similar
approach can be applied to higher spin atoms we restrict
our analysis to spin 1=2 and 0 for the sake brevity and use
these cases as illustrative examples rather than be exhaus-
tive and cover all possibilities. We determine gA by a
matching calculation

hAjLAA�jA�i ¼ gA�A ¼ hAjL�jA�i; (20)

where we have used a nonrelativistic normalization for the
atomic states hAðpÞjAðqÞi ¼ ð2�Þ3�3ð ~p� ~qÞ, �A is the
normalization factor defined in Eq. (2), and L� is defined

in (15). From Eq. (20), as explained in Appendix A, the

general expression for the charge-to-mass ratio qA�̂A=�A

is

�̂A

�
q

�

�
A
¼ gA�A

MA

¼ 2cgg3
	3

þ 1

MA

�
Zð
eme þ

X
q


qmqxq;pÞ

þ ðA� ZÞX
q


qmqxq;n þ!A

�
; (21)

where the quantity !A is given by
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!A � �hAjF��F��jAi �
X
k


kmk

dEA

dmk

; (22)

EA is the atomic binding energy as defined in Eq. (A5), the
quantities 
k and � are given by


k ¼ gk
mp

� 2g3
	3

cg; � ¼ c� � g3	e

e	3

cg; (23)

as in Eq. (A10), the me term is the contribution from
electrons in the atomic shells, and xq;p and xq;n denote

the nucleon matrix elements

xq;p ¼ hpj �qqjpi; xq;n ¼ hnj �qqjni; (24)

which have been measured [67,70], although large uncer-
tainties remain. However, for our order-of-magnitude
analysis we use the central values quoted in [70] which
are listed in Eq. (A13) of appendix A. In Eq. (23), 	3 and
	e denote the QCD and QED beta functions, respectively.

Using Eq. (21) in Eq. (9) for test objects made up of
atoms with atomic weights A1 and A2, the general expres-
sion for the Eötvös parameter �S with source S is

�S ¼ M2
P

4�

���������̂S

�
q

�

�
S

��������
��������
�
Z1

MA1

� Z2

MA2

�

�
�

eme þ

X
q


qmqxq;p

�
þ

�
A1 � Z1

MA1

� A2 � Z2

MA2

�

�X
q


qmqxq;n þ
�
!A1

MA1

� !A2

MA2

���������; (25)

where ðq�ÞS denotes the charge-to-mass ratio for the source

object and Ak, Zk (k ¼ 1, 2) refer to the atomic weights and
atomic numbers of the two laboratory samples. For order-
of-magnitude estimates, we follow Ref. [66] and ignore
binding energy effects, encoded in the quantities !A1;2

.

Setting MA ’ AmN for the atomic masses, we then obtain
the simpler expression

�S ’ M2
P

4�mN

���������̂S

�
q

�

�
S

��������
�

��������
�
Z1

A1

� Z2

A2

��

eme þ

X
q


qmqðxq;p � xq;nÞ
���������:

(26)

From Eqs. (18) and (23), the parameters 
k appearing
above are given by


k ¼ 1

mp

�
gk � 2

27

X
Q

gQ

�
(27)

at leading order. Here gk denotes the couplings of � to the
light quarks and charged leptons and gQ denotes its cou-

pling to the heavy ðb; c; tÞ quarks. A special case that will
be of particular interest in subsequent discussion occurs
when the couplings to fermions are universal, apart from

the fermion Yukawa couplings explicitly factored out via
the factors of mf in Eqs. (15) and (16). Setting

gk ¼ gQ � �g (28)

and mp ¼ mn ¼ mN leads to

�univ
S ’ �g

�
M2

P

4�m2
N

��
7

9

����������̂S

�
q

�

�
S

��������
�

��������
�
Z1

A1

� Z2

A2

��
me þ

X
q

mqðxq;p � xq;nÞ
���������: (29)

Typical source objects ‘S’ used in Eötvös experiments
include the Earth, the Sun, and galactic DM, and one needs

to obtain their charge-to-mass ratio �̂Sðq�ÞS that appears in

Eq. (29). If galactic DM is made of elementary particles,
then as already discussed, the charge-to-mass ratio under
the dark force is given by

�̂ S

�
q

�

�
S

��������S¼DM
¼

�
g

M


�
�̂
: (30)

For objects like the Earth that are made up of many differ-
ent types of atoms, the effective charge-to-mass ratio is
obtained by a superposition of the couplings of � to all the
different atoms present in the object. In contrast to the
situation for differences in charge-to-mass ratios for test
bodies, it suffices to approximate this ratio for the bulk
source object by ignoring atomic binding energy effects
and summing over the couplings of � to all the neutrons,
protons, and electrons present. Doing so in the case of the
Earth leads to

�̂ E

�
q

�

�
E
’ gpNp þ gnNn þ geðme=mNÞNe

mNðNp þ NnÞ þmeNe

; (31)

where Np, Nn, Ne denote the total number of protons,

neutrons, and electrons, respectively, that make up Earth
and gp and gn denote the couplings of � to protons and

neutrons, respectively:

gN ¼ hNjL�f �fjNi; (32)

for N ¼ p or n. In the limit of a universal coupling as in
Eq. (28), one can express gN in terms of gh, the coupling of
the Higgs to the nucleon worked out in [71,72], as

gN ¼ gh �g

�
v

mN

�
; (33)

where v ¼ 246 GeV is the vacuum expectation value of
the neutral component of the Higgs doublet and the ex-
pression for gh is [71,72]

gh ¼ hNj
�X

q

mq

v
�qqþX

Q

mQ

v
�QQ

�
jNi: (34)

Using similar methods to those employed to determine gA
and ignoring small difference between the neutron and
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proton coupling, one has [71–73]

gh ’ 1:71� 10�3: (35)

The resulting expression for the Earth’s charge-to-mass
ratio in this case is

�̂ E

�
q

�

�
E

��������univ
’ �g

�
v

m2
N

�
ghðNp þ NnÞ þ ðme=vÞNe

ðNp þ NnÞ þ ðme=mNÞNe

’ 0:0017 �g

�
v

m2
N

�
: (36)

The number of protons, neutrons, and electrons are Np ’
1:9� 1051, Nn ’ 2:0� 1051, and Ne ’ 1:9� 1051 respec-
tively. We will make use of Eq. (36) in what follows.

IV. LIGHT SCALAR COUPLING TO THE
STANDARD MODEL

We now give a general discussion of the ways in which
an ultralight singlet scalar that mediates the dark force can
couple to SM fields. In doing so, we will lay the ground-
work for calculating the parameters gf (f ¼ q, Q, ‘), cg,

and c� of Eq. (15) and (16) or equivalently the parameters


k and � in Eqs. (23) and (27). In general a singlet scalar
can couple to SM fermions and gauge bosons only via
nonrenormalizable operators.3 However, it can couple to
the Higgs sector via both renormalizable and nonrenorma-
lizable interactions. We discuss these mechanisms for the
singlet scalar to couple to ordinary matter in this section.
We also address the need for fine-tuning of the ultralight
scalar mass when its interactions with the SM are non-
negligible, looking ahead to a similar issue when we con-
sider its coupling to DM.

A. Coupling to the Higgs sector

We assume that the mediator of the dark force carries no
SM charges and that it can be described by a gauge singlet
S. There exist no renormalizable couplings of such a
singlet scalar to the SM fermions or gauge bosons, but it
can couple to the SM Higgs doublet with operators of mass
dimension n � 4. After electroweak symmetry breaking,
the n ¼ 3 interaction HyHS will generate mixing between
S and the neutral component of the Higgs doublet, h. We
will identify the ultralight force-carrying scalar � with the
lighter mass eigenstate, and the heavier eigenstate with the
physical Higgs boson. The Lagrangian for the singlet S
including its renormalizable and super-renormalizable in-
teractions is given by

L ¼ 1

2
@�S@

�S� VðH; SÞ; (37)

where the potential is4

VðH; SÞ ¼ �

4

�
HyH � v2

2

�
2 þ �1

2

�
HyH � v2

2

�
S

þ �2

2
S2 þ �3

3
S3 þ �4

4
S4: (38)

We have shifted the scalar S so that it has no tree-level
vacuum expectation value. We follow the notation of
Refs. [57,74], which explored the presence of such a
singlet scalar in the context of collider phenomenology.
The parameters �1;2 may arise from a more fundamental

theory of which the S is a residual, low-energy degree of
freedom. As we discuss below, they may also receive
contributions from DM loops if the DM particles couple
to the both H and S.
After electroweak symmetry breaking the HyHS inter-

action induces mixing between the Higgs boson h and the
scalar S. In unitary gauge the neutral component of the
Higgs doublet H is given by

H0 ¼ vþ hffiffiffi
2
p ; (39)

and the mass terms in the potential are

Vmass ¼ 1

2
ð�2

hh
2 þ�2

SS
2 þ�2

hShSÞ; (40)

where

�2
h ¼

�v2

2
; �2

S ¼ �2 þ �2v
2

2
; �2

hS ¼ �1v:

(41)

The mass eigenstates h� in terms of S and h can be written
in terms of a mixing angle � as

h� ¼ S cos�� h sin�; hþ ¼ S sin�þ h cos�;

tan� ¼ x

1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ x2
p ;

(42)

with corresponding masses

m2� ¼
�2

h þ�2
S

2
��2

h ��2
S

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ x2

p
; (43)

and we have defined

x � �2
hS

�2
h ��2

S

: (44)

We assume that m2� � m2þ, so that the physical Higgs
boson and light scalar are hþ and h� respectively. The light
scalar h� can couple to quarks and charged leptons through
its mixing with the Higgs as shown in Eq. (42). We identify

3We do not consider right handed neutrino fields which could
couple to the singlet scalar at the renormalizable level. Including
such interactions will not affect our analysis and we thus ignore
them for simplicity and brevity.

