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Relations between vacuum condensates and low energy parameters from a rational approach
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Conventional methods to determine nonperturbative parameters in QCD, such as the different variants
of QCD sum rules or the minimal hadronic approximation, combine a certain degree of matching to QCD
with inputs from hadronic parameters. The latter introduce systematic errors difficult to quantify. In this
paper, I will apply a method based on rational approximant theory where matching is maximized and no
hadronic inputs are used, thereby leading to simple analytical relations between high- and low-energy
parameters. I will be mostly interested in the phenomenological applications to the II;r and IIy;
correlators, with special emphasis on quantities like the d = 6 and d = 8 vacuum condensates in I1;; or

the quark condensate magnetic susceptibility xj.
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I. INTRODUCTION

Confining gauge theories like QCD are extremely chal-
lenging. Information based on first principles is only avail-
able at high spacelike momenta, where perturbation theory
is valid, while at low energies the spontaneous breaking of
chiral symmetry allows a description in terms of an effec-
tive theory of pions known as chiral perturbation theory
(ChPT).

In order to go beyond these two energy regimes, in the
so-called resonance region, new genuinely nonperturbative
techniques have to be employed. In this respect, lattice
QCD is probably the best-positioned candidate to eventu-
ally unravel nonperturbative physics, but even if this goal is
accomplished, it should be complemented with analytical
nonperturbative methods.

Over the years many different methods have appeared to
estimate nonperturbative parameters in QCD. Among
them, the most popular are perhaps vector meson domi-
nance (VMD) [1], QCD sum rules (QCDSR) [2] with all its
variants—finite-energy sum rules (FESR), Borel sum rules
(BSR), etc.—or the minimal hadronic approximation
(MHA) [3,4].

Despite the differences between those approaches, there
is a common ground: they all adopt a meromorphic had-
ronic ansatz, i.e., some modeling of the hadronic spectrum
consisting of single poles. This can be connected to a well-
defined limit of QCD, namely, the limit of large number of
colors [5]. In this limit, QCD looks like a topological field
theory which admits a power expansion in the parameter
1/N,. At leading order, any correlator is a meromorphic
function. Plenty of phenomenological features of QCD can
be qualitatively understood by inspecting the leading order
in the 1/N, expansion [6]. However, a quantitative solution
to large-N,. QCD has proved elusive so far. In other words,
the values for the (infinite) poles and their associated
residues remain unknown.'

'See however Ref. [7] for a strategy to determine a set of decay
couplings in the large-N,. limit.
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Therefore, from this perspective, VMD, QCDSR,
and the MHA may be seen as different phenomenological
approximations to QCD,,. VMD assumes that, whenever
vectors contribute to a certain process, the first
vector resonance in the spectrum gives the bulk of the
nonperturbative effects. A natural extension of VMD is
lowest meson dominance (LMD), which states that
each channel is dominated by the lowest lying resonance.
The problem is that very little is known about poles and
residues of resonances. QCDSR, in contrast, is a method
that allows to determine resonance parameters by matching
the hadronic ansatz to the operator product expansion
(OPE). The MHA originated from a completely different
context, namely, the computation of electroweak observ-
ables, like the electromagnetic pion mass difference [8],
which can be expressed in general as integrals over the
Euclidean regime of QCD correlators. The MHA also
relies on a matching, but one typically matches to high
and low energies. Therefore, VMD has no matching,
QCSR is a one-point matching procedure and the MHA a
two-point one.

Only recently it has been pointed out [9] that the
previous methods are special cases of what is known in
the mathematical community as rational approximants.
Essentially every method based on meromorphic ansitze
and local matching is a Padé approximant: a Padé-type
if the poles are fixed to physical masses, a partial-
Padé if a subset of poles and residues is taken from
experiment, or a plain Padé approximant if no input other
than matching is used. Therefore, the MHA is a two-
point Padé-type approximant, FESR are one-point Padé-
type approximants while BSR are one-point Borel-
Padé approximants. Only VMD falls out of this category
because there is no matching involved.

There is one important remark to be made: the theory of
Padé approximants states clearly that the parameters that
come out of matching (poles and residues) are not the
physical ones, and only in certain cases can be identified
as such. In fact, as we will see later on, it is not uncommon
that some of the mass parameters become complex valued.
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As a result, a naive identification of Padé parameters with
physical ones should be avoided.

An additional and closely related characteristic of Padé
approximants is that Euclidean quantities are quite insen-
sitive to the details of the hadronic ansatz. This was already
observed in Ref. [10,11] in the context of MHA, where it
was shown that meromorphic correlators, which bear little
resemblance to QCD in the physical axis, can nonetheless
be made extremely accurate in the Euclidean regime,
provided the correlator complies with known properties
of QCD at high and low energies. This was a direct con-
sequence of the MHA being a Padé approximant, though at
the time it was not fully realized. Therefore, if one is
interested in Euclidean parameters there is no need to use
hadronic input.

In this paper, I will explore the consequences of working
with a minimal (meromorphic) ansatz for correlators con-
strained in a maximal way. This maximally constrained
approach differs from conventional MHA in that not only
the decay couplings but also the masses will be left free.
Thus, the method is none other than a plain Padé approx-
imant: all parameters of the interpolator will be determined
using only information from Euclidean space, with no
reference to hadronic parameters whatsoever. In this
work I will concentrate mostly on the two-point correlators
I1; z and I1;. The Padé approximant will lead to definite
relations between low- and high-energy parameters, allow-
ing, in particular, to relate the ChPT parameters L, and
Cg; to the dimension-six and dimension-eight vacuum
condensates, or the magnetic susceptibility x, to the mixed
and quark condensates.

The structure of the paper will be as follows: in Sec. II, I
will discuss the application of the method to the Il
correlator and its implications for the d =6 and d = 8
vacuum condensates. In Sec. III, I make contact with the
theory of Padé approximants and show how the method is
embedded in it. In Sec. IV, I extend the analysis to the I
correlator to give a prediction of the low-energy parameter
Xo» the magnetic susceptibility of the quark condensate, in
terms of the mixed condensate. In Sec. V, I briefly com-
ment on the implications of this strategy for the scalar and
tensor two-point functions. Conclusions and future pros-
pects are summarized in Sec. VI. Finally, I include an
Appendix with the d = 6 and d = 8 four-quark operators
for the vector, scalar, and tensor sectors together with their
expressions in the factorization approximation.

