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We perform a global fit to the Cabibbo-Kobayashi-Maskawa unitarity triangle using the latest

experimental and theoretical constraints. Our emphasis is on the hadronic weak matrix elements that

enter the analysis, which must be computed using lattice QCD or other nonperturbative methods. Realistic

lattice QCD calculations which include the effects of the dynamical up, down, and strange quarks are now

available for all of the standard inputs to the global fit. We therefore present lattice averages for all of the

necessary hadronic weak matrix elements. We attempt to account for correlations between lattice QCD

results in a reasonable but conservative manner: whenever there are reasons to believe that an error is

correlated between two lattice calculations, we take the degree of correlation to be 100%. These averages

are suitable for use as inputs both in the global Cabibbo-Kobayashi-Maskawa unitarity triangle fit and

other phenomenological analyses. In order to illustrate the impact of the lattice averages, we make

standard model predictions for the parameters B̂K, jVcbj, and jVubj=jVcbj. We find a ð2–3Þ� tension in the

unitarity triangle, depending upon whether we use the inclusive or exclusive determination of jVcbj. If we
interpret the tension as a sign of new physics in either neutral kaon or B mixing, we find that the scenario

with new physics in kaon mixing is preferred by present data.
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I. INTRODUCTION

The B factories and the Tevatron have been remarkably
successful in producing a wealth of data needed to con-
strain the flavor sector of the standard model.
Inconsistencies between independent determinations of
the elements of the Cabibbo-Kobayashi-Maskawa (CKM)
matrix [1,2] and its CP-violating phase would provide
evidence for new physics. The search for such inconsisten-
cies has received a great deal of attention because generic
new physics scenarios lead to additional CP-violating
phases beyond the single one of the standard model.
Physicists generally believe that the standard model cannot
be the whole story, despite its great experimental suc-
cesses, because it does not describe the large matter-
antimatter asymmetry of the Universe, nor can it account
for dark matter. Although there is reasonably good agree-
ment with the standard model prediction of a single
CP-violating phase, as encoded in the CKM matrix,
some tensions have been pointed out recently [3–7].

Most of the constraints on the CKM matrix are limited
by theoretical uncertainties in the hadronic matrix ele-
ments that encode the nonperturbative QCD contributions
to weak processes. These hadronic matrix elements are
calculated using numerical lattice QCD, and great progress

has been made in reducing the errors in the last few years.1

Three flavors of light quarks (u, d, and s) are now being
included in the vacuum polarization, so that the quenched
approximation has become a thing of the past for most
quantities of interest. Lattice calculations of many quanti-
ties have now been done by various groups with all sources
of systematic error under control.2 In order to maximize
the impact of lattice input on phenomenology, it is neces-
sary to average the different results. This is not entirely
straightforward, since correlations between various lattice
errors must be taken into account. For example, statistical
errors in quantities computed on the same gauge ensembles
will be highly correlated. Systematic errors can also be
correlated, so familiarity with the lattice methods used in
each calculation is needed in order to understand and
account for these correlations in the averaging procedure.
In this work we present lattice QCD averages of the

hadronic weak matrix elements that enter the global fit of
the CKM unitarity triangle. We provide results for the
neutral kaon mixing parameter (BK), for the neutral B
meson decay constants and mixing matrix elements, for
the inclusive determinations of the CKM matrix elements
jVubj and jVcbj, for the standard model correction to �K
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1For a pedagogical review of lattice QCD methods see
Ref. [8].

2See, for example, Refs. [9,10], for the status of lattice
calculations of kaon and heavy-light physics.
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(��), and for the kaon decay constant (fK). Although we do
not know the exact correlations between different lattice
calculations of the same quantity, we still attempt to ac-
count for correlations in a reasonable manner. We do so by
assuming that, whenever a source of error is at all corre-
lated between two lattice calculations, the degree of corre-
lation is 100%. This assumption is conservative and will
lead to somewhat of an overestimate in the total error of the
lattice averages; nevertheless, it is the most systematic
treatment possible without knowledge of the correlation
matrices between the various calculations, which do not
exist. These averages are intended for use in the global
CKM unitarity triangle fit, as well as other phenomeno-
logical analyses.3

Our emphasis in this work is different than that of the
CKMfitter and UTfit collaborations [11,12]. Their focus is
primarily on the statistical techniques used to extract in-
formation from a given set of inputs (see Ref. [13] for a
quantitative comparison of the Bayesian versus frequentist
approaches), whereas our focus is on the lattice QCD
inputs themselves. Nevertheless, it is useful to point out
some important differences between the manner in which
they compute their lattice averages and the treatment that
we use in this paper.

Both CKMfitter and UTfit combine two- and three-
flavor results in their lattice averages [14,15], which we
do not. This is because, although the systematic uncer-
tainty in a particular quantity due to omitting the dynami-
cal strange quark may in fact be small, this is impossible to
quantify until the equivalent calculation has been done
with both two and three flavors. We therefore only consider
Nf ¼ 2þ 1 flavor lattice results in our averages. There is a

still a small systematic uncertainty in Nf ¼ 2þ 1 flavor

lattice results due to the omission of the dynamical charm
quark from simulations that is not accounted for in current
error budgets. Because the charm quark is heavy compared
to �QCD, however, the size of the neglected charm quark

effects can be estimated using heavy-quark effective theory
(HQET). The leading corrections are of order �s �
½�=ð2mcÞ�, where the two is a combinatoric factor appear-
ing generically in HQET. Using reasonable estimates for
these quantities (e.g., �s ¼ 0:33, � ¼ 500 MeV, mc ¼
1:2 GeV) suggests that the size of charm loops should be
around 1%, although this effect is suppressed to below the
percent level in SUð3Þ-breaking ratios such as fK=f� and

