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Using the method of perturbative quantization in the first order approximation, we quantize a nonlocal

QED-like theory including fermions and bosons whose interactions are described by terms containing

higher order space-time derivatives. As an example, the two-dimensional space-time noncommutative

QED (NC-QED) is quantized perturbatively up to Oðe2; �3Þ, where e is the NC-QED coupling constant

and � is the noncommutativity parameter. The resulting modified Lagrangian density is shown to include

terms consisting of first order time-derivative and higher order space-derivatives of the modified field

variables that satisfy the ordinary equal-time commutation relations up to Oðe2; �3Þ. Using these

commutation relations, the canonical current algebra of the modified theory is also derived.
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I. INTRODUCTION

Theories including higher order time derivatives appear
in different areas of physics. In general relativity, for
instance, the quantum corrections added to the original
lower-derivative theory contain higher derivatives of the
metric [1]. This occurs also in the case of cosmic strings
[2], and in Dirac’s relativistic model of classical radiating
electron [3,4]. In contrast to the naive expectation, the
presence of an unconstrained higher-derivative term, no
matter how small it may appear, makes the new theory
dramatically different from its original lower-derivative
counterpart. As it is shown in [4], unconstrained higher-
derivative theories have more degrees of freedom than
lower-derivative theories, and they lack a lower-energy
bound. Classically, there is a no-go theorem by
Ostrogradski [5], who essentially showed why no more
than two time derivatives of the fundamental dynamical
variables appear in the laws of physics. Ostrogradski’s
result is that there is a linear instability in the Hamil-
tonian associated with Lagrangians which depend upon
more than one time derivative in such a way that the
dependence cannot be eliminated by partial integration
[5,6] (for a modern review of higher-derivative theories
see [6]).

There is also a large class of theories containing higher
derivatives that do not suffer the above problems. Nonlocal
theories, where the nonlocality is regulated by a natural
small parameter contain, in general, implicit constraints
which keep the number of degrees of freedom constant and
maintain a lower-energy bound [4]. Nonlocality naturally
appears in effective theories in a low-energy limit that are
derived from a larger theory with some degrees of freedom
frozen out [4]. A good example is Wheeler-Feynman elec-
trodynamics [7], in which the degrees of freedom of the
electromagnetic field are frozen out [4]. Space-time non-

commutative field theories that arise from open string in a
background electric field,1 are another example of nonlocal
low-energy effective field theories consisting of an infinite
number of temporal and spatial derivatives in the interac-
tion part of the corresponding Lagrangian densities. The
embedding of noncommutative field theories into string
theory is maybe relevant to understanding the inevitable
breakdown of our familiar notions of space and time at
short distances in quantum gravity [8,9]. Whereas space-
space noncommutative theories suffer from a mixing of
ultraviolet and infrared singularities in their perturbative
dynamics [10], the space-time noncommutative theories
seem to be seriously acausal and inconsistent with conven-
tional Hamiltonian evolution [11]. Besides they do not
have a unitary S matrix [12]. Indeed the breakdown of
unitarity in a theory consisting of higher order time deriva-
tive and the above mentioned Ostrogradskian instability
are closely related [6]. However, as it is shown in [13], the
unitarity of the space-time noncommutative theories can be
restored and the path integral quantization can be per-
formed. This progress suggests that space-time noncom-
mutative theories can be incorporated in the framework of
canonical quantization [14]. Different canonical ap-
proaches are suggested in [14,15]. In [15], first a general
Hamiltonian formalism is developed for nonlocal field
theories in d space-time dimensions by considering auxil-
iary dþ 1 dimensional field theories which are local with
respect to the evolution in time. The case of noncommu-
tative’3 theory is then considered as an example. In [14], a
modification of the Poisson bracket (PB) suitable for a
canonical analysis of space-time noncommutative field
theories is constructed.
Another possibility to quantize the space-time noncom-

mutative gauge theories is to use the perturbative quantiza-
tion introduced in [16–18]. In [16,17], the method of
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1Note that space-space noncommutative field theory describes
the low-energy limit of string theory in a background magnetic
field.
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perturbative quantization is used to define the Poisson
structure and Hamiltonian of generic higher-derivative
classical and quantum field theories. This method is inde-
pendently developed in [18]. In [16], the perturbative
quantization of noncommutative gauge theories is dis-
cussed qualitatively, as an example, but no explicit calcu-
lation is performed. In [17], the same method is used to
quantize the Lagrange function involving higher order time
derivatives for both bosons and fermions in 0þ 1 dimen-
sions. As an example the supersymmetric noncommutative
Wess-Zumino model is considered. In all these examples
higher order time derivatives appear in the interaction part
of the Lagrangian. Recently, this method is also used in a
series of paper by Reyes et al. [19,20] to quantize specific
models, where the nonlocal higher time-derivative terms
do not appear in the interaction part of the Lagrangian
density.

The aim of the present paper is to quantize a two-
dimensional noncommutative QED perturbatively in the
first order approximation using the method described in
[16–18]. The resulting effective Lagrangian density of the
theory will be also presented in terms of modified field
variables that satisfy the ordinary equal-time commutation
relations order by order in perturbation theory. The orga-
nization of the paper is as follows. In Sec. II, we will
develop the general framework of perturbative quantiza-
tion for a Dþ 1 dimensional QED-like theory including
bosons and fermions whose interactions are described by
terms containing higher order space-time derivatives. In
Sec. III, after introducing the noncommutative Moyal
product, involving an infinite number of space-time deriva-
tives, we will quantize 1þ 1 dimensional space-time non-
commutative theory perturbatively up toOðe2; �3Þ, where e
is the NC-QED coupling constant and � is the noncommu-
tativity parameter. The effective Lagrangian density of the
theory including the first order time derivative and higher
order space-derivatives is presented in Sec. IV. It includes a
bosonic and a fermionic part. Whereas the fermionic part is
modified in this order of expansion, the bosonic part re-
mains unchanged. In Sec. V, using the Dirac brackets of the
modified fields, we will determine, as a by product, the
canonical algebra of the global NC-UVð1Þ vector currents

of the original noncommutative theory up to Oðe2; �3Þ.
Section VI is devoted to discussions.

II. CANONICAL QUANTIZATION OF MODIFIED
QED INCLUDING HIGHER ORDER TIME

DERIVATIVES

Let us consider the Lagrangian density of modified QED
including higher order space-time derivatives of fermionic
and bosonic degree of freedom c , �c , and A�,

L ¼ Lkin þLintðc ; @�c ; @�@�c ; . . . ; �c ; @� �c ; @�@� �c ;

. . . ;A�; @�A�; @�@�A�; . . .Þ: (2.1)

Here, we have assumed that higher order space-time de-
rivatives appear only in the interaction part, Lint. The
kinetic term, Lkin, is therefore the ordinary kinetic
Lagrangian density of free QED in Dþ 1 dimensions

L kin ¼ �c i��@�c � 1

4
F ��F �� � 1

2�
ð@�A�Þ2; (2.2)

where F �� � @�A� � @�A� is the field strength tensor of

ordinary QED and � is the gauge fixing parameter. In this
section, we will perturbatively quantize the theory de-
scribed by (2.1) up to order Oðe2Þ, where e is the coupling
constant of bosons and fermions. To this purpose, we will
first introduce the corresponding fermionic and bosonic
symplectic two-forms, from which the nontrivial Poisson
algebra of these fields can be derived. After replacing
higher order time derivatives with the corresponding
space-derivatives using the Euler-Lagrange equation of
motion arising from (2.1) up to OðeÞ, the field variables
�c , c , and A� will be appropriately redefined so that the

modified field variables satisfy the ordinary fundamental
Poisson brackets. The resulting Poisson algebra will be
then quantized using the well-known Dirac quantization
prescription.

