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In this paper, the decay constants and mean square radii of pseudoscalar heavy mesons are studied in the
SU(3) symmetry breaking. Within the light-front framework, the ratios fp /fp and f /fp are individu-
ally estimated using the hyperfine splittings in the DZ_) — D) and Bz;) — By states and the light quark
masses, m, , (¢ = u, d), to extract the wave function parameter 8. The values fp /fp = 1.29 = 0.07 and
f5./fs = 1.32 £ 0.08 are obtained, which are not only chiefly determined by the ratio of light quark
masses m,/ my, but also insensitive to the heavy quark masses m,; and the decay constants fp . The
dependence of fp /fgon AM ,g: With the varied charm quark masses is also shown. In addition, the mean
square radii are estimated as well. The values 1’<r20: )/(r2D+> = 0.740, 054} and 1/<r29>/(r§0) = 0711008
are obtained, and the sensitivities of (%) on the héavy and light quark masses are similar to those of the

decay constants.
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L. INTRODUCTION

The decay constants of pseudoscalar heavy mesons with
¢ and b quarks play an important role for studies of CP
violation and in extracting the Cabibbo-Kobayashi-
Maskawa matrix elements. Experimentally, new data on
the charm meson decay constants fp, and f, have been
reported [1,2]. As the calculations of the decay constants
are related to the wave function overlap of the quark and
antiquark which are governed by the strong interaction,
they therefore provide a crucial manner to compare differ-
ent theoretical methods. In addition, the determination of
/B, remains beyond the reach of current experiments, thus
the reliability of estimated f5 by a theoretical approach is
dependent on whether the determinations of f and f, by
this approach are consistent with the new data. During the
last decade, the decay constants of pseudoscalar heavy
mesons have been studied in lattice simulations [3-9], in
the QCD sum rules approach [10-13], and in the relativis-
tic quark model [14-18].

The understanding of the electromagnetic (EM) proper-
ties of hadrons is also an important topic, and the EM form
factors which are calculated using nonperturbative meth-
ods are the useful tool for this purpose. There have been
numerous experimental [19-24] and theoretical studies
[25] of the EM form factors of the light pseudoscalar
meson (7 and K). However, the EM form factors of heavy
mesons (which contain one heavy quark) have much fewer
studies [26,27] than those of light ones. The present paper
is devoted to an analysis of the wave function and decay
constant by the hyperfine mass splitting of heavy mesons
and the formulas of the decay constant and mean square
radius within the light-front (LF) framework. We present
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the SU(3) symmetry breaking effect in decay constants and
electromagnetic properties of pseudoscalar heavy mesons.

The light-front quark model (LFQM) is a promising
analytic method for solving the nonperturbative problems
of hadron physics [28], as well as offering many insights
into the internal structures of bound states. The basic
ingredient in LFQM is the relativistic hadron wave func-
tion which generalizes distribution amplitudes by includ-
ing transverse momentum distributions and contains all the
information of a hadron from its constituents. The hadronic
quantities are represented by the overlap of wave functions
and can be derived in principle. The light-front wave
function is manifestly a Lorentz invariant, expressed in
terms of internal momentum fraction variables which are
independent of the total hadron momentum. Moreover, the
fully relativistic treatment of quark spins and center-of-
mass motion can be carried out using the so-called Melosh
rotation [29]. This treatment has been successfully applied
to calculate phenomenologically many important meson
decay constants and hadronic form factors [30-36].

The remainder of this paper is organized as follows. In
Sec. II an analysis of wave function and decay constant is
presented. In Sec. III the formulism of LFQM is reviewed
briefly, and the formulas of decay constant and mean
square radius are derived. In Sec. IV numerical results
and discussions are presented. Finally, the conclusions
are given in Sec. V.

II. ANALYSES OF WAVE FUNCTION AND DECAY
CONSTANT

The decay constant fp for a pseudoscalar meson is
defined by a matrix element of the axial vector current
between the vacuum and the meson bound state:

0lg17,v59:|P(P)) = ifpP,. 2.1
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In a nonrelativistic approximation, fp is related to the
Bethe-Salpeter wave function at the origin |W(0)| as [37—
39]

2/N,
fr= | (0)l,

NIz
where N, is the color number and Mp is the mass of the

meson. If we consider the potential of a hyperfine interac-
tion inside the meson to O(a):

2.2)

