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In this paper, we continue our study of calculating the cross section by the spinor method, i.e.,

performing the phase space integration using the spinor method. We have focused on the case where the

physical momenta are massive and in pure four dimensions. We established the framework of such a new

method and presented several examples, including two real progresses: Z0 ! lþl�H and q �q ! f �fH0.
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I. INTRODUCTION

In the Tevatron collider and the LHC, multiple final
states are observed frequently. In order to check the stan-
dard model and looking forward to finding new physics
beyond the standard model [1–4], we need to explore the
problem of how to calculate the cross section efficiently
and conveniently. In the past, the cross section was eval-
uated in the three-dimensional momentum space [5,6] and
people have developed quite mature numerical techniques.
For the applications of programs MADGRAPH, PYTHIA,
ALPGEN, and SHERPA, the reader can check the references,

for example, [7].
On the other hand, enormous progress has been made in

the evaluation of one-loop amplitudes [2]. One such
progress is the unitarity cut method originally proposed
in [8,9]. With the twistor program initiated by Witten [10],
the double cut phase space integration has been reduced to
algebraic manipulation through the holomorphic anomaly
[11–14]. Inspired by this simplification, in our first paper
[15], we have explored how to apply the spinor integration
method to the evaluation of the cross section for the mass-
less case. There are some obvious advantages compared
with the momentum integration method. First, the three-
dimensional momentum space integration can be
reduced to just one-dimensional integration and further-
more for the massless case, the integration region is just [0,
1].1 Secondly, in the calculation, every step is manifestly
Lorentz-invariant, thus we obtain compact analytic
expressions.

Continuing our study for the massless case, in this paper
we focus on the massive case. We will see that if all the
mass is set to zero, the massless case will be reproduced.
Different from the massless case, the integration variable L
is no longer a null momentum. So we cannot apply the
spinor method directly. However this problem has been
solved in the unitarity cut method [16,17]. More accu-
rately, we can write

Z
d4L ¼

Z
dz

Z
d4‘�þð‘2Þð2‘ � KÞ; L ¼ ‘þ zK;

(1.1)

where K is a fixed vector and z is a real number. Through
this decomposition, we establish the general framework for
the massive case by the spinor method.
In our first paper, we have emphasized the advantages of

using the spinor method [15]. In the massive case, the
constrained three-dimensional momentum space integra-
tion still can be reduced to a one-dimensional integration,
plus possible Feynman integrations. In every step, we get a
scalar type of integration, which is Lorentz-invariant.
Furthermore, the integration region can be written directly.
Though it is not simply [0, 1] like the massless case, it is
only the simple functions of mass and energy.
The outline of this paper is as follows. In Sec. II, we first

briefly review the four-dimensional unitarity cut method.
Then we take the Faddeev-Popov trick to establish the
general framework.
In Sec. III, we apply our method to the pure phase space

integration for two, three, and four outgoing particles as
well as some simple examples to demonstrate the main
idea and features. These are the basis for practical and
more complicated applications.
In Sec. IV, we calculate two practical examples

and summarize some experience of performing the
integrations.
A summary of our results with some comments is given

in Sec. V.

II. FRAMEWORK TO USE SPINOR METHOD

In this section, we will set up the spinor integration
method for massive particles in four dimensions. Then
we apply this method to the phase space integration where
the integration region (i.e., the

R
dx) of one dimensionless

parameter is determined by the kinematical discussion.
This region corresponds to the boundary of the whole
phase space of outgoing momenta. One important differ-
ence, compared to the massless case, is that the integration
region will be functions of masses of outgoing particles.

*Corresponding author: wanggh06@yahoo.com.cn
1The result of unitarity integration maybe written as one

Feynman parameter integration over rational functions.
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A. The spinor integration method for massive cuts

Here, we briefly review the spinor integration method
for massive cuts (or sometimes called the ‘‘unitarity cut
method’’) [16–18]. The Lorentz-invariant phase space
(LIPS) of a massive double cut is defined by inserting
two � functions representing the cut conditions:

I ¼
Z

d4 ~‘�þð~‘2 �m2
1Þ�ððK � ~‘Þ2 �m2

2Þ; (2.1)

where ~‘ is the internal loop momentum and K the total

momentum through the unitarity cut. Because ~‘ is a mas-
sive momentum, to use the spinor integration method we
need decompose it as

~‘ ¼ ‘þ zK; ‘2 ¼ 0;Z
d4 ~‘ ¼

Z
dzd4‘�þð‘2Þð2‘ � KÞ;

(2.2)

where ‘ is a null four-momentum, and can be expressed
with spinor variables as

‘ ¼ tP�~�; P�~� ¼ �~�;Z
d4‘�þð‘2Þ ¼

Z
h��i½~� ~��

Z
tdt:

(2.3)

Under this decomposition Eq. (2.1) becomes

I ¼
Z

dzd4‘�þð‘2Þð2‘ � KÞ�þðz2K2 þ 2zK � ‘�m2
1Þ

� �þðð1� 2zÞK2 � 2K � ‘þm2
1 �m2

2Þ
¼

Z
dzðð1� 2zÞK2 þm2

1 �m2
2Þ

� �þðzð1� zÞK2 þ zðm2
1 �m2

2Þ �m2
1Þ

�
Z
h��i½~� ~�� ð1� 2zÞK2 þm2

1 �m2
2

h�jKj~��2 ;

t ¼ ð1� 2zÞK2 þm2
1 �m2

2

h�jKj~�� : (2.4)

The first line of the result it depends only on the variable z,
so we can use the � function to eliminate z as follows:

z� ¼ ðK2 þm2
1 �m2

2Þ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�½K;m1; m2�

p
2K2

; (2.5)

where we have defined

�½K;m1; m2� ¼ ðK2 �m2
1 �m2

2Þ2 � 4m2
1m

2
2: (2.6)

Between the two solutions of z, only one should be taken.
To see that, we make a kinematical analysis. Choose a
center-of-mass frame such that

K ¼ ðE> 0; 0; 0; 0Þ; ~‘ ¼ ða; b; 0; 0Þ;
K � ~‘ ¼ ðE� a;�b; 0; 0Þ:

The mass-shell conditions require a2 � b2 ¼ m2
1 and ðE�

aÞ2 � b2 ¼ m2
2, so a ¼ ðE2 þm2

1 �m2
2Þ=2E. In the de-

composition ~‘ ¼ ‘þ zK, because the positive light cone
with �þð‘Þ has been chosen, we can write