II. OPE CONDENSATES IN II;
Consider the following two-point correlators:
o) = i [ el QIT{y, Vi O30

(1)
A () = i ] dxe O T{A , ()AL (0)}10),
where V,(x) =

it(x)y,d(x) and A, (x) = i(x)y,ysd(x).
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We will define its difference as II;x = 1y — I144. In
the chiral limit, Lorentz and gauge invariance lead to

75(q) = (g*q” — q*g"") 1 r(q?). 2)

This correlator has a lot of interesting properties. First of
all, it is an order parameter of the spontaneous breakdown
of chiral symmetry (S ySB). In particular, this means that it
vanishes to all orders in perturbation theory. Therefore, all
its high- and low-energy coefficients are order parameters
of SySB too. Second, its first two OPE terms cancel on
general grounds: gauge invariance forbids a d = 2 conden-
sate, while the d = 4 operator is purely gluonic (in the
chiral limit) and therefore chirally symmetric. This led to
the celebrated superconvergence relations between had-
ronic parameters for the vector and axial channels [12],
nowadays known as Weinberg sum rules. The high-energy
falloff can therefore be cast as

f—;;'. 3)

2lim HLR(qz) =
g (=) n=3

On the other hand, ChPT allows to parameterize the low-
energy regime as

2
lvimOHLR(qz) = 1;727 — 8Ly + 16Cg79° + O(g*),  (4)
P

where Ly, and Cg; are low-energy parameters, encoding
the dynamics of the hadronic spectrum.

When the number of colors is large, any correlator is
saturated by the exchange of an infinite number of stable
one-particle states. For II;, the absorptive part reads

Ltmll () = 13600 + 3 £3,00 — mi,)

B zfiﬂﬁ(t - min)’ (5)
where we have defined
<0|VM|Pn(P, /\)> = anmVnes.:\),

<O|Aulpn(19’ A) = fAnmAnEsz\)-

I1, ; satisfies an unsubtracted dispersion relation and there-
fore one can write

2 ® 2 o0 2
I, r(q%) = f— + Z - Jin - (D

— 2 2
q+mVn n q+mAn

(6)

If the previous expression is regarded as an interpolator of
the true QCD correlator, then the unknown masses and

’In general, both the vacuum condensates and ChPT parame-
ters defined in Egs. (3) and (4) have a logarithmic dependence
when quantum corrections are taken into account. In this paper, I
will always consider their leading-order scale-independent
contribution.
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decay couplings can be determined, for instance, by match-
ing to the known OPE expansion. In general, for an arbi-
trary large but finite spectrum, one finds the following set
of matching equations

Ny
Z fAn z f = 52’
Na
Z fA”mAn z anmVn - §4v
Na
Z fAnmAn Z anmVn = '56’
N Ny )
S L =3 famiht =&y (8)

whose solution determines the hadronic parameters in
terms of vacuum expectation values of QCD operators.
The previous system of equations was studied in detail in
Ref. [13], where very interesting remarks were made on the
relation between OPE condensates and the pattern of vec-
tor and axial states in the spectrum of II; ;. In particular,
the structure of Egs. (8) leads to a Vandermonde-type
linear system and can therefore be solved analytically.
The results show that all OPE condensates, as defined in
Eq. (3), should be positive. This complies with a theorem
by Witten [14] that states the following positivity condi-
tion:

¢lr(@) =0, —0=g"=0. 9)
As pointed out in Ref. [13], Witten’s inequality in con-
junction with the Weinberg sum rules requires &4 to be
positive.

Note nonetheless that the conclusions reached in
Ref. [13] hold if the masses in Eq. (8) are taken to be
physical, i.e., if one is constructing a Padé-type. However,
as I discussed above, plain Padé approximants do not
impose such constraints and instead leave all masses and
decay constants as free parameters. In the following, I will
explore the consequences of analyzing Eqgs. (8) as a plain
Padé.

One of the main advantages of meromorphic approxim-
ants is that low- and high-energy parameters can be related
analytically. Following our discussion in the Introduction, |
will restrict my attention to the minimal number of states
per channel,

HLR(q f2 zf%/ > 2 i 7 - (10)
¢ g tmy =g’ my

In order to fully determine masses and decay constants, we
need to solve the following system of equations:
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fa—fv=-r%
ffxmA fvmv =0 a1
fimA fvmv = &
ffxmA fvmv = &3,

which is a particular case of Eq. (8), where the first two
equations are the celebrated Weinberg sum rules. With the
masses free, the previous system of equations becomes
nonlinear, and its solution becomes considerably involved.
However, it is instructive to inspect the solution at a
qualitative level. The first thing to notice is that there are
actually two solutions, as a consequence of the symmetry
{f & —f2}, {m?} — m3i} of the ansatz. The second and
most relevant fact is that the parameters can become com-
plex if

£ <Af2E. (12)

Imaginary solutions obviously invalidate any interpretation
of the parameters as being physical. However, notice that
this does not affect Euclidean quantities. For instance, if
we define the parameters of the chiral expansion as

2
lziTT})HLR(qz) = % +> bigY, (13)
Ei J

the solution of Eqgs. (11) turns out to be amusingly simple
and expressible as a general recursive relation:

Q- (Bole) o

where U;(x) are Chebyshev polynomials of the second
kind. The first two chiral coefficients defined in Eq. (4)
therefore adopt the compact expressions:

AR L&
R R - L

A My
Cg7—g[ﬁ f&] 16(’;’) &12 - €. 6)

Let us concentrate for now on the first relation, which is
one of the main results of this paper. Notice in the first
place that, since Ly <0, it predicts the sign of &g to be
positive. This can now be compared to existing determi-
nations of the condensates.