A. General structure of symplectic two-forms and
Poisson brackets

Let us start by varying the action S ¼ R
dDxdtL, withL

from (2.1),

�S ¼
Z

dDxdt@�1

� X1
m;k¼0

ð�1Þk@�1
. . . @�k

@L
@ð@�1

. . . @�k
@�1

@�2
. . . @�mþ1c Þ

�
�ð@�2 . . . @�mþ1c Þ

þ
Z

dDxdt�ð@�2
. . . @�mþ1

�c Þ@�1

� X1
m;k¼0

ð�1Þk@�1
. . . @�k

@L
@ð@�1

. . . @�k
@�1

@�2
. . . @�mþ1

�c Þ
�

þ
Z

dDxdt@�1

� X1
m;k¼0

ð�1Þk@�1
. . . @�k

@L
@ð@�1

. . . @�k
@�1@�2

. . . @�mþ1A�Þ
�
�ð@�2

. . . @�mþ1A�Þ þ EoM; (2.3)

where EoM is the space-time integral of the Euler-Lagrange equation of motions
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X1
k¼0
ð�1Þk@�1

. . . @�k

@L
@ð@�1

. . . @�k
c Þ ¼ 0;

X1
k¼0
ð�1Þk@�1

. . . @�k

@L
@ð@�1

. . . @�k
�c Þ ¼ 0;

X1
k¼0
ð�1Þk@�1

. . .@�k

@L
@ð@�1

. . .@�k
A�Þ ¼ 0;

(2.4)

multiplied by �c from right, � �c from left, and �A�,
respectively. Neglecting the surface terms with respect to
spatial coordinates, the remaining terms in (2.3) can be
written as

�S ¼
Z

dDxdt
X1
m¼0

@0ð�c ðmÞ�c
ðmÞ � � �c ðmÞ� �c ðmÞ

þ��
AðmÞ�A

ðmÞ
� Þ: (2.5)

Here, the superscripts (m) denote the m-th order time
derivative of the corresponding fields, and the canonical
momenta corresponding to fermions �c ðmÞ , � �c ðmÞ , and to
bosons ��

AðmÞ are given by

�c ðmÞ ¼
X1
k¼0
ð�1Þk@�1

. . . @�k

@RL

@ð@�1
. . . @�k

c ðmþ1ÞÞ ;

� �c ðmÞ ¼
X1
k¼0
ð�1Þk@�1

. . . @�k

@LL

@ð@�1
. . . @�k

�c ðmþ1ÞÞ ;

��
AðmÞ ¼

X1
k¼0
ð�1Þk@�1

. . . @�k

@L

@ð@�1
. . . @�k

Aðmþ1Þ� Þ :

(2.6)

Here, @R and @L are the right and left derivatives, respec-
tively. Using (2.5) the symplectic two-form�ðtÞ is defined
as2

�ðtÞ ¼ X1
m¼0

Z
dDxðXðmÞðt;xÞ � YðmÞðt;xÞ þ ZðmÞðt;xÞÞ;

(2.7)

where

XðmÞðt;xÞ ¼ d�	

c ðmÞ ðt;xÞ ^ dc ðmÞ	 ðt;xÞ;
YðmÞðt;xÞ ¼ d �c ðmÞ
 ðt;xÞ ^ d�


�c ðmÞ ðt;xÞ;
ZðmÞðt;xÞ ¼ d�

�

AðmÞ ðt;xÞ ^ dAðmÞ� ðt;xÞ:
(2.8)

To determine the Poisson brackets of fermionic and bo-
sonic degrees of freedom, we will introduce the following
equivalent representation of the symplectic two-form �ðtÞ
from (2.7):

�ðtÞ ¼ �gðtÞ þ�fðtÞ; (2.9)

where�gðtÞ,�fðtÞ are the gauge and the fermionic parts of
�ðtÞ, respectively. The gauge part is given by

�gðtÞ � 1

2

Z
dDxdDx0Wabðt;x;x0Þdzaðt;xÞ ^ dzbðt;x0Þ;

(2.10)

where the phase space variables are a ðDþ 1Þ�
ðmþ 1Þ-dimensional vector

za � ðA0; . . .AD; _A0; . . . ; _AD; . . .A0ðmÞ; . . . ; ADðmÞ; . . .Þ;

with m 2 f0; . . . ;1g determining the order of time deriva-
tives acting on A�, with � ¼ 0; 1; . . .D. In (2.10), the
operator Wab is determined using ZðmÞðxÞ from (2.8).
Using �gðtÞ from (2.10), the Poisson bracket between za

is defined as

fzaðt;xÞ; zbðt;x0ÞgPB ¼ Wabðt;x;x0Þ; (2.11)

where Wabðt;x;x0Þ is the inverse of the operator
Wabðt;x;x0Þ appearing in (2.10) and satisfies

Wabðt;x;x0Þ ¼ �Wbaðt;x0;xÞ: (2.12)

It is defined by the orthogonality relation

Z
dDx0Wabðt;x;x0ÞWbcðt;x0;x00Þ ¼ �Dðx� x00Þ�a

c:

(2.13)

As for the fermionic part of �ðtÞ, it is defined similarly by

�fðtÞ � 1

2

Z
dDxdDx0ðW
	

�c c
ðt;x;x0Þ

� d �c 
ðt;xÞ ^ dc 	ðt;x0Þ þW
	

c �c
ðt;x;x0Þ

� dc 	ðt;xÞ ^ d �c 
ðt;x0ÞÞ: (2.14)

Here, W �c c and Wc �c can be derived using XðmÞðt;xÞ, and
YðmÞðt;xÞ appearing in (2.8). They include derivatives act-
ing on �c and c , respectively. Using further

W
	

c �c
ðt;x;x0Þ ¼ W
	

�c c
ðt;x0;xÞ; (2.15)

and dc 	ðt;x0Þ ^ d �c 
ðt;xÞ ¼ d �c 
ðt;xÞ ^ dc 	ðt;x0Þ, the
two-form (2.14) can be brought in a simpler form

�fðtÞ ¼
Z

dDxdDx0W
	
�c c
ðt;x;x0Þd �c 
ðt;xÞ ^ dc 	ðt;x0Þ:

(2.16)

The operators W �c c and Wc �c can be determined using the
definition XðmÞ and YðmÞ from (2.8). Their inverse operators
are denoted by Wc �c and W

�c c , respectively. They can be
determined using the orthogonality relations

2The relative minus sign between XðmÞ and YðmÞ appears also in
[21].
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Z
dDx0W
	

�c c
ðt;x;x0ÞWc �c

	� ðt;x0;x00Þ ¼ �Dðx� x00Þ�

�;

Z
dDx0W
	

c �c
ðt;x;x0ÞW �c c

	� ðt;x0;x00Þ ¼ �Dðx� x00Þ�

�:

(2.17)

Similar to bosonic Poisson brackets, the Poisson brackets
between the fermionic fields c and �c are defined as

fc ðt;xÞ; �c ðt;x0ÞgPB ¼ Wc �c ðt;x;x0Þ;
f �c ðt;xÞ; c ðt;x0ÞgPB ¼ W

�c c ðt;x;x0Þ:
(2.18)

The inverse operatorsWc �c andW
�c c have, similar to their

inverse operators W �c c and Wc �c , the property

Wc �c

	 ðt;x;x0Þ ¼ W

�c c

	 ðt;x0;xÞ: (2.19)

B. Modified Poisson brackets

As we have mentioned at the beginning of this section,
in the perturbative quantization introduced in [16–18], the
field variables c , �c , and A� are to be redefined so that the

corresponding Poisson brackets are the same as in the
ordinary QED. To do this, we will consider first the equa-
tion of motion of free fermionic and bosonic fields arising
from (2.2),3

��@�c ¼ 0; @� �c�� ¼ 0; hA� ¼ 0: (2.20)

Then, using (2.20), we will replace the time derivatives of
fermionic and bosonic fields by the corresponding space
derivatives as

@n0c 
 ¼
(
n¼ 2p; @2p0 c 
 ¼ @2pi c 
;

n¼ 2pþ 1; @2pþ10 c 
 ¼ ð��0�iÞ
	@2pþ1i c 	;

@n0
�c 
 ¼

(
n¼ 2p; @2p0

�c 
 ¼ @2pi
�c 
;

n¼ 2pþ 1; @2pþ10
�c 
 ¼ @2pþ1i

�c 	ð�0�iÞ	
;

@n0A
� ¼

(
n¼ 2p; @2p0 A� ¼ @2pi A�;

n¼ 2pþ 1; @2pþ10 A� ¼ @2pi
_A�;

(2.21)

where a summation over i ¼ 1; . . . ; D is to be performed.
The above replacement leads to a modification of the
Poisson brackets defined in the previous section and even-
tually to a perturbative quantization of the theory up to
second order in the coupling constant e.

