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Jebsen-Birkhoff theorem in alternative gravity
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We discuss the validity, or lack thereof, of the Jebsen-Birkhoff theorem in scalar-tensor theories by
generalizing it and regarding the Brans-Dicke-like scalar as effective matter. Both the Jordan and Einstein
frames are discussed and an apparent contradiction between static spherical solutions of scalar-tensor
gravity and Hawking’s theorem on Brans-Dicke black holes is clarified. The results are applied to metric

and Palatini f(R) gravity.
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I. INTRODUCTION

The recent attempts to explain the acceleration of the
Universe discovered with type Ia supernovae [1] have led
to the introduction of an ad hoc dark energy comprising
76% of the energy content of the Universe and with an
extreme (possibly phantom) equation of state P = —p,
where p and P are the effective energy density and pres-
sure of the dark energy [2]. Displeased with this explana-
tion, many authors have turned to the possibility that dark
energy does not exist and, instead, gravity must be modi-
fied in the infrared sector [3,4] and the so-called f(R)
gravity theories have been resurrected for this purpose.
f(R) gravity theories in use in cosmology come in three
versions, called the metric formalism [3,4], Palatini for-
malism [5], and metric-affine gravity [6] (see [7] for a
recent review and [8] for shorter introductions). The study
of spherically symmetric solutions has been crucial to
understand the weak-field limit of these theories and con-
front them with Solar System observations (remember that
the three classical tests of general relativity are based on
the spherically symmetric Schwarzschild solution [9,10]).
Moreover, the study of strong field instabilities potentially
fatal for the theory is carried out in spherical symmetry
[11]. It is therefore important to understand how the
Jebsen-Birkhoff theorem well known from spherical sym-
metry in general relativity generalizes, or fails, in these
extensions of Einstein’s theory. Students beginning in gen-
eral relativity are familiar with Birkhoff’s theorem stating
that a spherically symmetric solution of the vacuum
Einstein equations is static [12] (it appears [13—15] that
this result had actually been discovered by Jebsen two
years before Birkhoff [16]). It is now well known that the
Jebsen-Birkhoff theorem does not hold in metric f(R)
gravity while it is valid in Palatini f(R) gravity [7]. Since
both metric and Palatini f(R) gravity admit a description as
special scalar-tensor theories [Brans-Dicke theories with
values of the Brans-Dicke parameter w =0 and w =
—3/2, respectively, and endowed with a special potential
for the Brans-Dicke scalar [7,17]], a complete understand-
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ing of the Jebsen-Birkhoff theorem in f(R) gravity requires
its understanding in general scalar-tensor gravity, which is
the goal of the present paper. Beginning with the realiza-
tion that the Brans-Dicke-like scalar field of scalar-tensor
gravity can, and most often is, regarded as an effective
form of matter for effective Einstein equations, one is led
to formulate a generalized Jebsen-Birkhoff theorem in the
presence of matter in general relativity, which is conve-
nient for the study of spherical symmetry in scalar-tensor
gravity (this is done in Secs. II and III using the Jordan
frame). An alternative approach to scalar-tensor gravity
consists of using its Einstein frame formulation, which is
employed in Sec. IV. In this regard, an apparent contra-
diction between certain long-known exact spherical solu-
tions of scalar-tensor theory [18,19] and Hawking’s
theorem for Brans-Dicke black holes [20] is elucidated.
Almost as a by-product of this work, light is shed on the
validity, or lack thereof, of the Jebsen-Birkhoff theorem of
Palatini and metric f(R) gravity in Sec. V.

We adopt the notations of Ref. [9]. The cosmological
constant A, if present, is seen as an effective form of matter

described by the formal stress-energy tensor Tg;) =
—# gap (that is, in the following, ‘“‘vacuum” implies
that A = 0).

II. THE JEBSEN-BIRKHOFF THEOREM IN
GENERAL RELATIVITY

The most general spherically symmetric line element
can be written as

ds* = —A2(t, r)dt* + B2(t, r)dr?* + r*dQj3, €))

where dQ3 = d6? + sin’0d¢? is the line element on the
unit 2-sphere and r is an areal radius. The metric compo-
nents go; (i = 1, 2, 3), if present, can be eliminated by
redefining the coordinates ¢ and r ([16], see also [21]). The
0, 1), (0, 0), (1, 1), (2, 2), and (3, 3) components of the
Einstein field equations

Ry — SgupR = 87GT, )

where T(%) is the matter energy-momentum tensor, yield
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where a prime and an overdot denote differentiation with
respect to r and ¢, respectively.