‘ ¼ ðjbj; b; 0; 0Þ; ~‘ ¼ ðjbj þ zE; b; 0; 0Þ:

Then jbj þ zE ¼ a. This means that only z� is retained.2

In the remainder of this paper, we always refer to z as z�, if
it is not explicitly illustrated.
Then Eq. (2.4) becomes

I ¼
Z
h��i½~� ~�� ð1� 2zÞK2 þm2

1 �m2
2

h�jKj~��2 ;

t ¼ ð1� 2zÞK2 þm2
1 �m2

2

h�jKj~�� :

(2.7)

Equation (2.7) is our final form for the spinor integration
with massive double cuts. For convenience we define

z½K;m1; m2� ¼ �½K;m1;m2� � �½K;m1; m2�
2

;

t ¼ �K2

h�jKj~�� ; (2.8)

where

�½K;m1;m2� � K2 þm2
1 �m2

2

K2
;

�½K;m1; m2� �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�½K;m1; m2�

p
K2

:

(2.9)

Notice that when m1 ¼ m2 ¼ 0 we have � ¼ � ¼ 1, thus

reproducing the massless case. Finally the original ~‘ can be
parametrized as

~‘ ¼ tP�~� þ zK

¼ K2

h�jKj~��
�
�

�
P�~� �

K � P�~�

K2
K

�
þ �

K � P�~�

K2
K

�
:

(2.10)

B. Spinor integration method for the physical phase
space integration

Now, we explore how to apply the spinor integration
method for massive cuts to the phase space integration. Just
like the massless case, when there are only two outgoing
particles, the spinor integration method can be applied
directly without any modification. To see this explicitly,
just write the phase space of the cross section:

2If E < 0, we need zþ.

BO FENG AND HONGHUI WANG PHYSICAL REVIEW D 81, 056007 (2010)

056007-2



I2 ¼
Y
f¼1;2

Z d4Lf

ð2�Þ3 �
þðL2

f �m2
i Þð2�Þ4�4

�
K � X

f¼1;2

Lf

�

�
Z

d4L1�
þðL2

1 �m2
1Þ�þððK � L1Þ2 �m2

2Þ;
(2.11)

which is exactly the same (namely the showing up of two �
functions) as the spinor integration method given in
Eq. (2.1).

Things will be different when n ¼ 3, where the physical
phase space is given by

I3 ¼
Y3
i¼1

Z d4Li

ð2�Þ3 �
þðL2

i �m2
i Þð2�Þ4�4

�
K �X

Li

�

� fðL1; L2; L3Þ

¼
Z d4L3

ð2�Þ3 �
þðL2

3 �m2
3Þ
Z d4L2

ð2�Þ2 �
þðL2

2 �m2
2Þ

� �þððK � L3 � L2Þ2 �m2
1ÞfðL2; L3Þ

¼
Z d4L3

ð2�Þ3 �
þðL2

3 �m2
3Þ~fðL3Þ: (2.12)

The problem we meet here is just the same as the massless
case. The integration over L2 with two � functions can be
performed by the spinor integration method. However,
there is only one � function in the integration over L3. In
order to apply the spinor method recursively and continu-
ously, we need insert one more � function like the
Faddeev-Popov method.

Similarly to the massless case [15], we consider the
following integration:

Ix �
Z

dx�ððxK � L3Þ2 �m2
3Þ

¼
Z

dx�ðx2K2 � xð2K � L3Þ þ L2
3 �m2

3Þ;

where the � function has two solutions,

xi ¼
ð2K � L3Þ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2K � L3Þ2 � 4K2ðL2

3 �m2
3Þ

q
2K2

: (2.13)

Using the on-shell condition L2
3 ¼ m2

3, it reduces to

x� ¼ 0; xþ ¼ 2K � L3

K2
: (2.14)

We find that x� ¼ 0 is always a root. However, when x ¼
0, we have �ðL2

3 �m2
3Þwhich does not give an independent

� function. So x� ¼ 0 should be excluded from our con-
sideration. For another root xþ, from ðK � L3Þ2 ¼ K2 þ
m2

3 � 2K � L3 � ðm1 þm2Þ2, we have
2K � L3 	 K2 þm2

3 � ðm1 þm2Þ2; (2.15)

which gives the upper bound of xþ. For the lower bound,
considering the center-of-mass frame where K ¼

ðE; 0; 0; 0Þ, L3 ¼ ðE3; p; 0; 0Þ with E2
3 � p2 ¼ m2

3, we

have 2K � L3 � 2Em3, i.e., ð2K � L3Þ2 � 4K2m2
3.

Putting all consideration together we have

Ix �
Z x1

x0

dx�ððxK � L3Þ2 �m2
3Þ

¼
Z x1

x0

dx
�ðx� xþÞ

j2xþK2 � ð2K � L3Þj
¼ 1

j
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2K � L3Þ2 � 4K2ðL2

3 �m2
3Þ

q
j
; (2.16)

where

x0½K;m3� �
ffiffiffiffiffiffiffiffiffi
4m2

3

K2

s
;

x1½K;m3;mt� � K2 þm2
3 �m2

t

K2

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x0½K;m3�2 þ�½K;m3; mt�2

q
; (2.17)

where �½K;m3; mt� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�½K;m3; mt�

p
=K2 with mt ¼

m1 þm2. Using K2 � ðm1 þm2 þm3Þ2, it is easy to see
that �½K;m3; mt�2 � 0 and thus x1 � x0.
Now Eq. (2.12) can be written as

I3 ¼ 1

ð2�Þ3
Z

d4L3�
þðL2

3 �m2
3Þ

� j
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2K � L3Þ2 � 4K2ðL2

3 �m2
3Þ

q
j

�
Z x1

x0

dx�ððxK � L3Þ2 �m2
3Þ~fðL3Þ:

Decomposing L3 ¼ ‘þ zK with ‘2 ¼ 0, then

I3 ¼ 1

ð2�Þ3
Z

dzd4‘�þð‘2Þð2‘ � KÞ
� �þðz2K2 þ 2zK � ‘�m2

3Þð2L3 � KÞ
�

Z x1

x0

dx�þðx2K2 � 2xK � L3Þ~fð‘Þ

¼ 1

ð2�Þ3
Z x1

x0

dxxK2
Z

dzðx� 2zÞ

� K2�þðzðx� zÞK2 �m2
3Þ

�
Z

d4‘�þð‘2Þ�þðxðx� 2zÞK2 � 2xK � ‘Þ~fð‘Þ:
(2.18)