To modify the Poisson brackets of the fermionic and
bosonic fields, let us now consider �S from (2.5) and
replace the time derivatives with the corresponding space
derivatives using (2.21). We arrive after a lengthy but
straightforward computation at

�S ¼ X1
p¼0

Z
dDxfð@2pi �̂c ð2pÞ þ @2pþ1i �̂c ð2pþ1Þ�

0�iÞ�c

� � �c ð@2pi �̂

�c ð2pÞ � �0�i@2pþ1i �̂ �c ð2pþ1Þ Þ

þ @2pi �̂
�

Að2pÞ�A� þ @2pi �̂
�

Að2pþ1Þ�
_A�g; (2.22)

where the superscripts (p) denote the p-th order space
derivative of the corresponding fields. Using (2.22) the
modified symplectic two-form is given by

�̂ðtÞ ¼
Z

dDxðdP

c ^ dc 
 � d �c 
 ^ dP


�c
þ dP

�
A ^ dA�

þ dP
�
_A
^ d _A�Þ; (2.23)

where comparing to (2.22), the modified momenta Pc , P �c ,

P�
A , and P�

_A
read

Pc ¼
X1
p¼0
ð@2pi �̂c ð2pÞ þ @2pþ1i �̂c ð2pþ1Þ�

0�iÞ;

P �c ¼
X1
p¼0
ð@2pi �̂ �c ð2pÞ � �0�i@2pþ1i �̂ �c ð2pþ1Þ Þ;

P�
A ¼

X1
p¼0

@2pi �̂�

Að2pÞ ; P�
_A
¼ X1

p¼0
@2pi �̂�

Að2pþ1Þ :

(2.24)

Here, �̂c , �̂ �c , �̂
�
A , and �̂

�
_A
are defined in (2.6). In a

perturbative quantization up to Oðe2Þ, the modified mo-
menta from (2.24) can be separated in a free and an
interaction part proportional to the coupling constant e,

Pc ¼ i �c�0 þ ie �cJ
 

c�
0; P �c ¼ �ie�0J

!
�c c ;

P
�
A ¼ � _A� � e�

�
A ; P

�
_A
¼ �e��

_A
; (2.25)

where J c , J �c , ��
A , and ��

_A
can be determined from

(2.24).4 In (2.25), the operators J c and J �c include de-

rivatives that act left on �c and right on c , respectively.
This is denoted by left and right arrows. Using (2.25), the

modified symplectic two-form �̂ðtÞ of modified QED de-
scribed by the Lagrangian (2.1) and (2.2) is then given by

3Here, the gauge fixing parameter is chosen to be � ¼ 1.

4The notation in (2.25) is particularly suitable for a Lagrangian
of the form (2.1) and (2.2).
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�̂ðtÞ ¼
Z

dDx

�
d �c ^ ½i�0 þ ieðJ c�

0 þ �0J
!

�cÞ�dc þ ie �c

�
�J
 

c

�A� �0

�
dA� ^ dc þ ie �c

�
�J
 

c

� _A�
�0

�
d _A� ^ dc

þ ied �c ^ dA�

�
�0

�J
!

�c

�A�

�
c þ ied �c ^ d _A�

�
�0

�J
!

�c

� _A�

�
c þ e

�
��A

�

�A�

�
dA� ^ dA� þ e

�
��

_A
�

� _A�

�
d _A� ^ d _A�

þ
�
g�� þ e

�
��A

�

� _A�
� ��

_A
�

�A�

��
dA� ^ d _A�

�
þOðe2Þ: (2.26)

To determine the symplectic two-form (2.26) we have used
the fact that for a theory described by (2.1) and (2.2), �A

and � _A are functions of A� and its derivatives. To deter-
mine the corresponding Poisson algebra, let us consider the
modified symplectic two-form (2.26), which can be for-
mally given as

�̂ðtÞ ¼
Z

dDxðŴ �c c

	 d �c 
 ^ dc 	 þ ŴAc

�
dA� ^ dc 


þ Ŵ
_Ac
�
d _A� ^ dc 
 þ Ŵ

�cA

�d �c 
 ^ dA�

þ Ŵ
�c _A

� d �c 
 ^ d _A� þ Ŵ

_AA
��d _A� ^ dA�

þ ŴAA
��dA

� ^ dA� þ Ŵ
_A _A
��d _A� ^ d _A�Þ þOðe2Þ:

(2.27)

Here, the coefficients Ŵab with a, b 2 f �c ; c ; A; _Ag, can be

read from (2.26). Note that in (2.27), �; � ¼ 0; . . . ; D are
the space-time indices and 
;	 ¼ 1; . . . ; 2ððDþ1Þ=2Þ are the
spinor indices. Comparing with the original symplectic
two-form �ðtÞ from (2.9), whose bosonic and fermionic
parts are given in (2.10) and (2.14), new bases appear in the
(perturbatively) modified phase space of the theory. Note
that among the terms in �̂ðtÞ from (2.26) and (2.27), the
terms proportional to dA� ^ dA� and d _A� ^ d _A� survive
only if their coefficients are antisymmetric in � and �.
According to our definitions from previous section, the
modified Poisson brackets of the fermionic and bosonic
degrees of freedom can be determined by inverting Ŵab

using the orthonormality relations similar to (2.13) and
(2.17). Up to Oðe2Þ, the modified Poisson brackets read

Ŵ
_AA
��ðt;x;x0Þ ¼ f _A�ðt;xÞ; A�ðt;x0ÞgPB ¼

�
g�� þ e

�
��

_A
�

�A� �
��A

�

� _A�

��
�Dðx� x0Þ;

ŴA _A
��ðt;x;x0Þ ¼ fA�ðt;xÞ; _A�ðt;x0ÞgPB ¼

�
�g�� þ e

�
��A

�

� _A�
� ��

_A
�

�A�

��
�Dðx� x0Þ;

Ŵ
_A _A
�� ðt;x;x0Þ ¼ f _A�ðt;xÞ; _A�ðt;x0ÞgPB ¼ e

�
��A

�

�A� �
��A

�

�A�

�
�Dðx� x0Þ;

ŴAA
��ðt;x;x0Þ ¼ fA�ðt;xÞ; A�ðt;x0ÞgPB ¼ e

�
��

_A
�

� _A�
� ��

_A
�

� _A�

�
�Dðx� x0Þ;

ŴA �c
�
ðt;x;x0Þ ¼ fA�ðt;xÞ; �c 
ðt;x0ÞgPB ¼ e �c 	

�
�J
 

c

� _A�

�
	


�Dðx� x0Þ;

ŴAc
�
ðt;x;x0Þ ¼ fA�ðt;xÞ; c 
ðt;x0ÞgPB ¼ e

�
�J
!

�c

� _A�

�

	

c 	�Dðx� x0Þ;

Ŵ
_A �c
�
 ðt;x;x0Þ ¼ f _A�ðt;xÞ; �c 
ðt;x0ÞgPB ¼ �e �c 	

�
�J
 

c

�A�

�
	


�Dðx� x0Þ;

Ŵ
_Ac
�
ðt;x;x0Þ ¼ f _A�ðt;xÞ; c 
ðt;x0ÞgPB ¼ �e

�
�J
!

�c

�A�

�

	

c 	�Dðx� x0Þ;

Ŵc �c

	 ðt;x;x0Þ ¼ fc 
ðt;xÞ; �c 	ðt;x0ÞgPB ¼ ½�i�0 þ ieðJ! �c�

0 þ �0J
 

c Þ�
	�Dðx� x0Þ:

(2.28)

C. Field redefinition and Dirac quantization

In this section, wewill redefine the fermionic and bosonic field variables so that their corresponding Poisson brackets are

the same as in ordinary QED. To do this let us first define the modified gauge field ~A� and its corresponding modified

PERTURBATIVE QUANTIZATION OF TWO-DIMENSIONAL . . . PHYSICAL REVIEW D 81, 045014 (2010)