A. The nonvacuum case

Let us consider a timelike observer at rest in the coor-
dinate system (¢, r, 6, ¢) adapted to the spherical symmetry
of the metric (1), i.e., one with 4-velocity u* =
(A71,0,0,0). The matter energy density relative to this
observer ‘““at rest’ is

- T(m)
=T uub = X(Z) (8)
and coincides with the right-hand side of the Hamiltonian
constraint (4) apart from the factor 87G. The radial energy
current relative to this observer is

(m) 7o
J(,) =T ab u e(r) E’ (9)
where eé’r) is the spacelike unit vector in the radial direction
(0, B71,0,0). Finally, the radial
pressure relative to this observer is

with components e(,) =

oy _ TIT
_ p(m —
P(r) = Tab eé’r)e(r) = ? (10)

The nonradial stresses Tfj’»") with i #j (i, j=1, 2, 3)
vanish identically because of the Einstein equations and
the fact that the components G;; of the Einstein tensor with

i # j vanish in spherlcal symmetry. Furthermore, Egs. (6)

33 — T(m) )

and (7) imply that -

The Einstein equatlons require that the matter distribu-
tion be spherically symmetric, i.e., that the derivatives with
respect to 6 and ¢ of p, J,), and P, vanish. A spherically
symmetric T‘S’Z) is said to describe a static matter distribu-
tion iff [22]
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=0, AuCVCP(,) = =0, J(r) =0.

(11)
Equation (3) with the assumption J(,) = 0 (equivalent to
T(()T) = 0 in a region where A and B are finite and positive)
guarantees that B = 0, i.e., B = B(r). Then Eq. (5) with
the assumption 9P ,)/dt = 0 guarantees that A’/A is time
independent, which only leaves the possibility that A de-

pends on time through a multiplicative factor, A(z, r) =
f(t)a(r). But then the line element assumes the form

ds?> = —a*(r)f?(t)d® + B*(r)dr’ + r’dQ3  (12)

and the redefinition of the time coordinate t — f with df =
f(t)dt then absorbs the factor f(7) into 7 and casts the
metric into locally static form. Then the Einstein equations
(6) and (7) imply that also Té'f) and T%’) are time indepen-
dent, and this is true for the tangential pressures

(m)

122 _ = 7(m)
—3 =P =Ta €

— (m) q b
Py =T, ey el = ab ¢(0)%(e)

_
r2sin%6

(13)

as well, where €g) and e(”gp) are spacelike unit vectors in the

angular directions. We have therefore the Jebsen-Birkhoff
theorem (version 1): If a solution of the Einstein equations
is spherically symmetric and the matter distribution is

static (57 9 = M;’) = 0 and J,) = 0), then the metric is static
in a reglon in which 7 remains timelike and (r, 6, ¢) stay
spacelike.

The restriction to the region where the coordinates pre-
serve their timelike or spacelike character is necessary for
the validity of the theorem, as originally noted by Ehlers
and Krasinski [24]. For example, this restriction is not
satisfied in the region inside the Schwarzschild black
hole horizon or outside the de Sitter cosmological horizon,
where these metrics become time dependent. A better
statement of the Jebsen-Birkhoff theorem is that, under
the conditions stated ““a spherically symmetric solution
admits, besides the SO(3) generators, an additional
hypersurface-orthogonal Killing vector field” ([24], see
also [23,25,26]). However, the metric is static only where
this additional Killing field remains timelike, which ex-
cludes the black hole horizon (if this exists and coincides
with the Killing horizon) where the Killing field goes
through zero to change sign in the interior [27]. The
theorem does not make statements valid on a black hole
horizon surface which may be present and it does not imply
that the solution of the Einstein equations is the
Schwarzschild metric. A solution with a matter distribution
diverging on a horizon is possible; this happens, for ex-
ample, for the Brans class I solutions of scalar-tensor
gravity [18] (in which the Brans-Dicke-like scalar field
can be regarded as a form of effective matter) which are
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static and spherically symmetric but have a scalar field
diverging at the horizon; see Sec. I'V.