�. Since our estimate of the effects due to charm quark
vacuum polarization is small compared to other errors in
the quantities we are considering, we add no further error.
It is clear from our estimate of the size of dynamical charm
quark effects that they will need to be included in future
lattice calculations as the other errors are reduced.
Fortunately, both the ETM Collaboration [16] and the
MILC Collaboration [17] have begun simulations with
Nf ¼ 2þ 1þ 1 dynamical flavors in order to address

this issue. Note that the HQET power-counting argument
invoked here cannot be used to estimate the effects of
quenching the strange quark. Quenching the strange quark
thus leads to errors that are more difficult to quantify,
although we expect them to be larger than dynamical
charm quark effects because the strange quark is signifi-
cantly lighter.
CKMfitter assigns the smallest systematic error of any of

the individual lattice calculations to the average [14] in-
stead of combining the systematic uncertainties between
different lattice calculations. This treatment does not take
full advantage of current lattice QCD results by preventing
the average value from having a smaller systematic uncer-
tainty than any of the individual values. Thus, although this
treatment is conservative, it may obscure the presence of
new physics in an attempt to be overly cautious. The
method for obtaining the central values and errors used
by UTfit is not fully spelled out in Ref. [15]. In this work
we take all quoted lattice errors at face value when averag-
ing results, but we only include results with complete
systematic error budgets that have been sufficiently docu-
mented in either a publication or conference proceeding.4

This paper is organized as follows. In Sec. II we average
lattice QCD results for hadronic weak matrix elements that
enter the standard global fit of the CKM unitarity triangle.
We present the individual results used in the averages,
briefly describe the methods used in each lattice calcula-
tion, and spell out which errors we consider correlated
between the calculations. Next, for completeness, we sum-
marize the other inputs used in our unitarity triangle fit in
Sec. III. We then illustrate the impact of the new lattice
averages on the unitarity triangle fit in Sec. IV. We observe
a ð2–3Þ� tension in the fit, depending upon whether we use
the inclusive or exclusive determination of jVcbj. In Sec. V
we interpret the tension as a sign of new physics in either
neutral kaon or B meson mixing. We find that the current
data prefer the scenario in which the new physics is in the
kaon sector. Finally, we summarize our results and con-
clude in Sec. VI. Summary plots of all of the lattice
averages are provided in the Appendix.

3There are some additional correlations between different
lattice quantities that enter the unitarity triangle fit, since col-
laborations often calculate more than one quantity using the
same gauge configurations. Although we do not include these
effects in our analysis, such correlations are reduced in the
procedure of averaging several lattice results for the same
quantity that have been computed with different configurations.
Therefore these correlations should become less significant over
time as more independent Nf ¼ 2þ 1 flavor lattice results
become available to include in the averages.

4We assign no further error to results obtained using rooted
staggered fermions. Although there is no rigorous proof, there is
considerable supporting evidence that the rooting procedure for
staggered fermions is on the same footing as other lattice
fermion formulations, and that QCD is properly recovered in
the continuum limit (see Refs. [8,18,19] and references therein).
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II. LATTICE QCD INPUTS TO THE FIT OF THE
UNITARITY TRIANGLE

Many of the constraints on the CKM unitarity triangle
rely upon knowledge of hadronic matrix elements that
parametrize the nonperturbative QCD contributions to
weak decays and mixing. In the past, these hadronic
weak matrix elements have often been difficult to compute
precisely, and have enabled only mild (10%–15% level)
constraints on the apex of the CKM unitarity triangle that
have been insufficient to probe the presence of new
physics. Recent advances in computers, algorithms, and
actions, however, now allow reliable lattice QCD calcula-
tions of hadronic weak matrix elements with all sources of
systematic error under control. State-of-the-art lattice com-
putations now regularly include the effects of the dynami-
cal up, down, and strange quarks. They also typically
simulate at pion masses below 300 MeV, and sometimes
even below 200 MeV, in order to control the extrapolation
to the physical pion mass. For many hadronic weak matrix
elements of interest, there are now at least two reliable
lattice calculations. Just as with experimental measure-
ments, some of the errors are correlated among the lattice
QCD calculations, and such correlations much be taken
into account when averaging lattice inputs to be used in the
CKM unitarity triangle analysis.

In this section, we average the latest lattice QCD results
and provide values that should be used in current fits of the
CKM unitarity triangle. In the averages, we only include
results from simulations with three dynamical quark fla-
vors, and with associated proceedings or publications that
include comprehensive error budgets. Fortunately, for all
quantities of interest, there is at least one calculation that
satisfies these criteria. In taking the averages we assume
that all errors are normally distributed and follow the
prescription outlined in Ref. [20] to take the correlations
into account. The degree of correlation induced by a given
source of uncertainty onto the errors of different lattice
calculations is extremely difficult to estimate. In order to
be conservative, whenever there are arguments that suggest
some correlation between errors in distinct lattice results,
we take it to be 100%. Finally, we adopt the PDG pre-
scription to combine several measurements whose spread
is wider than what expected from the quoted errors: the
error on the average is increased by the square root of the
minimum of the chi square per degree of freedom (con-
structed following Ref. [20]).