4Here we also assume that �1 or �3 are nonzero so that the
potential has no discrete symmetry. In this case, the existence of
a vacuum expectation value for S (before the linear shift) would
not lead to potentially problematic cosmological domain walls.
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the light scalar that mediates the long-range force as

� � h�; m� ¼ m�: (45)

The scalar� couples to the SM fermions through its Higgs
component, giving rise to the couplings gf, where f de-

notes any of the light quarks q ¼ u, d, s, charged leptons
‘ ¼ e, �, �, or heavy quarks Q ¼ c, b, t. One has

gf ¼ � sin�
mp

mf

mf

v
¼ � sin�

mp

v
; (46)

where the extra factor of mp=mf after the first equality is

included to be consistent with the convention in Eq. (15).
This process is depicted in Fig. 1. We see that in this
mechanism the coupling of � to ordinary matter is propor-
tional to sin�, with the constant of proportionality given
entirely in terms of known quantities. The mixing angle �
will also receive corrections at the loop level and in the rest
of the analysis we assume that � is the renormalized
mixing angle.

For later use, we note that in the limit that �h ’ mh 	
�S corresponding to a small mixing angle �, we can write

m2
� ’ �2

S �
�4

hS

4m2
h

: (47)

The existence of an ultralight scalar that can mediate a dark
force over intergalactic distances requiresm� < 10�25 eV.

In addition to the usual fine-tuning of the parameters �S

and�hS against radiative corrections sensitive to the cutoff
(see Sec. IVC), the finite renormalized parameters �S and
�hS are restricted in parameter space to satisfy the condi-
tion m� < 10�25 eV in Eq. (47). As we will discuss in

Sec. VII in more detail, this gives rise to three types of
regions in parameter space. In the first region, �S and �hS

are both individually small in which case there will be no

observable dark force. In the second region, �S and �hS

are large enough to give rise to an observable dark force but
cancel against each other in Eq. (47) to maintain an ultra-
light mass. In the third region, as will become clear in later
sections, �S and �hS are again individually small as in the
first region, but each is determined by a sum of much larger
terms that cancel among each other. The second region is
phenomenologically the most interesting and is the focus
of this paper.

B. Nonrenormalizable interactions

If both the S and H couple to additional fields with
masses above the electroweak scale, then these interactions
will in general induce nonrenormalizable operators that
involve both the S and H in a low-energy effective theory
that does not contain the heavy degrees of freedom explic-
itly. Minimal dark matter models, for example, can require
TeV-scale DM particles in order to achieve the observed
relic density [75], and these fields may generate the higher
dimensional S-H operators. At dimension five, one has
seven independent operators coupling S to the SM fermi-
ons and gauge bosons:

OH
u ¼ S �QL�H

yCH
u uR þ H:c:;

OH
d ¼ S �QLHCH

d dR þ H:c:;

OH
e ¼ S �LLHCH

e eR þ H:c:;

OW ¼ CWSTr ½W��W
���;

OB ¼ CBSB��B
��;

OG ¼ CGSTr½G��G
���;

OH ¼ CHSðHyHÞðHyHÞ:

(48)

The flavor indices on the fields QL, L, uR, eR and the
matrices CH

u;d;e are suppressed for simplicity. Operators of

the form S �QLi 6DQL, S �uRi 6DuR, S �dRi 6DdR, and S �eRi 6DeR
can be related to the operatorsOH

u;d;e by using the equations

of motion

i 6DQL ¼ �HyYuuR þHYddR;

i 6DuR ¼ �HYyuQL;

i 6DdR ¼ HyYydQL;

i 6DeR ¼ HyYye LL;

(49)

where Yf denotes the matrix of SM Yukawa couplings. We

have omitted operators that involve derivative or pseudo-
scalar couplings of S. Such couplings are spin dependent
and have a negligible effect in experiments which use
unpolarized test objects.
In general, the Wilson coefficients CH

u;d;e are 3� 3 ma-

trices in flavor space, and can lead to flavor-changing
interactions of quarks and leptons with S. Since the cou-
plings of S to quarks and leptons are extremely small (as
dictated by the WEP violation bounds) there is no danger

H

H

S

Q L, L qR, e R

FIG. 1. Interaction of S with SM fermions by mixing with the
Higgs via the operator SHyH. Here, ‘‘X’’ denotes the vacuum
expectation value of the Higgs doublet.
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of introducing dangerous flavor-changing neutral currents.
In the specific model examples considered in subsequent
sections of the paper, find that the CH

u;d;e are proportional to

the Yukawa matrices:

CH
u;d;e � cu;d;eYu;d;e; (50)

where cu;d;e are the constants of proportionality. After

expressing the fermion fields in the mass basis, in unitary
gauge where the operators OH

u;d;e become flavor diagonal.

We can write

~OH
u ¼ cuy

i
uS �u

i
LH

0uiR þ H:c: � ~ciuS �u
i
LH

0uiR þ H:c:;

~OH
d ¼ cdy

i
dS

�diLH
0diR þ H:c: � ~cidS

�diLH
0diR þ H:c:;

~OH
e ¼ cey

i
eS �e

i
LH

0eiR þ H:c: � ~cieS �e
i
LH

0eiR þ H:c:;

(51)

where H0 is the lower component of the Higgs field H in
unitary gauge before electroweak symmetry breaking, the
index i ¼ f1; 2; 3g runs over the three flavor generations,
and we have defined ~cia ¼ cay

i
a.

After electroweak symmetry breaking, the operator OH

in Eq. (48) will also contribute to sin�. To linear order in h
one has

O H ! CHv3Sh; (52)

thereby generating a contribution to the off-diagonal ele-
ment of the mass-squared matrix

��2
hS ¼ 2CHv3: (53)

We will explore the consequences of this term when dis-
cussing scalar DM models below. For the moment we
assume that this contribution has been included in sin�.

Collecting the contributions to the couplings gq;‘;Q from

the higher-dimension operators OH
u;d;e and mixing effects

after electroweak symmetry breaking, the coupling of the
ultralight scalar � to SM fields at the electroweak scale is
given by

gfðvÞ ¼
mp

mf

�
cos�

vffiffiffi
2
p ~cifðvÞ � sin�

mf

v
ðvÞ

�

’ mp

mf

vffiffiffi
2
p ~cfðvÞ � sin�

mp

v
ðvÞ; (54)

where the last approximation is obtained from cos� ’ 1
since � is constrained to be very small. We have included
an extra factor of mp=mf on the rhs above to be consistent

with the convention in Eq. (15). We have ignored the
running between the scales �� TeV and the electroweak
scale for simplicity, but these effects can be incorporated
by computing the appropriate anomalous dimension matrix
and solving the corresponding renormalization group
equations. We can now use Eq. (54) in Eqs. (23) and (25)
to compute the Eötvös parameters. In particular, we note
that the contribution proportional to sin� is universal, so its

contribution to the �S can be evaluated using Eqs. (29) and
(36).
In general, the origin and parametric dependence of sin�

and ~cf are independent. In most of the parameter space

where there are no strong cancellations between the two
terms in Eq. (54), WEP violation constraints can separately
bound each of the two terms in Eq. (54). In the next three
sections we use this feature with the representative mini-
mal DM models, in the presence of a dark force mediated
by �, and determine the implications for terrestrial experi-
ments of direct DM-detection, Eötvös experiments, and the
colliders.

C. Fine-tuning and the light scalar mass

Before proceeding, we observe that in the absence of a
symmetry that protects the light scalar mass from signifi-
cant renormalization, one must resort to fine-tuning to
maintain the long-range character of the dark force. To
illustrate, we consider the contributions from the HyHS
and HyHS2 in VðH; SÞ to the singlet self-energy. In the
unitary gauge one has

�ðp2ÞHyHS ¼ �
�2
1

128�2

�
1

"
� �þ ln4�þ ln�2

� F0ðm2
H;m

2
H; p

2Þ
�

(55)

�ðp2ÞHyHS2 ¼
�2m

2
H

32�2

�
1

"
� �þ 1þ ln4�� ln

m2
H

�2

�
;

(56)

where we work in d ¼ 4� 2" dimensions, � is the corre-
sponding t’Hooft scale, and

F0ða; b; cÞ ¼
Z 1

0
dx ln½ð1� xÞaþ xb� xð1� xÞc�:

(57)

Had we regulated the integrals with a momentum cutoff
�CO, the quadratic divergence proportional to �2m

2
H="

would be replaced by an expression proportional to �2�
2
CO.

For either choice of regulator, preservation of a tiny
scalar mass requires a mass counterterm ��2

S to cancel

both the quadratic and logarithmically divergent contribu-
tions. In addition, as one sees using dimensional regulari-
zation, the finite, �-dependent contributions require a
corresponding �-dependence in ��2

S as needed to main-

tain the scale-independence of the physical pole mass (or
range of the dark force). The divergent and �-dependent
finite contributions can be minimized by either choosing
�1;2 to be sufficiently tiny or by allowing for large cancel-

lations between ��2
Sð�Þ and the one-loop contributions.

For the particular example discussed here, the finite con-
tributions can also be minimized by choosing� 
 mH, but
these contributions will not be small at all scales unless the
coefficients �1;2 are tiny or there exists a large cancellation
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(fine-tuning) between ��2
Sð�Þ and the one-loop contribu-

tions for � � mH. In short, allowing for any appreciable
interaction between the singlet S and the Higgs sector of
the SM invariably requires fine-tuning at some scale in
order to ensure that the dark force mediator remains ultra-
light. In what follows, we will return to this point when
considering the coupling of S to DM. Even after allowing
fine-tuning, the finite renormalized parameters are re-
stricted in parameter space in order to maintain an ultra-
light mass for the dark force mediator. We will discuss this
issue in more detail in Sec. VII.