It might seem that the assumptions on the matter Tg;,’) are
too strong because this tensor contains the metric g, and,

therefore, any assumption on Ti’,’j) means to require al-
ready, in some way, that the metric g, is static. Indeed,
this is true but the assumption of a static matter distribution
leaves room for physically relevant situations. The first is
vacuum, in which no matter is necessarily (and trivially) of
the static form and gives rise to the more familiar version
of the Jebsen-Birkhoff theorem upon which we comment
in the next subsection. Another nontrivial situation is that
of a cosmological constant seen as a form of effective
matter described by Tgﬁ), which is spherically symmetric
and static. In this case the solution is not the Schwarzschild
but the Schwarzschild-(anti-)de Sitter one. It is well known
that, for example, the Schwazrschild-de Sitter (Kottler)

line element can be put in the locally static form
2GM  Ar?
ds® = —(1 _2OM —r)dt2
r 3

2GM  Ar’\-1
+<1— ¢ —Tr) dr + 12d0Z  (14)

r

in the region of spacetime manifold between the black hole
and the cosmological horizons. Another physical situation
allowed by the assumptions of the theorem is electrovac-
uum [28]. If the mass distribution carries a static electric
charge Q with no radial current the solution is the static
Reissner-Nordstrom metric given by
2 2\ —

ds* = —(1 _ M| 9 )dz2 + (1 —ZGTMJrQ—) ar

r 7'2 7'2

+ r2dQ2. (15)

The absence of a radial energy current, J,) = 0, without
the assumption of staticity of p and P, is not sufficient to
guarantee that the metric is static. A counterexample is the
Mc Vittie solution describing a spherical object embedded
in a cosmological background [29] for which J(,) = 0 but
the metric is time dependent except for the special case in
which it reduces to the Schwarzschild-(anti-)de Sitter one.

Although less familiar than the vacuum version, ver-
sion 1 of the Jebsen-Birkhoff theorem is more suitable
for discussing the spherically symmetric solutions of
scalar-tensor gravity because the Brans-Dicke-like scalar
field present in these theories acts as an effective form of
matter.

B. The vacuum case

By regarding vacuum (Ti’;f) = () as a form of static
matter, the Jebsen-Birkhoff theorem assumes its most fa-
miliar form.

Jebsen-Birkhoff theorem (version 2): a spherically sym-
metric solution of the vacuum Einstein equations is neces-
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sarily static in a region in which ¢ remains timelike and
(r, 6, @) stay spacelike.

The vacuum assumption rules out the possibility of a
cosmological constant as well as electrovacuum, and the
Schwarzschild-(anti-)de  Sitter and Reissner-Nordstrom
solutions. The solution is then forced to be Schwarzschild.

Note that the vacuum as defined by 7,, = 0 is not
necessarily a trivial configuration in alternative theories
of gravity. In scalar-tensor gravity the Brans-Dicke-like
scalar field ¢ describing the gravitational field together
with the metric g,, may be nonconstant and still give a
vanishing effective stress-energy tensor T%’); this is re-
ferred to as a “‘nongravitating” or “stealth” scalar field.
Two examples of massive waves of a ¢ field coupled
nonminimally to the Ricci curvature and with a potential

are given in [30]; they achieve Tc(fbs) = 0 and no other form
of matter is present. As a result, the spacetime is
Minkowskian (spherically symmetric and static), provid-
ing a nontrivial realization of vacuum and of version 2 of
the Jebsen-Birkhoff theorem. Other examples of nongravi-
tating matter distributions are given in Refs. [31].

In the language of field theory, the field content of
General Relativity consists only of a massless spin two
field and gravitational radiation is quadrupole to lowest
order. Hence spherically symmetric sources cannot excite
gravitational radiation and the gravitational charge (i.e.,
the mass energy) of the source is conserved—the space-
time around a spherically symmetric source must be static.

It is usually remarked that the Jebsen-Birkhoff theorem
allows, as a corollary, an extension to general relativity of
the iron sphere theorem of Newtonian gravity stating that
the gravitational field of a spherically symmetric distribu-
tion of mass inside a spherical cavity is zero. In spherical
symmetry, if the energy distribution inside a cavity is
static, the solution of the Einstein equations will be static.
In vacuo, it is Minkowski space, i.e., the Schwarzschild
solution corresponding to zero mass. If matter inside the
cavity consists only of a cosmological constant the interior
solution is spatially homogeneous and isotropic about
every point and, therefore, (anti-)de Sitter.

II1. THE JEBSEN-BIRKHOFF THEOREM IN
SCALAR-TENSOR GRAVITY

With the advent of the Jordan [32] and Brans-Dicke [33]
theories first and of scalar-tensor theories later [34], the
validity of the Jebsen-Birkhoff theorem was investigated in
alternative gravity [35-46].