In the first two columns of Table I I list the values for &g
and &g reported in Refs. [15-24]. Note that Eq. (15) is only
compatible with the first half of the table, i.e., those deter-
minations where &g > 0. The third column lists the values
that &g would take, in the different analyses, if L and &g
were taken as inputs according to Eq. (15). We adopt the
most recent value for Lq [25]

Lyp(m,) = —(5.22 = 0.06) - 1073: a17)
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Values for the dimension-six and dimension-eight OPE condensates (in 1073 GeV®

and 1073 GeV?, respectively) reported using different phenomenological techniques. In the last
column we list the would-be value for the dimension-eight condensate if Eq. (15) were used,
taking as input the values for Ly and f, listed in the main text and the values for &¢ from the

first column.

&6 &y & = —8f7*Lioég
Friot et al. [15] +7.90 £ 1.63 +11.69 = 2.55 +9.0 £ 3.7
Toffe et al. [16] +6.8 £ 2.1 +7*+4 +6.7 + 4.1
Zyablyuk [17] +72+1.2 +7.8+25 +75+25
Narison [18] +8.7%23 +15.6 £4.0 +10.9 £5.8
ALEPH [19] +82*+04 +11.0 £ 0.4 +9.71 £0.96
OPAL [20] +6.0 = 0.6 +7.6 £ 1.5 +52*+ 1.0
Cirigliano et al. on ALEPH [21] +4.45 £0.70 —6.16 £ 3.11 +2.86 £ 0.90
Cirigliano et al. on OPAL [21] +5.43 £0.76 —1.35 £3.47 +43+ 1.2
Bijnens et al. on ALEPH [22]] +3.432¢ —14.471%% +1.7 £24
Bijnens et al. on OPAL [22] +4.0 2.0 -10.4789 +2.3+23
Latorre et al. [23] +4.0 2.0 —12*7, +23+23
Almasy et al. [24] +3.2518 —-17.0733 +15+15
This work +7.6 £0.4 +83*+ 1.0
extracted from a O(p*) analyses of tau decay data, together 1o
with f, = (130.4 = 0.2) MeV. 6 = 16@L2. — Cof2)’ (19)
Notice the remarkable agreement between columns 2 10 87
and 3 when Eq. (15) is used. This is also illustrated in N
Fig. 1. Therefore, Eq. (15) not only predicts the sign for &g & Lifz (20)

to be positive but seems to indicate that the first half of
Table I can be described to a very good approximation by
the quadratic relation

—8L
&=C¢&, C= f4‘°,

where the constant C is nowadays known to the 1% level.

If we now put together Eq. (15) and (16) one can give a
prediction for the condensates. Inverting the system one
finds

(18)

32413, — Cgr 2%

Lo and Cg; could in principle be taken from the recent
O(p®) analyses on tau decay data [25]:

Lyg(m,) = —(4.06 = 0.39) - 1073,

(20
Cyr(m,) = (4.89 = 0.19) - 1073 GeV ™2

However, there are some reasons not to proceed this way.
First and foremost, the previous values for the chiral co-
efficients would lead to a negative dimension-six conden-
sate in Eq. (19), contradicting Witten’s inequality. This can
be easily seen from the denominator of Eq. (19). The

0020 pr=r Ty positivity condition is

» ] 412

0.015j ] C87 < —210 (22)
] course this does not mean that the values of Ref.

£ ooiof 1 Oof his d hat the val f Ref. [25]
8= 1 violate Witten’s theorem. What it means is that there is an
_— apparent incompatibility between the method developed in
0.005 ] this paper and the results reported in Ref. [25]. The origin
I ] of the discrepancy is unclear to me at this point. However, a
bigger value for L, in Eq. (21), closer to the O(p*) result
0000 =002 000r 0006 o008 ool0 ooz would (a) comply with the positivity condition and
£, (b) solve an apparent puzzle: the O(p*) and O(p®) values

FIG. 1 (color online). Values for the dimension-six (in GeV®)
and dimension-eight (in GeV®) condensates from the first two
columns of Table I (only points with positive &g have been
included), and its comparison with Eq. (15).

in Ref. [25] are not compatible within errors. It is also
significative that if L, = —5.22 - 1073 is used, the values
of the condensates for the first half of Table I come out
from Egs. (19) and (20) with natural values for Cgy, in the
range 0.0037 GeV 2 < Cg; < 0.0047 GeV 2.
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An alternative way to determine the vacuum conden-
sates is through a fit with the values of the first half of
Table I subject to Egs. (15) and (16). To be more precise,
I will find the values for &g and &g that best fit Eq. (16)
while keeping Eq. (15) as a constraint with L, given by

Eq. (17).2
The results are
6= (+7.6*+0.4)-1073 GeV?; (23)
& = (+83*1.0)- 1073 GeV?s; 24)

leading to a very reasonable value for Cg;:
Cs7 = (+4.0+0.2)- 1073 GeV 2. (25)

As a consistency check, one could now compute the pre-

diction for the electromagnetic pion mass difference,

which is related to II;, as [8]

_ 3a
Amf2

Am, =

ﬁ) T A0, (0).  (26)

With ansitze like Eq. (10) satisfying the Weinberg sum
rules, the previous equation can be expressed as

3 2,2 2
Ao, = 20y ("3) )
8mm, my — my, my

Plugging in the values found in Egs. (23) and (24) one gets
Am, = (4.60 = 0.28) MeV, (28)

in excellent agreement with the experimental value
Am, = (4.5936 = 0.0005) MeV.

I would like to point out that the values found above only
include statistical uncertainties. Systematics both due to
quantum corrections and intrinsic to the nature of the
rational approximation as an iterative method are expected
to be dominant. Their impact on the different parameters is
difficult to estimate, but generically one should expect a
10-30% correction.

IIl. THE METHOD AS A PADE APPROXIMANT

At this point, let me come back to an issue I have
mentioned but not discussed. So far all the quantities
evaluated, namely, chiral coefficients, vacuum conden-
sates, and even the pion electromagnetic mass difference,
have been real, as one expects, yet the hadronic parameters
from the ansatz, that one would naively identify with
physical states, might become complex if the reality con-
dition & = 4f,2&} is not fulfilled. Indeed, most of the
values reported in the first half of Table I do not satisfy the
reality condition, and yet they still comply with Eq. (15).
Euclidean quantities seem to be mysteriously protected.