V. WIMP DM AND EÖTVÖS EXPERIMENTS

In an earlier work [34], we examined constraints on the
size of the coupling of an ultralight scalar to ordinary
matter induced via virtual WIMP DM. The connection
between constraints from galactic dynamics and Eötvös
experiments and the size of the ultralight scalar couplings
to DM and ordinary matter were shown in Fig. 1 of [34]. In
analyzing the astrophysical constraints, we assumed only
an upper bound 	< 0:2 and showed that in representative

WIMP scenarios, it leads to stronger constraints on the
strength of the �-WIMP coupling than do the present
Eötvös bounds on �E;DM. An improvement [34] of about

8 orders of magnitude in Eötvös experiments would be
required to compete with the bounds from astrophysical
constraints.
Here, we explore the prospective implications of a non-

vanishing 	. The presence of a modified, long-range dark
force could help alleviate tensions in the �CDM paradigm
(we refer the reader to Refs. [33,51] for an extensive
discussion). In what follows, we show that a nonvanishing
	 implies a lower bound on �E;DM in simple WIMP

scenarios, so that future Eötvös experiments with improved
sensitivity could be used to test this possibility. For pur-
poses of illustration, we consider both scalar and fermionic
WIMP DM. For fermionic WIMPs we restrict our attention
to vectorlike gauge representations, which simplifies the
structure of the coupling of the ultralight singlet scalar� to
DM.
The Lagrangian for minimal WIMP DM takes the form

L ¼
�
�
ði 6DþM0Þ
; fermionicDM;
cðD�
ÞyD�
� cM2

0

y
� Vð
;HÞ; scalarDM;

(58)

where c ¼ 1=2 for a real scalar and c ¼ 1 for a complex
scalar. The covariant derivative depends on the SUð2ÞL and
Uð1ÞY representations of 
. Assuming that a single WIMP
species saturates the relic density, one finds that typical
masses of such minimal DM candidates are in the TeV
range [75]. In general, Vð
;HÞ can contribute to the scalar
DM mass after electroweak symmetry breaking. However,
since the typical WIMP DM masses are in the TeV range,
such a contribution which will be on the order of the
electroweak scale, will be much smaller than the size of
the mass parameter M0 � TeV in the second line of
Eq. (58). Therefore in what follows, the total scalar DM
mass, defined to be the sum of M0 and the contribution to
the mass term from Vð
;HÞ after electroweak symmetry
breaking, is given entirely by M0. For gauge singlet scalar
DM models with DM masses in the 100 GeV range, the
contribution to the mass from electroweak symmetry
breaking in Vð
;HÞ can be important. We will consider
the case of singlet scalar DM in the next section.
Furthermore, since electroweak symmetry breaking can
in general induce mixing between the scalar DM and the
Higgs, we impose a Z



2 symmetry ð
! �
Þ to ensure

stability of the DM particle. The interactions in Vð
;HÞ
can also be constrained from WEP tests, and we will
explore this in the next two sections for scalar DM. For
vectorlike fermionic DM no renormalizable couplings ex-
ist between the Higgs and DM. Such couplings can how-
ever be present for chiral DM.

We consider the impact of a dark force via the interac-
tions of DM with the ultralight scalar � as in Eq. (12).

These couplings are gauge invariant for fermionic DM only
for vectorlike gauge representations to which we restrict
our attention. For chiral fermionic DM, the coupling to �
can only arise from higher-dimension operators by gauge
invariance. Assuming no other low-energy degrees of free-
dom besides those of the SM plus the 
 and �, the dark
sector interactions (12) induce a coupling of � to the SM
fermions at two-loop order, as illustrated in Fig. 2. The
graph involving only virtualUð1ÞY gauge bosons [left panel
of Fig. 2] directly generate the operators OH

f in Eq. (48),

while the one-particle irreducible diagram involving both
W and B bosons in the �þ f ! Hþ f ‘‘Compton
amplitude’’ [right panel of Fig. 2] generates operators of

the form �Qið 6D
 
� ~6DÞQ, etc. As noted earlier, operators of

this type can be expressed in terms of OH
f using the

equations of motion, indicated symbolically by the pres-
ence of the H field on the external leg in the right panel
of Fig. 2. In either case, the Wilson coefficients CH

f

are proportional to the Yukawa matrices due to the
Higgs insertions. After the neutral component of the
Higgs field obtains a vev, the loop-induced operators OH

f

give rise to the interactions �ff� of Eq. (16). Any mixing
between the ultralight scalar and the Higgs will also con-
tribute, corresponding to the second term as usual in
Eq. (54).
For SUð2ÞL triplet DMwith hypercharge Y ¼ 0, only the

SUð2ÞL gauge boson-exchange diagrams of the right panel
of Fig. 2 contribute. The resulting coupling of � to the SM
fermions are as in Eq. (16), with
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gf ¼ C3

�
�em

�

�
2 mp

M


g
�̂
 � sin�
mp

v
; (59)

where we have employed naive dimensional analysis
(NDA) to estimate the first term on the rhs of Eq. (59).
Although the precise Oð1Þ coefficient C3 can be obtained
from a complete computation, for our purposes of arriving
at order-of-magnitude relationships between 	 and �, the
NDA expression suffices.5 We note that the sum of all loop
graphs of the type in Fig. 2 is finite because we began with
only renormalizable couplings and the operators OH

f have

dimension n ¼ 5. We also observe that the coupling to
different species of fermions is universal since we have
factored out the explicit dependence on the Yukawa cou-
pling in the definition of the gf in Eq. (16).

For SUð2ÞL multiplet DM with hypercharge Y � 0, the
induced couplings of the ultralight scalar to DM is given by

gf ¼ CN

�
�em

�

�
2 mp

M


g
�̂
 þ CYY
2

�
�em

4�

�
2 mp

M


g
�̂


� sin�
mp

v
; (60)

where CN;Y are Oð1Þ coefficients that, as before, can be

obtained from a complete two-loop computation. We ob-
serve that the first terms on the right-hand side of Eqs. (59)
and (60) are universal for different fermion species and
come from the exchange of the SUð2ÞL gauge bosonsWa in
Fig. 2. The last terms containing sin� are also universal,
having been generated from the mixing between the Higgs
and light scalar �. The middle term in Eq. (60), involving
the square of the SM hypercharge Y, are nonuniversal and
are generated by the exchange ofUð1ÞY gauge-bosonB. We
point out that such minimal WIMP DM models with non-
zero hypercharge are typically ruled out [75] by direct-
detection experiments. Here we discuss these minimal DM
models with nonzero hypercharge, only as illustrative ex-
amples keeping in mind that such DM could be part of a

nonminimal extension which avoids the direct-detection
bounds.
A similar analysis can be performed for other WIMP

models of DM that may involve additional degrees of
freedom. In supersymmetry, for example, the DM matter
particle 
 is a linear superposition of winos, binos, and
Higgsinos. In addition there are squark and slepton parti-

cles which give interactions of the type � ~c �c 
þ H:c:. In
theories with such a spectrum of particles one can induce a
coupling of� to ordinary matter via virtual DM at one loop
as shown in Fig. 3.6 If the ultralight scalar � is the scalar

component of a singlet superfield Ŝ, a superpotential term

of the form ð�þ g
ŜÞĤu � Ĥd will lead to a coupling to

fermions of the form

gf � 1

16�2

m ~c��2

M2
SUSY

g
: (61)

If 
 is primarily a bino, then � ’ gY , the hypercharge
coupling. If 
 is primarily Higgsino, the coupling of � to
the light quarks will be suppressed. The coupling of � will
be primarily to the top quark which has order one Yukawa
couplings. Thus, in such models it is possible to induce a
stronger WEP-violating coupling to ordinary matter at one
loop leading to bigger effects in Eötvös experiments. For
the sake of brevity, we do not consider such nonminimal
scenarios and we will only focus on minimal DM models
without additional degrees of freedom such as squarks and
sleptons.
It is possible that the loop-induced OH

f operator contri-

butions to gf and those generated indirectly by H � S

mixing (proportional to sin�) are individually much larger
than gf yet cancel to produce a much smaller coupling.

However, away from this special region of parameter

φ

ψ

χ

ψ

B B

L

H

ψψ
L R R

φ

χ

ψ

 B,W

L

H

ψψ
L Rψ

L

a
B,W a

FIG. 2. Two-loop diagrams in WIMP DM models that generate the operators OH
f in Eq. (48). Thus, after electroweak symmetry

breaking the ultralight scalar couples to SM fermions.

5The subscript in C3 refers to the dimension of the triplet
representation of SUð2ÞL.

6Of course the presence of an ultralight scalar would introduce
a new hierarchy problem which spoils the main motivation for
supersymmetric theories. Here we invoke supersymmetry simply
as a familiar example to illustrate the possibility of new types of
interactions that can induce a coupling of the ultralight scalar to
ordinary matter.
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space, each contribution will be roughly no larger in mag-
nitude than gf itself [as already discussed following

Eq. (54)]. In this generic case, we are able to obtain
expectations for the size of Eötvös parameters in our
illustrative minimal WIMP dark sector models, for a given
value of 	, from the two-loop gauge contribution. We will
consider the contribution of H-S mixing to gf in the next

section. We note that the contributions from the SUð2ÞL
gauge bosons are generically an order-of-magnitude larger
than those from the hypercharge gauge bosons due to the
relative sizes of their couplings [leading to the additional
factor of 1=16 in the second term of Eq. (60)]. Con-
sequently, for purposes of making order-of-magnitude es-
timates, we may employ the expressions for �S in the
presence of universal couplings given in Eqs. (29) and
(36) with

�g!
�
�em

�

�
2 mp

M


g
�̂
: (62)

Expressing g
�̂
 in terms of 	 we then obtain

�DM

	2
*

�
7
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��
�

�

�
2
��������
�
Z1

A1

�Z2

A2

��
me

mN

þX
q

mq

mN

ðxq;p� xq;nÞ
���������
(63)

�E

	2
*

�
7

9

��
�

�

�
4
�
v

mN

���������
�
Z1

A1

� Z2

A2

�

�
�
me

mN

þX
q

mq

mN

ðxq;p � xq;nÞ
���������

�
�
ghðNp þ NnÞ þ ðme=vÞNe

ðNp þ NnÞ þ ðme=mNÞNe

�
: (64)

Numerically the bounds in Eqs. (63) and (64) are (for Be
and Ti laboratory samples with jZ1=A1 � Z2=A2j ’ 1=72)

�DM

	2 * 10�10;
�E

	2
* 10�16; (65)

which are shown in Fig. 4 as the allowed regions for typical
minimal WIMP DM models in the ð�DM;E; 	Þ parameter

space. The curve in the left and right figures gives as
estimate of the minimum size for �DM and �E respectively
as a function of 	. One can also estimate the ratio �E=�DM

from Eqs. (63) and (64) to be approximately

�E=�DM ’ 10�6: (66)

For 	 ¼ 0:2, marked by the vertical lines in Fig. 4, the
current upper bound from galactic dynamics [51], we see
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FIG. 4. An estimate of the allowed region in the ð�DM;E; 	Þ parameter space for minimal WIMP DM models. The curves in the
figures give an estimate of for �DM;E for a given value of 	 from the two-loop diagrams in Fig. 2. The shaded region is unlikely for

typical WIMP models. Using the observational constraint 	< 0:2, the allowed region is further restricted to the left of the vertical line.
The estimates in the above figures for �DM;E, for 	< 0:2, are far below the current experimental bounds �DM & 10�5, �E & 10�13.
An improvement of about 5 orders of magnitude would be required in Eötvös experiments to fully probe the allowed parameter space
for 	 ¼ 0:2 by measuring �E. This is within reach of the MiniSTEP [56] proposal.