In general, the theorem does not hold in scalar-tensor
gravity: one needs to impose that the effective stress-
energy tensor Tf;lf) of the Brans-Dicke-like scalar field of
the theory is time independent in order for the metric to be
static (this requirement is usually achieved by imposing
that ¢ is time independent, but is also obtained by a stealth
field ¢ [30,31]). The failure of the theorem in the presence
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of time-dependent scalars opens the door for new phe-
nomenology in scalar-tensor gravity which is unknown in
general relativity. The failure of the Jebsen-Birkhoff theo-
rem is to be expected: since scalar-tensor gravity has a new
spin zero degree of freedom in comparison with general
relativity, scalar monopole radiation can occur. In
Einstein’s theory monopole radiation is forbidden by the
Jebsen-Birkhoff theorem, which is a consequence of the
fact that the gravitational field is represented only by a spin
two field. Since in Einstein’s theory gravitational radiation
is necessarily quadrupole to lowest order, spherically sym-
metric pulsating sources cannot generate gravitational ra-
diation and the metric must be static. This is no longer true
in scalar-tensor gravity, in which the time-varying mono-
pole moment of a radially pulsating spherical source gen-
erates propagating scalar radiation which makes also the
metric nonstatic.

Let us consider a scalar-tensor (ST) theory of gravity
described by the action

_ 1 4. =
SST—167T’/-dx«/ g

_M ab _ (m)
<[ ok Pl AR V)| + 5.

(16)

The field equations can be written in the form of effective
Einstein equations as

I 8
Ray =3 8aR =T
() -
+ L (VabVod — 500V V. 0)
1 _ _V(g)
+$(vuvb¢ 81 P) 20 Sab
8
= §<ng> + 7)), (17)
dw dav
= (m) — 27 \yc =z
Qw +3)0¢ = 87T d¢v ¢V, . + d)d(f) 2V,
(18)

where TSZ) is the matter energy-momentum tensor and we
assume that ¢ > 0 in conjunction with @ > —3/2 to guar-
antee the positivity of the effective gravitational coupling
[47]

2w+ 2)1

off = 5 13 E (19)

In this form, it is easy to see that the scalar field ¢ acts as
an effective form of matter in the field equations (17) and
therefore, by imposing that the matter stress-energy tensor

T((;Z) vanishes, one is left with an effective stress-energy
tensor Tif) such that Té‘é’) could be time dependent and
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T(()‘f’) # 0 if ¢ depends on time. In other words, a time-
dependent Brans-Dicke-like field ¢ spoils the validity of
the Jebsen-Birkhoff theorem and only the assumption that
¢ is time independent (or that Tﬁ) is static, as for a time-
dependent stealth field ¢) restores the staticity of a spheri-
cally symmetric solution. This can be checked explicitly
using the field equations, which we do in the following.

A. The trivial case ¢» = constant

The case ¢ = const = ¢ >0 is trivial and Eq. (17)
reduces to
R =38R = 15 ~ 5 g 0)
where V) = V(¢), so that the theory degenerates to gen-
eral relativity with the cosmological constant A =
Vo/Q2dy). If TE'Z) is such that the energy distribution is
static (including the case T%’) = (), version 1 of the
Jebsen-Birkhoff theorem holds and the metric is static in
the region in which the coordinate gradients preserve their
causal character. The same happens if Té‘,f) vanishes with
¢ # const.

B. Static (but nonconstant) Brans-Dicke-like field

Let us assume that the spacetime metric which solves the
field equations (17) and (18) is spherically symmetric with
line element (1). Then

(1.52 2
VepV.p =5+ o 1)
the only nonvanishing Christoffel symbols are
A Al BB
I = 1 I, =T = e = el (22)
AA’ B B’
T = 7 Iy, =T} = B’ I, = B (23)
r ro.
rl,=- ik I, =- ?sm%’, (24)
I‘2 — FZ — 1 F2 — :
p=15=" 33 = — sinf cos6, (25)
1 cos6
3, =rIi=-, 3, =T} =", 26
13 317 23 327 Ging (26)
and the d’Alembertian of ¢ is
1 /. A. AA
Ob = — — B S Y
b=—(-50-9)
1 BB . B 20/
+ =l ——d——¢'|+—. 27
g0 Sro-) s @)

The (0, 1), (0, 0), and (1, 1) components of the field
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equations (17) yield

2B 87 _m o' 1(. A . B
a g Tegy +g(¢’ -5 —Edﬂ), (28)
1 2B 1 8w o [ . A?
2 4+ — = 2" plm) <2+_ /2)
A <r2 B3r BQr2> ¢ Too 2¢° ¢ Bzd)
A? BB . B
+ n_ -= o
qu5<(ZS A? ¢ B ¢
/ 2
42 ) +‘Z; , (29)
r

24 B
Ar I"2 r d) 11 ¢2

B> (. A, AA , 247 |
ta (6590 - d)
- (30)