*In other words, I assume that L, is known with certainty. If
both Egs. (15) and (16) were weighted evenly in the fit, the
resulting value for L, would have unrealistically large errors.
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This is where the theory of Padé approximants becomes
useful. As I already mentioned in the introduction, almost
the entire analytical techniques that deal with nonpertur-
bative strong interactions can be formulated as different
kinds of Padé approximants to meromorphic functions. A
Padé approximant P?, is the ratio between two polyno-
mials, where the indices n, m denote the degree of numera-
tor and denominator, respectively.

By definition, the approximant should be regular at the
origin. For I, ; regularity at the origin can be achieved if
one works with the function ¢*I1;; instead. This is a P3
approximant which should be supplemented with four
constraints, which for convenience will be rewritten as

fi-fim 1
bt f =0

v fi_ (29)

=5 — 5= 8Ly,

my  my

2 2
f—‘; - f—i = 16C87.
my My

The effect of the two Weinberg sum rules is to reduce the
approximant to a P approximant of the form
mim3 %

(=¢* + my)(=q* + m3)’

¢ g = (30)

In a regular Padé-type approximant the masses in the
previous formula can be taken from experiment. In con-
trast, in a plain Padé approximant two more constraints are
needed such that the masses are functions of Ly and Cg;.

Padé approximants are iterative methods, and the exer-
cise done in the previous section is just the first iterative
step. In order to improve the approximation there is a
natural and well-defined prescription: new resonance con-
tributions can be added to the ansatz, and for each one two
more constraints from low energies should be added to
Eqs. (29).* The iterative procedure thus defined is empow-
ered by the following result: when the function is mero-
morphic, there is a theorem by Pommerenke [26] that
ensures convergence of Pj, as n, m — 00 on a compact
subset of the complex plane except on a set of null mea-
sure.” This includes the physical axis, but also spurious
poles that the Padé approximant can generate. These spu-
rious poles can be imaginary, in which case they always
come in complex conjugate pairs.

“Given that there is precise data on the absorptive part of I1 ,
this is actually feasible and will be the subject of a separate
article.

>Notice that strictly speaking Pommerenke’s theorem does not
apply when g> — oo, i.e., when dealing with vacuum conden-
sates. However, numerical exercises with toy models seem to
find convergence also there. We refer the reader to Ref. [9] for
details.
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For instance, for the values of Egs. (23) and (24), one
finds m3 = (m3)* = (0.546 + 0.386i) GeV?, in agree-
ment with Padé theory. There is nothing pathological about
the appearance of complex poles: it is the price to pay for
approximating an infinite number of poles by a finite
number of them. One should keep in mind that the parame-
ters in the ansatz are not physical and should be seen
instead as the effective masses and decay couplings that
best approximate the function as a whole. As an illustration
of this last point, consider the pion electromagnetic mass
difference in Eq. (27). Using the MHA, m,, my should be
identified with the physical masses for the first vector and
axial hadronic states. This would yield Am_, = 6.0 MeV,
while the maximally constrained approach yields Am,, =
4.60 MeV. Despite the obvious differences in the interpre-
tation and values for the mass parameters, in this case both
methods yield a consistent prediction for Am... I cannot
think of a better example to illustrate the nature of Padé
approximants and the fact that radically different ansitze in
Minkowski space give reliable predictions in Euclidean
space.

This last example brings up an interesting question,
namely, how our the results of the last section would
change if different Padé approximants, like Padé-type or
partial-Padé approximants, were used. For instance, one
could add a new term in the ansatz of Eq. (10), while fixing
the first two poles to the p(770) and a,(1260) physical
masses, and solve the system of constraint equations again
(partial-Padé). Or, alternatively, one could apply an MHA-
like ansatz by adding four resonances, fixing their poles to
the first four experimental masses in the I, spectrum,
and use the constraints to solve for their decay couplings. It
turns out that in the partial-Padé case the multiple solutions
for the matching equations, unlike the plain Padé approx-
imant, do not lead to unique predictions for &g or &g. In
contrast, the use of a MHA-like ansatz leads to a very
stable L, even if the values for the masses are drastically
changed. However, the values of the vacuum condensates
are extremely sensitive to such changes. This sensitivity of
the MHA to high-energy parameters was already observed
in Ref. [9].

IV. THE MAGNETIC SUSCEPTIBILITY OF THE
QUARK CONDENSATE

We can apply the strategy described in Sec. II to obtain a
prediction for the magnetic susceptibility of the quark
condensate Y, a quantity introduced in Ref. [27] in the
study of the scattering of nucleons in electromagnetic
backgrounds. Since then, y, has been subjected to multiple
determinations, but there is still controversy as to its value,
with many determinations hovering around y( ~
3 GeV ™2, while others pointing at higher values, y, ~
9 GeV 2. Recently, it has been shown that the quantity
plays a role in the hadronic light-by-light scattering con-
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tribution to the (g — 2),, [28,29], adding an extra motiva-
tion to resolve the present discrepancy.
I start by considering the following two-point function:

MY (q) =i j d*xei O T{V, (DTS00, 31)

where T,,(x) = i(x)o,,d(x), and o*” = i/2[y*, y"]. It
is easy to check that Ty is an order parameter of S ySB,

which is nonvanishing because at the hadronic level fi,,
defined as

OIT,, lpu(p, V) = if (€l p, — eVpL),  (32)

is nonzero. Using Lorentz, parity, and gauge invariance one
can factor out the tensor structure as follows:

1577 (q) = i(gPg"” — q"g"")Myr(g).  (33)
At high energies, the OPE expansion reads [30]6

_ gy 28, (PG
V=2t

lim )HVT(q w, (34)
(—o0

2

where we used the shorthand notation G = G urOt’ . At
low energies the y, parameter is defined as

12imOHVT(q2) = —xolpyp) +--- (35)
o

In the large-N limit, the absorptive part of the correlator
takes the form

1 (o]
= ImILy7 (1) = Zf‘J/'ananna(f — my,), (36)

and therefore the correlator can be expressed as

— . 3 Ay = f‘J/_n ) (37)
—q° + my, Vn

which follows again from the fact that 11, satisfies an
unsubtracted dispersion relation.