One by-product of the above procedure is

2K � L3 ¼ xK2: (2.19)

By solving the � function �þðzðx� zÞK2 �m2
3Þ and the

similar kinematical discussion as in Sec. II A, we get
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z ¼ xK2 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
K2ðx2K2 � 4m2

3Þ
q

2K2
¼ x

2
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 � x20

q
2

;

x� 2z ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 � x20

q
: (2.20)

Continue the evaluation as

I3 ¼ c

ð2�Þ3
Z x1

x0

dxxK2
Z
h�jd�i½~�jd~��

�
Z

tdt�þðxðx� 2zÞK2 � xth�jKj~��Þ~fð�; ~�; tÞ

¼ c

ð2�Þ3
Z x1

x0

dxxK2
Z
h�jd�i½~�jd~�� ðx� 2zÞK2

xh�jKj~��2
� ~fð�; ~�; tÞ;

t ¼ ðx� 2zÞK2

h�jKj~�� ¼ c

ð2�Þ3
Z x1

x0

dxðK2Þ2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 � x20

q

�
Z
h�jd�i½~�jd~��

~fð�; ~�; tÞ
h�jKj~��2 ;

t ¼ K2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 � x20

q
h�jKj~�� ; (2.21)

where c ¼ �=2 is related to the Jacobi of changing inte-
gration variables and the way we have taken the residues.

Finally we arrive

I3 ¼
Z d4L3

ð2�Þ3 �
þðL2

3 �m2
3Þ~fðL3Þ

¼ �

2ð2�Þ3
Z x1

x0

dxðK2Þ2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 � x20

q Z
h�jd�i½~�jd~��

�
~fð�; ~�; tÞ
h�jKj~��2 ;

t ¼ K2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 � x20

q
h�jKj~�� : (2.22)

This is our key setup in this paper. Notice that when m1 ¼
m2 ¼ m3 ¼ 0, x0 ¼ 0, so Eq. (2.22) reduces to

I3 ¼
Z d4L3

ð2�Þ3 �
þðL2

3Þ~fðL3Þ

¼ �

2ð2�Þ3
Z 1

0
dxðK2Þ2x

Z
h�jd�i½~�jd~��

~fð�; ~�; tÞ
h�jKj~��2 ;

t ¼ K2x

h�jKj~�� ; (2.23)

which is the familiar massless case presented in [15].
In the end, let us give a remark. The integration region of

x 2 ½x0; x1� depends on the dynamical momentum K as
well as mass parameters m3 and mtotal. Because of this, the
roles of m3 and mtotal are not obviously symmetric. If we
define

x ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x20 þ�2u2

q
; (2.24)

the integration region of u will be u 2 ½0; 1� which does
not depend on external momenta and masses anymore.
Under this transformation we have

I3 ¼ �

2ð2�Þ3
Z 1

0
duðK2Þ2 �3u2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

x20 þ�2u2
q Z

h�jd�i½~�jd~��

�
~fð�; ~�; tÞ
h�jKj~��2 ;

t ¼ K2�u

h�jKj~�� ; (2.25)

and

L3 ¼ K2�u

h�jKj~���
~�þ

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x20 þ�2u2

q
2

��u

2

�
K: (2.26)

This transformation will become even simpler when m3 ¼
0 where we get just a linear transformation x ¼ �u.
Although Eq. (2.25) may look simpler, for some calcula-
tions we find that Eq. (2.25) is, in general, not better than
Eq. (2.22) and readers may use whichever one they like. In
the later part of this paper, we will use the form of
Eq. (2.22).

III. SIMPLE EXAMPLES

In this section, we present some very simple examples to
demonstrate our method, especially the integration region
of x. We denote the physical phase space integration of n
outgoing particles as Is or mn ðf;KÞ, where s stands for the
spinor method and m the momentum method. The K is the
sum of momenta of these n particles and f is a general
function.

A. The pure phase space integration with two outgoing
particles

This integral can be performed directly by the spinor
method as we have analyzed in last section.
Spinor integration method: The integration is given by

Is2ð1;KÞ ¼
Z d4L2

ð2�Þ3
d4L1

ð2�Þ3 �
þðL2

2 �m2
2Þ

� �þðL2
1 �m2

1Þð2�Þ4�4ðK � L2 � L1Þ (3.1)

¼ 1

ð2�Þ2
Z

d4L1�
þðL2

1 �m2
1Þ�þððK � L1Þ2 �m2

2Þ:
(3.2)

According to Eq. (2.7), one gets
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Is2ð1;KÞ ¼
�

2ð2�Þ2
Z
h��i½~� ~�� ð1� 2zÞK2 þm2

1 �m2
2

h�jKj~��2

¼ 1

ð2�Þ2
�

2
�

¼ 1

2ð2�Þ2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðK2 �m2

1 �m2
2Þ2 � 4m2

1m
2
2

q
K2

; (3.3)

which is obviously symmetric between m1, m2.
Momentum integration method: It is given by

Im2 ð1;KÞ ¼
Z dL3

1

ð2�Þ32E1

dL3
2

ð2�Þ32E2

ð2�Þ4�4ðK � L2 � L1Þ:

(3.4)

Taking the center-of-mass frame, where K ¼ ðE; 0; 0; 0Þ
and L1 ¼ ðE1; k1; 0; 0Þ, yields

Im2 ð1;KÞ ¼
1

ð2�Þ2
Z k21dk1

2E2

d��þðE2 � 2EE1 þm2
1 �m2

2Þ

¼ 1

ð2�Þ2
�

2
�: (3.5)

B. The pure phase space integration with three
outgoing particles

Spinor integration method: From Eq. (2.12) with the
result Is2ð1;KÞ in the previous subsection we have

Is3ð1; KÞ ¼
Z d4L3

ð2�Þ3 �
þðL2

3 �m2
3ÞIs2ð1;K � L3Þ (3.6)

¼ �

2ð2�Þ3
Z x1

x0

dxðK2Þ2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 � x20

q Z
h�jd�i½~�jd~��

� Is2ð1;K � L3Þ
h�jKj~��2 ; (3.7)

where Is2ð1;K � L3Þ depends on ðK � L3Þ2 only. But using
L2
3 �m2

3 ¼ 0 and ðxK � L3Þ2 �m2
3 ¼ 0, we can find

ðK � L3Þ2 ¼ ð1� xÞK2 þm2
3; (3.8)

which does not depend on �, ~� at all. Thus

Is3ð1; KÞ ¼
�

2ð2�Þ3
Z x1

x0

dxK2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 � x20

q
Is2ð1;K � L3Þ;

(3.9)

where x, x1 is given by (2.17). This expression is obviously
symmetric between m1, m2, but not for m3. However, it is
easy to check numerically that the final result is indeed
symmetric among all the mass parameters.