φ

χ

ψ~
ψ

L
ψR

H

ψ~L R

FIG. 3. DM-induced coupling of� to SM fermions at one loop
in the presence of additional squark and slepton like degrees of
freedom.
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that the lower bounds for typical WIMP DM models are
�DM > 4� 10�12 and �E > 4� 10�18. These lower
bounds are far below the current experimental upper
bounds shown in Eq. (10). An improvement of about five
to 7 orders of magnitude in Eötvös experiments would be
required in order to probe these expectations of WIMP DM
models. The MiniSTEP [56] experiment, which is cur-
rently under study, is expected to reach a sensitivity for
�E of about 10�18 and might be able to probe the lower
bounds of these WIMP models. However, if 	< 0:05 as
indicated by a recent analysis [54] of the CMB and large
scale structure formation, the lower bounds on �DM;E are

far beyond current and future planned experiments. If an
effect is detected in �DM;E far above the expectations in

Fig. 4 it would suggest the possibility that the coupling of
� to the SM fermions is mostly via h�� mixing corre-
sponding to the last term appearing in Eqs. (59) and (60).
One could extract a value for sin� and derive implications
for various DM scenarios as discussed in the following
section. Another possibility that might explain an effect
above the expectation in Fig. 4 would be a stronger induced
coupling of � to ordinary matter in nonminimal DM
models, for example, a one-loop coupling of � to ordinary
matter (see Fig. 3) in the presence of additional squark
degrees of freedom.

VI. WEP TESTS, DIRECT DETECTION, AND
HIGGS BOSON DECAYS

As observed in Ref. [33], the presence of a nonvanishing
	 of astrophysically interesting magnitude, together with
present limits on �E;DM can imply upper bounds on the size

of DM-nucleus cross sections relevant for direct-detection
experiments. Here we analyze these bounds in detail for the
illustrative cases of scalar DM scenarios and argue that
upper bounds on the DM-nucleus cross sections are less
stringent than obtained in Ref. [33]. We further comment
on the analysis of Ref. [33] at the end of Sec. VII. We also
consider the implications of a dark force for the DM relic
density and derive corresponding constraints. Finally, us-
ing a light scalar triplet, as part of a multicomponent DM
scenario, we show how the presence of a nonvanishing	—
together with experimental limits on �E;DM—can preclude

observable shifts in the rate for the Higgs boson to decay to
two photons as one might otherwise expect.

To include the full set of possible renormalizable inter-
actions between the DM, SM fields, and ultralight scalar,
we expand the scalar potential of Eq. (38), imposing the Z



2

(
! �
) symmetry need to prevent DM decays:

VðH; S; 
Þ ¼ VðH; SÞ þ 1

2
M2

0

2 þ �


4

4

þ a2H
yH
2 þ g



2Sþ �
s

2S2: (67)

For the scalar singlet case, 
 is a real field, while for the
real triplet with components 
0 and 
�, one has [76]


2 ¼ ð
0Þ2 þ 2
þ
�: (68)

We take M2
0 and a2 to be positive in order prevent a non-

vanishing vev for 
 and the occurrence of phenomenolog-
ically unacceptable cosmological domain walls. The
experimental constraints on this DM model, for g
 ¼ 0,

were recently explored in [57,58].
After electroweak symmetry breaking, the HyH
2 term

generates a contribution to the DM mass:

M2

 ¼ M2

0 þ a2v
2: (69)

Henceforth, we will take v ¼ 246 GeV, M2

, a2, and the

mass of the SM-like Higgs boson (mh) as independent
parameters. All of them govern the 
-nucleus cross sec-
tion, whose leading order amplitude is generated by
t-channel Higgs exchange as in Fig. 5 and is given by

M ’ 2a2ghv

m2
h

�NN; (70)

where we have neglected the t-dependence of the ampli-
tude for simplicity. Note that since the real triplet has zero
hypercharge, the elastic DM-nucleus scattering has no
contribution form Z-boson exchange at tree level. The
corresponding cross section is

�
N ’ a22g
2
hv

2m2
N

�ðM
 þmNÞ2m4
h

; (71)

where, for simplicity, we have dropped the dependence on
momentum transfer to the nucleus. [Recall that gh ’
1:71� 10�3 is the coupling of the Higgs to the nucleon
as defined in Eq. (34)]. Note that the cross section de-
creases for increasing M
 or decreasing a2. Note also that

the coupling a2, together with the masses M
 and mh,

a2

h

N N

FIG. 5. Direct-detection process for the scalar singlet and
triplet 
 via t-channel Higgs exchange with a nucleon. The
magnitude of the detection rate is determined by the strength
of the coupling a2. If 
 couples to the ultralight scalar�, the size
of a2 and thus the detection rate is bound by WEP violation
constraints.
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control the 
 relic density through the annihilation dia-
grams of Fig. 6. For M
 �mh=2 for singlet DM or a light

triplet in the multicomponent DM scenario, the Higgs-
exchange contribution becomes large, requiring a suppres-
sion of a2 in order to maintain the observed CDM relic
density. In what follows, we will generally avoid this
regime.

A. WEP Tests and Ultralight-Scalar-Higgs mixing

A relation between the Higgs-exchange contribution to
�
N and �E;DM arises for nonvanishing 	 because the

parameters a2, M
, and mh that enter the cross section

also control the strength of the DM-loop induced mixing
between the Higgs boson and the ultralight scalar. After
electroweak symmetry-breaking, these loop effects gener-
ate contributions to the mass-squared parameters �2

hs and

�2
S. The parameter�2

S contributes only to the massm2
� and

�2
hS contributes to sin� and m2

�. As with the contributions

from Higgs loops to �2
S discussed earlier in Sec. IVC, the

DM-loop contributions to this mass-squared parameter will
also require the introduction of fine-tuning to maintain a
sufficiently small mass for the ultralight scalar. Fur-
thermore, as already mentioned and discussed in more
detail in Sec. VII, the finite renormalized parameter �2

S

must be further restricted in parameter space in order to
maintain m� < 10�25 eV along with a dark force large

enough to be observed. We implicitly assume that we are
in this region of parameter space, conducive to the obser-

vation of a long-range dark force. We will discuss the
implications of other regions in parameter space in
Sec. VII.
We begin by observing that in addition to the direct

coupling �1 of S to the Higgs via the operator HyHS, a
DM-induced �-matter coupling arises from the one-loop
contribution to this operator through the second diagram of

Fig. 7. After renormalization in theMS scheme, the result-
ing finite coefficient of his operator is

�ren
1 ¼ �1ð�Þ þ �

g
a2

4�2
ln
M2

0

�2
; (72)

where

� ¼
�
1; singlet
;
3; triplet
;

(73)

The factor of � ¼ 3 appears in the case of the triplet 
 due
to the three components of the triplet traversing the loop in
the second diagram of Fig. 7. Here �1ð�Þ is the finite,
scale-dependent coupling counterterm whose numerical
value is a priori unknown and whose presence is required
to ensure renormalization group (RG) invariance of the
physical properties of the � and h. Note that the mass
parameter M2

0 (taken here to be positive) rather than M2



appears in the argument of the logarithm since we are
working in the theory before electroweak symmetry-
breaking.

h

h

h

h

h

h

h

h

h h

V

V f

χ

χ

χ

χ χ

χ χ

χ

χ

χ

f

FIG. 6. Annihilation diagrams for the scalar singlet DM. For the scalar triplet DM one has in addition the usual annihilation diagrams
mediated by gauge interactions. If the gauge interactions of the triplet dominate the dynamics of annihilation, a DM mass of around
2 TeV is needed to saturate the relic density.

FIG. 7. One-loop diagrams which contribute to the effective potential VðH; SÞ with one external S field. After electroweak symmetry
breaking the effective potential contributes to Higgs-ultralight-scalar mixing. The first two diagrams are UV divergent and contribute
to the renormalization of the S-tadpole and the coupling �1 respectively. The remaining diagrams mix into higher dimensional
operators and give a finite contribution to Higgs-ultralight-scalar mixing as explained in Appendix B.
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We also observe that the 
2S interaction will generate a
contribution to the mass parameter �2

S as it yields the

nonvanishing contribution to the S self energy:

�ðp2Þ
2S ¼ �
g2


16�2

�
1

"
� �þ ln4�þ ln�2

� F0ðM2
0;M

2
0; p

2Þ
�
: (74)

As with the case of the logarithmically divergent Higgs
contribution �ðp2ÞHyHS of Eq. (55), the DM-loop contri-
bution to the self energy requires a corresponding
�-dependence in ��2

Sð�Þ to maintain RG invariance of

the pole mass that governs the range of the dark force.
Large DM-loop contributions to �2

S can be minimized at

all scales by taking g
 to be sufficiently small: g
 &

4�m
pole
S . Doing so, however, would preclude a value of

	 of astrophysically relevant strength. Alternatively, one
may allow for a much larger, phenomenologically interest-
ing magnitude for g
 and maintain a small �2

S by invoking

fine-tuning between the one-loop contribution of Eq. (74)
and �m2ð�Þ.