A. BK

The experimental measurement of indirect CP violation
in the kaon sector, "K, when combined with a nonpertur-
bative determination of the neutral kaon mixing parameter,
BK, places a constraint on the apex of the unitarity triangle.
There have been three realistic lattice QCD calculations of
BK since 2006; the results are summarized in Table I.
The first, by the HPQCD and UKQCD Collaborations

[21], uses the ‘‘2þ 1’’ flavor asqtad-improved staggered
gauge configurations [24–26] generated by the MILC
Collaboration [8,27], which include the effects of two
degenerate light quarks and one heavier quark with a
mass close to that of the physical strange quark. The
calculation also uses staggered valence quarks in the
four-fermion operator used to compute BK. The result for

the renormalization group invariant quantity B̂K has a
�22% total uncertainty, which is primarily due to the
omission of operators specific to staggered fermions that
break flavor symmetry in the lattice-to-continuum operator
matching calculation. Because the other determinations of
BK have much smaller total errors, this result has little
impact on the weighted average.
The second calculation by the RBC and UKQCD

Collaborations [22] uses 2þ 1 flavor domain-wall gauge
configurations, as well as domain-wall valence quarks in
the four-fermion operator used to compute BK. Because
domain-wall quarks have an approximate chiral symmetry
[28,29], it is easier to calculate the renormalization factor

needed to determine BK in the continuum and in the MS
scheme for domain-wall quarks than for staggered quarks.
Therefore the RBC and UKQCD Collaborations compute
the renormalization factor in the RI-MOM scheme non-
perturbatively using the method of Rome-Southampton

[30], and convert it to the MS scheme using one-loop
continuum perturbation theory [31]. They estimate that
the truncation error due to the perturbative matching is
small,�2%. Although the RBC/UKQCD result is obtained
from data at only a single lattice spacing of a � 0:11 fm,
they include a reasonable �4% estimate of discretization
errors in their total uncertainty, which is based on the
scaling behavior of quenched data with the same gluon
and valence quark action. The total error in the RBC/

UKQCD calculation of B̂K is �5%.
Recently, Aubin, Laiho, and Van de Water (ALV) calcu-

lated BK using domain-wall valence quarks on the MILC
staggered gauge configurations [23]. The use of domain-

TABLE I. Unquenched lattice QCD determinations of the neutral kaon mixing parameter B̂K .
A plot showing the three Nf ¼ 2þ 1 results and their average is given in Fig. 5.

B̂K ð�B̂KÞstat ð�B̂KÞsyst
HPQCD/UKQCD ’06 [21] 0.83 0.02 0.18

RBC/UKQCD ’07 [22] 0.720 0.013 0.037

Aubin, Laiho & Van de Water ’09 [23] 0.724 0.008 0.029

Average 0:725� 0:027

LATTICE QCD INPUTS TO THE CKM UNITARITY . . . PHYSICAL REVIEW D 81, 034503 (2010)

034503-3



wall valence quarks allows them to compute the renormal-
ization factor nonperturbatively in the RI-MOM scheme
just like RBC/UKQCD. Their result, however, includes a
more conservative estimate of the truncation error, �3%,
which is based on a comparison with an independent
calculation of the renormalization factor using lattice per-
turbation theory. Their calculation also improves upon the
work of RBC and UKQCD by analyzing data at two lattice
spacings, so that they can extrapolate BK to the continuum

limit. They obtain a total error in B̂K of �4%.

In order to average the three determinations of B̂K, we
must determine which sources of error are correlated be-
tween the various calculations. The HPQCD/UKQCD and
ALV calculations both use the staggered gauge configura-
tions generated by the MILC Collaboration. Aubin, Laiho,
and Van de Water, however, use nine independent ensem-
bles of gauge configurations for their analysis, whereas
HPQCD/UKQCD only use two ensembles. Thus the over-
lap in the two sets of data is quite small, and the statistical
errors of the ALV result are sufficiently independent of the
statistical errors of the HPQCD/UKQCD result that we
treat them as uncorrelated in the average. The RBC/
UKQCD and ALV calculations both use the same one-
loop continuum perturbation theory expression to convert
the BK renormalization factor from the RI-MOM scheme

to the MS scheme. Thus we treat the truncation errors as
100% correlated between the two calculations. Given these
assumptions, we obtain

B̂ K ¼ 0:725� 0:027 (1)

for the weighted average, and we use this value for the
unitarity triangle fit presented in Sec. IV.

B. B meson decay constants and mixing
matrix elements

The B meson decay constant fB places a constraint on
the CKM unitarity triangle when combined with the ex-
perimental branching fraction for B ! �	 leptonic decay.
Because the experimental measurement is difficult, the
B ! �	 unitarity triangle constraint is currently quite
weak, and is not included in the standard global unitarity
triangle fits [11,12]. Nevertheless, we present the B meson
decay constant here with the expectation that the experi-
mental branching fraction will improve and the constraint
will be more useful in the future. Furthermore, we can use
the average values for the Bd and Bs meson decays con-
stant, which have smaller errors than any of the individual
determinations, to reduce the total uncertainty in the Bd

and Bs meson mixing matrix elements, as discussed later in
this section. There have been two 2þ 1 flavor lattice
calculations of the B meson decay constants; the results
for fB are summarized in the upper panel of Table II, while
those for fBs

in the lower panel.

The Fermilab Lattice and MILC Collaborations pre-
sented preliminary determinations of fB and fBs

at

Lattice 2008 [32]. They use the asqtad action for the light
u, d, and s quarks, and the Fermilab action [34] for the
heavy b quarks. The largest uncertainty in the decay con-
stants is statistical, and is�3% for both fB and fBs

. Several

systematic uncertainties—the light-quark discretization er-
ror and chiral extrapolation, heavy-quark discretization
error, and scale and light-quark mass determination—all
lead to comparable errors of �2%.
The HPQCD Collaboration recently published a deter-

mination of fB and fBs
[33] using staggered light quarks

and NRQCD b quarks [35]. The statistical plus chiral
extrapolation errors are comparable to those of Fermilab/
MILC. The largest systematic errors, however, are from the
continuum extrapolation (� 3%) and operator matching
(� 4%).
Because both decay constant calculations rely upon the