045014-5



canonical momentum ~�� as

~A� � A� � e�
_A
�; ~�� � � _A� � e�A

�; (2.29)

and determine the bosonic Poisson bracket

f ~A�ðt;xÞ; ~��ðt;x0ÞgPB;
using the Poisson brackets (2.28). In (2.29), �A

� and �
_A
� are

the same as introduced in (2.25). Replacing ~�� from (2.29)
in the above Poisson bracket, we arrive first at

f ~A�ðt;xÞ; ~��ðt;x0Þg ¼ �fA�ðt;xÞ; _A�ðt;x0Þg
� efA�ðt;xÞ; �A

�ðt;x0Þg
þ ef� _A

�ðt;xÞ; _A�ðt;x0Þg þOðe2Þ;
(2.30)

where we have skipped the subscript PB. To evaluate the
first two terms on the right-hand side of the above relations,
we use the Poisson brackets (2.28). The remaining three
terms in (2.30) can be determined using the standard
definition of the Poisson bracket of two functionals F , G
that depend on the dynamical variables ð�;��Þ including
the fermionic and bosonic field variables and their deriva-
tives [20],

fF ðt;xÞ;Gðt;x0ÞgPB �
Z

dDzdDz0
�
�F ðt;xÞ
��ðt; zÞ

�Gðt;x0Þ
���ðt; z0Þ

� �F ðt;xÞ
���ðt; z0Þ

�Gðt;x0Þ
��ðt; zÞ

�

� f�ðt; zÞ; ��ðt; z0ÞgPB: (2.31)

Here, the minus (plus) sign corresponds to bosonic (fermi-
onic) fields �. Separating the space and time components
of the indices � and � in (2.30) and after a lengthy but
straightforward calculation, the canonical equal-time
Poisson bracket of ~A� and its conjugate momentum ~��

reads

f ~A�ðt;xÞ; ~��ðt;x0ÞgPB ¼ g���
Dðx� x0Þ þOðe2Þ:

(2.32)

This is, up to Oðe2Þ, the standard Poisson bracket of
ordinary QED which can be quantized in the standard
Dirac quantization procedure, i.e. replacing

f�; �gPB ! �i½�; ��DB; for bosons;
f�; �gPB ! �if�; �gDB; for fermions;

(2.33)

we arrive at

½ ~A�ðt;xÞ; ~��ðt;x0Þ�DB ¼ ig���
Dðx� x0Þ þOðe2Þ:

(2.34)

Here, the subscript DB is the Dirac bracket. Similarly, one
finds

½ ~A�ðt;xÞ; ~A�ðt;x0Þ�DB ¼ ½ ~��ðt;xÞ; ~��ðt;x0Þ�DB ¼ Oðe2Þ:
(2.35)

The redefined fermionic fields c and �c are given by

~c ¼ c þ eJ
!

�c c ; ~�c ¼ �c þ e �cJ
 

c ; (2.36)

where J �c and J c are the same as introduced in (2.25).
Replacing (2.36) in the corresponding Poisson bracket

f ~c ðt;xÞ; ~�c ðt;x0ÞgPB;
and using the modified algebra from (2.28) and the defini-
tion of Poisson bracket from (2.31), we arrive at

f ~c ðt;xÞ; ~�c ðt;x0ÞgPB ¼ fc ðt;xÞ; �c ðt;x0Þg
þ efc ðt;xÞ; �c ðt;x0ÞgJ c

þ eJ
!

�c fc ðt;xÞ; �c ðt;x0Þg þOðe2Þ
¼ �i�0�

Dðx� x0Þ þOðe2Þ: (2.37)

This leads, after replacing the Poisson bracket by the Dirac
bracket using (2.33), to

f ~�c ðt;xÞ; ~c ðt;x0ÞgDB ¼ �0�Dðx� x0Þ þOðe2Þ; (2.38)

which is up to Oðe2Þ the ordinary canonical equal-time
anticommutation relation of ordinary QED. Apart from
(2.37), it can easily be checked that the Poisson
brackets of the modified gauge fields ~A� from (2.29)
with the modified fermions ~c , ~�c from (2.36), i.e.
f ~A�ðt;xÞ; ~c ðt;x0Þg and f ~A�ðt;xÞ; ~�c ðt;x0Þg, vanish, as is
expected also from ordinary QED.
In the next section, we will first introduce the

Lagrangian density of two-dimensional space-time non-
commutative QED as an example of a modified QED
including higher order time derivatives. The modified
Poisson brackets of fermionic and bosonic degrees of free-
dom will be then determined perturbatively up to order two
in the coupling constant e and order three in the non-
commutativity parameter �.

III. MODIFIED POISSON BRACKETS OF TWO-
DIMENSIONAL SPACE-TIME
NONCOMMUTATIVE QED

The noncommutative gauge theory is characterized by
the replacement of the familiar product of functions with
the ? product defined by

fðxÞ?gðxÞ � exp

�
i���

2

@

@��

@

@�

�
fðxþ�Þgðxþ Þj�¼¼0:

(3.1)

In two space-time dimensions, ���, being an antisymmet-

ric matrix and reflecting the noncommutativity of space
and time coordinates, reduces to ��� ¼ ����, where ��� is
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the two-dimensional Levi-Cività symbol. The ? product
satisfies the identity

Z þ1
�1

ddxfðxÞ ? gðxÞ ¼
Z þ1
�1

ddxgðxÞ ? fðxÞ

¼
Z þ1
�1

ddxfðxÞgðxÞ; (3.2)

and is associative

Z þ1
�1

ddxðf ? g ? hÞðxÞ ¼
Z þ1
�1

ddxðh ? f ? gÞðxÞ

¼
Z þ1
�1

ddxðg ? h ? fÞðxÞ:
(3.3)

Here, d is the dimension of space-time coordinates. Let us
consider the Lagrangian density of two-dimensional space-
time noncommutative QED including the fermionic and
the bosonic fields

L ¼ i �c ? ��@�c � e �c ? ��A� ? c � 1

4
F�� ? F��

� 1

2�
ð@�A�Þ ? ð@�A�Þ; (3.4)

where F�� ¼ @�A� � @�A� þ ie½A�; A��?, and

½A�; A��? ¼ A� ? A� � A� ? A�. The corresponding

Euler-Lagrangian equation of motion for the fermionic
and bosonic fields are given by

��@�c þ ie��A� ? c ¼ 0;

@� �c�� � ie �c�� ? A� ¼ 0;

D�F
�� þ 1

�
@�@�A

� ¼ eJ�;

(3.5)

with D� ¼ @� þ ie½A�; ��?. The covariant UVð1Þ vector
current J� in (3.5) is defined by

J�ðxÞ � �c 	ðxÞ ? �c 
ðxÞð��Þ
	: (3.6)

In two space-time dimensions, the above theory can be
regarded as a higher order time-derivative theory, where
the higher order time derivatives appear only in the inter-
action part. To show this, let us separate the Lagrangian
(3.4) in a free and an interaction part L ¼ L0 þLint.
Using the relations (3.2) and (3.3), the ? product in the
free part of the Lagrangian (3.4) can be removed, leaving
us with the ordinary free part of commutative QED
Lagrangian

L 0 ¼ �c i��@�c � 1

4
F ��F �� � 1

2�
ð@�A�Þ2; (3.7)

where F �� is the commutative field strength tensor [see

below (2.2) for its definition]. The interaction part of (3.4),
after removing one of the ? products, can be separated into

two parts, Lint � Lð1Þint þLð2Þint . The first part includes the

interaction of fermions c and �c with the gauge field A�. It

is given by

Lð1Þint ¼ þec 	 ? �c 
ð��Þ
	A�;

¼ þeX1
n¼0

�
i�

2

�
n 1

n!
��1�1 . . . ��n�nð@�1

. . . @�n
c 	Þ

� ð@�1
. . . @�n

�c 
Þð��Þ
	A�: (3.8)

The second part consists of bosons self-interaction from
the gauge kinetic term in (3.4). It is given by

Lð2Þint ¼ �
ie

2
F ��½A�; A��? þ e2

4
½A�; A��?½A�; A��?;

¼ �ieF ��

X1
p¼0

�
i�

2

�
2pþ1 1

ð2pþ 1Þ! �

1	1 � � � �
2pþ1	2pþ1ð@
1

� � � @
2pþ1A
�Þð@	1

� � � @	2pþ1A
�Þ

þ e2
X1

p;s¼0

�
i�

2

�
2pþ2sþ2 1

ð2pþ 1Þ!ð2sþ 1Þ! �
�1�1 � � � ��2pþ1�2pþ1�
1	1 � � � �
2sþ1	2sþ1ð@�1

� � � @�2pþ1A�Þ

� ð@�1
� � �@�2pþ1A�Þð@
1

� � � @
2sþ1A
�Þð@	1

� � � @	2sþ1A
�Þ: (3.9)

In (3.8) and (3.9), the definition of the ? product from (3.1) is used. Using (2.6), the canonical conjugate momenta
corresponding to c , �c and A� are given by
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��
AðmÞ ¼ � _A��m0 � ie