If there are no radial energy currents (T(()’I") = 0) and, in

particular, in vacuo (Tt(l'l',') = () and assuming that ¢ is time
independent (¢ = ¢(r)), Eq. (28) yields

Y

B(_+ﬂ)=o, (31)

B\r ¢

so that either B =0 or ¢(r) = C/r?, where C >0 is a

constant. If ¢ = C/r? then Eq. (29) yields

202w +3)
2C+ Vr*

in vacuo and B = B(r), therefore we focus on the B = 0
situation. Equation (30) reduces to

g (32)

A2 ¢\ 8w, B—1 \2
A(ﬁﬁ)=$T?1)+ P *“’(i)

2¢' BV

e 24 (33)

If aT{'f) /dt =0 (in particular in vacuo), the right-hand
side of this equation is ¢ independent, implying that A
can depend from ¢ at most through a multiplicative factor
as in A(z, r) = f(¢t)a(r). In this case a redefinition of the
time coordinate df = f(r)dt absorbs the time-dependent
factor into 7 and the metric can be cast in locally static
form. Then, the other field equations imply that also the
radial pressures T (i = 1, 2, 3) are time independent.
The fact that the scalar field ¢ needs to be static or
nongravitating in order to rescue the Jebsen-Birkhoff theo-
rem was established on several occasions for particular
scalar-tensor theories. Schiicking [35] derived the result
for Jordan’s theory, a precursor of Brans-Dicke theory [32];
Reddy [38] studied the electrovacuum case of the Sen-
Dunn theory [48] and of the conformally coupled scalar
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field [45] (the former was revisited in [41] and the latter in
[42]; the Sen-Dunn theory was reconsidered, and some
errors of [38] corrected, in [39]). Venkateswarlu and
Reddy studied electrovacuum in more general scalar-
tensor theories [46].

To summarize, when the Brans-Dicke-like scalar is
static but nonconstant, the solution of the field equations
can be different from Schwarzschild-(anti-)de Sitter. If this
field is constant the theory reduces to general relativity, for
which the Jebsen-Birkhoff theorem holds. As a corollary,
the spherically symmetric solution inside an empty cavity
is static only if the scalar field ¢ is assumed to be static or
nongravitating (Minkowski space if there is no potential
and (anti-)de Sitter space if the potential is nonzero).

IV. THE JEBSEN-BIRKHOFF THEOREM IN THE
EINSTEIN FRAME REPRESENTATION OF
SCALAR-TENSOR GRAVITY

By performing the conformal transformation of the met-
ric and redefining nonlinearly the Brans-Dicke-like scalar
as in

8ab gab = ngab’ Q= VG¢r (34)
7 [R2o(d) +3ldo
d¢ = 167G ¢ (35)

for w # —3/2, the scalar-tensor action (16) assumes the
Einstein frame form

R 1 _,o -o -
— 4 _ 5 _ ~abv \V
Sor= [ 1o~ 58 Va3V,
L(m) :I
(Go) T
where a tilde denotes quantities associated with the re-

scaled metric g,,, £ is the matter Lagrangian density,
and

- U($) + (36)

Vig($)]

[Go(d)F
This is formally the action of general relativity with a
minimally coupled scalar field ¢ but with the important
difference that this scalar now couples explicitly to matter
and the units of time and length scale with (), while the unit
of mass scales as Q™! [50]. The Einstein frame field
equations are

U() = (37

- 837G (m) =(d)
_ — +
R ab 2 8ab (G¢)2 Tah 87TGTab ’ (38)
-~ - dU _8mwGT™
Udp——=—"1-+" (39)
dp  (Go)

whereas
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T =V, V,¢ — = 2,8V ¢V —
(40)

is the canonical stress-energy tensor for a scalar field
minimally coupled with the curvature, which satisfies the
weak energy condition if V = 0. If the metric g, is of the
spherically symmetric form (1) also the rescaled g,, as-
sumes the same form with ) = Q(¢) = Q(z, r).

It is well-known that, at the classical level, the Jordan
and the Einstein conformal frames are equivalent descrip-
tions of the same theory [50-52] when the conformal
transformation is well-defined, and one can recover easily
in the Einstein frame the results discussed in the previous
sections. When the scalar field ¢ is constant (which only
happens if its Jordan frame cousin ¢ is constant) then one
obtains the same equations of motion as in General
Relativity with a cosmological constant (if U(¢) # 0,
which is equivalent to V(¢) # 0 and ¢ # 0, as follows
from Eq. (37)), and version 1 of the Jebsen-Birkhoff theo-
rem is recovered.