MILC gauge configurations, including many overlapping
ensembles, we treat the statistical errors as 100% corre-
lated between the two calculations. Most of the systematic
errors in the two calculations, however, such as those from
tuning the quark masses, heavy-quark discretization ef-
fects, and operator matching, are independent, so we treat
the systematic errors as uncorrelated. Given these assump-
tions, we obtain the weighted averages

fB ¼ ð192:8� 9:9Þ MeV (2)

fBs
¼ ð238:8� 9:5Þ MeV: (3)

In practice, the CKMfitter and UTfit Collaborations do not
in fact use the B meson decay constant to implement the
unitarity triangle constraint from B ! �	 decay. Instead,
they construct the ratio B:R:ðB ! �	Þ=�md, where�md is
the Bd meson oscillation frequency, to reduce the uncer-
tainty from hadronic matrix elements. The quantity f2B
cancels in this ratio, such that the ratio depends only on
the B meson bag parameter, BBd

, which currently has a

smaller relative uncertainty than f2B. Currently there is only
one available 2þ 1 flavor calculation of the neutral B
meson bag parameters by the HPQCD Collaboration
[33]. They use the same lattice actions and analysis meth-
ods as for the decay constants, and obtain

TABLE II. Unquenched lattice QCD determinations of the B
meson decay constants fB and fBs

. Plots showing the Nf ¼
2þ 1 results and their averages are given in Figs. 6 and 7.

fBðMeVÞ ð�fBÞstat ð�fBÞsyst
FNAL/MILC ’08 [32] 195 7 9

HPQCD ’09 [33] 190 7 11

Average 192:8� 9:9
fBs

ðMeVÞ ð�fBs
Þstat ð�fBs

Þsyst
FNAL/MILC ’08 [32] 243 6 9

HPQCD ’09 [33] 231 5 14

Average 238:8� 9:5
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BBd
¼ 1:26� 0:11 (4)

BBs
¼ 1:33� 0:06: (5)

These results are also presented in Table III.
The experimental measurements of the Bd and Bs meson

oscillation frequencies, when combined with a calculation
of the neutral B meson mixing matrix elements, place
additional constraints on the apex of the CKM unitarity
triangle. The weaker of the two constraints comes from
�md, which is proportional to the hadronic matrix element

fBd

ffiffiffiffiffiffiffiffi
B̂Bd

q
. Nevertheless, this constraint plays an important

role in the search for new physics because, depending upon
the type of physics beyond the standard model that is
present, new physics may affect Bs and Bd mixing inde-
pendently. For example, in some minimal flavor violating
scenarios, new physics will alter the separate constraints on
the apex of the CKM unitarity triangle from Bs and Bd

mixing, but not the constraint from their ratio.
Although there has been only one 2þ 1 flavor calcula-

tion of the neutral B meson mixing matrix elements by the
HPQCD Collaboration [33], there have been two calcula-
tions of the decay constant fB, as discussed earlier in this
section. We can therefore use the average values of fB and
fBs

to improve the lattice determinations of the mixing

matrix elements fBd

ffiffiffiffiffiffiffiffi
B̂Bd

q
and fBs

ffiffiffiffiffiffiffiffi
B̂Bs

q
. We do so by

combining the average value of fB in Table II with the
HPQCD determination of BBd

in Table III. This procedure

reduces the errors in the mixing matrix element to below
that from the HPQCD calculation alone, thereby improving
the resulting constraint on the unitarity triangle. We add the
errors of fB and BBd

in quadrature, despite the fact that the

average fB value contains information from the HPQCD
decay constant calculation, and is therefore somewhat
correlated with the HPQCD BBd

value. This error treatment

is conservative, however, because adding the HPQCD
errors for fB and BBd

in quadrature slightly overestimates

the resulting error in fBd

ffiffiffiffiffiffiffiffi
B̂Bd

q
since correlated statistical

fluctuations lead to a smaller error in the product of the two
quantities (this is also true for the Bs meson case). The

resulting 2þ 1 flavor lattice averages for fBd

ffiffiffiffiffiffiffiffi
B̂Bd

q
and

fBs

ffiffiffiffiffiffiffiffi
B̂Bs

q
are given in Table IV.

In practice, the hadronic matrix element fBd

ffiffiffiffiffiffiffiffi
B̂Bd

q
has

larger uncertainties than the corresponding quantity in Bs

mixing, fBs

ffiffiffiffiffiffiffiffi
B̂Bs

q
. This is primarily because current lattice

QCD calculations can simulate directly at the physical s
quark mass, but must extrapolate to the u and d quark
masses. Therefore the chiral extrapolation error, which is

often the dominant systematic, is larger for fBd

ffiffiffiffiffiffiffiffi
B̂Bd

q
than

for fBs

ffiffiffiffiffiffiffiffi
B̂Bs

q
. In order to minimize the hadronic uncertainty

in the�md constraint on the unitarity triangle, we therefore

replace fBd

ffiffiffiffiffiffiffiffi
B̂Bd

q
with fBs

ffiffiffiffiffiffiffiffi
B̂Bs

q
=�, where � �

fBs

ffiffiffiffiffiffiffiffi
B̂Bs

q
=fBd

ffiffiffiffiffiffiffiffi
B̂Bd

q
is an SUð3Þ-breaking ratio that can

currently be determined more accurately in lattice calcu-
lations than the individual matrix elements, as discussed
below.
The more stringent neutral B meson mixing constraint

on the unitarity triangle comes from the ratio of the oscil-
lation frequencies, �ms=�md, because many uncertainties
are reduced in the lattice calculation of �. There have been
two recent 2þ 1 flavor lattice QCD calculations of �; the
results are summarized in Table V.
The Fermilab Lattice and MILC Collaborations pre-

sented a preliminary calculation of � at Lattice 2008
[36], while the HPQCD Collaboration has recently pub-
lished a determination of � to 2.6% [33] accuracy. Both
groups use the same lattice actions and methods as they did
for the B meson decay constant calculations. The largest
uncertainties in Fermilab-MILC’s determination of � are
from statistics and from the chiral-continuum extrapola-
tion, both of which are�3%. They obtain a total error in �
of �4%. HPQCD’s largest source of uncertainty is also
statistics and the chiral-continuum extrapolation, which
together contribute �2% to the total uncertainty. Because
both calculations of � rely on the MILC gauge configura-
tions, in taking the average of the two results, we treat the

TABLE III. Unquenched lattice QCD determinations of the
neutral B meson bag parameters B̂Bq

.