A similar set of alternatives applies to the renormalized
coupling �ren

1 . One could require that the product g
a2 be

sufficiently small in magnitude, with a correspondingly
tiny �1ð�Þ, so that the induced H-S mixing is consistent
with the present bounds on �E;DM. To obtain a large 	, one
must then take a2 to be sufficiently small, implying an
upper bound on the Higgs-exchange contribution to the
DM-nucleus cross section via Eq. (71). This choice is
essentially the strategy followed in Ref. [33] to obtain
upper bounds on �
N . However, as seen in Eq. (41), �1

contributes to �hS and thus to the mass m� via Eq. (47).

The condition of m� < 10�25 eV gives a much stronger

naturalness constraint on a2 forcing it to be essentially zero
for a nonzero dark force. The constraints from �E;DM are

thus not relevant in such a naturalness analysis. We will
also discuss this in more detail in Sec. VII.

In what follows, we will instead allow for fine-tuning in
both �1 since we have already allowed fine-tuning for �S.
We show that assuming �2

S is restricted in parameter space

to satisfy m� < 10�25 eV for any value of �2
hS in Eq. (47),

we can obtain upper bounds on �
N by analyzing finite,

one-loop contributions to �2
hS, from higher dimensional

operators after EWSB, and their implications for WEP
tests. The other regions in parameter space and their im-
plications will be discussed in Sec. VII. To that end, con-
sider the third diagram of Fig. 7, which generates a
contribution to the dimension five operator

C2ðHyHÞðHyHÞS; (75)

where in the coefficient C2 is finite and given by

C2 ¼ �
a22
8�2

g


M2
0

: (76)

Since this contribution is finite there is no counterterm
involved in determining the value of C2. After electroweak
symmetry breaking this term will generate a contribution
to the off-diagonal elements in the h-S mass-squared ma-
trix

�2
hS ¼ 2C2v

3 þ �1v; (77)

leading to an h-S mixing angle �

tan� ¼ x

1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ x2
p ; x ¼ �2

hS

�2
h

¼ 2C2v
3 þ �1v

m2
h

;

(78)

which was defined in Eqs. (42) and (45). Since this mixing
implies a coupling of � 
 S to matter, the loop-induced
coefficient C2 will contribute to the Eötvös parameters
�DM;E. Given the dependence of C2 on a2 and the absence

of any fine-tuning in this parameter, we obtain an upper
bound on �
N for nonvanishing 	 as described below.

Before doing so, we observe the contribution to �2
hS

from full series of diagrams appearing in Fig. 7 (plus the
tadpole graph generated by the 
2S interaction) can be
evaluated in a straightforward way as outlined in
Appendix B. After renormalization, the result is

�2
hS ¼ v

�
�1ð�Þ þ �

g
a2

4�2

�
ln
M2




�2
� 1

��
þ �

g
a
2
2

4�2

v3

M2



:

(79)

Apart from an overall constant in the first term and the
replacement M0 ! M
, this expression is the same as we

obtained using the contributions to the HyHS and
ðHyHÞ2S operators from the second and third diagrams
of Fig. 7. The expression in Eq. (79) has the advantage that
it depends on the tree-level 
 mass after electroweak
symmetry breaking rather than on the parameter M0 as in
the effective operator analysis. We will henceforth use the
finite, second term in Eq. (79) to derive an upper bound on
Higgs-exchange contributions to �
N.

To that end, we write the mixing angle as

sin� 
 tan� 
 x 
 �
a22
4�2

g
v
3

M2

m

2
h

þ �ren
1 v

m2
h

¼ �
a22
�3=2

v3

MPm
2
h

	þ �ren
1 v

m2
h

; (80)

where �ren
1 denotes the quantity in square brackets in

Eq. (79). The mixing angle sin� also characterizes the
universal H-S mixing contribution to the Eötvös parame-
ters �E;DM. We now require that the contribution from each

term on the right-hand side of Eq. (80) to �E;DM be no

larger than the experimental limits on these parameters. As
discussed previously, the different parametric dependence
of each term and avoiding slices of parameter space with
unnatural cancellations between the two allows us to treat
each one separately. Considering only the first term pro-
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portional to a22, using Eqs. (29) and (36), with

�g! � sin�
mN

v
(81)

and expressing g
 in terms of 	, we obtain

�DM

	2
’ a22

�
7�

18�

��
v

mh

�
2

�
��������
�
Z1

A1

� Z2

A2

��
me

mN

þX
q

mq

mN

ðxq;p � xq;nÞ
��������� (82)
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’ a42

�
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36�4

��
v

mh

�
4
�
v

mN

�

�
��������
�
Z1

A1

� Z2

A2

��
me

mN

þX
q

mq

mN

ðxq;p � xq;nÞ
���������

�
�
ghðNp þ NnÞ þ ðme=vÞNe

ðNp þ NnÞ þ ðme=mNÞNe

�
: (83)

Equations (82) and (83) imply that for fixed 	 and mh,
the experimental bounds on �E;DM translate into bounds on

a2 as shown in Fig. 8. The solid red curves and the dashed
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FIG. 8 (color online). Upper bound on a2 in the singlet (red-solid) and real triplet (black-dotted) scalar DM models as a function of
�DM=	

2 (left panel) and �E=	
2 (right panel). We have usedmh ¼ 120 GeV and assume 	 ¼ 0:2 to discuss the resulting bounds on a2

from Eötvös experiments. In the top left and right plots, the vertical black lines on the right correspond to the upper bounds �DM <
10�5 and �E < 10�13 respectively. These vertical black lines will move to the left with further improvements in Eötvös experiments as
indicated by the left-pointing arrow in each plot. The bottom left and right plots show the region closer to the expected future bounds,
from the MiniSTEP experiment, of �DM < 10�10 and �E < 10�18 respectively as indicated by the vertical black line in each plot. We
explore the implications of these bounds on a2 from Eötvös experiments for specific observables in Secs. VI C and VID.
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black curves correspond to the bounds on a2 in the singlet

 and real triplet 
 models, respectively. For 	 ¼ 0:2 the
current bounds in Eötvös experiments imply �DM=	

2 <
2:5� 10�4 and �E=	

2 < 2:5� 10�12 respectively. The
tighter bound from �E implies a2 < 0:042 and a2 <
0:026 for the singlet and triplet 
 models, respectively.
The possible future experiment like MiniSTEP is expected
to improve the sensitivity of �DM;E by 5 orders of magni-

tude. From Eq. (83) this would tighten the bound on a2 by

an additional factor of 105=4 for a nonzero 	 or lead to the
discovery of a dark force effect.

B. WEP Tests and Scalar singlet DM Relic density

For the scalar singlet DM, the DM relic density is
determined entirely by the parameter a2 for fixed DM
and Higgs masses. This feature can be seen from Fig. 6,
where a2 enters the amplitude for each annihilation dia-
gram and, thus, determines the DM annihilation rate. In
particular, the value of a2 must be sufficiently large so that
the DM relic density does not over saturate the observed
value. Thus, the requirement that the singlet DM relic
density smaller than the total DM relic density, �S

DM �
�DM, leads to a minimum value amin

2 for fixed values ofM


and mh. If the WEP bounds on a2 imply that a2 < amin
2 ,

then a dark force of the corresponding strength will be
ruled out.

In order to illustrate this interplay, we refer to Fig. 3 of
[58]. The parameters a2 andM
 are the same as � and mD

respectively in the notation of [58]. From Fig. 3 of that
work, we see that for DM masses in the 0–50 GeV range,
the required value of a2 ranges from�0:16� 0:05 respec-
tively for mh ¼ 120 GeV. On the other hand, from the
upper curve in the top right graph of Fig. 8, we see that
a2 & 0:045 for 	 ¼ 0:2 from the current bound of �E <
10�13 (vertical black line at right). This WEP constraint
a2 < 0:045 implies an overdensity of DM in the range 0<

M
 < 50 GeV thus ruling out the possibility of a dark

force with 	> 0:2 in this range of parameter space. We
give sample points in the parameter space of singlet DM
models in Table II.

A more detailed analysis can be performed to rule out
even smaller values of 	 depending on the DM mass in the
scalar singlet model. Future Eötvös experiments with the
sensitivity of MiniSTEP [56] which are expected to reach a
sensitivity of �E < 10�18, could require bound of a2 &
0:0025 for 	 ¼ 0:2 as seen in the bottom right graph of
Fig. 8. In this case, one can rule out 	< 0:2 even for DM
masses above 60 GeV which require smaller values of a2 in
order to get the right relic density. As seen in Fig. 3 of [58],
larger values of the Higgs mass typically imply much
larger values of a2. For example, a Higgs mass of
200 GeV implies a range of a2 of �0:42� 0:05 for the
DMmass range of 0–80 GeV thus ruling out the possibility
of 	> 0:2 in order to prevent an overdensity of DM. Thus,
the bound on a2 from WEP constraints is a powerful probe
of a dark force in the scalar singlet DM model.
For the scalar real triplet DM model, the DM relic

density is determined by gauge interactions in addition to
the parameter a2. In this case, the WEP bound on a2 shown
in Fig. 8 does not necessarily rule out a dark force since the
correct relic density can still be obtained from annihilation
diagrams that proceed via gauge interactions that are in-
dependent of a2. For example, the bound of a2 < 0:02
implied by �E < 10�13 for 	 ¼ 0:2, as shown in the top
right graph of Fig. 8, implies that the annihilation rate will
be dominated by gauge interactions.