If ¢ is not constant but is assumed to be independent of
the time coordinate, ¢ given by Eq. (35) is static as well
and Q = Q(r). Then, introducing the rescaled four-
velocity i =4 = (A71,0,0,0,), it is

~,2 _
o U
TP gapb = ¢ U@

pld]= Sty D
Jo[l = —T'Qae!, =0, 42)

B 72 U 7
P[] =Tes et — f o (%5), (43)

in the Einstein frame. By assuming that ¢ (or, equivalently,
@) is static, the effective energy distribution described by
T(fl;) is static and, if ng) is static as well, version 1 of the
Jebsen-Birkhoff theorem holds and the spherically sym-
metric solution of the field equations g,, is static in a
region in which the coordinate gradients preserve their
causal character.

In the case w = —3/2 the field ¢ is not defined but
nothing forbids the use of (g,;, ¢) as Einstein frame var-
iables. The action then becomes

R 3
Sz = jd4xv_g|:l6iG 58 gV, bV, ¢
L(m)
— V() + W], (44)

in which ¢ is a phantom field with negative-definite kinetic
energy, which implies a sign change in the first term on the
right hand sides of Eqgs. (41) and (43). Again, the metric

will be static only if ¢ and Ti’;f) are static and the theory
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reduces to General Relativity with a cosmological constant
if ¢ is constant.

It must be emphasized that the equivalence between
Jordan and Einstein frames holds only when the conformal
transformation is well defined and breaks down if ¢ — 0
or ¢p — +oo, which can happen approaching a black hole
horizon. For example, the black hole solutions of Brans’
class I [18], those of Bekenstein [53], and those of
Campanelli and Lousto [19] are spherically symmetric
and static but they are not Schwarzschild. They cause an
apparent contradiction with a theorem by Hawking which,
loosely speaking, states that stationary black holes in
Brans-Dicke theory are the same as the stationary black
holes of general relativity and employs the Einstein frame
in its proof. This apparent contradiction has generated
some confusion in the literature and is discussed in the
following.

Hawking’s theorem [20] states that a stationary space-
time containing a black hole is a solution of the Brans-
Dicke field equations (with V = 0) if and only if it is a
solution of the Einstein field equations, and therefore it
must be axially symmetric or static. The theorem is usually
taken to mean that Brans-Dicke black holes are exactly the
same as those of general relativity: this is an overstatement
and in fact many solutions of scalar-tensor theories includ-
ing, but not necessarily limited to, Brans-Dicke gravity are
known which describe black holes with a static scalar field
and do not coincide with the Schwarzschild metric. For
these solutions the scalar field either goes to zero or
diverges on an event or apparent horizon and this feature
invalidates the proof of Hawking’s theorem, as we shall see
below. The most well known example is probably that of
Brans’ class I solutions given by [18]

— 2/A 4
ds* = —(71 Mﬁ) dr* + (1 + ﬁ)
p

14+ u/r
1 — p/r\e@a-c=2p/r
X [ —ZL- + r2dQ3 4
(1 + M/V) (dr+ rdfly),  (45)
w/r\e/A
, 46
8 = ol 1257 #6)
where u, C, ¢, and A are constants with
C
=(c+1)2—c< “’2)>0 (47)

Clearly, this metric is static and not the Schwarzschild
solution while it satisfies the vacuum Brans-Dicke field
equations with V. =0 for r > u (three other classes of
spherically symmetric solutions were found by Brans
[18], although they are not all independent from each other
[54]). Note that for the positive values of C and A usually
considered, the Brans-Dicke scalar field goes to zero on the
horizon.
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Let us consider now the proof of Hawking’s theorem,
which is performed in the Einstein frame [20]. Another
theorem [55] states that a stationary black hole in general
relativity must be axisymmetric and have spherical topol-
ogy and relies on the weak (or the null) energy condition
being satisfied. Hawking’s theorem extends this previous
theorem to Brans-Dicke theory [20], aiming to prove that
the scalar field is static. It is pointed out in [20] that the
advantage of going to the Einstein frame is that the re-
scaled Brans-Dicke scalar

o= Fru(2)

= et 4
167G @)

[obtained by integrating Eq. (35), where ¢.. is a constant]
has canonical kinetic energy density and obeys the weak
and null energy conditions. The assumption that spacetime
is stationary then implies that it is also axially symmetric
[55] and, therefore, there exist a timelike Killing field ¢
and a spacelike Killing field /“ (outside the horizon) and
the Einstein frame scalar ¢ must necessarily be constant
along the orbits of #“ and ¢ in order to respect these
symmetries, hence 9%¢ can only be spacelike or zero
outside the horizon.