B̂Bd
B̂Bs

HPQCD ’09 [33] 1:26� 0:11 1:33� 0:06

TABLE IV. Unquenched lattice QCD averages of the neutral B

meson mixing matrix elements fB

ffiffiffiffiffiffiffiffi
B̂Bd

q
and fBs

ffiffiffiffiffiffiffiffi
B̂Bs

q
. The

results are obtained by combining the average decay constants
given in Table II with the HPQCD determinations of the bag
parameters presented in Table III, thereby minimizing the total
uncertainties.

fB

ffiffiffiffiffiffiffiffi
B̂Bd

q
ðMeVÞ fBs

ffiffiffiffiffiffiffiffi
B̂Bs

q
ðMeVÞ

Average 216� 15 275� 13

TABLE V. Unquenched lattice QCD determinations of the
SUð3Þ-breaking ratio �. A plot showing the two Nf ¼ 2þ 1

results and their average is given in Fig. 8.

� ð��Þstat ð��Þsyst
FNAL/MILC ’08 [36] 1.205 0.036 0.037

HPQCD ’09 [33] 1.258 0.025 0.021

Average 1:243� 0:028
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statistical errors as 100% correlated. We treat the system-
atic errors as uncorrelated because most of the systematic
errors are independent since they use different heavy-quark
actions and operator renormalization methods. Given these
assumptions, we obtain the weighted average

� ¼ 1:243� 0:028 (6)

for use in the unitarity triangle analysis.

C. jVubj
The CKM matrix element jVubj also places a constraint

on the apex of the CKM unitarity triangle. It can be
determined by combining experimental measurements of
the branching fraction for semileptonic B ! �‘	 decay
with lattice QCD calculations of the B ! �‘	 form factor.
There have been two exclusive determinations of jVubj
based on 2þ 1 flavor lattice calculations; the results are
summarized in the upper panel of Table VI.

In 2006 the HPQCD Collaboration published the first
unquenched computation of the B ! �‘	 semileptonic
form factor using asqtad valence light quarks and
NRQCD valence b quarks [37] and MILC 2þ 1 flavor
dynamical gauge configurations. The B ! �‘	 form fac-
tor is more difficult to compute numerically than other
lattice quantities such as BK or �, and consequently has a
larger total error. Because of the poor statistics associated
with lattice data at nonzero momentum, the largest source
of uncertainty in the HPQCD form factor calculation is the
10% statistical plus chiral extrapolation error. When the
HPQCD result for the form factor is combined with the
latest Heavy Flavor Averaging Group (HFAG) average for
the B ! �‘	 branching fraction [38], one obtains jVubj
with a total error of �16%, only �6% of which comes
from the experimental uncertainty in the branching
fraction.

The Fermilab Lattice and MILC Collaborations recently
published an improved determination of the B ! �‘	
semileptonic form factor and jVubj using staggered light
quarks and Fermilab b quarks [39]. As in the case of the
HPQCD calculation, the largest source of uncertainty is
statistics plus chiral-continuum extrapolation, which leads
to a �6% error in the form factor. Fermilab/MILC, how-
ever, extract jVubj in a different manner than HFAG. They

perform a simultaneous fit to the lattice data and the 12-bin
BABAR experimental data [40] using a fit function based
on analyticity and crossing symmetry [43–46], leaving the
relative normalization between lattice and experiment as a
free parameter to be determined in the fit. With this method
they reduce the total uncertainty in jVubj by combining the
lattice and experimental information in an optimal, model-
independent manner. They obtain a total error in jVubj of
�11%.
Because the HPQCD and Fermilab/MILC calculations

both use the MILC gauge configurations, we treat their
statistical errors as 100% correlated when taking the aver-
age. We also treat the experimental errors in the two
determinations of jVubj as 100% correlated. This is a
conservative assumption because the HPQCD extraction
comes from the HFAG average, which is obtained from
many experimental measurements of the branching frac-
tion including the 12-bin BABAR analysis. We treat the
systematic errors in the two calculations as uncorrelated,
since they use different actions for the heavy quarks and
different methods for the lattice-to-continuum operator
matching. Given these assumptions, we obtain

jVubj ¼ ð3:42� 0:37Þ � 10�3 (7)

for the weighted average. Note that in our averaging pro-
cedure we symmetrize the HPQCD systematic error. For
this reason the central value of the average (7) is slightly
larger than both the HPQCD and Fermilab/MILC central
values.

D. jVcbj
The CKM matrix element jVcbj normalizes the base of

the CKM unitarity triangle. Therefore it implicitly enters
many of the constraints on the apex of the CKM unitarity
triangle, including those coming from BK and jVubj. jVcbj
can be determined by combining experimental measure-
ments of the branching fractions for B ! D‘	 or B !
D�‘	 semileptonic decay, in combination with lattice
QCD calculations of the relevant form factor at zero recoil.
There have been two exclusive determinations of jVcbj
based on 2þ 1 flavor lattice calculations; the results are
summarized in the lower panel of Table VI.