Momentum integration method: The integration is

Im3 ð1;KÞ ¼
Z d3L1

ð2�Þ32E1

d3L2

ð2�Þ32E2

d3L3

ð2�Þ32E3

� ð2�Þ4�4ðK � L1 � L2 � L3Þ (3.10)

¼
Z d3L3

ð2�Þ32E3

Im2 ð1;K � L3Þ: (3.11)

In the center-of-mass frame, K ¼ ðE; 0; 0; 0Þ, L3 ¼
ðE3; p; 0; 0Þ with E2

3 � p2 ¼ m2
3, thus ðE� E3Þ2 � p2 �

ðm1 þm2Þ2, i.e., E3 	 ðE2 þm2
3 � ðm1 þm2Þ2=2EÞ.

Namely, the integration region of E3 is

m3 	 E3 	 E2 þm2
3 � ðm1 þm2Þ2

2E
: (3.12)

Using this we have

Im3 ð1;KÞ ¼
1

ð2�Þ2
Z

dE3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2
3 �m2

3

q
Im2 ð1;K � L3Þ:

(3.13)

In order to show this is identical to Eq. (3.9), we can make a
transformation 2E3=E ! x. Then

m3 	 E3 	 E2 þm2
3 � ðm1 þm2Þ2

2E
! x0 	 x 	 x1;

2E
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2
3 �m2

3

q
! K2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 � x20

q
:

(3.14)

It is obvious that Im3 ð1;KÞ ¼ Is3ð1; KÞ.

C. The pure phase space integration with four outgoing
particles

Here we will only present the expression using the
spinor method. The pure phase space is

Is4ð1;KÞ ¼
Z d4L4

ð2�Þ3 �
þðL2

4 �m2
4ÞIs3ð1;K � L4Þ: (3.15)

Using the recursive method we get

Is4ð1;KÞ ¼
1

64ð2�Þ5
Z xð4Þ

1

xð4Þ
0

dxð4ÞK2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðxð4ÞÞ2 � ðxð4Þ0 Þ2

q

�
Z xð3Þ

1

xð3Þ
0

dxð3ÞðK � L4Þ2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðxð3ÞÞ2 � ðxð3Þ0 Þ2

q
� Is2ð1;K � L3 � L4Þ; (3.16)

where naively we have following boundary values:
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xð3Þ0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

4m2
3

ðK � L4Þ2
s

;

xð3Þ1 ¼ ðK � L4Þ2 þm2
3 � ðm1 þm2Þ2

ðK � L4Þ2
:

(3.17)

However, similarly to Eq. (3.8), we can find that

ðK � L4Þ2 ¼ ð1� xð4ÞÞK2 þm2
4

ðK � L4 � L3Þ2 ¼ ð1� xð3ÞÞðK � L4Þ2 þm2
3

¼ ð1� xð3ÞÞð1� xð4ÞÞK2

þ ð1� xð3ÞÞm2
4 þm2

3: (3.18)

Thus we have

xð4Þ0 ¼
ffiffiffiffiffiffiffiffiffi
4m2

4

K2

s
;

xð4Þ1 ¼ K2 þm2
4 � ðm1 þm2 þm3Þ2

K2

xð3Þ0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

4m2
3

ð1� xð4ÞÞK2 þm2
4

vuut ;

xð3Þ1 ¼ ð1� xð4ÞÞK2 þm2
4 þm2

3 � ðm1 þm2Þ2
ð1� xð4ÞÞK2 þm2

4

:

(3.19)

Putting (3.18) and (3.19) into (3.16), we get the analytic
expression for the pure phase space of four arbitrary mas-
sive particles

Is4ð1;KÞ ¼
1

64ð2�Þ5
Z xð4Þ

1

xð4Þ
0

dxð4Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
K2ððxð4ÞÞ2K2 � 4m2

4Þ
q Z xð3Þ

1

xð3Þ
0

dxð3Þ

� ½ðð1� xð4ÞÞK2 þm2
4Þððxð3ÞÞ2ðð1� xð4ÞÞK2 þm2

4Þ � 4m2
3Þ�1=2

ð1� xð3ÞÞð1� xð4ÞÞK2 þ ð1� xð3ÞÞm2
4 þm2

3

� ½ðð1� xð3ÞÞð1� xð4ÞÞK2 þ ð1� xð3ÞÞm2
4 þm2

3 �m2
1 �m2

2Þ2 � 4m2
1m

2
2�1=2: (3.20)

The expression is not obviously symmetric among
ðm1; m2; m3; m4Þ by our choice of the order of integrations.
However, it is easy to check by the numerical method that
the final result is indeed symmetric among all masses.

D. The phase space integration of three outgoing
particles with f ¼ ð2L1 � L2Þð2L1 �L3Þ

Here we calculate a relatively complicated example with
f ¼ ð2L1 � L2Þð2L1 � L3Þ.

Spinor integration method: The integration can be di-
rectly written as

Is3ðf;KÞ ¼
Z d4L3

ð2�Þ3 �
þðL2

3 �m2
3ÞIs2ðf;K0Þ;

K0 ¼ K � L3;

(3.21)

where using the momentum conservation, f can be written
as

f ¼ ð2L1 � K0 � 2m2
1Þð2L1 � ðK � K0ÞÞ: (3.22)

Using the Eq. (2.10) with K replaced by K0, we can
simplify f further as

f ¼ ð�K02 � 2m2
1Þ

�
�
�K02 h�jKj~��

h�jK0j~�� þ ð�� �ÞK0 � K � �K02
�
; (3.23)

where

� ¼ K02 þm2
1 �m2

2

K02 ; � ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�½K0; m1; m2�

p
K02 : (3.24)

Now we calculate Is2ðf;K0Þ using the simplified version
f. It is given by

Is2ðf;K0Þ ¼ �

2ð2�Þ2 ��ðK
02 �m2

1 �m2
2ÞðK0 � K � K02Þ:

(3.25)