_4(1(_?(33)1‘1,’\'52'?_51'52) RPX o’ S1

5, >
3 8 (7),

3mymyr 9mymy

2.3)

where «a; is the strong coupling constant, sy ,(m, ,) are the
spins (masses) of the constituent quark. For the s-wave
meson, the first term of Eq. (2.3) has no contribution and
the second term can distinguish the pseudoscalar and vec-
tor mesons. Therefore, the hyperfine mass splitting is
obtained as

Nma;

9mm

By combining Egs. (2.2) and (2.4) and canceling |W(0)|,
we obtain

I‘I’(O)I2

AMpy = 2.4)

27AMPVm1m2 1/2
fp = (FETEVIII)

2.5
8ma,Mp 2:5)

If we suppose the strong coupling constants a (D) =
a,(D,) and a (B) =~ a,(B,), then the ratios of the decay
constants can be obtained as

fo, (AMDSD; My ms)l/Z
q

/o AMpp Mp, m (2.6)
/s, (AMB\.Bﬁ Mp ms>l/2
SB AMpgp: MB,\, m '

where ¢ = u, d. From Eq. (2.6), we find that the ratios are
dependent on the ratio of light quark masses m/m,, and are
independent of heavy quark masses. Furthermore, by can-
celing the ratio m,/ m,, we have a relation which does not
contain any parameter in the nonrelativistic approxima-
tion:

AM e AMp 5o My Mp\1/2
&=< DD B.B: Mp, B) & @

/B AMDSDjAMBB* MpMp fo’

If one wants to include the relativistic correction to the
ratios of the decay constants, not only the values of m,
but also the form of wave function W(7) must be known.
Let us come back to Eq. (2.2). The deviation of Eq. (2.2)
uses the Fourier transform

&’k

W) = 2 )3/2

ek k), (2.8)

where ¢ (k) is the wave function in the momentum space. If
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the Fourier transform is evaluated for the positive-energy
projection of the Bethe-Salpeter wave function at equal
“time” zT = 70 + 72 = 0, then [40]

dxd*k |
202m)

where x is the longitudinal momentum fraction, k| are the
relative transverse momenta, and ¢(x, k| ) satisfies the
normalization condition:

dxd®k | B
[ om0 kP = 1.

In general, the momentum distribution amplitude ¢ (x, k)
is obtained by solving the light-front QCD bound
state equation Hyp|P) = M|P) which is the familiar
Schrédinger equation in ordinary quantum mechanics,
and Hir is the light-front Hamiltonian. However, at the
present time, how to solve the bound state equation is still
unknown. Alternatively, we come back to the still-
unknown wave function W(7) and express it as a linear
combination of the arbitrary known functions which form a
complete set. Of course, the complete set is not unique.
Here we give two examples for comparison. One is the
solution of 1/r potential [41]:

v, (7) = (%)3/2[ % ]1/2

X (2Br> L% (2Br/n) exp(

dx k), (2.9)

(2.10)

B r) Y,

(2.11)

where superscript ¢ means “Coulomb,” S is a parameter
which has the energy dimension, Y, is the spherical
harmonics, and L!_,(x) is an associated Laguerre poly-
nomial which is defined as

L (x) = <—1>P(%)”ex(d%)"<e—w).

The other complete set is the solution of an isotropic
harmonic oscillator [41]:

(2.12)

2.2
w0 =2 pmaenen(-E ), @

where superscript ¢ means Gaussian and the first few
h,(Br)’s are

8 4
hoo = 2, hy = \/% hy = \/—1—5

(2.14)
2
hz() = \/6(1 - 5,82r2).
Then the exact solution can be expressed as
X o) (2.15)

nlm
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where 3% [a“®)|2 = 1. This way seems very clumsy
because, apart from g3, it also introduces a series of un-
determined coefficients, a,;,. The following considera-
tions, however, improve the situation. First, only the
coefficients a,qy, survive because we just studied the
s-wave meson. Second, we substitute Eq. (2.15) to

Eq. (2.4) and obtain

Rra, ( B % )
Om m, (4773/2)[ Z aiOOhnO(O)] ,  (2.16)

evenn

AMPV =

which takes the Gaussian case, for example. It is worth
noting that the square bracket in Eq. (2.16) is independent
of . Then, the ratio of hyperfine mass splittings can be
reduced as

AMDXDT _ mq (Bcs)3
AAlDD" m ﬂcq ,

Mo, ()
AMBB* mg Bbq ,

(2.17)

which does not include any coefficient a,;,, Equa-
tion (2.17) is also suitable to the Coulomb case. In fact,
due to the § function in Eq. (2.3) having the dimension of
an energy cube and 7 is vanishing here, Eq. (2.17) holds for
any wave function which contains only one hadronic pa-
rameter 3. In addition, the ratios 8.,/ 8., and B,/ B, in
Eq. (2.17) are mainly influenced by the ratio m,/m,. This
situation leads to the ratios f, /fp and f /fp are sensi-
tive to the SU(3) symmetry breaking, but are insensitive to
the heavy quark masses, which will be shown later. In the
literature, there are some early attempts [42,43] to account
for flavor symmetry breaking in pseudoscalar meson decay
constants. In the next section the wave function W(7) and
the values of m,, are studied within the light-front
framework.