X1
k¼0

Xk
‘¼0

X‘
r¼0

Xk�‘
s¼0

�
i�

2

�
kþmþ1 ½ð�1Þ‘þ1 þ ð�1Þkþmþ‘þ1�

ðkþmþ 1Þ!
‘

r

 !
k� ‘

s

 !
ð@rþk�‘0 @sþ‘þmþ1x A�Þ

� @‘�r0 @k�‘�sx F �� � ie
X1
p¼0

�
i�

2

�
2pþ1 �
1	1 � � � �
2pþ1	2pþ1

ð2pþ 1Þ! ð@
1
� � � @
2pþ1A

0Þð@	1
� � � @	2pþ1A

�Þ�m0 þOðe2Þ;

�	

c ðmÞ ¼ �e
X1
k¼0

Xk
‘¼0

X‘
r¼0

Xk�‘
s¼0

�
i�

2

�
mþkþ1 ð�1Þ‘

ðmþ kþ 1Þ!
‘

r

 !
k� ‘

s

 !
ð@sþmþ‘þ1x @0

rþk�‘ �c 
Þð@‘�r0 @k�‘�sx A�Þð��Þ
	

þ i�m0 �c 
ð�0Þ
	;

�

�c ðmÞ ¼ �e

X1
k¼0

Xk
‘¼0

X‘
r¼0

Xk�‘
s¼0

�
i�

2

�
mþkþ1 ð�1Þkþmþ‘þ1

ðmþ kþ 1Þ!
‘

r

 !
k� ‘

s

 !
ð@sþmþ‘þ1x @0

rþk�‘c 	Þð@‘�r0 @k�‘�sx A�Þð��Þ
	; (3.10)

where in ��
AðmÞ the gauge fixing parameter is chosen to be

� ¼ 1, and the terms of order e2 are neglected. In what
follows, we will use the notations introduced in Sec. II to
determine separately the corresponding Poisson brackets
to the gauge field A� and the fermionic fields �c , c up to
order Oðe2; �3Þ.

A. Poisson brackets of gauge fields

Using (3.9), the Lagrangian density of the gauge fields
is, up to order Oðe2; �3Þ, given by

Lg ¼ �1
4F��F�� � 1

2ð@�A�Þ2 þ e�

2
�
	@
A

�@	A
�F ��

þOðe2; �3Þ;
¼ �1

2ð@�A�Þð@�A�Þ þ e�ðð@xA0Þ _A1 � ð@xA1Þ _A0ÞF 01

þOðe2; �3Þ; (3.11)

where an integration by part is performed in the
�-independent part of the Lagrangian. In this order of
perturbative expansion, the above Lagrangian includes
only first order time derivatives of A�. It is therefore not

necessary to modify the theory in the sense of replacing the
higher order time derivatives by the corresponding space
derivatives using the corresponding equation of motion
hA� ¼ 0 from (2.20) and the resulting relations from

(2.21).5 In what follows, we will nevertheless determine
the symplectic two-forms and the corresponding Poisson
brackets using the formulation introduced in Sec. II. As
it turns out the Poisson brackets receive corrections of
order e�, that vanish by taking the commutative limit �!
0. To start, let us consider (2.10) and choose za ¼
ðA0; A1; _A0; _A1Þ as the phase space variables. The bosonic
symplectic two-form is given by

�gðtÞ ¼ 1

2

Z
dxdx0Wabðt; x; x0Þdzaðt; xÞ ^ dzbðt; x0Þ;

(3.12)

or equivalently by

�gðtÞ ¼
Z

dxðZð0Þ þ Zð1ÞÞ;

where, according to (2.8), ZðmÞ is given as

ZðmÞ ¼ d�0
AðmÞ ^ dAðmÞ0 þ d�1

AðmÞ ^ dAðmÞ1 :

Using the general definition of ��
AðmÞ from (3.10), the

momenta �AðmÞ
� in the order Oðe2; �3Þ read

PA
0 ¼ �A

0 ¼ � _A0 � e�F 01ð@xA1Þ þOðe2; �3Þ;
PA
1 ¼ �A

1 ¼ � _A1 � e�f2 _A1@xA0 � ð@xA0Þ2 � _A0@xA1g
þOðe2; �3Þ;

P
_A
0 ¼ �

_A
0 ¼ Oðe; �3Þ;

P
_A
1 ¼ �

_A
1 ¼ Oðe; �3Þ: (3.13)

Here, @x � @
@x1

and Aðm¼0Þ� and Aðm¼1Þ� are denoted by A�

and _A�, respectively. Combining the above expressions we

arrive at

Zð0Þ ¼ dð� _A0 þ e�ðF 10@xA1ÞÞ ^ dA0

þ fd _A1 þ e�ð2dð _A1@xA0Þ � 2ð@xA0Þdð@xA0Þ
� dð _A0@xA1ÞÞg ^ dA1 þOðe2; �3Þ;

Zð1Þ ¼ Oðe; �3Þ: (3.14)

Performing appropriate integrations by part and using the
antisymmetry of the bosonic wedge product, the expres-
sions in (3.14) can be simplified and we arrive up to
Oðe2; �3Þ at

5According to our notations from the previous section, in this
case the ‘‘hatted’’ and ‘‘unhatted’’ quantities are equal up to
Oðe2; �3Þ.

M. GHASEMKHANI AND N. SADOOGHI PHYSICAL REVIEW D 81, 045014 (2010)

045014-8



Wabðt; x; x0Þ ’
0 �e�ðF 01@x � @xF 01Þ 1 �e�ð@xA1Þ

�e�ðF 01@x þ 2@xF 01Þ 0 �e�ð@xA1Þ �ð1þ 2e�ð@xA0ÞÞ
�1 e�ð@xA1Þ 0 0

e�ð@xA1Þ 1þ 2e�ð@xA0Þ 0 0

0
BBB@

1
CCCA�ðx� x0Þ:

(3.15)

To determine the bosonic Poisson brackets the above matrix is to be inverted. After a lengthy but straightforward
computation we arrive at the inverse matrix W�1ab ðt; x; x0Þ up to Oðe2; �3Þ,

W�1ab ðt; x; x0Þ ’
0 0 �1 e�ð@xA1Þ
0 0 e�ð@xA1Þ 1� 2e�ð@xA0Þ
1 �e�ð@xA1Þ 0 e�ðF 01@x � @xF 01Þ

�e�ð@xA1Þ �ð1� 2e�ð@xA0ÞÞ e�ðF 01@x þ 2@xF 01Þ 0

0
BBB@

1
CCCA�ðx� x0Þ; (3.16)

that leads to the Poisson brackets of the bosonic fields

fzaðt; xÞ; zbðt; x0Þg ¼ Wabðt; x; x0Þ þOðe2; �3Þ; (3.17)

with za, zb 2 ðA0; A1; _A0; _A1Þ, and Wabðt; x; x0Þ given in
(3.16).

B. Modified Poisson brackets of fermionic fields

To determine the Poisson brackets corresponding to the
fermionic fields c and �c , let us consider first the fermionic
Lagrangian density up to Oðe2; �3Þ, which is given by

Lf ¼ i �c��@�c � e �c��cA� þ ie�

2
_�c��@xcA�

� ie�

2
@x �c�� _cA� þ e�2

8
€�c��@2xcA�

þ e�2

8
@2x �c�� €cA� � e�2

4
@x

_�c��@x _cA�

þOðe2; �3Þ: (3.18)

In (3.18) higher order time derivatives, denoted by dots,
appear only in the interaction part of the Lagrangian den-
sity. In what follows, we will determine the modified
fermionic Poisson brackets using the general definition of
the fermionic part of the symplectic two-form �ðtÞ from
(2.7), i.e.