When we put it back into Is3ðf;KÞ, we need to know that

K02 ¼ ð1� xÞK2 þm2
3

K0 � K ¼ K2 � zK2 � 1

2
th�jKj~�� ¼ K2 � 1

2
xK2;

where we have used the relation t ¼ ðx�2zÞK2

h�jKj ~�� . This means

Is2ðf;K0Þ does not contain explicitly � and ~� for the spinor

integration over L3. So we get immediately

Is3ðf;KÞ ¼
1

16ð2�Þ3
Z x1

x0

dxK2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 � x20

q
� ��ðð1� xÞK2 þm2

3 �m2
1 �m2

2Þ
�

�
1

2
xK2 �m2

3

�
; (3.26)

where x0, x1 and �, � are given by (2.17) and (3.24)
respectively.
Momentum integration method: The integration is

Im3 ðf;KÞ ¼
Z d3L3

ð2�Þ32E3

Im2 ðf;K0Þ: (3.27)
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Im2 ðf;K0Þ can be calculated as follows:

Im2 ðf;K0Þ ¼ 1

ð2�Þ2
Z d3L1

2E1

�þððK0 � L1Þ2 �m2
2Þ

� ð2L1 � K0 � 2m2
1Þð2L1 � ðK � K0ÞÞ: (3.28)

Choose a center-of-mass frame, such that K0 ¼
ðE0; 0; 0; 0Þ, L1 ¼ ðE1; 0; 0; k1Þ with E2

1 � k21 ¼ m2
1 and

K ¼ ðE; ~pÞ. The angle between ~p and ~L1 is �. Then

Im2 ðf;K0Þ ¼ 1

ð2�Þ2
Z k21dk1

2E1

Z 1

�1
dy

Z 2�

0
d’�þðE02 � 2E0E1 þm2

1 �m2
2Þ � ð2E1E

0 � 2m2
1Þð2ðEE1 � ypk1Þ � 2E1E

0Þ

¼ 1

2�

Z
k1dE1�

þðE02 � 2E0E1 þm2
1 �m2

2Þð2E1E
0 � 2m2

1Þð2EE1 � 2E1E
0Þ

¼ 1

8�

E02 þm2
1 �m2

2

E0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�½E0; m1; m2�

p
E02 ðE02 �m2

1 �m2
2ÞðE� E0Þ: (3.29)

This is identical to Is2ðf;K0Þ in the center-of-mass frame. To calculate Im3 ðf;KÞ simply, we need to choose the center-of-
mass frame of K which is not the one we have used for Im2 ðf;K0Þ, thus we need to write Im2 ðf;K0Þ as the Lorentz-invariant
form, which is not so straightforward sometimes.

Here we use the Lorentz-invariant form Is2ðf;K0Þ given by the spinor method to go further. Taking the center-of-mass
frame where K ¼ ðE; 0; 0; 0Þ, then

Im3 ðf;KÞ ¼
1

4ð2�Þ3
Z

dE3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2
3 �m2

3

q E2 � 2EE3 þm2
3 þm2

1 �m2
2

ðE2 � 2EE3 þm2
3Þ2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�½E0; m1; m2�

q
� ðE2 � 2EE3 þm2

3 �m2
1 �m2

2ÞðEE3 �m2
3Þ: (3.30)

It is equal to Is3ðf;KÞ, which can be easily checked by
making a transform 2E3=E ! x as in Sec. III B.

IV. PRACTICAL APPLICATIONS

In our previous section we have done some simple
examples. However, these examples do not involve the
real amplitudes. In this section we will discuss the phase
space integration of two simple real physics processes with
three outgoing particles. These two examples are presented
in the following two references: [19,20].

A. Z0 decays into lepton pairs and spin-0 bosons

This example discusses the decay reaction

Z0 ! lþl�H; (4.1)

where l stands for the electron or muon withml ¼ 0 andH
for the Higgs boson with mH � 0. The invariant matrix
element squared is given by Eq. 2.10a in [19]. According to
the Glashow-Weinberg-Salam model (Eq. 3.1 and Eq. 3.2
in [19]), the matrix element squared can be written as

�X
pol

jMj2 ¼ cM2
Z

ðQ2 �M2
ZÞ2

½Q2M2
Z þ 4ðk � lþÞðk � l�Þ�;

c ¼ 2

3
ða2 þ b2ÞB2

1; (4.2)

where k is the total momentum of Z0, MZ the mass of Z0,
and

a ¼ g

cos�W

�
1

4
� sin2�W

�
; b ¼ � g

4 cos�W
;

B1 ¼ g

MZ cos�W
; Q ¼ lþ þ l�:

We evaluate this by first evaluating the phase space inte-
gration over lþ and lH. From Eq. (3.3), we can easily get

Is2

�
�X
pol

; k� l�
�
¼ �

2ð2�Þ2
Z
h�d�i½~�d~�� ðk� l�Þ2 �M2

H

h�jk� l�j~��2

� cM2
Z

ðth�jl�j~�� �M2
ZÞ2

� ðth�jl�j~��M2
Z þ 2ðk � l�Þth�jkj~��Þ

¼ c�

2ð2�Þ2
Z
h�d�i½~�d~��

� ððk� l�Þ2 �M2
HÞ2

h�jP1j~��2h�jP2j~��
h�jRj~��; (4.3)

where

P1 ¼ ðk� l�Þ � ðk� l�Þ2 �M2
H

M2
Z

l�; P2 ¼ k� l�

R ¼ l� þ 2ðk � l�Þ
M2

Z

k:

Introducing one Feynman parameter we can continue to
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Is2

�
�X
pol

; k� l�
�
¼ c�

2ð2�Þ2
Z 1

0
dy

Z
h�d�i½~�d~��

� ððk� l�Þ2 �M2
HÞ2

2yh�jRj~��
h�jPj~��3

¼ c�

2ð2�Þ2
Z 1

0
dyððk� l�Þ2 �M2

HÞ2

� y2P � R
ðP2Þ2 ; (4.4)

where

2P � R ¼ 2k � l� þ 2ðk � l�Þ
M2

Z

ðsyþ uþ k2Þ

P2 ¼ syþ u;

s ¼ 1

M2
Z

ðð2k � l�Þ2 � ðk2 �M2
HÞð2k � l�ÞÞ;

u ¼ k2 � 2k � l�:

Now we put (4.4) into

Is3

�
�X
pol

; k

�
¼

Z d4l�
ð2�Þ3 �

þðl2�ÞIs2
�
�X
pol

; k� l�
�
: (4.5)

To continue, we exchange the integration order of
R
dy andR

d4l�. Using 2k � l� ¼ th�jkj~�� ¼ k2x and performing
the spinor integration, we finally arrive at