S,q

III. LIGHT-FRONT FRAMEWORK

A. General formulism

An s-wave meson bound state, consisting of a quark g,
and an antiquark g, with total momentum P and spin J, can
be written as (see, for example [32])

IM(P, S, 5.)) = f (@ p K pr 2283 (P — ) — o)

X Z @Ssz(ﬁl, ﬁz, )\1, Az)l‘]l(pl’ /\1)
AL Ay
X G2(pa, A2)),

where p; and p, are the on-mass-shell light-front mo-
menta,

(3.1)

2 2
__mytp
pL=0(. P p =Lt

4
3.2)

p=p"pL)

and
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dp*d®p,

Bpy =20 4L

lg(p1, A))@(pa, A2)) = bT(py, A)d T (py, 1,)|0),

{b(p', M), bt (p, N} ={d(p', X)), dt(p, A)}

= 2278 (P — ). (3.3)

In terms of the light-front relative momentum variables
(x, k1) defined by

pi =0 —xP",
piL=0—-xP; +ky,

+ _ .p+
p, =xP7,

: (3.4)
paL = xP — kg,

the momentum-space wave function W55 can be expressed
as

o 1 ss,
DSy, Po, Ay, Ag) = mRiﬁz(u, K)(x ki) (3.5

where Rif}z constructs a state of definite spin (S, S,) out of
light-front helicity (A;, A,) eigenstates. Explicitly,

RO kD) = SORY( = ki mlsy)

S1,52

X </\2|IRL()@ —ky, my)lsy)

11 11
X( 'SlSQI——'SSZ>,

559 223 (3'6)

where |s;) are the usual Pauli spinors, and R, is the
Melosh transformation operator [30,31]:

m; + x;My + iG,, - ky X it
(IR y ey by, mp)| Ay = —— 20— st L 2 R

\/(m,» + x;My)* + ki
(3.7)

withx; =1 —x, x, = x,and 71 = (0,0, 1) as a unit vector
in the Z direction. In addition,

2 2 2 2
my+ ki my+ k]

1—x x
e,~=\/m%+k2l + k2,

where k, is the relative momentum in Z direction and can
be written as

M(z) = (e; + 32)2 = (3.8)

k. =

4

2)CMO ’

M, is the invariant mass of ¢g and generally different from
the mass M of the meson which satisfies M> = P2, This is
due to the fact that the meson, quark, and antiquark cannot
be simultaneously on shell. We normalized the meson state
as
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(M(P', S, SDIM(P, S, S.))

=202 P &*(P' — P)5gsdss., (3.10)

which led to Eq. (2.10).
In practice, it is more convenient to use the covariant

form of R};. [30,31,36,44]:

VP ps

2My(My + my + m;)

Ri;siz (x, ky) =

X di(py, AP + Mp)Tv(py, Ay, (3.11)
where
M, = \/M(z) — (my — my)?,
_ 2m
P = p; + pyualp, Nu(p, A') = p—+5m’,
p+m
, A , ,
Zu(p Jilp. A) = p" (3.12)
_ , 2m
u(p, /\)v(p, AN)=— p_+5)t,)\”
—m
> w(p, Natp, ) =L~
R P

For the pseudoscalar meson, we have I' = y5, Eq. (3.11)
can then be further reduced by the applications of equa-
tions of motion on spinors [36]:

P1 Pz
R Az(x k)= \/— i(py, AD)ysv(pa, Ay). (3.13)
M,

Next, we derive the formulas of the decay constant and the
mean square radius for the pseudoscalar meson. The for-
mer is the main subject of this work, and the latter is used
to fix some parameters.

B. Formulas for decay constant and mean square radius

The decay constants of pseudoscalar mesons P(g,g»)
are defined in Eq. (2.1). The matrix element can be calcu-
lated using the formulism in the last subsection:

Oy, ysq|P(P)) = / (@ p K pr2 (2
X &3P — Py — pr)dplx ky)
X Rﬁ?/\z(x, kJ_)

X {01g2y . vsq119132)- (3.14)

Since Myy/x(1 — x) = w/Az + k2, the decay constant can

be extracted as
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fr = 23N, [ dd—2 gk (15
1/A2 + K

where {dx} = dfg Kand A = myx + my(1 — x).