�fðtÞ ¼
X1
m¼0

Z
dxðXðmÞðt; xÞ � YðmÞðt; xÞÞ;

with XðmÞ and YðmÞ given in (2.8). Equivalently, in 1þ 1
dimensions,

�fðtÞ ¼ 1

2

Z
dxdx0ðW �c c ðt; x; x0Þd �c ðt; xÞ ^ dc ðt; x0Þ

þWc �c ðt; x; x0Þdc ðt; xÞ ^ d �c ðt; x0ÞÞ;
from (2.14) can be used. The modification will be per-
formed by replacing the higher order time derivatives by
the corresponding space derivatives. To do this, we will
first use the equation of motion from (3.5) up to orderOðeÞ,

��@�c � 0; leading to _c ¼ ��5@xc ;

@� �c�� � 0; leading to _�c ¼ @x �c�5;
(3.19)

where in two dimensions �5 ¼ �0�1. Then, using (3.19),
higher order time derivatives acting on c and �c can be
replaced by the corresponding higher order space deriva-
tives as6

@n0c 
 ¼
�
n ¼ 2p; @2p0 c 
 ¼ @2px c 
;

n ¼ 2pþ 1; @2pþ10 c 
 ¼ ð��5Þ
	@2pþ1x c 	;

(3.20)

@n0
�c 
 ¼

�
n ¼ 2p; @2p0

�c 
 ¼ @2px �c 
;

n ¼ 2pþ 1; @2pþ10
�c 
 ¼ @2pþ1x

�c 	ð�5Þ	
:
(3.21)

Using the general expressions of the fermionic momenta
�c ðmÞ and � �c ðmÞ from (3.10) and replacing higher order

time derivatives with the corresponding higher order space
derivatives using (3.20) and (3.21), we arrive at the modi-
fied momenta,

�̂	
c ¼ ið�0Þ
	 �c 
 � ie�

2
@x �c 
ð��Þ
	A�

� e�2

8
@2x �c 
ðð���5Þ
	@xA� þ ð��Þ
	@0A�Þ

þOðe2; �3Þ;

�̂

�c ¼

ie�

2
ð��Þ
	@xc 	A� � e�2

8
ðð���5Þ
	@xA�

þ ð��Þ
	@0A�Þ@2xc 	 þOðe2; �3Þ;

�̂	
_c
¼ e�2

8
@2x �c 
ð��Þ
	A� þOðe2; �3Þ;

�̂

_�c
¼ e�2

8
A�ð��Þ
	@2xc 	 þOðe2; �3Þ: (3.22)

6See also (2.21) for a general Dþ 1 dimensional case.
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Using at this stage (3.22), the modified XðmÞ, YðmÞ withm ¼
0, 1 from (2.8), are explicitly given by

X̂ð0Þ ¼ d �c

�
i�0� ie�

2
@
 
xð��A�Þ

� e�2

8
@
 
2
x ½���5@xA�þ��@0A��

�
^dc þOðe2; �3Þ;

Ŷð0Þ ¼ d �c ^
�
ie�

2
ð��A�Þ ~@x

� e�2

8
½���5@xA�þ��@0A�� ~@2x

�
dc þOðe2; �3Þ;

X̂ð1Þ ¼ d �c

�
e�2

8
@
 
2
xð��A�Þ

�
^d _c

¼ d �c

�
�e�2

8
@
 
2
xð���5A�Þ

�
^dð@xc ÞþOðe2; �3Þ;

Ŷð1Þ ¼ d _�c ^
�
e�2

8
ð��A�Þ ~@2x

�
dc

¼ dð@x �c Þ ^
�
�e�2

8
ð���5A�Þ ~@2x

�
dc þOðe2; �3Þ:

(3.23)

Combining these results, the modified coefficients of the

fermionic part of symplectic two-form Ŵc �c and Ŵ �c c

from (2.16) can be determined. As we have also mentioned

in Sec. II, in Ŵc �c all derivatives act on c , whereas in Ŵ �c c

they act on �c . After performing appropriate partial differ-
entiations in (3.23) and neglecting the resulting surface
terms, we arrive at

Ŵ �c c ðt; x; x0Þ ¼
�
i�0 þ e

�
i�

2
ð��@xA�Þ þ �2

8
ð���5@3xA�Þ

þ 3�2

8
ð���5@2xA�Þ@x þ �2

8
ð��@2x@0A�Þ

þ �2

4
ð��@x@0A�Þ@x þ 3�2

8
ð���5@xA�Þ@2x

þ �2

4
ð���5A�Þ@3x

��
�ðx� x0Þ þOðe2; �3Þ;

Ŵc �c ðt; x; x0Þ ¼
�
i�0 þ e

�
i�

2
ð��@xA�Þ � �2

8
ð��@2x@0A�Þ

� �2

8
ð���5@3xA�Þ � �2

4
ð��@x@0A�Þ@x

� 3�2

8
ð���5@2xA�Þ@x � 3�2

8
ð���5@xA�Þ@2x

� �2

4
ð���5A�Þ@3x

��
�ðx� x0Þ þOðe2; �3Þ:

(3.24)

They are elements of the matrix

Ŵ ij ¼ 0 Ŵc �c

Ŵ �c c 0

 !
;

with ði; jÞ 2 ðc ; �c Þ, whose inverse leads, similar to the
bosonic case, to the modified fermionic Poisson brackets
up to Oðe2; �3Þ,

fc ðt; xÞ; �c ðt; x0ÞgPB ¼ Ŵc �c ðt; x; x0Þ

’
�
�i�0 þ e

�
i�

2
ð��@xA�Þ þ �2

8
ð��@2x@0A�Þ � �2

8
ð���5@3xA�Þ þ �2

4
ð��@x@0A�Þ@x

� 3�2

8
ð���5@2xA�Þ@x � 3�2

8
ð���5@xA�Þ@2x � �2

4
ð���5A�Þ@3x

��
�ðx� x0Þ;

f �c ðt; xÞ; c ðt; x0ÞgPB ¼ Ŵ
�c c ðt; x; x0Þ

’
�
�i�0 þ e

�
i�

2
ð��@xA�Þ � �2

8
ð��@2x@0A�Þ þ �2

8
ð���5@3xA�Þ � �2

4
ð��@x@0A�Þ@x

þ 3�2

8
ð���5@2xA�Þ@x þ 3�2

8
ð���5@xA�Þ@2x þ �2

4
ð���5A�Þ@3x

��
�ðx� x0Þ; (3.25)

and fc ðt; xÞ; c ðt; x0ÞgPB ¼ f �c ðt; xÞ; �c ðt; x0ÞgPB ¼ 0. In
(3.25), �� is defined by �� � �0�

��0 ¼ 2g�0�0 � ��.
Note that the modified matrix elements Ŵc �c and Ŵ �c c

from (3.24) as well as their inverse operators Ŵ
�c c and

Ŵc �c from (3.25) satisfy the relation (2.15) and (2.19),
respectively.

IV. EFFECTIVE LAGRANGIAN DENSITY OF
TWO-DIMENSIONAL SPACE-TIME

NONCOMMUTATIVE QED

In the perturbative approach introduced in [16–18], one
redefines at this stage the field variables c , �c , and A� so

that the Poisson brackets of the redefined fields and their
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corresponding conjugate momenta are order by order the
same as in the ordinary commutative theory consisting of
first order time derivatives. In Sec. II, denoting the modi-

fied fields by ~c , ~�c , and ~A�, we have performed a pertur-

bative expansion for a generic theory described by (2.1)
and (2.2) up to second order in the coupling constant e and
arrived at the following modified Poisson brackets:

f ~A�ðt; xÞ; ~��ðt; x0ÞgPB � g���ðx� x0Þ; and

f ~�c ðt; xÞ; ~c ðt; x0ÞgPB � �i�0�ðx� x0Þ;

[see (2.32) and (2.37)]. In this section, we will follow the
same method and will first redefine the fermionic and
bosonic field variables for two-dimensional space-time
noncommutative QED described by (3.11), the bosonic
part, and (3.18), the fermionic part. Eventually, the rede-
fined fields and the corresponding conjugate momenta will
be used to derive an appropriate effective Lagrangian
density up to Oðe2; �3Þ. To this purpose, we will consider
the fermionic and bosonic Poisson parts separately.