TABLE VI. Exclusive determinations of the CKM matrix elements jVubj and jVcbj from unquenched lattice QCD calculations. Plots
showing the Nf ¼ 2þ 1 results and their averages are given in Figs. 9 and 10.

jVubj � 10�3 ð�VubÞexp ð�VubÞtheo
HPQCD ’06 [37] + HFAG Winter ’09 [38] 3.40 0.20 þ0:59� 0:39
FNAL/MILC ’08 [39] + BABAR ’06 [40] 3.38 �0:20 �0:29
Average 3:42� 0:37

jVcbj � 10�3 ð�VcbÞexp ð�VcbÞtheo
B ! D‘	: FNAL/MILC ’04 [41] + HFAG Winter ’09 [38] 39.1 1.4 0.9

B ! D�‘	: FNAL/MILC ’08 [42] + HFAG Winter ’09 [38] 38.3 0.5 1.0

Average 38:6� 1:2
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The Fermilab Lattice and MILC Collaborations pre-
sented the first unquenched lattice determination of the
B ! D‘	 form factor at Lattice 2004 [41]. Like other
Fermilab/MILC calculations of heavy-light meson quanti-
ties, this calculation uses staggered light quarks and
Fermilab b and c quarks. Because the B ! D‘	 form
factor at zero recoil can be obtained by a carefully con-
structed double ratio of matrix elements, it can be com-
puted very precisely from lattice calculations. The
statistical error in the resulting form factor determination
is �2%, and all systematic errors are �1% or less.
Although the result is obtained from data at only a single
lattice spacing, Fermilab/MILC include an estimate of
discretization effects in their error budget. When the result
for the B ! D‘	 form factor is combined with the latest
HFAG average of the experimental branching fraction [38],
it leads to a determination of jVcbj with a �4% total
error, of which �2% is lattice theoretical and �4% is
experimental.

More recently, the Fermilab Lattice and MILC
Collaborations published the first unquenched lattice de-
termination of the B ! D�‘	 form factor [42]. This cal-
culation also uses staggered light quarks and Fermilab b
and c quarks, and obtains the form factor at zero recoil
from a double ratio of matrix elements. It improves upon
the earlier determination of the B ! D‘	 form factor,
however, by using data at three lattice spacings, and per-
forming a more sophisticated chiral-continuum extrapola-
tion. When the result for the B ! D�‘	 form factor is
combined with the latest HFAG average of the experimen-
tal branching fraction [38], it leads to a determination of
jVcbj with a �3% total error, of which �2:5% is lattice
theoretical and �1:5% is experimental. We note that the
average of B ! D� data yields a poor chi-square per
degree of freedom (
2

min=d:o:f: ¼ 39=21). For this reason,
we rescale the experimental error quoted in Table VI by a
factor �1:4.

Because the Fermilab/MILC calculations are computed
on some of the same ensembles and using the same lattice
actions and methods, we treat the theoretical errors as
100% correlated between the extractions of jVcbj from D
andD� final states. We assume that the experimental errors
are independent between the two measurements. Given
these assumptions we obtain the weighted average

jVcbjexcl ¼ ð38:6� 1:2Þ � 10�3 (8)

for use in the unitarity triangle fit.

E. �"

Buras and Guadagnoli [5] have pointed out that correc-
tions to "K that had typically been neglected in the unitarity
triangle analysis due to the large errors on BK and jVcbj
(with the exception of Refs. [47,48]) are actually substan-
tial, and amount to a�8% correction to the standard model
prediction for "K. In this section, we provide the first

estimate of the correction factor �" using a 2þ 1 flavor
lattice QCD calculation of Im½AðK ! ��ðI ¼ 2ÞÞ� [49].
We follow the notation of Ref. [5]. Our result supersedes
previous estimates of �" [50–53], and is in perfect agree-
ment with the recent determination of Ref. [5].
It is conventional to define K ! �� matrix elements in

terms of definite isospin amplitudes by

AðK0 ! ��ðIÞÞ ¼ AIe
i�I ; (9)

Að �K0 ! ��ðIÞÞ ¼ �A�
I e

i�I : (10)

CP violation in the kaon system is then parametrized in
terms of

"K ¼ ei�" sin�"

�
ImðMK

12Þ
�MK

þ P0

�
; (11)

and

"0K ¼ ieið�2��0Þffiffiffi
2

p !½P2 � P0�; (12)

where

P0 � ImA0

ReA0

; P2 � ImA2

ReA2

; ! � ReA2

ReA0

: (13)

The first term in parenthesis in Eq. (11) is the short distance
contribution to kaon mixing; it is the part that is conven-
tionally normalized by the bag parameter BK. The second
term, P0, is due to long distance contributions to kaon
mixing, and is related to the ratio of K ! �� decay
amplitudes in the �I ¼ 1=2 channel defined in Eq. (13).
In the usual unitarity triangle analysis, �" is taken to be
�=4, and P0 is taken to be negligible compared to the first
term in parenthesis in Eq. (11). However, these corrections
are not negligible in the current analysis, and the correc-
tions coming from �" � �=4 and P0 � 0 are small but in
the same direction [5].
Following Ref. [5], we define an overall multiplicative

correction factor for "K that accounts for �" � �=4 and
P0 � 0,

�" ¼ ffiffiffi
2

p
sin�" ��"; (14)

where ��" parametrizes the correction to j"Kj coming from
P0. To good approximation, we have

�� " � 1þ P0ffiffiffi
2

p j"Kj
; (15)

and given that
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Re ð"0K="KÞ �
!ffiffiffi
2

p j"Kj
ðP2 � P0Þ; (16)

we see that

�� " ¼ 1� 1

!
Reð"0K="KÞ þ

P2ffiffiffi
2

p j"Kj
: (17)