Next, the EM form factor of a meson P is determined by
the scattering of one virtual photon and one meson. It
describes the deviation from the pointlike structure of the
meson, and is a function of Q2. Here, we considered the
momentum of the virtual photon in a spacelike region, so it
was always possible to orient the axes in such a manner
that 0" = (P’ — P)™ = 0. Thus, the EM form factor was
determined by the matrix element:

(P(PHITFIP(P)) = eFp(Q*)(P + P))Y, (3.16)

where J# = ge,ey*q, e, is the charge of quark ¢ in e unit,
and Q* = (P’ — P)> < 0. With the light-front framework,
Fp can be extracted by Eq. (3.16):

A+ kK|
VA2 + K3 yfA2 + k7
X ¢pplx, ky)pplx, k)
A%+ ky - K]
+ ey, f{dx} 1 -l
VAR + KRy JA% 4 KD
X ¢P(-xr kl)(b[ﬂ(.X, k/J/_))

where k| =k; +xQ,, kK| =k, —(1 —x)Q,. For ap-
plying thls to Eq. (3.22), 1t is convenient to consider the

term ¢p = Pp(x, k1)/y/A> + k3 and take the Taylor ex-

: 2
pansion around k7

Fol0) = ¢, j {dx}

(3.17)

ddp
oD = o) + 50| ag -k
1L 10:=0
d*Pp
+3 (d]‘ff’)z (k’f — K32+ (3.18)

Then, by using the identity

1
[d2kl(kl “A)ky -By) = 3 [d2k1k2lAl "By,

(3.19)
we can rewrite (3.17) to
FrQ) = (e, + €5) — @ [ldx}dhix. ko)
X [x%e, + (1 = x)%e,,
A% +2k%
<®”ka + @Pki) + 0O(0%, (3.20)

where
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d&M)
Oy==—(—)
" ¢M(dﬁ_

It should be realized that the size and the den51ty of a
hadron depend on the probe. For an EM probe, it is the

electric charge radius (r2)!/2 that is obtained. In the ex-

perimental view, (r%) cannot be measured directly and is
|

(rp) = (rg) +(rg)

PHYSICAL REVIEW D 81, 054022 (2010)
obtained by fitting the slope of Fp(Q?) at Q> = 0, i.e.,

- eq,{ /{dx}x2¢P[(A2 + 243 )— + (A2 + KK ( d )Z]JSP}

e, { [{dx} (1- x)2¢P[(A2 e )i A+ R

It is worth mentioning that, first, the static property
Fp(0) = ep is quite easily checked in Eq. (3.20). Second,
from Eq. (3.23), we find that the mean square radius is
related to the first and second longitudinal momentum
square derivatives of ¢ which contain the Melosh trans-
formation effect.

If we take the heavy quark limit m; = mgy — oo,
mgo(Mp) is unimportant for the low energy properties of
the meson state, so it is more natural to use velocity v
instead of momentum variable P. The normalization of the
meson state is rewritten as [45]

(PW)|P(v)) =227 vt 83(Av — AV'), (3.24)

where A = Mp — my is the residual center mass of the
heavy meson and the meson states have a relation |P(v)) =
|

() = 1)+ (2

dFp(Q%)
AN P
(rp) =6 e (3.22)
Here the mean square radius is easily obtained:
dK*
d \27 -~
. 3.23
dki) ]d’”} 6.2

I
(Mp)~'/2|P(P)). In addition, since x is the longitudinal
momentum fraction carried by the light antiquark, the
meson wave function should be sharply peaked near x ~
Aqcp/mg. It is thus clear that x — 0 and only terms of the
form X = xmg, survive in the wave function as m,y — oo;
that is, X is independent of mg in the heavy quark
limit. Therefore, the normalization of the wave function
Eq. (2.10) is rewritten as

dXd*k
]———im@wnP=L

o) (3.25)

where ¢(X, k) = (mQ)"/ 2¢(x, k). Other replacements
areA— A =X+ my,, and d(x, k) — @(X, k). Thus we
can rewrite (3.23) as

:_2{ 6f{dX}X2 I:(A2+2k2)—+(A2+k2)k2 (d:2>2:|¢}
my

+eqf -6 flang[ @ + 260 o (2 + i () o}

The first term of Eq. (3.26) vanished when my — 0. This
means that not only (r2 ) is blind to the flavor of Q, but
also <rP) is 1nsens1t1ve to m, for the heavy meson. The
former is the so-called flavor symmetry and the latter will
be proven in the numerical calculation.