Consider now a 4-dimensional volume V bounded by
two Cauchy hypersurfaces S and S’ at two consecutive
instants of time, a portion of the black hole event horizon,
and spatial infinity [20]: the Einstein frame equation of
motion (39) in vacuo and with V = 0 becomes O] d; =0,
where [ = g @a@b is the Einstein frame d’ Alembertian.
Multiplying this equation by ¢, integrating over V, and
using the Gauss theorem and the identity p0d =
V¢($V.P) — V<GV, $, one obtains [20]

4. =ab\] FNT J — c( I I
fvdxg AN [a AS@VD. (@)

The integral over the boundary 9V on the right-hand side
is split into four contributions:

[t d ([ o [ )

X dS (V. ). (50)

The contributions from the portions of the Cauchy hyper-
surfaces S and S’ cancel out because they have the same
absolute value due to the time symmetry but opposite signs
because of the opposite directions of the outgoing unit
normal on these hypersurfaces. The contribution from
spatial infinity vanishes because ¢ vanishes there, whereas
the contribution from the integral over the portion of the
horizon is supposed to vanish because the projection of
¢ along the null vector tangent to the horizon, which is a
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linear combination of 7* and ¢, vanishes due to the
symmetries [20]. This point is crucial: the argument is
not valid in general because the Einstein frame scalar ¢
may not be defined at the horizon and, indeed, this is the
case for the Brans’ class I solutions (45) and (46) in which
the Einstein frame scalar ¢ = In¢ diverges on the horizon
because of the Jordan frame ¢ — 0% there. The conformal
transformation to the Einstein frame becomes ill defined at
the horizon and its variables (g, ¢) cannot be used on this
surface. Of course, nothing forbids to use the Jordan frame
instead of the Einstein one, but then the scalar ¢ violates
the weak and null energy conditions because its stress-
energy tensor given by Eq. (17) has a noncanonical struc-
ture containing second derivatives of ¢ instead of being
quadratic in the first derivatives (indeed, it is now well
known that nonminimally coupled scalar fields can violate
all the energy conditions [56]).

The scalar field in the known solutions violating the
Hawking theorem does turn out to be static (which is
what [20] intended to prove), but it has a radial dependence
and these solutions do not coincide with the Schwarzschild
metric.

Campanelli and Lousto [19] report static solutions of
Brans-Dicke theory which possess a static but radially-
dependent scalar. These authors comment on the violation
of the null energy condition in the Jordan frame being the
cause of the violation of the no-hair theorem. However, this
comment (echoed in [54]) appears to be a bit misleading
because Hawking’s theorem discusses the Einstein frame
scalar ¢ which does satisfy the energy condition, while
Campanelli and Lousto refer to the Jordan frame ¢ which
does not. Their comment is technically correct but, per se,
does not help explaining the violation of Hawking’s theo-
rem. Note that, if the Brans-Dicke scalar ¢ does not go to
zero or diverges on the horizon, Hawking’s theorem ap-
plies and the solution is forced to be Schwarzschild.

V. THE JEBSEN-BIRKHOFF THEOREM IN f(R)
GRAVITY

We are now ready to come back to f(R) gravity, which is
the original motivation for our work, even though the
understanding of the Jebsen-Birkhoff theorem and spheri-
cal symmetry in scalar-tensor gravity has merit in itself.
The formal equivalence of f(R) theories with scalar-tensor
gravity has been discovered and rediscovered many times
[17]. Metric f(R) gravity is equivalent to a Brans-Dicke
theory with Brans-Dicke parameter w = 0 and a nontrivial
potential, while Palatini f(R) gravity is equivalent to an
® = —3/2 Brans-Dicke theory with potential (see [7] for
details). In the Palatini version, the scalar ¢ is nondynam-
ical, as has been pointed out in various works [7,57-59].
The metric-affine version of f(R) gravity [6] is not equiva-
lent to a scalar-tensor theory and will not be considered
here.
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A. Palatini f(R) gravity

Let us consider now the w = —3/2, V # 0 Brans-Dicke
equivalent of Palatini f(R) gravity. In vacuo, electrovacuo,
or in any region in which the trace of the matter energy
momentum 7 is constant, the d’ Alembertian disappears
from the field equation (18), which reduces to

87GT™ + ¢Z_; —2V(¢p) =0, (51)

no longer a differential but an algebraic or trascendental
equation. If Eq. (51) has solutions they are of the form ¢ =
const = ¢. In this case the field equation (17) reduces to

R . 1 R= 87TT(m) .
ab 2gab ¢0 ab

which describes general relativity with a cosmological

Vz(;{’g) for which Birkhoff’s theorem holds

if the matter distribution described by T‘(Z'Z) is static (in-

V(o)
2¢0 8ab

(52)

constant A =

cluding the vacuum case T‘(l’l',’) = () which is consistent, of
course, with the previous assumption 7" = const.