With the information given in Eq. (34), our ansatz for the
spectral function will consist of a single resonance state.
Matching the high-¢? limit of Eq. (37) to the OPE, the
resulting constraint equations are

)A\vf%/mv = =2 y), ):vf%/’ﬁ%/ =
(33)

This system of equations is easily solvable, and it predicts
the following value for the magnetic susceptibility:

AN )
Wyny g (b G b))

It is customary to define the parameter m3 as [30]

Xo = 39)

SNote that our sign convention for g, differs from the one
employed in [30].
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gU Gy =—m¥ g i), (40)

whose value has been estimated from sum rules to be m3 =
0.8 = 0.2 GeV? [30]. Subsequent lattice [31] and sum rule
analyses [17] are in very good agreement with this initial
estimate, while instanton vacuum model calculations
[32,33] predict slightly bigger results.

Using the value for m(z) reported in Ref. [30], we there-
fore find the prediction

Xo = % = (7.5 = 1.9) GeV 2, (41
my

which is big compared to the values obtained from QCD
sum rule analyses [34], instanton vaccum model calcula-
tions [35], or exclusive B meson decays [36], but compat-
ible with the values reported in Refs. [27,37].

The latter analysis is based on considerations on the
transverse part of anomalous three-point functions and
provides an analytical expression for y,. In our notation,
his result reads

N,

T

X0
Combining the previous equation with the result in
Eq. (41), we can get an analytical prediction for the value
of m(z), namely,

m3 = 4m2f2 =~ 0.67 GeV?, (43)

which is entirely consistent with previous determinations.

An additional nontrivial relation can be established be-
tween Ly and m}, thus checking the consistency of our
approach between II; and ITy;, by expressing Eq. (15)
under the factorization hypothesis. Using Egs. (A15) and
(A16) in the Appendix one finds

_ Ity
5127magq)’

Ly (44)
The combination 7a{Gq)*> can be determined from the
value of & from Eq. (23). The result is 7a(Gg)* =
(10.7 £ 0.6) X 10~* GeV®, where the error is only statis-
tical. This is in good agreement with the experimental
value 7a{Gq)* = (9 +2) X 10°* GeV®, meaning that
our determination of &4 is consistent with factorization.
One could now solve for m(z) in Eq. (44). With the
experimental inputs for L, and 7a{Gq)* we find

m3 = (0.92 = 0.21) GeV2. (45)

This value can be compared with
m} = gg = (1.13 £ 0.06) GeV?, (46)
6

showing a nontrivial global consistency between the ex-
perimental values for L,y and the quark condensate, our
values for the vacuum condensates in II;; and II; and
the factorization hypothesis.
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Notice that according to Eq. (41), a smaller value for y,
requires a bigger value for the mixed condensate. For
instance, in order to reproduce the sum rule value y, =
3.15 GeV~2 [34], one would need m} =~ 1.9 GeV, cer-
tainly too big, even for instanton vacuum model estimates.
Our results therefore clearly favor a big value for y,.

Finally, it is worth insisting that the parameter iz, has
nothing to do with the my introduced in the previous
section when we discussed the vector channel. It is true
that in the large-N, limit the masses my,, in Egs. (5) and
(36) are the same, but as soon as we truncate the spectrum
the effective masses my and 71y, become unrelated parame-
ters. For instance, it is easy to verify that, while we saw that
my was complex, nty is real and given by

1
my =—=my~ 516 MeV. (47)
V3
Clearly, /M, should not be associated with the p(770)
meson mass. Moreover, note that the following combina-
tion of decay constants gives
Al s 2/3(gq)
feiv=-"2t o vanky, (48)
my
where we have used (Gg) = —(250 MeV)? and the values
reported in Ref. [38] for the decay constants.

V. A COMMENT ON THE SCALAR AND TENSOR
SECTORS

The analyses we have performed in the previous sections
can be carried over to two-point functions involving scalar,
pseudoscalar, and tensor currents. In the scalar sector, the
lack of gauge invariance precludes a simple expression like
Eq. (15) for the low-energy coupling Lg and one is forced
to resort to d = 10 vacuum condensates. The tensor sector,
despite being out of experimental reach, has attracted an
increasing interest, especially in the study of nucleon
structure. In particular, the so-called tensor susceptibility
[39] has been estimated using sum rules and there is
controversy as to its magnitude. According to some analy-
ses [40,41], the discrepancies might be due to the hypothe-
sis of vector meson dominance being invalid.

A. Scalar sector

Consider the following two-point correlators:
lgslq) = i [ dxer*@IT{SCSH O}o) o)
Lpplg) = i [ d'xe QIT{PIPHO}IO)
where S, (x) = :i(x)d(x): and P, (x) = :i(x)iysd(x):.
Analogously to the vector-axial case, we will be interested

in the difference I1g_p = Ilgg — Il pp, which is an order
parameter of SySB. Its operator product expansion is of
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the form

§2n

Zli(m )HsfP(qz) = a3’ (50)

g == n=3
while the low energies can be parameterized as follows:

of2

Lllziinﬂnsfp(qz) = +32BjLg + -+ (51)

Its spectral function in the large-N,. limit takes the form
LimlLy 0 = ~B3f300) + 3 3,00 ~ )

= ff%,ﬁ(r — mp,) (52)

and, since the correlator satisfies an unsubtracted disper-
sion relation, one ends up with

Hsf (qZ) — B?]fz + i f_%n _ i %’n

n _q2+m§'n n _q2+m%’n.
(53)

In order to fulfill the minimal ansatz, we need four high-
energy constraints. The matching equations take the form

flzﬂ_f%:_B(Q)z meP fs = &6

fomp — fsms = &g, fpmp = fsmg = &,

(54)
Notice, in contrast to the vectorial case, that here we need
to go as far as d = 10 operators. This is a consequence of
the form of Eq. (50), which eventually can be traced back
to gauge invariance: in the vectorial channel the Ward
identity makes II;p dimensionless, while IIs p is a
dimension-two object. One can solve Egs. (54) for the
hadronic parameters in terms of OPE condensates to get
the relation

N W

Ls = 3232[ms m_,%]
1 [fé+2§65833f2+§103 f“]
3285 & — &k '

(55)

With the previous equation, and taking as input the values
for Lg, &6, and &g (assuming factorization), one can give a
prediction for &4. Using the results of the Appendix and
Lg = (9 +3)-107% one finds &, = (0.002-0.02) GeV'?.
Recent results from the lattice [42] seem to suggest much
lower values for Lg. In particular, Lg(m,) = (3-4) - 1074,
If this is confirmed then our prediction for &;, would
become negative, &, = —(0.002-0.003) GeV'©.
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Again, it is worth stressing that the parameters on the
left-hand side of Egs. (54) are not to be taken as the masses
and decay constants of physical particles.” In fact, for
typical values of the condensates and Lg one always finds
that at least one pole and one residue are complex.