IV. NUMERICAL RESULTS AND DISCUSSIONS

In the nonrelativistic (NR) approximation, we substi-
tuted the experimental data [1] to Eq. (2.7), and obtained
f,/fp = (1.03 =0.02)fp /fp. If one wanted to evaluate
fs./fgand fpp / fp individually, then m; = 483 MeV and
m, = 310 MeV were the “best-fit” values for the pseudo-
scalar and vector light meson masses [46]. The ratios were

3.26
pE} (3.26)
|
Io | _ 1.226 *+ 0.002, fo | _ 1.24 +0.02.
fp B TNR
(4.1)

The former was a little smaller than the data [1,2]
fp./fplexp = 1.27 = 0.06, and the latter was almost larger
than the other theoretical calculations (see Tables II and
I1I).

In the light-front framework, the momentum distribution
amplitude ¢(x, k) or the wave function W(7) in principle
is unknown unless all the coefficients a,, are obtained.
However, we may suppose a,, = 1 or af,, = 1, that is,
W(7) = Wy, (F) or W(F) = W5, (7) as a trial wave function
to fit the relevant data. The other a,,yy’s will be subsumed if
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the parameters appearing in the momentum distribution
amplitude cannot satisfy all experimental results. In other
words, the coefficients a,,;,, are taken as another kind of
parameter. Of course, based on the principle of quantum
mechanics, the physical meanings of these new parameters

are clear. Here we list the first ¢;(6g8 :

. _of2m\!/2 ere; T B? 2
Ploolx k) = 8(?) \/x(l — ML + K2+ 52] ’
4.2)
3/4 K+ K
RARBNE, Bt REEES
4.3)

and use the experimental data of f_+ = 130.4 = 0.2 MeV
and (r2.)'/2 =0.672 = 0.008 fm to fit the parameters
m, and B,,. The results are m, = 0.172(0.251) GeV
and B, = 0.555% 0.011(0.317 = 0.007) GeV  for
&$00(P80)- As for the strange quark mass, in Ref. [47]
m, — m, = 0.23 GeV was obtained with some interaction
potentials, while in Ref. [31] m; — m, = 0.12 GeV in the
invariant meson mass scheme. So here we use the values

PHYSICAL REVIEW D 81, 054022 (2010)

mg — m, = 0.180 = 0.050 GeV  and fg+ = 155.5 =
0.8 MeV  to fix By The results are By =
0.46370:932(0.3547009) GeV for ¢§yy(hgyo)- The charge
radius (r2.)"/? and the mean square radius (r%,) were
calculated by these parameters and were listed in Table I.
We found that, on one hand, the value of (17 . y/2 ((rzo)) for
@00 Was too large (small) than that obtained in the experi-
ment. Then, the coefficients a, for n > 1 may be taken as
nonzero to correct the fitting of (r2.)/2 and (r2,).
However, the mean square radii of ¢, is greater when
n is larger, or <r2>4,(1-00 <(P)ge, <{P)ge, <... This
means, for decreasing the value of (r2.)!/2, the values of
as, must be artificially arranged in order to cancel out the
contributions of ¢¢,, (n = 2) mutually. It is too hard to
achieve now. On the other hand, the results for (f’goo were
consistent with the experimental data. Therefore we only
use the Gaussian-type wave function, ¢3,, to the follow-
ing calculation. By combining Eq. (2.17), the experimental
data [1], and the light quark mass in above, we obtained the
ratios as

Bes |42 120004 Pos|®
BC‘I Bbq

= 1.20 £ 0.05. (4.4)

TABLE I. Charge radius (r%)” 2 and the mean square radius (ri(L)) of the experiment, this work, and other theoretical estimations.
DS is Dyson-Schwinger equations; VMD y is vector meson dominance plus an effective chiral theory; BS is Bethe-Salpeter equation.