I3

�
�X
pol

; k

�
¼ c

16ð2�Þ3
Z ðk2�M2

HÞ=k2

0
dxðk2xÞ2

�
Z 1

0
dyðk2 � k2x�M2

HÞ2

�
yð1þ 1

M2
Z

ðsyþ uþ k2ÞÞ
ðsyþ uÞ2 ; (4.6)

where

s ¼ � k2x

M2
Z

ðk2ð1� xÞ �M2
HÞ; u ¼ k2ð1� xÞ:

We can perform the integral over y to yield

I3

�
�X
pol

; k

�
¼ c

16ð2�Þ3
Z ðk2�M2

HÞ=k2

0
dxM2

Z

�
ðk2xþM2

ZÞ ln
�
1� xðk2ð1� xÞ �M2

HÞ
ð1� xÞM2

Z

�
� ð1� xÞM2

Zðk2 þM2
ZÞ

ð1� xÞðk2x�M2
ZÞ � xM2

H

þ k2xðk2ðx� 1Þ þM2
HÞ

M2
Z

� k2 �M2
Z

�
; (4.7)

which can be integrated further to get analytic expression if one wants. Notice that k2 ¼ M2
Z, Eq. (4.7) can be simplified

further as

I3

�
�X
pol

; k

�
¼ 2M4

Z

384ð�Þ3 ða
2 þ b2Þ g2

M2
Zcos

2�W

Z 1�ðM2
H=M

2
ZÞ

0
dx

�
ðxþ 1Þ ln

1þ x2 þ xðM2
H

M2
Z

� 2Þ
1� x

þ 2ð1� xÞ
1þ x2 þ xðM2

H

M2
Z

� 2Þ

þ x2 þ x

�
M2

H

M2
Z

� 1

�
� 2

�
: (4.8)

Taking the normalization factor ð2MZÞ�1 in the calculation
of the cross section into account, we find that the integrand
of Eq. (4.8) is just Eq. 3.4 in [19] by verifying x ¼ x� and
� ¼ MH=MZ in the center-of-mass frame.

B. The production of Higgs bosons in p �p collisions

For the second real example, we consider the quark-
antiquark-annihilation mechanism q �q ! f �fH0 in [20].
The corresponding cross section and the matrix element
squared are, respectively, given by Eq. 2.2 and Eq. 2.3 in
[20]. We write the cross section as

Is3ðH��q��;QÞ ¼ c
Z

d4k�þðk2 �m2
fÞ
Z

d4 �k�þð �k2 �m2
fÞ

�
Z

d4h�þðh2 �m2
HÞ

� �4ðQ� k� �k� hÞH��q��

¼ c
Z

d4k�þðk2 �m2
fÞIs2ðH��q��;Q0Þ;

Q0 ¼ Q� k; (4.9)

where kð �kÞ and h are, respectively, the momentum of
the heavy quark (antiquark) fð �fÞ and the Higgs. Q is the
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total momentum. We have absorbed all the common constant factors including the � factor into c. H��q�� is given by

H��q�� ¼ 32

ð2h � �kþm2
HÞð2h � kþm2

HÞ
�
Q2ðQ � hÞ2

�
1þ ð4m2

f �m2
HÞQ2

ð2h � �kþm2
HÞð2h � kþm2

HÞ
�

þ
�
ðQ2 þm2

H � 4m2
fÞ þ

2Q � hð4m2
f �m2

HÞ
ð2h � �kþm2

HÞ
��

Q2

2
m2

f � 2k � qk � �q
�

þ
�
ðQ2 þm2

H � 4m2
fÞ þ

2Q � hð4m2
f �m2

HÞ
ð2h � kþm2

HÞ
��

Q2

2
m2

f � 2 �k � q �k � �q
�

� ðQ2 þm2
H � 4m2

fÞ½2k � q �k � �qþ 2k � �q �k �q�Q2k � �k�
�
: (4.10)

Notice that

2h � �kþm2
H ¼ Q2 � 2Q � �k 2h � kþm2

H ¼ Q2 � 2Q � k 2Q � h ¼ ðQ2 � 2Q � kÞ þ ðQ2 � 2Q � �kÞ
2k � �k ¼ ðQ2 þm2

H � 2m2
fÞ � ðQ2 � 2Q � kÞ � ðQ2 � 2Q � �kÞ:

To simplify the calculation, we rearrange H��q�� as

H��q�� ¼ 32

�
1

4
Q2

�
Q2 � 2Q � k
Q2 � 2Q � �kþ 2þQ2 � 2Q � �k

Q2 � 2Q � k
�

þ 1

4
ð4m2

f �m2
HÞðQ2Þ2

�
1

ðQ2 � 2Q � �kÞ2 þ
2

ðQ2 � 2Q � �kÞðQ2 � 2Q � kÞ þ
1

ðQ2 � 2Q � kÞ2
�

þ
�

Q2

ðQ2 � 2Q � �kÞðQ2 � 2Q � kÞ þ
4m2

f �m2
H

ðQ2 � 2Q � �kÞ2
�
½Q2m2

f � 2k � q2k � �q�

� Q2 þm2
H � 4m2

f

ðQ2 � 2Q � �kÞðQ2 � 2Q � kÞ
�
2k � q2 �k � �q� 1

2
Q2ððQ2 þm2

H � 2m2
fÞ � ðQ2 � 2Q � kÞÞ

�

� ðQ2 þm2
H � 4m2

fÞQ2

2ðQ2 � 2Q � kÞ
�
; (4.11)

where we have used the symmetry between k and �k.
Now we can start the calculation. First we will perform the phase space integration over �k and h. Then we perform the

left k integration.

1. The integration Is2ðH��q��;Q0Þ
First we simplify the input according to Eq. (2.10), i.e.,

�k ¼ Q02

h�jQ0j~��
�
�

�
P�~� �

Q0 � P�~�

Q02 Q0
�
þ �

Q0 � P�~�

Q02 Q0
�
; Q2 � 2Q � �k ¼ Q02

h�jQ0j~�� h�jP1j~��; (4.12)

with

P1 ¼ ��

�
Q�Q0 �Q

Q02 Q0
�
�

�
�
Q0 �Q
Q02 � Q2

Q02

�
Q0 ¼ ��Q1 þ �1Q

0:

By checking Eq. (4.11), we find that there are four nontrivial integrations that should be attacked. We do them one by one.
Type I: f1 ¼ 1=ðQ2 � 2Q � �kÞ.
The integration is
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Is2ðf1;Q0Þ ¼
Z
h�d�i½~�d~�� ��1

h�j�1Q
0j~��h�jP1j~��

¼
Z 1

0
dy

Z
h�d�i½~�d~�� ��1

h�jyP1 þ ð1� yÞ�1Q
0j~��2

¼
Z 1

0
dy

4��1Q
02

�y2�2�þ 4�2
1ðQ02Þ2 ; (4.13)

where

� ¼ ð2Q �Q0Þ2 � 4Q2Q02:

Type II: f2 ¼ Q2 � 2Q � �k.
The integral is

Is2ðf2;Q0Þ ¼
Z
h�d�i½~�d~�� �Q02

h�jQ0j~��2
Q02

h�jQ0j~�� h�jP1j~�� ¼ �Q0 � P1 ¼ ��1Q
02: (4.14)

Type III: f3 ¼ 1=ðQ2 � 2Q � �kÞ2.