B. Tensor sector

Consider the two-point correlator
770pl0) = 1 [ 50 OITIT,,, (T 00, (56)

where, as before, T,,(x) = ii(x)o,,d(x). Lorentz invari-
ance and the antisymmetry of tensor indices lead to the
following decomposition

(g2 FreB(g) + T (g2 2P (g),
(57)

147 (g) =

where, for phenomenological purposes, we have conven-
iently projected the form factors in combinations with
well-defined parity, [17,. F#**# and F*"*** are Lorentz

tensors given by
Frveb(q) = qqPg" + q"q" g — q#q“g""
— q"qP g, .
Fi7P(g) =
= FLveb(q) + q*(ghg"P — ghPg"®).

i vo o T
e 7P e P e q,q,

In fact, they are chiral projectors, the counterparts of
Prp = 1/2(1 % ys) for tensor currents [46]. In the follow-
ing, we will be interested in the difference 11, = 15, —
I1;;. This correlator is an order parameter of SySB, thus
its high energies can be parameterized entirely by OPE
condensates. Since the chiral tensors F*“**#(g) are qua-
dratic in the momentum, the situation is analogous to the
vector channel, namely,

. 2\ > fgﬂ

th H77(g%) = - (59)

P~ (=) =
At low energies, the correlator takes the form
A O +Q A A
(g% =25 +2Q5, + 22 =22 -320,
q 2 q
(60)

where we used the conventions of Ref. [46]. The spectral
function in the large-N, limit is given by

’Similar observations were made in Ref. [43] and especially
[44] in the study of the same correlator with a toy model with
QCD ultraviolet constraints. More recently, and in the same
direction, there have also been claims that LMD does not
seem to work for the scalar sector [45].
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Limity - gf%,ﬁ(t i) - éf&,,)z@(t i),
(61)

where B, are (177) mesons and fj, is defined as
OIT,|Bu(p, V) = if g umpely b’ (62)

Knowing that Il;; satisfies an unsubtracted dispersion
relation, the correlator with its minimal hadronic content
reads

5 (fv)?
(%) = e i A 63
TT(C] ) _qz ¥ m% _q2 + m%/ ( )

The expansion of Eq. (63) at high energies and subsequent
matching to the OPE of Eq. (59) leads to

(o) = fa=20As,  (f§)Pmy — fzm =0,

FyVPmy — fymy = &6 (fy)’m) — fymf = &

(64)

Notice that, contrary to II,p, there is no pion pole in the
tensor correlator. In its place one finds the tensor suscep-
tibility [39], which is related to Aj as y; = 2A3(Gg) "
Equations (64) are formally identical to Eqs. (11) for the
vector channel® and therefore the prediction for the low-

energy parameter A is

fz:i[(ﬁ)z—ﬁ]:—l S o)

2L md w3 8 (eI

Unfortunately, and contrary to Lq, very little is known

about ), the main reason being that neither Q nor A5 are
accessible to experiment, and only lattice QCD or sum rule
analyses can provide an estimate. Dividing Eq. (15) by
Eq. (65) and applying factorization, one gets the prediction

Ly 30

3

- —, 66
T 4A2 (66)
which in principle could be tested in lattice simulations.
The previous equation can be compared with the VMD
prediction. Using the values of Ref. [38] for the decay
couplings, together with mp = 1.234 GeV, m, =

p
0.770 GeV, and fz = 0.18 GeV, one finds
QO QO
— ~ —6.7—. 67
[A%]VMD A3 7

This disagreement seems to comply with the claims in
Refs. [40,41] against the reliability of VMD.

8However, the nature of f, and A; is very different: A3 has
nothing to do with the breaking of chiral symmetry.
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VI. CONCLUSIONS

The use of meromorphic functions to describe correla-
tors in QCD is nowadays a standard procedure at the base
of methods like VMD, QCDSR, or the MHA. From a
formal standpoint, all these methods can be viewed as
phenomenological approximations to QCD in the large
number of colors. However, for a long time no clear dis-
tinction was made between Euclidean and Minkowski
applications. This might have been the reason why there
are some claims in the literature that the large-N,_ limit of
QCD is unrealistic. There is no doubt about this if one is
confined to the physical axis. However, this point of view is
not justified for Euclidean observables. Actually, as long as
there is Euclidean matching, Euclidean observables are
very insensitive to changes in the Minkowski axis.

This phenomenon was first observed in studies of the
MHA, where the fundamental importance of Euclidean
matching was emphasized, but only recently the connec-
tion with Padé approximants has been made. In Padé
theory, QCDSR and MHA are physical realizations of
partial-Padé and Padé-type approximants, and this stability
of Euclidean quantities is a natural consequence of
Pommerenke’s theorem.

Following Padé theory, the main philosophy adopted in
this work is that meromorphic ansétze are purely interpo-
lators, with poles and residues that need not bear any
resemblance to physical parameters. The method proposed
is a plain Padé approximant, where poles and residues are
constrained in a maximal way. The method is Euclidean in
the sense that (a) no hadronic input is used and
(b) predictions should be restricted to Euclidean space.
This allows to get analytical results between low- and
high-energy parameters. The main results are

1¢

L= ~3 f_z pa (68)
6

Xo =5 (69)

The first expression not only gives a prediction for £g to be
positive (because L is negative) but, as Fig. 1 illustrates,
it describes correctly all the phenomenological determina-
tions consistent with a positive £g. This suggests a qua-
dratic relation between the condensates, &g = C¢2, where
C = —8L,of*. With this relation one can then perform a
fit for &g and &g, resulting in

&= (+7.620.4)- 1073 GeVS;

(70)
&= (+83=1.0)- 1073 GeV®.