A. The bosonic part

The Lagrangian density of two-dimensional space-time
noncommutative QED up toOðe2; �3Þ is given in (3.11). To
determine the effective Lagrangian, we will first modify
the gauge field A� and its corresponding conjugate mo-

mentum �� using the general Ansatz (2.29)

~A� � A� � e�
_A
�; ~�� � � _A� � e�A

�:

Since the Lagrangian (3.11) includes only a first order time

derivative in the orderOðe2; �3Þ, we set � _A
� ¼ 0 for� ¼ 0,

1. Using further �A
� from (3.13), we get

�A
0 ¼ �ð@xA1Þð _A1 � @xA0Þ þOðe2; �3Þ;

�A
1 ¼ �ð2 _A1ð@xA0Þ � ð@xA0Þ2 � _A0ð@xA1ÞÞ þOðe2; �3Þ:

(4.1)

It can be easily shown that, the modified bosonic field and
its canonical conjugate momentum satisfy the canonical
Poisson bracket up to order Oðe2; �3Þ,

f ~A�ðt; xÞ; ~��ðt; x0ÞgPB � g���ðx� x0Þ:

In the next step, we will determine the effective bosonic
Lagrangian density in terms of the modified fields.
Performing a Legendre transformation of the Lagrangian
density Lg from (3.11), the original Hamiltonian is given

by

H gðA0; A1; _A0; _A1Þ ¼ �
�
A
_A� þ�

�
_A
€A� �Lg

¼ �1
2
_A2
0 þ 1

2
_A2
1 þ 1

2ð@xA1Þ2
� 1

2ð@xA0Þ2 þ e�ðð@xA0Þ _A2
1

� ð@xA1Þ _A0
_A1Þ þOðe2; �3Þ:

(4.2)

To determine the HamiltonianH g in terms of the modified

variables ~A� and ~��, we will use

~�0 ¼ � _A0 � e�ð@xA1Þð _A1 � @xA0Þ;
~�1 ¼ � _A1 � e�ð2 _A1ð@xA0Þ � ð@xA0Þ2 � _A0ð@xA1ÞÞ;

(4.3)

and determine _A�, � ¼ 0, 1 in terms of @xA1 ¼ @x ~A1 and
~��. We arrive at

_A0 ¼ � ~�0 þ e�½ð@x ~A1Þ ~�1 þ ð@x ~A0Þð@x ~A1Þ�;
_A1 ¼ � ~�1 þ e�ðð@x ~A0Þ2 þ 2ð@x ~A0Þ ~�1 � ð@x ~A1Þ ~�0Þ:

(4.4)

Plugging (4.4) in the Hamiltonian H g from (4.2), we

arrive at the modified Hamiltonian

~H gð ~A�; ~��Þ ¼ 1
2
~�2

1 � 1
2
~�2
0 þ 1

2ð@x ~A1Þ2 � 1
2ð@x ~A0Þ2

þ e�½ð@x ~A0Þð@x ~A1Þ ~�0 � ð@x ~A0Þ ~�2
1

� ð@x ~A0Þ2 ~�1 þ ð@x ~A1Þ ~�0
~�1�

þOððe�Þ2Þ: (4.5)

The effective Lagrangian of the modified gauge fields is
then defined as

~L g � ~�� _~A� � ~H gð ~A�; ~��Þ: (4.6)

To determine _~A� we use the Heisenberg equation of motion

_~A� ¼ f ~A�;
~H gg: (4.7)

Using further the modified equal-time Poisson brackets

f ~A�ðt; xÞ; ~��ðt; x0ÞgPB ¼ g���ðx� x0Þ þOðe2; �3Þ from

(2.32), it can easily be shown that _~A� � _A� up to order

Oðe2; �3Þ. Plugging this result back in (4.6), the effective
Lagrangian density of the gauge fields is given by

~Lg ¼ 1

2
_~A
2
1 � 1

2
_~A
2
0 � 1

2
ð@x ~A1Þ2 þ 1

2
ð@x ~A0Þ2

þ e�½ð@x ~A0Þ _~A1 � ð@x ~A1Þ _~A0� ~F 01 þOððe�Þ2Þ
¼ � 1

2
ð@� ~A�Þð@� ~A�Þ þ e�

2
�
	@
 ~A

�@	 ~A
� ~F ��

þOððe�Þ2Þ; (4.8)

where ~F �� � @� ~A� � @� ~A�. Note that the � dependent

part of (4.8) is, as expected, exactly the same as the original
Lagrangian Lg from (3.11).
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B. The fermionic part

First let us modify the fermionic fields using the Ansatz

~c ¼ ð1þ ie� �c�
0Þc ; and ~�c ¼ �c ð1� ie�c�

0Þ;
(4.9)

where compared to (2.36), � �c ¼ �iJ
!

�c�
0 and �c ¼

iJ
 

c�
0. Choosing � �c and �c as

� �c ¼ 0;

�c ¼ i�

2
��@xA� þ �2

8
���5@3xA� þ �2

8
��@2x@0A�

þ �2

4
��@
 
xð@x@0A�Þ þ 3�2

8
���5@

 
xð@2xA�Þ

þ 3�2

8
���5@

 2

xð@xA�Þ þ �2

4
���5@

 3

xA� þOðe; �3Þ;
(4.10)

the canonical fermionic Poisson brackets,

f ~�c ðt; xÞ; ~c ðt; x0ÞgPB � �i�0�ðx� x0Þ;
can be shown to be valid up to Oðe2; �3Þ, as expected. In
what follows, we will determine the fermionic part of the

Hamiltonian density as a function of ~c and ~�c . The original
Hamiltonian in terms of c and �c is given by the Legendre
transformation of the Lagrangian density Lf from (3.18)

H fðc ; �c Þ ¼ �	
c
_c 	 þ�	

_c
€c 	 þ _�c 	�

	
�c
þ €�c 	�

	
_�c

�Lfðc ; �c Þ
¼ �i �c�1@xc þ e �c��cA�

þ e�2

8
@x �c ð��@xA� þ ���5@0A�Þ@2xc

þ e�2

8
@2x �c ð��@xA� þ ���5@0A�Þ@xc

þ e�2

4
@2x �c��@2xcA� þOðe2; �3Þ;

(4.11)

To formulateH f in terms of redefined fields ~c and ~�c , we

will first invert (4.9) to get

c ¼ ~c ; and �c ¼ ~�c ð1þ ie�c�
0Þ þOðe2; �3Þ;

(4.12)

where � �c and �c can be read from (4.10). Then replacing

(4.12) in (4.11), we arrive at

~H f �H fð �c ð ~�c ; A�Þ; c ð ~c ; A�ÞÞ
¼ �i ~�c ð1þ ie�c�

0Þ�1@x ~c þ e ~�c�� ~cA�

þ e�2

8
@x

~�c ð��@xA� þ ���5@0A�Þ@2x ~c

þ e�2

8
@2x

~�c ð��@xA� þ ���5@0A�Þ@x ~c

þ e�2

4
@2x

~�c��@2x ~cA� þOðe2; �3Þ; (4.13)

where �c is given in (4.10). Because of the special form of

redefined fields in (4.9) and (4.12), the above modified
Hamiltonian is not Hermitian. The Hermitian conjugate

of �i ~�c�1@x ~c on the first line is to be added to ~H f to

build a Hermitian Hamiltonian. We denote it by C �
ið ~�c�1@x ~c Þy. Adding C to ~H f and using the standard

definition

~L f ¼ ~Lfð ~�c ; ~c Þ ¼ i ~�c�0 _~c � ~H f; (4.14)

the modified Lagrangian density ~Lf in terms of the rede-

fined fields is given as

~Lf ¼ i ~�c��@� ~c � e ~�c�� ~cA� � i@x
�~c�1�0 ~�c

y � e

�
~�c

�
i�

2
���5@xA�@x � �2

8
���5@x@0A�@

2
x þ �2

8
��@xA�@

3
x

�
~c

þ @x
�~c

�
� i�

2
���5@xA� þ �2

8
��@3xA� þ 3�2

8
��@2xA�@x þ �2

8
���5@2x@0A� þ �2

4
���5@x@0A�@x þ �2

4
��A�@

3
x

þ 3�2

8
��@xA�@

2
x

�
�0 ~�c

y
�
þOðe2; �3Þ: (4.15)

To simplify the above modified Lagrangian, we will use the following relations:
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�~c ¼ ~�c ð1þ ie�c�
0Þ

¼ ~�c þ ie ~�c

�
i�

2
���0@xA� þ �2

8
���0@2x@0A� þ �2

8
���5�0@3xA� þ 3�2

8
���5�0@

 
xð@2xA�Þ þ �2

4
���0@

 
xð@x@0A�Þ

þ �2

4
���5�0@

 3

xA� þ 3�2

8
���5�0@

 2

xð@xA�ÞÞ þOðe2; �3Þ;
~�c
y ¼ ð1þ ie�0�

y
c Þ�0

~c

¼ �0
~c � ie

�
i�

2
��@xA� � �2

8
���5@3xA� � �2

8
��@2x@0A� � 3�2

8
���5@2xA�@x � �2

4
��@x@0A�@x � 3�2

8
���5@xA�@

2
x

� �2

4
���5A�@

3
x

�
~c þOðe2; �3Þ; (4.16)

where

�yc ¼ �
i�

2
��@xA� þ �2

8
�5��@3xA� þ 3�2

8
�5��@2xA�@x þ �2

8
���0@2x@0A� þ �2

4
��@x@0A�@x þ �2

4
�5��A�@

3
x

þ 3�2

8
�5��@xA�@

2
x þOðe2; �3Þ; (4.17)

with �� ¼ �0���0 is used. We arrive finally at the effective Lagrangian density including only the first order time
derivative of bosonic and fermionic fields