Is2ðf3;Q0Þ ¼
Z
h�d�i½~�d~�� �Q02

h�jQ0j~��2
1

ðQ2 � 2Q � �kÞ2 (4.15)

¼
Z
h�d�i½~�d ~�� �=Q02

h�jP1j~��2
(4.16)

¼ 4�

��2�þ 4�2
1ðQ02Þ2 : (4.17)

Type IV: f4 ¼ 2 �k � �q=ðQ2 � 2Q � �kÞ.
Using

2 �k � �q ¼ Q02

h�jQ0j~�� h�jP2j~��; P2 ¼ �

�
�q�Q0 � �q

Q02 Q0
�
þ �

Q0 � �q
Q02 Q0; (4.18)

we get

Is2ðf3;Q0Þ ¼
Z
h�d�i½~�d~�� �Q02

h�jQ0j~��2
h�jP2j~��
h�jP1j~��

(4.19)

¼
Z 1

0
dy

Z
h�d�i½~�d~�� 2��2

1Q
02ð1� yÞh�jP2j~��

h�jyP1 þ ð1� yÞ�1Q
0j~��3 (4.20)

¼
Z 1

0
dy

��2
1Q

02ð1� yÞ½ð�y�2ð1� Q0�Q
Q02 Þ þ �1�Þ2Q � �q� ðy�2 Q0�Q

Q02 þ �1�Þ2k � �q�
ð�y2�2 �

4Q02 þ �2
1Q

02Þ2 : (4.21)

Now substituting above four types of integrations into Is2ðH��q��;Q0Þ and with some algebraic manipulation, we can get
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1

32
Is2ðH��q��;Q0Þ ¼

�
1

4
Q2ðQ2 � 2Q � kÞ þ 1

2
ðQ2Þ2 6m2

f �m2
H

Q2 � 2Q � k�
Q22k � q2k � �q
Q2 � 2Q � k � 1

2
Q2ðQ2 þm2

H � 4m2
fÞ

þ 1

2
Q2

ðQ2 þm2
H � 4m2

fÞðQ2 þm2
H � 2m2

fÞ
Q2 � 2Q � k

�Z 1

0
dy

4��1Q
02

�y2�2�þ 4�2
1ðQ02Þ2

� ðQ2 þm2
H � 4m2

fÞð2k � qÞ
Q2 � 2Q � k

Z 1

0
dy��2

1Q
02ð1� yÞ

�
½ð�y�2ð1� Q0�Q

Q02 Þ þ �1�Þð2Q � �qÞ � ðy�2 Q0�Q
Q02 þ �1�Þð2k � �qÞ�

ð�y2�2 �
4Q02 þ �2

1Q
02Þ2

þ �ð4m2
f �m2

HÞ
��2�þ 4�2

1ðQ02Þ2 ½ðQ
2Þ2 þ 4ðQ2m2

f � 2k � q2k � �qÞ� þ ð4m2
f �m2

HÞ�ðQ2Þ2
4ðQ2 � 2Q � kÞ2

þQ2��1Q
02 � 2Q2�ðQ2 þm2

H � 4m2
fÞ

4ðQ2 � 2Q � kÞ þ 1

2
�Q2: (4.22)

2. The integration Is3ðf;Q0Þ
Now we do the left k integration using (2.22) with

x0 ¼
ffiffiffiffiffiffiffiffiffi
4m2

f

Q2

vuut
; x1 ¼

Q2 þm2
f � ðmf þmHÞ2

Q2
(4.23)

and the following relations:

Q � k ¼ x

2
Q2; ðQ� kÞ2 ¼ ð1� xÞQ2 þm2

f 2k � q ¼ ðx� 2z1Þh�jqj~��Q2

h�jQj~�� þ 2z1Q � q

2k � �q ¼ ðx� 2z1Þh�j �qj~��Q2

h�jQj~�� þ 2z1Q � �q:

From Is2ðH��q��;Q0Þ, the terms containing Q � k and ðQ� kÞ2 do not depend on k, and thus can be done easily just as in
the example of the pure phase space integration with three outgoing particles. Then we need only perform the following
two types of nontrivial integrations:

Is3ð2 �q � k;QÞ ¼
Z x1

x0

dxðQ2Þ2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 � x20

q Z
h�jd�i½~�jd~�� 1

h�jQj~��2
�ðx� 2z1Þh�j �qj~��

h�jQj~�� Q2 þ 2z1Q � �q
�

¼
Z x1

x0

dxðQ2Þ2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 � x20

q �
ðx� 2z1ÞQ � �q

Q2
þ 2z1Q � �q

Q2

�
¼

Z x1

x0

dxQ2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 � x20

q
xQ � �q; (4.24)

Is3ð2k � q2k � �q;QÞ ¼
Z x1

x0

dxðQ2Þ2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 � x20

q Z
h�jd�i½~�jd~�� 1

h�jQj~��2 �
�ðx� 2z1Þ2h�jqj~��h�j �qj~��

h�jQj~��2 ðQ2Þ2

þ 2z1Q � q ðx� 2z1Þh�j �qj~��
h�jQj~�� Q2 þ 2z1Q � �q ðx� 2z1Þh�jqj~��

h�jQj~�� Q2 þ 2z1Q � �q2z1Q � q
�

¼
Z x1

x0

dxðQ2Þ2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 � x20

q �
ðx� 2z1Þ2 ð2Q � �qÞð2Q � qÞ �Q2ðq � �qÞ

3Q2
þ 2z1Q � qðx� 2z1ÞQ � �q

Q2

þ 2z1Q � �qðx� 2z1ÞQ � q
Q2

þ 2z1Q � �q2z1Q � q
Q2

�

¼
Z x1

x0

dxQ2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 � x20

q �ð2Q � �qÞð2Q � qÞ
3Q2

ðx2Q2 �m2
fÞ �

q � �q
3

ðx2Q2 � 4m2
fÞ
�
: (4.25)
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3. The final result