To summarize, the Jebsen-Birkhoff theorem holds in
Palatini f(R) gravity with a static matter distribution; the

fact that the Jebsen-Birkhoff theorem holds when T((;Z) =0
is well known [7] and is due to the nondynamical nature of
the Brans-Dicke scalar present in this class of theories,
which acts as an effective form of matter without dynamics
(this feature has been studied in detail, see the discussion
and references in [7]).

B. Metric f(R) gravity

Metric f(R) gravity is equivalent to an @ = 0 Brans-
Dicke theory with a nontrivial potential. This time,
in vacuo, the field equation (18) reduces to

a6 =5] j—; -2v(e) ] (53)

which is now a true dynamical equation. Since ¢ is dy-
namical and, in general, time dependent the Jebsen-
Birkhoff theorem is not valid, which has been noted on
several occasions (see [7] and the references therein). Most
studies in the literature impose the condition ¢ = const
[equivalent to R = const in the original f(R) theory] for
ease of calculation, and compare static solutions with Solar
System experiments. This point of view carries the risk of
not exploring the richer variety of solutions with d¢/dt #
0, which are certainly more generic than static ones.

VI. CONCLUSIONS

Motivated by the recent attention to metric and Palatini
f(R) gravity theories revived to explain the cosmic accel-
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eration without dark energy, we have considered spherical
symmetry and the Jebsen-Birkhoff theorem in these theo-
ries and, by extension, in general scalar-tensor gravity.

Generalizing the Jebsen-Birkhoff theorem of general
relativity to situations with matter present allows one to
understand the validity, or lack thereof, of this theorem in
scalar-tensor gravity because the scalar-tensor field equa-
tions can be rewritten as effective Einstein equations with
the Brans-Dicke like scalar acting as a form of effective
matter. Using the Jordan frame description of scalar-tensor
gravity, this effective matter distribution must be static in
order for the Jebsen-Birkhoff theorem to be valid. This
conclusion is not hard to obtain but is seems that it is
necessary to formulate it explicitly in order to make
progress with f(R) gravity. The situation can be summa-
rized as follows: if ¢ is static the spherically symmetric
solution is locally static between horizons but not neces-
sarily Schwarzschild-(anti-)de Sitter; if ¢ is constant the
solutions is Schwarzschild-(anti-)de Sitter.

Since scalar-tensor gravity admits an Einstein frame
description in which the scalar has canonical form except
for the fact that it couples directly to matter, the result
obtained in the Jordan frame must be recovered in the
Einstein frame description, and we checked that this is
indeed the case. The equivalence (at the classical level)
between Jordan and Einstein frame breaks down when the
conformal transformation (34) and (35) becomes ill de-
fined, and this occurrence allows one to understand the
apparent contradiction between certain spherical solutions
and Hawking’s theorem on Brans-Dicke black holes.
Shedding light onto this riddle certainly does not have
deep new consequences (these non-Schwarzschild static
solutions have now been known for a long time) but we are
not aware of an explicit explanation in these terms in the
literature.

Once the role of the Jebsen-Birkhoff theorem in scalar-
tensor gravity is established, it is straightforward to under-
stand that the validity of this theorem in Palatini f(R)
gravity is yet another manifestation of the nondynamical
character of the Brans-Dicke scalar present in this theory.
Similarly, the failure of the theorem in metric f(R) gravity
reflects the dynamical nature of the scalar degree of free-
dom present in these theories. Most current studies of
spherically symmetric solutions in metric f(R) gravity
focus on static solutions missing time-dependent solutions
which are, without doubt, more generic than static ones
(although there is at present no mathematically well de-
fined meaning of ‘““generic’’). To complicate the issue,
metric f(R) theories of current interest are designed to
produce an effective time-varying cosmological constant
in order to explain the present acceleration of the Universe
without dark energy, and it is expected that generic solu-
tions (if a meaning can be assigned to this adjective) will be
asymptotically  Friedmann-Lemaitre-Robertson-Walker
solutions violating the Jebsen-Birkhoff theorem. Some
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solutions of this kind are known in general relativity
[29,60], scalar-tensor gravity [61], and in metric f(R)
gravity [62], but they are still not understood very well
even in the context of general relativity and it will be
interesting to study them further in the future.
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