All of the quantities entering �", Eqs. (14) and (17), are
well determined from experiment, assuming the standard
model, except for P2. In Eq. (13), we need theory input for
ImA2 to determine P2. The amplitude ImA2 is nonvanish-
ing due to the electroweak penguin contribution to K !
�� decays. We use the result of lattice calculations of this
amplitude in our analysis. There is only one 2þ 1 flavor
result for this quantity with rather large systematic errors
associated with the use of leading order chiral perturbation
theory [49], obtained by the RBC/UKQCD Collaborations.
Their value is given in Table VII, where the first error is
statistical and the second is due to the systematic error in
the determination of the leading order low energy constant
of chiral perturbation theory (
PT), and the truncation of

PT to tree level. Although the quoted error budget does
not include typical lattice errors such as finite volume
effects, scale setting, and discretization errors, they are
almost certainly much smaller than the errors attributed
to the use of leading order chiral perturbation theory. For
comparison, we also mention lattice results for ImA2 in the
quenched approximation, collected in Table VIII. Some of
these quenched calculations are more thorough than others
at assessing systematic errors. However, all of their sys-

tematic error budgets are necessarily incomplete, due to the
uncontrolled nature of the quenched approximation, and
we do not attempt to estimate this error here. We take a
simple average of the five quenched lattice results and note
that it is very similar to the 2þ 1 flavor result. We use only
the 2þ 1 flavor result for our determination of �� for use in
the unitarity triangle fits.
All inputs used to determine �" are given in Table IX.

We take the most recent experimental world average for
Reð"0="Þ [59], noting that we inflate the errors according to
the Particle Data Group (PDG) prescription because of the
somewhat low confidence level (13%) in the world aver-
age. Using these values in Eqs. (13), (14), and (17), we find

�" ¼ 0:92� 0:01; (18)

in agreement with Ref. [5]. The 50% error in the 2þ 1
flavor determination of ImA2 dominates the error in ��. We
note for comparison that if we use the average quenched
value of ImA2, assigning to it a 100% error, we find �� ¼
0:92� 0:02.

F. fK

The kaon decay constant fK enters the CKM unitarity
triangle through "K. Because experiments can only mea-
sure the product fK � jVusj, lattice calculations are needed
to obtain fK by itself. There have already been four 2þ 1
flavor lattice QCD determinations of fK using different
valence and sea quark actions, and several more calcula-
tions are underway. Thus fK is one of the best-known
hadronic weak matrix elements. Table X summarizes the
current status of 2þ 1 flavor lattice QCD calculations of
fK.
The MILC Collaboration published the first 2þ 1 flavor

determination of fK in 2004 [64], and updated the result at
Lattice 2007 by including data with lighter quarks and finer
lattice spacings [60]. The largest source of uncertainty in
their calculation is from the extrapolation to the physical
light quark masses and the continuum. A small but non-
negligible error also arises due to the determination of the
absolute lattice scale needed to convert dimensionful quan-
tities into physical units. MILC first determines the relative
scale r1=a from the heavy-quark potential. Next they ob-
tain the absolute scale r1 ¼ 0:3108ð15Þðþ26

�79Þ by tuning f�
to be equal to the experimental value. The uncertainty in r1
leads to an uncertainty in fK of þ0:25� 0:75, which is
25% of the total error. The remaining finite volume effects
and electromagnetic effects are an order of magnitude or
more smaller, and the total uncertainty in the MILC
Collaboration’s determination of fK is �2%.

TABLE VII. 2þ 1 flavor lattice value for ImA2. Errors are
statistical and systematic, respectively. A plot comparing the
Nf ¼ 2þ 1 result with several quenched determinations is given

in Fig. 11.

2þ 1 Flavor ImA2 � 1013 GeV

RBC/UKQCD ’08 [49] �7:9� 1:6� 3:9

TABLE VIII. Quenched lattice values for ImA2.

Quenched ImA2 � 1013 GeV

RBC ’01 [54] �12:6
CP-PACS ’01 [55] �9:1
SPQCDR ’04 [56] �5:5
Babich et al. ’06 [57] �9:2
Yamazaki ’08 [58] �11:8
Average �9:6

TABLE IX. Inputs used to determine �".

�" ¼ ð43:51� 0:05Þ	 j"Kj ¼ ð2:229� 0:012Þ � 10�3

! ¼ 0:0450 Reð"0K="KÞ ¼ 1:68� 0:19� 10�3

ReA2 ¼ 1:50� 10�8 GeV ImA2 ¼ ð�7:9� 4:2Þ � 10�13 GeV
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The HPQCD Collaboration published a determination of
fK using a mixed-action method with highly improved
staggered quarks [65] on the MILC asqtad-improved stag-
gered gauge configurations [61]. The largest source of
uncertainty in their calculation is from the determination
of the scale. They use the MILC Collaboration’s determi-
nation of the relative scale r1=a to convert dimensionful
quantities from lattice units to r1 units. They obtain the
value r1 ¼ 0:321ð5Þ, independently, however, using the �
spectrum computed with nonrelativistic b quarks on the
MILC ensembles [66]. The uncertainty in r1 leads to an
uncertainty in fK of 1.1%. The remaining statistical and
systematic errors are all much smaller, and the total error in
fK is 1.3%.

The RBC and UKQCD Collaborations published an
independent determination of fK using domain-wall
quarks [62]. Because they obtain their result using only a
single lattice spacing of a � 0:11 fm, the dominant uncer-
tainty in their result is from discretization errors. They
estimate these errors to be 6% using power-counting argu-
ments. Because the remaining statistical and systematic
errors are all much smaller, the total error in fK is 6.3%.

Aubin, Laiho, and Van de Water presented a preliminary
determination of fK using a mixed-action method with
domain-wall valence quarks on the MILC staggered gauge
configurations at Lattice 2008 [63]. The largest source of
uncertainty in their calculation is from the chiral and
continuum extrapolation, which they estimate to be 2.3%.
The 1.6% error from the uncertainty in the scale r1 how-
ever, is close in size, so the total error in fK is 3.0%.