Experiment [1] €% Em DS [48]  VMDy [49]  pQCD[50]  BS[51]
(P2 )2 (fm) 0.560 + 0.031 0.710+093 0.607+0919 0.49 0.616 0.570 0.62
(r2,) (fm?) —0.077 £0.010  —0.12170036  —0.072;2017  —0.020 0.057 ~0.0736 —0.085

TABLE II.  Theoretical calculations of the decay constants fp, fp (MeV), and the ratio fp, /fp- QL is quenched lattice calculations,
BS is Bethe-Salpeter equation, Linear and HO are the different potentials within LFQM. We have quoted only the value with m, =

1.5 GeV in this work (LF).

fo Io, Io./fp
Experiment 205.8 = 8.9 [1] 261.2 = 6.9 [2] 1.27 = 0.06*
This work (LF) 205.8 = 8.9 264.5 = 17.5 1.29 * 0.07
This work (NR) 1.226 + 0.002
Lattice (HPQCD + UKQCD) [3] 208 + 4 241 =3 1.162 = 0.009
QL (QCDSF) [4] 206+ 6+3 =22 220+6+5=*11 1.068 = 0.018 =+ 0.020
QL (Taiwan) [5] 2358+ 14 266 =10 = 18 1.13 £ 0.03 = 0.05
Lattice (FNAL + MILC + HPQCD) [6] 201 3+ 17 249 =3+ 16 1.24 * 0.01 * 0.07
QL (UKQCD) [8] 210 = 1077 238 + 8*17 1.13 = 0.0279%
QL [9] 211 = 1479, 231 = 12*¢ 1.10 £ 0.02
QCD Sum Rules [10] 177 = 21 205 =22 1.16 = 0.01 = 0.02
QCD Sum Rules [12] 203 +23 235 + 24 .15+ 0.04
Field Correlators [14] 210 = 10 260 = 10 1.24 = 0.04
Potential Model [15] 234 268 1.15
BS [16] 230 =25 248 =27 1.08 + 0.01
BS [17] 238 241 1.01
Linear{HO} [18] 211{194} 248{233} 1.18{1.20}

“This value is obtained by combining f, = 205.8 = 8.9 MeV [1] and f, = 261.2 * 6.9 MeV [2].
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TABLE III.  Theoretical calculations of the decay constants fg, 5,

has been quoted in this work (LF).

PHYSICAL REVIEW D 81, 054022 (2010)
(MeV), and the ratio f /fp. Only the value with m;, = 4.7 GeV

/5 /B, I8,/f5
Experiment 204 * 317
This work (LF) 204 + 31 270.0 £42.8 1.32 = 0.08
This work (NR) 1.24 = 0.02

QL (QCDSF) [4]
Lattice (HPQCD) [7]

190 x 8 23 =25
216 £9+19+4*6

QL (UKQCD) [8] 177 £ 17 £ 22
QL [9] 179 + 1812°
QCD Sum Rules [11] 178 £ 14
QCD Sum Rules [12] 203 £ 23
QCD Sum Rules [13] 210 £ 19
Field Correlators [14] 182 =8
Potential Model [15] 189

BS [16] 196 + 29
BS [17] 193
Linear{HO} [18] 189{180}

205 =7 =26+ 17
259 + 32
204 = 1243
204 = 16138

1.080 = 0.028 =+ 0.031
1.20 * 0.03 = 0.01
1.15 + 0.02+904
1.14 = 0.0330%0

200 £ 14 1.12 = 0.01 =0.03

236 = 30 1.16 = 0.05

244 *+ 21 1.16

216 £8 1.19 = 0.03
218 1.15

216 £32 1.10 = 0.01
195 1.01

234{237} 1.24{1.32}

*This value is extracted by the branching ratio: B(B~ — 7~ ) = (1.42 + 0.43) X 10~% [52].

Obviously, the SU(3) symmetry breaking is the major
contribution to the ratios in Eq. (4.4).

For the heavy quark masses, the quite different values
were also used in the model calculations. For example,
m, = 1.38 GeV and m;, = 4.76 GeV which were fitted for
the spectrum of the p-wave charmonium and bottomonium
states [53]; and m,. = 1.8 GeV and m; = 5.2 GeV which
were obtained from the potential models and the varia-
tional principle [54]. Here the values m. = 1.2, 1.5,
1.8 GeV and m;, = 4.2, 4.7, 5.2 GeV were taken into
account. By combining Egs. (3.15), (4.3), and (4.4), and
the quark masses m,(,) = 0.251(0.431) GeV, the depen-
dences of fp /fp on fp with three different m.’s and
fp./fg on fp with three different m,’s were shown in
Fig. 1 and 2, respectively. It was easily found that the ratios

40— 77— 7T T
135 F ]
Q
= [
\QV' 30 T - ——— ———_ _ _|_ R
L — T
— — -m.=1.8GeV 1
1.25 1
********* m.=1.5 GeV
m.=1.2 GeV
120 b0uv v v v b b
170 180 190 200 210 220 230 240
fp(MeV)

FIG. 1. Dependence of fp /fp on fp with m, =12, 15,
1.8 GeV. The left and right vertical dash lines correspond to
the lower and upper limits of the data f, = 205.8 = 8.9 MeV,
respectively.

fp,/fpand fp /fp were not only insensitive to the heavy
quark masses m, and m,,, but also insensitive to the decay
constants [, and fp, respectively.