It is worth stressing that the previous results give a self-
consistent picture, with Am, = (4.60 = 0.28) MeV,
Cs7 = (4.0+£0.2)- 1072 GeV 2, m} = (1.13 =
0.06) GeV? and compatible with factorization. On the
other hand, typical values for m} in Eq. (69) yield values
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which favor a large y,, in excellent agreement with the
determinations of Refs. [27,37].

Bearing in mind that these results are just the first
iteration of a Padé approximant to the Il;x and Il
correlators, this self-consistency is tantalizing and a strong
indication that Padé approximants to I1; z and ITy; might
converge very fast. This convergence in any case is re-
stricted to Euclidean space. We have seen that the residues
and poles determined through matching can become com-
plex, meaning that there is no possible identification be-
tween the parameters in our ansatz and physical hadronic
parameters. This is a limitation of the approach, but by no
means pathological. The ansatz mimics the Euclidean
behavior of the full spectrum with a finite set of poles.
Thus, not surprisingly, the effective poles so determined
might not look like physical ones. This again follows from
Pommerenke’s theorem.

Padé approximants might play a fundamental role in an
eventual understanding of LMD. At this point, and from
the results found in this paper, it seems reasonable to
speculate that LMD is closely linked to the ultraviolet
behavior of the correlators and so should be assessed on
a case-by-case basis. For instance, it is well known that
LMD works reasonably well for 1, ;. This might be due to
the superconvergence properties of I, . In contrast, for
the scalar sector, where the convergence is decreased
mainly by the absence of gauge invariance, there have
been claims that meson dominance might not be a good
approximation [45], and actually the detailed study of
Ref. [44] on the low-energy parameter Lg also points in
that direction. One typically notices a seesaw effect be-
tween low- and high-energy parameters: when supercon-
vergence is at work, low energies can be reliably
determined, while high energies are extremely challeng-
ing. This happens for instance with II; . In contrast, for
I1,;, where no superconvergence is at work, high energies
can be reliably estimated while low energies are hard to
handle. Therefore, the discrepancies found in the literature
for y, might be a consequence of misusing LMD.
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APPENDIX A: DIMENSION-EIGHT OPERATORS
IN THE BACKGROUND FIELD METHOD

I will outline the computation of dimension-six and
dimension-eight operators in Il;z, II5_p, and 14, to-
gether with their values in the factorization approximation.

In the chiral limit, dimension-six operators are either
purely gluonic or purely fermionic, while dimension-eight
operators can be purely gluonic or mixed. For the purpose
of this paper one can ignore the two-quark and the purely
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gluonic operators altogether, because they cancel in the
correlators to be considered, and one is therefore only left
with the four-quark operators. In order to compute its
contribution, we will work in the external field method
formalism, an extensive review of which can be found in
Ref. [47].

We start by expanding the full quark fields to first order
in the gluonic field:

a(x) = dO() + ig, [ 500G, Dy S — 1),
Al)
d(x) = dO() + ig, j d5S(x — DG, (D) y*dO),

where I will be using the following conventions:

i s
G = g_[D’“ D,]; D,=d,— lgSTG(;L' (A2)

The gluon field can be split into a classical static back-
ground field G, (x) upon which a dynamical quantum field
g, (x) will propagate: G, (x) = G,(x) + g,(x). Using this
decomposition in the QCD Lagrangian one can compute
the quark and gluon propagators:

) 1

S(g) = [d4xe’q'x(x|ﬁ|0> = /d4x<x|
1

(P + q)*gapd™ — 28,/ Gl

1
m |0),

D (g) = [ dx(x] 10).

(A3)
Inserting the previous equations in the generic correlator
1,1, (g) = i [ dxe*OlaeT dd O u(0)l0),
(A4)

where I'; , stand for generic Dirac matrices, we will expand
the propagators in powers of ¢/P as follows:

1 1 17 1 1.1 1,1 1
eI IR S A IO RS

1
(P + q)zgaﬁaac - 2gsfabCGZﬁ
8ap0" _P-q . [ (P-q) ,
= -2 8a Bac + 478& 5uc
qz q4 B q6 B
PZ 2gsfacha
_?gaﬁ6ac+—q4 B]+ e (AS)

keeping the terms quadratic in P. The momentum operator
P satisfies

(x|Ply) = iD,6(x — ), (A6)
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where the derivative acts on the right, i.e., on the Dirac
delta and any other quark fields depending on x. The
strategy to follow therefore consists in using integration
by parts to isolate the Dirac deltas. All integrations can be
performed in this way, with the derivative operators acting
on the quark fields.

Since we are only interested in the scalar parts of the
correlators, we can project them with the following ex-
pression,

1 v
(g% = — —g/,LVHfR(q))

3 (AT)

for the vector sector, and

1 vipA
47 (¢%) = @F’; PHQITE (@) (A8)
for the tensor correlator.
Finally, we need to perform an average over momentum,
according to the following formula:

2n

P
<pﬂl.”pltzn>_

= 0+ 1)1 B B, F pr)

(A9)

The previous formula takes into account that the metric
tensor is symmetric, so that the allowed permutations are
those that cannot be reduced using the symmetry properties
of the metric. In the following we will use the shorthand
notation
A4 A4 A4

=7, Z:’yﬂj’ FL,LZLVZO-,U,V7 (AlO)
For the dimension-six contribution, the computation is
straightforward and it reduces to one operator. The results
for the different sectors are

I‘a

(6‘/) = 8was(ﬁrﬁ75d)(arg3’5”):
£9 = dara(al'y,,d)(dls" ),
& = —16ma,(@ld)(dl ,u),
£ = 16ma(al“ysd)(dl, ysu),

(A11)

where the axial and pseudoscalar sectors can be easily
inferred by replacing {d} — vs{d} and {d} — iys{d} in
§(6V) and 5(65), respectively.