C. WEP Tests and DM-Nucleus cross sections

The current bounds on a2 for a nonzero 	 in the dark
sector, will also lead to upper bounds on the Higgs-
exchange contributions to the direct detection cross sec-
tion. From Eq. (71), the parameter a2 can be written in
terms of the tree-level cross-section �
N, which proceeds

via a t-channel Higgs exchange, as

a22 ¼
�
�ðM
 þmNÞ2m4

h

g2hv
2m2

N

�
�
N

��������Higgs exch
: (84)

Substituting into Eqs. (82) and (83), defining the quantities

F �
��������
�
Z1

A1

� Z2

A2

��
me

mN

þX
q

mq

mN

ðxq;p � xq;nÞ
���������; (85)

E �
�
ghðNp þ NnÞ þ ðme=vÞNe

ðNp þ NnÞ þ ðme=mNÞNe

�

 gh; (86)

we obtain the following relations between ðM
 þ
mNÞ2�
N and the Higgs-exchange contributions to the

DM-nucleus cross section:

TABLE II. The first two columns give sample points in the
ða2relic;M
Þ space of scalar singlet DM models with a Higgs

mass of mh ¼ 120 GeV. The third column gives an expectation
for �E=	

2 from Eq. (83). The fourth column uses the current
bound of �E < 10�13 to determine whether a dark force of 	 ¼
0:2 is ruled out. One can equivalently compare the different
values of a2relic with the WEP bound on a2, at 	 ¼ 0:2, in top
right graph of Fig. 8 at the far right vertical line.

a2relic M
 (GeV) Expectation for �E

	2 	 ¼ 0:2

0.15 20 4� 10�10 Excluded

0.10 40 7� 10�11 Excluded

0.02 100 1� 10�13 Allowed
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ðM
 þmNÞ2�
NjHiggs exch ¼
�
18

7�

�
g2h

�
mN

mh

�
2 1

F

�DM

	2
(87)

ðM
 þmNÞ2�
NjHiggs exch ¼
�
6�ffiffiffiffiffiffi
7�
p

�
g2h

�
mN

mh

�
2

�
��

mN

v

�
1

FE

�
1=2 �1=2

E

	
: (88)

The experimental limits on the Eötvös parameters, to-
gether with the foregoing expressions, lead to bounds on
the Higgs-exchange contributions to the DM-nucleus cross
sections. These bounds can be brought into the numerically

convenient form as a function of �DM=	
2 for the singlet 


as�
M
 þmN

100 GeV

�
2 �
N

1 pb
< ð1:1� 104Þg2h

�
100 GeV

mh

�
2

�
��������
Z1

A1

� Z2

A2

��������
�1�DM

	2
; (89)

and for the triplet 
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Similarly, the bounds as a function of �E=	
2 can be
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FIG. 9 (color online). Upper bounds on the Higgs-exchange tree-level direct-detection cross section of scalar singlet (left panel) and
real triplet (right panel) DM implied by a dark force as a function of �DM=	

2. To be specific, we assume 	 ¼ 0:2 and discuss the
implied bounds. In the top left and top right plots the vertical black line on the right corresponds to �DM < 10�5. In the bottom left and
bottom right plots, the vertical black line corresponds to the expected future sensitivity of �DM < 10�10. In all plots, the three lines
from to bottom correspond to the bounds for the Higgs masses of 120, 130, and 140 GeV, respectively. The size of these bounds
compared to current and future sensitivities for direct-detection experiments is discussed in the text.
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brought into the numerically convenient form for the sin-
glet 
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and for the real triplet 
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where j Z1

A1
� Z2

A2
j ’ 1=72 for Beryllium and Titanium

samples in Eötvös experiments. The upper bounds for the
Higgs-exchange contribution to the direct-detection cross
section of the singlet (left panel) and real triplet (right
panel) DM in the presence of a dark force, as determined
by Eqs. (89)–(92), are shown in Figs. 9 and 10 as a function
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FIG. 10 (color online). Upper bounds on the Higgs-exchange tree-level direct-detection cross-section of scalar singlet (left panel)
and real triplet (right panel) DM implied by a dark force as a function of �E=	

2. To be specific, we assume 	 ¼ 0:2 and discuss the
implied bounds. In the top left and top right plots, the vertical black lines on the right correspond to the current bound of �E < 10�13.
The bottom left and bottom right plots, the vertical black line corresponds to the expected future sensitivity of �E ¼ 10�18. In all plots,
the three curves from top to bottom, correspond to the Higgs masses of 120, 130, and 140 GeV, respectively. The size of these bounds
with current and future sensitivities of direct-detection experiments is discussed in the text.
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of �DM=	
2 and �E=	

2 respectively. In each graph we
show three sample curves corresponding to Higgs mass
choices of mh ¼ 120, 130, and 140 GeV as indicated. In
the top row of Figs. 9 and 10, the vertical black lines on the
right correspond to the current WEP bounds of �DM <
10�5 and �E < 10�13 for our benchmark value of 	 ¼ 0:2
which we use throughout this discussion. In the bottom row
of Figs. 9 and 10, the vertical black lines labeled
‘‘MiniSTEP’’ correspond to the expected sensitivity of
�DM � 10�10 and �E � 10�18 from a possible future ex-
periment like MiniSTEP [56]. We see that the bounds on
the Higgs-exchange contribution to the DM-nucleus cross
sections are typically much stronger from WEP violation
constraints on �E compared to those on �DM. However,
since the DM-nucleus cross section bounds depend linearly
on �DM and on the square root of �E, with enough im-
provement the bound from �DM could become stronger. In
the following discussion, we focus only on the direct-
detection bounds from �E shown in Fig. 10.

For the scalar singlet DM, the DM-nucleus cross section
bound from WEP tests does not yield any more informa-
tion than the bound on a2 which has already been dis-
cussed. This is due to the fact that a2 determines the DM
matter relic density entirely for fixed DM and Higgs
masses. If the WEP violation bound on a2 is too strong,
the resulting DM relic density will be too large over-
closing the universe and thus ruling out the dark force.
The bound on the DM-nucleus cross section resulting from
the corresponding WEP violation bound on a2, is thus not
useful since it is already ruled out.

However, the bound on the scalar singlet DM-nucleus
cross section can be useful in constraining the size of	 in a
multicomponent DM scenario where the scalar singlet is
only a fraction of the DM. For larger values of	, as already
discussed, the bounds on a2 from WEP tests are too strong
leading to an over-closed universe. For smaller values of 	
the bound on a2 becomes weaker as seen from Eqs. (82)
and (83). For small enough values of	, the upper bound on
a2 would be consistent with an under-relic-density of the
singlet scalar. A multicomponent DM scenario can also

have a2 consistent with an under-relic-density for the
scalar singlet and in this case theWEP violation constraints
on a2 can lead to interesting bounds on the DM-nucleus
cross section.
For the scalar real triplet DM, the DM relic density is

determined by a2 and gauge interactions in general.
However, the tree-level DM-nucleus cross section pro-
ceeds only via a t-channel Higgs exchange and its size is
determined by a2. We point out that the bound in Fig. 10
constrains the tree-level Higgs-exchange diagram but not
the one-loop diagrams, which proceed via gauge interac-
tions and the Higgs coupling to the nucleus and is inde-
pendent of a2. Thus, if the observed DM-nucleus cross
section is of the size explained by this one-loop diagram a
dark force cannot be ruled out.
In Table III we show the sensitivities of current and

future DM-detection experiments, taken from Table I of
[57]. We see from Fig. 10 that it will be difficult for current
and future direct-detection experiments to probe the upper
bound on the DM-nucleus-Higgs-exchange cross sections,
for scalar triplet DM, for values of 	 that are astrophysi-
cally interesting allowing one to rule out this possibility.
One would need a significant deviation from the expected
cross section from one-loop gauge diagram, indicating a
large value of a2, to rule out a significant dark force. For
smaller enough values of 	, the DM-nucleus cross section
bounds should be within reach of current or future experi-
ments. The bounds we have derived on the DM-nucleus
cross sections are much weaker than those in [33] since our
analysis constrains higher-dimension operators with finite
coefficients while the work of [33] had to rely on natural-
ness arguments to constrain renormalizable couplings. As
we have discussed earlier, since the ultralight scalar mass is
itself fine tuned we have avoided using naturalness
arguments.

D. WEP Tests and Higgs decays

We have shown in the last section that WEP constraints
lead to upper bounds on the tree-level DM-nucleus cross
sections for the scalar singlet and real triplet 
 models.

TABLE III. Sensitivities for DM direct detection cross sections in different experiments.
These sensitivities are for 50 GeV DM corresponding to the most sensitive mass window. We
see that the XENON10, CDMS (2007), WARP (140 kg), SuperCDMS, and WARP (1 ton)
experiments have enough sensitivity to probe the bounds on the direct detection cross sections in
Fig. 10 for singlet DM coupled to a WEP-violating force.

M
 ¼ 50 GeV Experiment Sensitivity Sensitivity

�
N (pb) ½M
þmN

100 GeV�2½�
N

1 pb�
CDMS [77] 1:6� 10�7 4:1� 10�8

XENON10 [17] 4:5� 10�8 1:2� 10�8
CDMS (2007 [78]) 1� 10�8 3� 10�9
WARP (140 kg) [79] 3� 10�8 8� 10�9

SuperCDMS (Phase A) [80] 1� 10�9 3� 10�10
WARP (1 ton) [81] 2� 10�10 5� 10�10
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However, if the dark sector is made up of a rich spectrum of
DM particles of different species, direct detection of any
species that makes up only a tiny fraction of the relic
density becomes difficult. One example of such a DM
species is the neutral component of the real triplet scalar

 with a mass far below a TeV. For masses below 500 GeV,
the triplet DM will make up less than 10% of the relic
density [75]. The astrophysical effects of a dark force
experienced by such a species would be too small to be
detected. In this section, we show that when direct-
detection experiments or astrophysical observations fail
to constrain dark forces, collider signals might still harbor
information on dark forces. Fig. 2 of [76] shows the size of
the shift in the h! �� rate for typical values of the

parameter a2. We have reproduced this figure as shown
on the left in Fig. 12. We plot the quantity

�ð%Þ � 100� �ðh! ��Þ � �SMðh! ��Þ
�SMðh! ��Þ ; (93)

For specificity we focus on the real scalar triplet 

discussed in the last section, but with a mass less than
200 GeV, and examine the implications of a dark force on
collider signals. The analysis of [76] showed that one
potential signature of the scalar triplet would be a modifi-
cation of the h! �� decay rate due to the virtual charged
components of the 
 triplet traversing the loop shown in
Fig. 11. In the rest of this section we focus on this channel.
For a heavy Higgs, a similar analysis can be done for h!
�Z, ZZ, WþW�. As already discussed, WEP constraints
imply an upper bound on the parameter a2 which deter-
mines the size of the contribution of Fig. 11 to h! ��.
The WEP bound on a2 translates into a bound on �ð%Þ
which is shown in the right panel of Fig. 12 for different
values of M
. Comparing the left plot of Fig. 12 with the

top right graph in Fig. 8, we see that the current bounds on
a2 from �E for a nonzero 	 can give nontrivial bounds on
�ð%Þ that can be tested in colliders. The right plot in
Fig. 12 gives the upper bound on j�ð%Þj as a function of
�E=	