Recently, the CLEO collaboration updated their data
about the branching fraction for the purely leptonic decay
D* — p*vandreported [1] ;7 = 205.8 + 8.9 MeV. By
using this value, we determined the ratio f, /fp = 1.29 =
0.07 and the decay constant fp = 264.5* 17.5 MeV
with m,. = 1.5 GeV. We found these results were consis-
tent with the data [2]: f;xsf =261.2 + 6.9 MeV and
f;if /f3f = 1.27 = 0.06, which were the average of the
CLEO and Belle results (which included the radiative
corrections). In addition, our values were generally larger
than the other theoretical calculations. Table II compares

1“0

Q

2 [

\EE 1.30 - - — — mp=5.2 GeV b

N mp=4.7 GeV

r — mp=42GeV 1
1251 B
1.20 I n n n 1 n n n 1 n n n 1 n n 1 n
160 180 200 220 240
fB(MeV)

FIG. 2. Dependence of fg /fp on fp with m, =42, 47,
5.2 GeV. The left and right vertical dash lines correspond to
the lower and upper limits of the data fp = 204 = 31 MeV,
respectively.
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the theoretical calculations with experimental value. For
the bottom sector, the Belle [55] and BABAR [56,57]
collaborations found evidence for B~ — 7~ v decay which
was not helicity suppressed. However, the Belle and
BABAR values had 3.5 and 2.6 standard-deviation signifi-
cances, respectively; thus the average was provisional [52]:
BB~ — 7 7) = (1.42 = 0.43) X 10™*. We extracted the
decay constant fj' =204 =31 MeV. By using this
value, the ratio f /fp = 1.32 + 0.08 and the decay con-
stant fp = 270.0 = 42.8 MeV with m;, = 4.7 GeV were
obtained. Table III compares the theoretical calculations
with the experimental value. Similar to the charm sector,
our ratio f /fp was almost larger than all other calcula-
tions. It is worth mentioning that the decay constants of
both pseudoscalar and vector heavy mesons have already
been investigated by the author of Ref. [18] with the
analysis of magnetic dipole decays of various heavy fla-
vored mesons in the light-front quark model. The parame-
ters in Ref. [18] were constrained by the variational
principle for the QCD-motivated effective Hamiltonian.
Roughly speaking, our above results showed the flavor
SU(3) symmetry breaking m,/m, = 1.72 + 0.20 leads
into the ratios

In, s
S =129+007,  —==132%008
f f

D B

For the B, meson, however, both the decay constant and
the hyperfine splitting have not been measured yet. We
considered the ratio of hyperfine mass differences:

AM3p g _ ﬁ(ﬁbc):é

AMBB* m. ﬁbq
Similar to the above cases, the ratio f /f was insensitive
to the value of m,; and sensitive to that of mc/mq. The

4.5)

4k T T T T T ]
3F P S
k& [ /:,—”‘
= Ll ot ]
g& i s =
P
L= = = -me=18Gev ]
G me=1.5 GeV
! me=1.2 GeV ]
Yo 20 w0 e 80 10
AMp g -(MeV)

FIG. 3. Dependences of f /fp on AMy p with m, = 1.2,
1.5, 1.8 GeV and m;, = 4.7 GeV. The low and high horizontal
dash lines correspond to fp = 360 MeV and fp = 517 MeV,
respectively. The left and right vertical dash lines correspond to
AMp g = 16 MeV and AMj p- = 64 MeV, respectively.
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0.4 LN S S B S S S S BN SN S RN R L S S R B —T T T T T
ol <P pi> ]
(\1’.\ [ |
£ A
ool <rzDs> .
A L
Vv
-02F <r2Do> g
_0.4 L n n n n 1 n n n n 1 n n n n 1 n n n n 1 n n n n 1 n n n n ]
12 1.3 1.4 L5 1.6 1.7 1.8
m.(GeV)

FIG. 4. Dependences of (rfﬁ’ o,

p)onm=12~18 GeV.
dependences of fz /fp on AMg g with m. = 1.2, 1.5,
1.8 GeV and m;, = 4.7 GeV were shown in Fig. 3. Some
model predictions were made for fp [15,54,58-62], and
the range of these values was fp = 360 ~ 517 MeV or
fg./fg =176~253. As shown in Fig. 3, this range
corresponded to AMp p- = 16 ~ 64 MeV. We found that
this result was consistent with a calculation using the
nonrelativistic renormalization group [63] AMp g =
48 = 15711 MeV.