~L f ¼ ~�c

�
i��@� � e

�
��A� þ i�

2
���5ð@xA�Þ@x � �2

8
���5ð@x@0A�Þ@2x þ �2

8
��ð@xA�Þ@3x

��
~c þOðe2; �3Þ: (4.18)

Combining at this stage the bosonic and fermionic parts of the Lagrangian density from (4.8) and (4.18), we arrive at the
total effective Lagrangian density in terms of the redefined fields ~c , ~�c , and ~A�,

~L½ ~c ; ~�c ; ~A�� ¼ � 1

2
ð@� ~A�Þð@� ~A�Þ þ e�

2
�
	@
 ~A

�@	 ~A
� ~F �� þ ~�c

�
i��@� � e

�
�� ~A� þ i�

2
���5ð@x ~A�Þ@x

� �2

8
���5ð@x@0 ~A�Þ@2x þ �2

8
��ð@x ~A�Þ@3x

��
~c þOðe2; �3Þ: (4.19)

The final Lagrangian includes a first order time derivative
and higher order space derivatives. The Lorentz covariance
of the modified Lagrangian is broken by the procedure of
perturbative quantization, where higher order time deriva-
tives are replaced by corresponding space derivatives. The
above Lagrangian can be nevertheless regarded as the
starting point for further perturbative and nonperturbative
study of two-dimensional space-time noncommutative
QED up to order Oðe2; �3Þ.

V. THE ALGEBRA OF CURRENTS OF THE
MODIFIED NONCOMMUTATIVE THEORY

In this section, as a possible application of our previous
results, we will use the Dirac brackets of the modified
fermionic and bosonic fields to determine the current alge-
bra of the global Uð1Þ vector current (3.6)

J�ðxÞ ¼ �c 	ðxÞ ? �c 
ðxÞð��Þ
	;

corresponding to the original two-dimensional noncommu-
tative QED described by (3.4). Using the definition of the ?
product from (3.1), J�ðxÞ can be written as

J�ðxÞ ¼ �c��c þ i�

2
���@� �c��@�c

� �2

8
������@�@� �c��@�@�c þOð�3Þ: (5.1)

Replacing c and �c with the modified fermionic fields ~c

and ~�c using the relations (4.12), we arrive after some
lengthy but straightforward manipulations at the corre-
sponding modified currents
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~J 0ðxÞ ¼ ~�c�0 ~c þ ie ~�c

�
i�

2
��@xA� þ �2

8
���5@3xA� þ �2

8
��@2x@0A� þ 3�2

8
���5@

 
xð@2xA�Þ þ �2

4
��@
 
xð@x@0A�Þ

þ 3�2

8
���5@

 2

xð@xA�Þ þ �2

4
���5@

 3

xA�

�
~c þ i�

2
���@�

~�c�0@� ~c � �2

8
������@�@�

~�c�0@�@� ~c

� ie�2

4
���@�ð ~�c @xA�Þ��@� ~c þOðe2; �3Þ; (5.2)

~J 1ðxÞ ¼ ~�c�1 ~c þ ie ~�c

�
i�

2
���5@xA� þ �2

8
��@3xA� þ �2

8
���5@2x@0A� þ 3�2

8
��@
 
xð@2xA�Þ þ �2

4
���5@

 
xð@x@0A�Þ

þ 3�2

8
��@
 2

xð@xA�Þ þ �2

4
��@
 3

xA�

�
~c þ i�

2
���@�

~�c�1@� ~c � �2

8
������@�@�

~�c�1@�@� ~c

� ie�2

4
���@�ð ~�c @xA�Þ���5@� ~c þOðe2; �3Þ: (5.3)

Using now the equal-time commutation relations (2.38) between redefined field operators ~c and ~�c , we arrive at the
following algebra of currents:

½~J0ðt; xÞ; ~J1ðt; x0Þ�jcanonical ¼ �i�@0ð ~�c�1 ~c Þ@x�ðx� x0Þ þ ie�2ð@xA�Þ@0ð ~�c���5 ~c Þ@x�ðx� x0Þ

þ ie�2

4
ð@0@xA�Þð ~�c���5 ~c Þ@x�ðx� x0Þ þOðe2; �3Þ; (5.4)

½~J0ðt; xÞ; ~J0ðt; x0Þ�jcanonical ¼ ½~J1ðt; xÞ; ~J1ðt; x0Þ�jcanonical
¼ �i�@0ð ~�c�0 ~c Þ@x�ðx� x0Þ þ ie�2ð@xA�Þ@0ð ~�c�� ~c Þ@x�ðx� x0Þ

þ ie�2

4
ð@0@xA�Þð ~�c�� ~c Þ@x�ðx� x0Þ þOðe2; �3Þ; (5.5)

that contains Schwinger terms on the right-hand sides.

VI. CONCLUDING REMARKS

In the first part of the paper, we have presented the
general framework of perturbative quantization for a Dþ
1 dimensional QED-like theory, that includes bosons and
fermions whose interactions are described by terms con-
taining higher order space-time derivatives. According to
the general procedure described in [16,17], the equations of
motion of the original field theory are used to define time
derivatives as a function of space derivatives in the lowest
order of perturbative expansion in the order of the QED
coupling constant e. Then, the fermionic and bosonic field
variables are appropriately modified, so that they satisfy
the ordinary fundamental Poisson brackets in this first
order approximation. Using the standard Dirac quantiza-
tion procedure, the equal-time commutation relations cor-
responding to fermions and bosons are determined up to
Oðe2Þ.

In the second part of the paper, two-dimensional space-
time NC-QED is perturbatively quantized up to Oðe2; �3Þ,
where � is the space-time noncommutativity parameter.
Noncommutative field theories, in general, are character-
ized by a noncommutative Moyal product that replaces the
ordinary product of functions in commutative field theory.

In two dimensions, in particular, the Moyal product in-
volves an infinite number of space-time derivatives.
Appearing in the interaction part of the theory, the space-
time noncommutativity renders the theory acausal and
inconsistent with conventional Hamiltonian evolution
[11]. The S matrix of the theory is also nonunitary [12].
Different attempts are performed to cure space-time NC-
QED [13], that in two dimensions are by themselves inter-
esting to study not only because they are the noncommu-
tative counterpart of the well-known Schwinger model
[22].
Following the procedure of perturbative quantization,

we have determined the Lagrangian density of two-
dimensional space-time QED in terms of modified field
variables that satisfy the ordinary equal-time commutation
relations up to Oðe2; �3Þ. In this lowest approximation,
although the Poisson algebra of the bosonic field variables
are modified by terms proportional to the noncommutativ-
ity parameter �, the bosonic part of the Lagrangian density
remains unchanged. The fermionic part consists of first
order time derivatives and higher order space derivatives of
bosonic and fermionic field variables. The modified
Lagrangian density (4.19) has lost, due to the special
feature of perturbative quantization, the relativistic covari-
ance of space and time coordinates. Using the canonical
equal-time commutation relations of the modified field
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variables, the algebra of global NC-UVð1Þ currents of the
original NC-QED is also determined.

In summary, the modified Lagrangian density (4.19) can
be regarded as the starting point for further perturbative
and nonperturbative study of two-dimensional space-time
noncommutative QED up to order Oðe2; �3Þ. In particular,
the most important problem of the unitarity of the Smatrix
of a theory described by the modified Lagrangian density
(4.19), is to be checked explicitly. The problem of one-loop
unitarity of noncommutative �’3 scalar field theory is
addressed in [16]. It is claimed that ‘‘the one-loop unitarity
is not affected by introducing higher spatial derivatives, but
is at stake when higher time derivatives are present’’ [16].

Indeed, the main feature of the present perturbative quan-
tization procedure is to replace higher time derivatives with
higher space derivatives, [see (2.21)]. According to the
calculation in [16], it is expected that the one-loop unitarity
of the S matrix of noncommutative two-dimensional QED
is also preserved after the presented perturbative quantiza-
tion procedure. This shall be checked explicitly in future
publications.
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