2. For 	 ¼ 0:2, we have the bound �E=	
2 < 2:5�

1012 coming from the current bound of �E < 10�13. We
see that the bound on �ð%Þ for a dark force of 	 ¼ 0:2 is

FIG. 11. Contributions to the h! �� rate from virtual 
�
loops.
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FIG. 12 (color online). The left plot shows the deviation of the h! �� rate compared to the SM prediction for typical values of the
parameter a2 as a function of the triplet mass M
. The right plot shows the magnitude of the allowed shift in the h! �� rate in the

presence of a dark force. The bound on this allowed shift arises due to the bound on a2 from WEP violation constraints on �E as seen
in the top right plot of Fig. 8. The typical values of a2 in the left plot above, which lead to sizable deviations in the h! �� rate, are too
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well below 1%. Thus, any observed shift in h! ��, that
cannot be explained by physics observed at colliders and
unrelated to 
, requires a significant contribution from the

 loop implying a value for 	 much smaller than 0.2. If a
nonzero value of a2 is extracted from a study of h! ��
decays, one can estimate the size of �DM;E=	

2 from

Eqs. (82) and (83) respectively and use the current bounds
on �DM;E to constrain the size of 	. For example, using

mh ¼ 120 GeV and the current bound of �E < 10�13, the
nonzero values of a2 ¼

ffiffiffiffi
�
p

, 1.0, 0.5 would imply that 	<
7� 10�5, 2� 10�4, 9� 10�4 respectively.

VII. DARK FORCE PARAMETER SPACE

Before concluding, we generally discuss the regions in
parameter space of SMþ 
þ� type models that are
likely to give rise to an observable dark force. In particular,
we discuss how the requirement m� < 10�25 eV, neces-

sary to allow a dark force of intergalactic range, restricts
the allowed parameter space. Recall that after EWSB and
diagonalizing the mass matrix, the ultralight scalar mass is
given by

m2
� ’ �2

S �
�4

hS

4m2
h

: (94)

We showed in Sec. VIA that �2
hS, which determines the

mixing between the ultralight scalar and the Higgs, re-
ceives finite contributions from higher-dimension
operators whose size we constrained from WEP tests. In
Eq. (80), the second term is the contribution to the mixing
angle from the operator HyHS after EWSB and the first
term is the finite contribution from the sum of higher-
dimension operators induced via DM loops (see Fig. 7).
The parameter �2

S similarly receives finite contributions

from higher-dimension operators. For example, attaching
one extra external S field to the DM loops in Fig. 7 will
generate a tower of operators that contribute to �2

S after

EWSB. The lowest dimension nonrenormalizable operator
that contributes to �2

S will be

D2H
yHHyHS2; (95)

with finite coefficient D2 which can be estimated from
NDA as

D2 � a22
�M2

P

	2: (96)

We could sum the contribution of the entire tower of
operators to �2

S as we did for the case of �2
hS. However,

the explicit sum is not needed for the following discussion.
The requirement that m� < 10�25 eV now imply three

types of possible regions in parameter space: I, II, and III.
We discuss each of these regions in turn below and relate
them to the analysis of previous sections.

Region I: In the first region of parameter space, there are
no intricate cancellations of any kind among the terms in

Eq. (94). Each term that goes into determining�2
S and�

2
hS

is required to be of the order of m2
�. In this case, we can

obtain an approximate bound on a2 from the D2 which
contributes to �2

S �m2
� as

a22 <
4�

	2

M2
P

v2

m2
�

v2
<

3� 10�39

	2
: (97)

For any observable nonzero value of 	, the above bound
essentially forces a2 to be zero. As already discussed, such
a small value of a2 will lead to an over-relic-density of
scalar singlet DM over-closing the universe and is ruled
out. Similar arguments can be made for WIMP DM in
which case D2 will receive contributions that depend
only on the gauge couplings and 	, thus ruling out any
observable value for 	. In short, this region of parameter
space is incompatible with the existence of a phenomeno-
logically interesting dark force and thus not considered in
this paper.
Region II: In this region, �2

S of Eq. (94) is chosen such

that the condition m� < 10�25 eV is always satisfied re-

gardless of the size of �2
hS and any finite contributions to it

from higher-dimension operators after EWSB. Further-
more, in this region there are no intricate cancellations
between terms that determine �2

hS so that one can put

bounds on these from WEP tests. This is phenomenolog-
ically the most interesting region and was the focus of this
paper.
Region III: Finally, the third region corresponds to the

case where there are intricate cancellations among various
terms in �2

S and �2
hS individually. If there are intricate

cancellations between large terms in �2
hS, then we cannot

extract meaningful bounds on a2 or the Higgs-exchange
direct-detection cross section from WEP tests. In this
special region of parameter space the bounds on a2 and
the Higgs-exchange contributions to the direct-detection
cross sections derived in this paper do not apply.
The analysis of Ref. [33] assumed no fine-tuning of �1

or �2
hS against radiative corrections sensitive to the cutoff.

As seen in Eq. (94),�hS contributes to the light scalar mass
m� and in the absence of fine-tuning the strongest bound

on a2 comes from m� < 10�25 eV forcing a2 to be essen-

tially zero. The bounds from WEP tests are relatively far
weaker and not relevant for a2 or equivalently for the DM-
nucleus cross section via Higgs exchange. Our analysis
differs in that we allow for fine tuning in all renormalizable
parameters, and then examine the different regions in the
space of these renormalized parameters and the corre-
sponding implications for terrestrial experiments.

VIII. CONCLUSION

The existence of a new long-range WEP-violating at-
tractive force in the dark sector, a dark force comparable to
gravity, can have interesting cosmological consequences,
including an accelerated rate of structure formation and an
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explanation of certain features of the DM distribution and
other astronomical observations [41,45,50]. Strong con-
straints for such a dark force comes from a study [51,52]
of the dynamics of satellite galaxies and the evolution of
density perturbations constrained [54] by the CMB spec-
trum. The current bounds indicate the strength of a possible
dark force to be less than & 20% of gravity from galactic
dynamics and less than 5% of gravity from the CMB
spectrum.

We considered the consequences of such a dark force for
terrestrial experiments. Ordinary matter will feel the ef-
fects of a dark force via virtual DM as long as the DM
candidate is not sterile. Depending on the DM model, a
dark force can lead to constraints on Eötvös experiments,
DM-direct-detection experiments, and Higgs decay prop-
erties to be studied at future colliders. We studied several
minimal models of DM to illustrate the prospective impli-
cations of an astrophysically relevant dark force for terres-
trial experiments.

(i) We derived lower bounds on the size of the Eötvös
parameters �DM;E for a nonzero dark force for mini-

mal DM models. These Eötvös parameters measures
the effect of new long-range forces coupling to ordi-
nary matter which can arise through virtual DM that
communicates the dark force to ordinary matter. We
find that for light scalar singlet DM, relic density
considerations and the experimental limits on �E

rule out a dark force having strength of 20% of
gravity, in large regions of parameter space. Future
experiments with improved sensitivity could probe a
dark force of this magnitude for heavier singlet DM.
For minimal WIMP DM, the expected magnitudes of
�DM;E lie well below current and prospective sensi-

tivities of terrestrial Eötvös experiments, but could
be probed in a satellite-based experiment having the
sensitivity of the MiniSTEP proposal. In nonmini-
mal WIMP DM models, it is possible to generate
larger effects for Eötvös experiments that could be
detected by the Microscope experiment.

(ii) WEP tests imply constraints on Higgs-exchange
contributions to the DM-nucleus cross sections.
For scalar singlet DM, these bounds apply to the
entire cross section. If the scalar singlet DM satu-
rates the DM relic density, these bounds on the DM-
nucleus cross section do not give any information
beyond the implications of WEP bounds on the DM
relic density. If the scalar singlet does not saturate
the DM relic density, allowing for stronger interac-
tions with the Higgs, WEP tests provide useful
bounds on the DM-nucleus cross section. For
WIMP DM, the WEP constraints on the Higgs-
DM interactions give upper bounds on the contri-
bution of DM-nucleus scattering via Higgs ex-
change, to the total cross section.

(iii) For singlet DM, the current WEP bounds on the
DM-nucleus cross section in the presence of a dark

force that is 20% of gravity, are typically within
reach of current and future direct-detection experi-
ments. For scalar WIMP DM with a mass in the
TeV range, the corresponding bounds on the DM-
nucleus cross section are typically beyond the reach
of current and future direct-detection experiments.
If these scalar WIMPs are detected, it will rule out a
dark force greater than 20% of gravity, implying a
tighter upper bound on the dark force.

(iv) The Eötvös constraints on the DM-Higgs interac-
tions can lead to constraints for collider physics. As
a specific example, we derived testable bounds on
the allowed shift in the h! �� rate when the
Higgs couples to WIMP DM in the real triplet
scalar representation with a mass less than
200 GeV. Such a light triplet will only contribute
a tiny fraction of the DM relic density and could be
part of a multicomponent DM scenario. The im-
plied bounds on the Higgs to two photon rate or a
dark force comparable to gravity, is far below the
sensitivity of the LHC or the ILC. An observed shift
in h! �� attributed to the charged components of
the triplet would rule out the dark force.

(v) An observable scalar dark force with intergalactic
range implies restrictions in the space of the renor-
malized parameters of the theory. These parameter
space restrictions apply after the usual fine-tuning of
parameters against radiative corrections sensitive to
the cutoff.