Substituting Is2ðH��q��;Q0Þ, Is3ð2k � q2k � �q;QÞ, and Is3ð2 �q � k;QÞ into Eq. (4.9) yields

1

32c
Is3ðH��q��;QÞ ¼

Z x1

x0

dx
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 � x20

q �
1

2ð1� xÞ
Z 1

0
dy

�ð2� 2�þ �xÞ
�y2�2ðx2 � x20Þ þ ð2� 2�þ �xÞ2 T1 �

ðQ2 þm2
H � 4m2

fÞ
Q2ð1� xÞ

�
Z 1

0
dy

4�ð1� yÞð2� 2�þ �xÞ2
ð�y2�2ðx2 � x20Þ þ ð2� 2�þ �xÞ2Þ2 T2 þ

�ð4m2
f �m2

HÞ=Q2

��2ðx2 � x20Þ þ ð2� 2�þ �xÞ2 T3 þ T4

�
;

(4.26)

where
T1 ¼ ðQ2xþm2

H � 4m2
fÞ2 þ ðQ2 þm2

H � 4m2
fÞ2 þ 4ðQ2 þm2

H � 4m2
fÞm2

f þ 2Q2ð6m2
f �m2

HÞ

þ 4

3

�
q � �qðx2Q2 � 4m2

fÞ � ð2Q � �qÞð2Q � qÞ
�
x2 �m2

f

Q2

��
;

T2 ¼
�
y�2

�
x� 2m2

f

Q2

�
þ �ð2� 2�þ �xÞ

�
xðQ � �qÞðQ � qÞ þ 1

6
ðy�2ð2� xÞ þ �ð2� 2�þ �xÞÞ

�
�
q � �qðx2Q2 � 4m2

fÞ � ð2Q � �qÞð2Q � qÞ
�
x2 �m2

f

Q2

��
;

T3 ¼ ðQ2Þ2 þ 4Q2m2
f þ

4

3

�
q � �qðx2Q2 � 4m2

fÞ � ð2Q � �qÞð2Q � qÞ
�
x2 �m2

f

Q2

��
;

T4 ¼
�ð4m2

f �m2
HÞQ2

4ð1� xÞ2 þ �ð2� 2�þ �xÞðQ2Þ2 � 4ðQ2 þm2
H � 4m2

fÞQ2�

8ð1� xÞ þ 1

2
�ðQ2Þ2:

(4.27)

The corresponding parameters are

� ¼ ð1� xÞQ2 þ 2m2
f �m2

H

ð1� xÞQ2 þm2
f

;

� ¼ ½ðð1� xÞQ2 �m2
HÞ2 � 4m2

fm
2
H�1=2

ð1� xÞQ2 þm2
f

:

(4.28)

In Fig. 1, we display 1
32c I

s
3 versus the c.m. energy

ffiffiffi
s

p
of

the p �p by the numerical method. Notice that the displayed
1
32c I

s
3 is not the real cross section since the dynamical factor

c given in the original reference has not been included and
the real cross section is Is3 (so the decay behavior of I3 at
high energy cannot be observed from this figure). Here, we
emphasize two points. First, by our spinor method, almost
all calculations have been reduced to reading out the
residues of poles and making some algebraic manipula-
tions. Thus although the analytic expression looks long, the
calculation is kindly trivial.

Second, we can take an appropriate integration order to
simplify the process according to the structure of the
integrand. Usually we should first perform the integrations
over those variables, with respect to which the structure of
the integrand is relatively simple. In this example, we have
leave k as the last integration variable.3 This is because the
integrand Eq. (4.11) does not contain h explicitly.

Notice that different integration ordering, i.e., integrat-
ing over p1 first and then p2 or integrating over p2 first and
then p1, will in general give different-looking expressions.
For example, in the expression of (3.20), we have fixed
arbitrarily the ordering m1, m2, m3, m4. Different ordering
will end up with different integration regions although the
final result should be the same. Furthermore, if we have left
one particle unintegrated while others have been inte-
grated, then wewill get the corresponding differential cross
section for this particle. Thus different integration ordering

1000 1500 2000
s GeV

5.0 1012

1.0 1013

1.5 1013

2.0 1013

I3
s 32c GeV 4

FIG. 1 (color online). 1
32c I

s
3 as a function of

ffiffiffi
s

p
for the p �p

collision. The dashed and continuous curves, respectively, rep-
resent two sets of parameters: mH ¼ 10 GeV, mf ¼ 4:5 GeV

and mH ¼ 30 GeV, mf ¼ 35 GeV.

3Because of the symmetry of k and �k, it is the same if we leave
�k as the last integration variable.
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will give different differential cross sections for different
particles.

V. CONCLUSION

Originating from the application of the spinor method to
the massless case, in this paper, we have established the
framework to process the massive case. From the examples
presented in the paper, the advantages of our method is
further manifested.

First, the manifestly Lorentz-invariant form of the result
in each step is gotten naturally. This ensures that the
recursive method can be applied conveniently especially
when the number of outgoing particles is large. In this
process, we do not need take any specified reference frame
as when using the momentum integration method.

Second, the integration regions can be written straight-
forwardly according to Eq. (2.17), while with the momen-
tum integration method, one has to pursue exhaustively the
specifying of many variables (for example, angles and
module variables). Note that in our method, for the massive
case the region is not so simple as the massless case; it is
only the functions of mass and energy.

Finally, the salient point is that the constrained three-
dimensional momentum space integration is reduced to a
one-dimensional integration, plus possible Feynman inte-
grations. However, in this large simplification, we just pay

a little extra price, namely, the integration over � and ~�
which can be obtained by reading out residues of corre-
sponding poles.
In this paper, our new method has shown the value of

practical calculations. As we have mentioned in the intro-
duction, our method provides compact analytic expres-
sions for the cross section. Thus we can investigate the
analytic structure using these expressions. We think it is an
interesting direction. Also, in this paper we have just
touched the tree-level result. It is our goal to combine these
analytic expressions with one-loop results to see if we can
improve the current numerical next-to-leading order algo-
rithm, especially the infrared singularity subtraction. A
regularization scheme is mandatory and we need consider
the generalD-dimensional case. All these questions will be
our future projects.
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