The dimension-eight contribution is more involved. In
the next page we list the full basis of operators for the
different sectors, where G stands for the dual gluon field
strength, defined as Guv = I/ZGMMPG"”. In arriving to
the set of operators use has been made of the well-known
expression D*> = g, [20,,G*" + ﬁz together with the
equations of motion for the quark fields in the chiral limit.
In order to determine the associated Wilson coefficients,
we will define &g = 47a,m;0;, with the 7; coefficients
given below:

PHYSICAL REVIEW D 81, 054011 (2010)

n{/:_fg’ n‘f=—17—2; m‘=£; 'rzT=—%;
nzv=—%; my=—2i; n£=%; 772+=—%;
n¥=%; n§=—%; n3‘=§; n; =3
nX=é; n§=—%; n2=%; ny =3
175V=—§, §=£; n;=—§, n =2
né/:%; n§=—%; n6’=37—6; n§=—%;

ng_:é; n§=—%;

ng‘——%; nJZ%;

Mo = %; ”’71+0=%-

(A12)

The results for the vector channel agree with the ones
reported in Refs. [16,17,48], up to changes of basis. To
the best of my knowledge the scalar and tensor operators
had not been determined before. In order to get the opera-
tors for the axial channel it suffices to make the replace-
ments {u, d} — ys{u, d}. Similarly, the operators for the
pseudoscalar sector can be readily found by replacing
{u, d} — iys{u, d}.

A standard strategy to estimate the value of the different
condensates resulting from the dimension-eight basis op-
erators is to use the factorization hypothesis. In this ap-
proximation (which is also consistent with the leading
order in the 1/N, expansion), four-quark operators are
proportional to the quark and mixed condensates. The
master equation to be used is

(@) dTs) = =3 Cullu ® DI (d © DT, (A13)

where I'; ; are generic Dirac matrices and Cy = 1 — N~ 2
is a color factor. In the previous formula the spinor fields
can be generalized to include derivatives acting on them.
The relevant spinor tensor products are

1
<6] ® 6?) = _Z<QQ>: (A14)
-

D,D,g®q) = — 2%
(D,D,q® q) 3

i A
(g,w ~3 Uw)@ G q),

where the shorthand notation G = o uyG"” has been used.
Applying Eq. (A13) on Eqgs. (A11), one obtains

054011-11



OSCAR CATA PHYSICAL REVIEW D 81, 054011 (2010)

é:(V) - _ f(A) — 47ra,Cr(au)dd) For all the applications in the main text, I will work in the
o 0 ’ ~ isospin limit. Therefore,
¢ = — ¢l = —6ma,CylauXdd), (AL5)

b = b = e () = (@d) = G, @Gw=(AGd)=@aGq)

For dimension-eight operators we have to be more spe- 1. Vector sector
cific: as shown in Ref. [16], application of the equations of
motion and the factorization formulas do not commute,
leading to an ambiguity of order N, 2. Here we will follow
the prescription adopted in Ref. [17], which leads to

g(SV) = — (A) = —27a,g,Cy (i G u)Xdd) + (au)d G d)),
gs) = g(P) = 67a,g,Cy(ii G u)dd) + (au)d G d)),
2ma
&=t =%
(A16)

Of = (aD’T% ysd)(dlh ysu) + (al%,ysD*d)(dl ysu) + (al'% ysd)(dD°Th ysu) + (al, ysd)(dl4 ysDu);

O = (aD,D, Tl ysd)(dllysu) + @l ysd)(dD,D,Thysu) + @l ysD,D,d)(dhysu) + (@l ysd)(dlysD,D,u);
OY = (D ,I'4d)(dD*T u);

O} = (@D ,I'}d)(dD,T' u);

O! = (aD F)"ySD“d)(dF ysu) + (alg 'ySd)(dD I ysD*u);

OV = g,[(aG*T4d)(dT%ysu) + (aT4,G* d)(dT%ysu) + (aT4ysd)(dG* T%u) + (al4ysd)(dl% G u)]. (A18)

2. Scalar sector

O = (aDT%,d)(dT4" u) + (al'%,D*d)(dT4 " u) + (al'%,d)(dD’T4" u) + (al'%,d)(dls” D*u);

05 = (ﬁFZVd)(dD”FaD”u) + (aD"T D" d)(dT4, ,u);

05 = (aD,T%,D*d)(@art"u) + (al,,d)(dD,T's” D u);

OS5 = (ab,D,T4*d)@re,u) + (als'D,D,d)(dT%, u) + @l4*d)(dD,D, T, u) + (als d)(dre,D,D ,u);

O$ = (aD,D,T4*d)(dre,u) + (al4"D,D,d)(dl*,u) + @l *d)(dD,D T, u) + (al's"d)(dr*,D,,D,u);

O3 = (@b*T1%,D,d)(dl}*u) + (al'%,,d)(dD,T**D,u) + (aD"T4,, D ,d)(dl*u) + (al'%,d)(dD,T}*D ,u);

OS = (aD,I',d)(dD,Tu). (A19)
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3. Tensor sector

= (aD’T,d)(dT%u) + (il ,D*d)(dlu) + (al,d)(dD*Tu) + (il ,d)(dT*Du);
= (aDT ,ysd)(dTysu) + (al',ysD*d)(dlysu) + (al,ysd)(dD*Tysu) + (al ,ysd)(dl“ysD*u);

T = (@DT,Dd)(dlu) + (il ,d)(d DT*Du);
= (@D, T4 ysD"d)(dre, ysu) + @l d)(d DT Du);

= (@D ,T'4"D,d)(dlu) + (al*d)(dD T4 D, u);
= (@D, Té" d)(dDo L', u);

= (@D, I'¢"d)(dD,T%,u) + (aD,I'¢"d)(dD,I'%,u);

= e2Pr*[(iD, T4 D, d)(dl, ysu) + (al,ysd)(dD,T% ;D ,u)];

= g [(aG,, T d)@dlru) + (al'y" G, d)(dlu) + (al ,d)(dG*' T4, u) + (al',d)(dl%,,G*" u)];
= g, [(@G,, 8" d)(diTysu) + (a5 G ,,d)(diTysu) + (@il ysd)(dG ,, T u) + (@il ysd)(dlh" G ,,u)]. (A20)
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