Apart from these experimental implications, a notable
theoretical consequence of an astrophysically interesting
dark force mediated by an ultralight scalar� is the need for
substantial fine-tuning to preserve its tiny mass (m� <

10�25 eV). In the DM scenarios considered here, divergent
loop contributions associated with the DM or SM particles
that interact with � would generate large contributions to
m� that must be removed by fine-tuning unless the strength

of the dark force is imperceptibly small. The discovery of
such a dark force would introduce yet another mass hier-
archy problem in particle physics. In our analysis, we have
taken this need for fine-tuning at face value and have
attempted to apply it consistently to the derivation of
implications for terrestrial experiments. These consequen-
ces imply that direct-detection experiments—together with
Eötvös experiments and astrophysical observations of sat-
ellite galaxies and structure formation—can be employed
as part of a multifaceted probe of a long-range force in the
dark sector.
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APPENDIX A: ATOMIC CHARGE-TO-MASS
RATIO UNDER A COUPLING TO ULTRALIGHT

SCALARS

Here we give details for obtaining the atomic charge-to-
mass ratio for a coupling to ultralight scalars following
[66]. As discussed in the text and shown in Eq. (20), we can
obtain the atomic coupling to� from the couplings of� to
SM particles by a matching calculation. From Eqs. (19)
and (20), the coupling atomic coupling gA is given by

�AgA ¼ 1

mp

hAj
�X

q

gqmq �qqþ
X
‘

g‘m‘
�‘‘

�
jAi

þ cghAjG��
a Ga

��jAi þ c�hAjF��F��jAi: (A1)

Note that with the normalization factor �A the above
equation is dimensionally consistent, since for fermionic
atoms gA is dimensionless and for scalar atoms it has
dimension one. Next we exploit the properties of the
energy-momentum tensor in the low-energy effective the-
ory. The trace of the energy-momentum tensor, after using
on-shell equations of motion, [67,82] is given by

��� ¼ 	3

2g3
Ga

��G
��
a þ 	e

2e
F��F

�� þX
q

ð1þ �mq
Þmq �qq

þX
‘

ð1þ �m‘
Þm‘

�‘‘; (A2)

where in this convention the QCD and QED beta functions
at one loop are

	3 ¼ �
�
11

3
C2ðGÞ �

nf
2
C2ðNcÞ

�
g33

16�2
;

	e ¼ e3

12�2
nf;

(A3)

where C2ðGÞ ¼ 4=3 and C2ðNcÞ ¼ 3 for Nc ¼ 3. In the
following we ignore the anomalous dimensions �mq;m‘

in

the factors ð1þ �mq;m‘
Þ since they are perturbatively sup-

pressed. The mass of the atom A is given by

MA ¼ hAj���jAi

¼ hAj
�
	3

2g3
Tr½G��G

��� þ 	e

2e
F��F

��

�
jAi

þ hAj
�X

q

mq �qqþ
X
‘

m‘
�‘‘

�
jAi: (A4)

The atomic mass can also be expressed as

MA ¼ Zmp þ ðA� ZÞmn þ Zme � EA; (A5)

where EA is the binding energy of the atom A. From here
one can write the derivative with respect to the quark and

lepton masses as

mq

dMA

dmq

¼ Zmq

dmp

dmq

þ ðA� ZÞmq

dmn

dmq

�mq

dE
dmq

;

m‘

dMA

dm‘

¼ Zme�e‘ �m‘

dE
dm‘

: (A6)

We now use Eq. (A4) for MA and the Feynman-Hellman

theorem to calculatemq;‘
dMA

dmq;‘
and equate with Eq. (A6), we

obtain

mq

dMA

dmq

¼ hAjmq �qqjAi

¼ Zmq

dmp

dmq

þ ðA� ZÞmq

dmn

dmq

�mq

dEA

dmq

;

m‘

dMA

dm‘

¼ hAjm‘
�‘‘jAi ¼ Zme�e‘ �m‘

dEA

dm‘

: (A7)

Using the relations of Eq. (A7) in Eq. (A4) we obtain an
expression for the atomic matrix element of the gluon
operator as

hAj 	3

2g3
Tr½G��G

���jAi

¼ MA � Z

�
me þ

X
q

mq

dmp

dmq

�
� ðA� ZÞX

q

mq

dmn

dmq

þX
k

mk

dEA

dmk

� hAj	e

2e
F��F

��jAi; (A8)

where the sum over k runs over the quark and lepton
masses. Using Eqs. (A7) and (A8) in Eq. (A1) we finally
arrive at the expression for �AgA:

�AgA ¼
2cgg3
	3

MA þ
�
Z

�

eme þ

X
q


qmq

dmp

dmq

�

þ ðA� ZÞX
q


qmq

dmn

dmq

�X
k


kmk

dEA

dmk

�

þ �hAjF��F��jAi; (A9)

where we have introduced the index k which runs over the
light quarks q and the charged leptons ‘ and the parameters

k and � are given by


k ¼ gk
mp

� 2g3
	3

cg; � ¼ c� � g3	e

e	3

cg: (A10)

We now utilize the expression for the nucleon mass in
terms of the nucleon matrix element of the trace of the
three flavor QCD energy-momentum tensor

mN ¼ hNj���jNi ¼ hNj 	3

2g3
Ga

��G
��
a þ

X
q

mq �qqjNi;

(A11)

the variation of the nucleon mass with respect to the mass
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of a quark of flavor q is given by

mq

dmN

dmq

¼ hNjmq �qqjNi: (A12)

Once again we have used the nonrelativistic normalization
of nucleon states. The nucleon matrix elements on the rhs
are extracted from pion-nucleon scattering data using chi-
ral perturbation theory. Experimentally their values are
determined to be [67,70]

xu;p �
dmp

dmu

¼ hpj �uujpi � 0:019mp=mu;

xd;p �
dmp

dmd

¼ hpj �ddjpi � 0:041mp=md;

xs;p �
dmp

dms

¼ hpj�ssjpi � 0:14mp=ms;

xu;n � dmn

dmu

¼ hnj �uujni � 0:023mn=mu;

xd;n � dmn

dmd

¼ hnj �ddjni � 0:034mn=md;

xs;n � dmn

dms

¼ hnj�ssjni � 0:14mn=ms:

(A13)

These numbers are taken from Table 6 of [67]. In general
mkdEA=dmk and hAjF��F��jAi are not analytically calcu-
lable, at least for large atoms, and will contribute to the
uncertainty in the atomic charge-to-mass ratio. The atomic
charge-to-mass ratio can be finally written as

�̂A

�
q

�

�
A
¼ gA�A

MA

¼ 2cgg3
	3

þ 1

MA

�
Zð
eme þ

X
q


qmqxq;pÞ

þ ðA� ZÞX
q


qmqxq;n þ!A

�
; (A14)

where we have defined

!A � �hAjF��F��jAi �
X
k


kmk

dEA

dmk

: (A15)

APPENDIX B: EFFECTIVE POTENTIAL FOR
HIGGS-ULTRALIGHT-SCALAR MIXING

As discussed in Sec. VI, ordinary matter can couple to
the ultralight scalar �, which mediates a long-range WEP-
violating force, via its mixing with the Higgs. Here we
show the computation of the effective potential which
generates this mixing after electroweak symmetry break-
ing. This effective potential is generated at one loop via the
sum of diagrams shown in Fig. 7 for the scalar singlet 

and real scalar triplet 
 models discussed in Sec. VI.

Working in unitary gauge where H ¼ h=
ffiffiffi
2
p

and in d-

dimensions, one can write the sum of all diagrams in
Fig. 7 as

�iVS
effðS; hÞ ¼ �i�g
S

Z
E

ddk

ð2�Þd
X1
n¼0

ða2h2Þn
ðk2 þM2

0Þnþ1

¼ �i�g
S
Z
E

ddk

ð2�Þd
1

ðk2 þM2
0 þ a2h

2Þ
¼ �

ig
S

16�2
ðM2

0 þ a2h
2Þ
�
1

�
� �E þ ln4�þ 1

� ln

�
M2

0 þ a2h
2

�2

��
; (B1)

where the first line is obtained after performing a Wick
rotation to Euclidean momentum space. The superscript in
VS
effðS; hÞ denotes that it is only the part of the effective

potential linear in S. We see from the above result that the
coefficient of the S and Sh2 operators are UV divergent.
These divergences are understood from the need to renor-
malize the tadpole graph of S and the renormalizable
coupling �1 of Eq. (38), corresponding to the first two
diagrams in Fig. 7. The remaining diagrams mix into non-
renormalizable operators and are finite. The counterterms
needed to cancel the UV divergences are

i�VeffðS;hÞ ¼ S

�
�
g
M

2
0

16�2

�
1

�
��Eþ ln4�

�
þ b̂1ð�Þ

�

þ Sh2
�
�
g
a2

16�2

�
1

�
��Eþ ln4�

�
þ �̂1ð�Þ

4

�
;

(B2)

where b̂1ð�Þ and �̂1ð�Þ are scheme dependent finite
quantities.
The quadratic terms in the potential is given by

Vquad ¼ 1

2
ð�2

hh
2 þ�2

SS
2 þ�2

hShSÞ; (B3)

as first shown in Eq. (40). As seen from Eqs. (76) and (80)
the mixing angle for Higgs-ultralight-scalar mixing is
given by

sin� ’ �2
hS

�2
h

’ �2
hS

m2
h

; (B4)

and we can write

�2
hS ¼ 2

@2Vquad

@S@h
¼ 2

@2V effðh; SÞ
@S@h

��������h¼v;S¼0
;

¼ v

�
�̂1ð�Þ þ �

g
a2

4�2

�
ln
M2




�2
� 1

��
þ �

a22
4�

g
v
3

M2



;

(B5)

where we have defined the renormalized effective potential
V eff as
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V eff � Veff þ �Veff : (B6)

The first term with square brackets in Eq. (B5) corresponds
to the renormalized value of v�1 and the last term corre-
sponds to the finite contribution from all nonrenormaliz-
able operators. This can be compared to Eq. (76) where we
have included only the contribution from the renormalized

�1 coupling and the third diagram in Fig. 7 whose Wilson
coefficient is denoted as C2. The above result, which is
given in Eq. (79) of the text, is the generalized result where
the contribution of the entire tower of higher-dimension
operators is resummed.
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