Besides, the mean square radii of the heavy meson are
calculated by the above parameters and Eq. (3.23). The
dependences of <r2D+’D0]DS> on m, and <r123+,30,33> on my,
were shown in Figs. 4 and 5, respectively. It was easily
found that, as mentioned at the end of Sec. III, the mean
square radii <rf)+, o, DJ) and <ré+, 8, B:> were insensitive to
the heavy quark masses m, and m,,, respectively. We used
m, = 1.5 GeV and m;, = 4.7 GeV to estimate the mean
square radii of the heavy meson and the results are listed in
Table IV. It is interesting to note that the value <r§+> is
slightly lower but comparable to what one would obtain
from the lattice calculation of Ref. [27], and it is consid-
erably smaller than the results obtained by applying the

0.4 L
0.2} <r2B+ > i
(\]A
E | ]
< ’
Ao s> ]
S
-02f <r? > 1
-04 I " " " 1 " " " 1 " " " 1 " " " 1 " " "
42 44 4.6 438 5.0 5.2
my(GeV)
FIG. 5. Dependences of <ré+’3(,‘3\) on m, =42 ~5.2 GeV.
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TABLE IV. Mean square radius (r3) (fm?) of this work and the
other theoretical calculations.

This work Lattice [27] VMD
D* 0.165.31)
D° —0.261%0015
D; 0.0902 014
B* 0.2730:943 0.334 = 0.003 0.393*
B° —0.134500%
BY —0.0676-5:9138
B 0.0277 ~ 0.0451°

"‘Thls value is obtained by (r2>VMD =6/M:,.
"This value is obtained by fp, = 360 ~ 517 MeV.

simple vector meson dominance. The SU(3) symmetry
breaking in (r3)"/2, which mainly come from the mass
difference m; — m, = 180 = 50 MeV, are obtained as

2, 2
oot |2
D* B
The radius ratio of B} and B are also obtained as
(r %3+>
<rB+>
which corresponds to the range f5 = 360 ~ 517 MeV.

— 0711088,

= 0.4077093 ~ 0.31970:923

V. CONCLUSIONS

In this study, we discussed the ratios of decay constants
and mean square radii for pseudoscalar heavy mesons. By
considering the hyperfine interaction inside the meson, we
found that the ratio of light quark masses m;/m, was the
important factor for determining the ratio of the decay
constants. First, in the nonrelativistic approximation, we
obtained the relation fg /fp = (1.05*0.02)fp /fp
which did not use any parameters. These two ratios were
individually evaluated by including the “best-fit” light
quark masses mg/m, = 483/310 = 1.558 and the values

PHYSICAL REVIEW D 81, 054022 (2010)

fp./fp=1226*0.002 and fp /fp = 1.24 = 0.02 were
obtained. Second, in the light-front framework, we utilized
the mass difference of light quark masses m; —m, =
180 = 50 MeV and the fittings of the decay constants for
light mesons to compare the mean square radii of K*°
mesons in the power-law and Gaussian momentum distri-
bution amplitudes. The latter was consistent with the data
and it extracted the light quark masses ratio m,/m, =
1.72 + 0.20. This mass ratio led to fp /fp = 1.29 *
0.07 and f /fp = 1.32 * 0.08. The former was in agree-
ment with the experimental data and the latter was almost
larger than all other theoretical calculations. Both these
ratios were not only insensitive to the heavy quark masses
m,;, but also insensitive to the decay constants fp p.
Similar to the above, the ratio f /f was mainly deter-
mined by the mass ratio m./m, and the mass splitting
AMp, . The dependences of f /fz on AMp p- with the
varied charm quark masses have been shown. We found
that fp /fp = 1.76 ~2.53 corresponded to AMp p: =
16 ~ 64 MeV. In addition, the mean square radii of heavy
meson were estimated. We found the mean square radii
<r§)+’D0’Dy> and <rB+ B, B) were insensitive to the heavy
quark masses m,. and m,,, respectively, which was consis-
tent with the behavior when the heavy quark limit was
taken. Our <r§+> was slightly lower but comparable to that
of lattice calculation, and was considerably smaller than
that of vector meson dominance (VMD). The light quark
mass ratio and the range of fz given above also led the

radius ratios ‘/(r%y)/(rff) = 074070080, (2 /() =
0711508, and  J3)/(2.) = 04074993 ~

0.31972:923, respectively.
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