Because the HPQCD, MILC, and ALV calculations all
use the MILC gauge configurations, we treat the statistical

errors as 100% correlated when taking the average.
Because ALVuse the MILC Collaboration’s determination
of the scale r1 from f�, the scale uncertainties are also
100% correlated between the calculations. We take the
scale uncertainty in HPQCD’s calculation to be uncorre-
lated, however, because they use a largely independent
determination of r1 based on the� spectrum. We also treat
the remaining systematic errors as uncorrelated between
the HPQCD, MILC, and ALV calculations because they
use different valence quark formulations. The calculation
of the RBC and UKQCD Collaborations is independent of
the other results, and we therefore take the errors to be
completely uncorrelated. Given these assumptions, we
obtain the weighted average

fK ¼ ð155:8� 1:7Þ MeV (19)

to be used in the unitarity triangle analysis presented in
Sec. IV.

III. OTHER INPUTS TO THE FIT OF THE
UNITARITY TRIANGLE

Table XI summarizes the set of inputs that we use in the
fit. We obtain � from the isospin analysis of B !
ð��; ��; ��Þ decays (the description of the method we
use can be found in Refs. [80–82] and the experimental
inputs are taken from Ref. [79]). We take the direct deter-
mination of  from the model-independent UTfit analysis

of B ! Dð�ÞKð�Þ decays [70,71] (the experimental inputs
used are taken from Ref. [79]). The inclusive determination
of jVcbj deviates by more than 2� from the average of
exclusive results that we quote in Eq. (8). For use in the

TABLE X. Unquenched lattice QCD determinations of the kaon decay constant fK. A plot
showing the four Nf ¼ 2þ 1 results and their average is given in Fig. 12.

fKðMeVÞ ð�fKÞstat ð�fKÞsyst
MILC ’07 [60] 156.5 0.4 þ1:0

�2:7

HPQCD/UKQCD ’07 [61] 157 1 2

RBC/UKQCD ’08 [62] 149.6 3.6 6.3

Aubin, Laiho & Van de Water ’08 [63] 153.9 1.7 4.4

Average 155:8� 1:7

TABLE XI. Inputs used in the unitarity triangle fit. Note that the most precise determination of
mc is obtained from lattice QCD [67].

jVcbjincl ¼ ð41:31� 0:76Þ � 10�3 [38] jVubjincl ¼ ð40:3� 1:5þ2:0
�2:5Þ � 10�4 [38]

�mBd
¼ ð0:507� 0:005Þ ps�1 [68] �mBs

¼ ð17:77� 0:10� 0:07Þ ps�1 [69]

� ¼ ð89:5� 4:3Þ	  ¼ ð78� 12Þ	 [70,71]

�1 ¼ 1:51� 0:24 [72] mt;pole ¼ ð172:4� 1:2Þ GeV [73]

�2 ¼ 0:5765� 0:0065 [74] mcðmcÞ ¼ ð1:268� 0:009Þ GeV [67]

�3 ¼ 0:47� 0:04 [75] "K ¼ ð2:229� 0:012Þ � 10�3 [76]

�B ¼ 0:551� 0:007 [77] � ¼ 0:2255� 0:0007 [78]

ScKS
¼ 0:672� 0:024 [79]
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unitarity triangle fit we combine the three determinations
of jVcbj from inclusive and exclusive (D and D�) modes.
Taking into account the correlations between the errors of
the two exclusive determinations of jVcbj and assuming no
correlation between inclusive and exclusive analyses, we
obtain

jVcbjexclþincl ¼ ð40:3� 1:0Þ � 10�3; (20)

where the error has been appropriately rescaled following
the PDG prescription. We quote the inclusive determina-
tion of jVubj from the most recent GGOU analysis [38,83].
Because, however, the extraction of jVubjincl depends
strongly on the theoretical framework adopted [38], we
adopt a conservative stance and omit jVubjincl from the set
of measurements that we include in the full unitarity
triangle fit. Our predictions for the standard model parame-
ters in the following section are independent of jVubj, and
our conclusions regarding indications of new physics in
Sec. Vare relatively insensitive to the value of jVubj. Apart
from the inputs listed in Table XI, we take GF, mK, mW ,
mBd

, and mBs
from the Particle Data Group [76].

IV. STANDARD MODEL PREDICTIONS

In this section we extract the standard model predictions

for B̂K, jVcbj, and jVub=Vcbj. We use only the three con-
straints from ScKS

, �MBs
=�MBd

, and "K, and do not

include the constraints from jVubj, �, and  in the fit
because predictions are almost completely insensitive to
their impact. The analytical formulas for "K and
�MBs

=�MBd
can be found, for instance, in Ref. [7].

We obtain the prediction for B̂K by excluding the direct

lattice determination of B̂K from the chi-square. The domi-

nant source of uncertainty in the extraction of B̂K stems
from the strong dependence of "K on jVcbj ("K / jVcbj4).
This issue is even more problematic because of the dis-
crepancy between the extraction of jVcbj from exclusive
and inclusive decays. For this reason we perform the

analysis both with and without the inclusive determination
of jVcbj. Note that when combining the inclusive and
exclusive extractions of jVcbj we follow the PDG prescrip-
tion for inflating the error when combining inconsistent
measurements. We find:

ðB̂KÞfit ¼
8><
>:
1:09� 0:12 jVcbjexcl
0:903� 0:086 jVcbjincl
0:98� 0:10 jVcbjexclþincl

(21)

The comparison of these predictions with the lattice deter-

mination of B̂K given in Eq. (1) yields a deviation at the
2:9�, 2�, and 2:4� level, respectively.5 We obtain the
prediction for jVcbj in a similar fashion by excluding the
inclusive and exclusive determinations of jVcbj from the
chi-square. We find:

jVcbjfit ¼ ð43:0� 0:9Þ � 10�3: (22)

This prediction deviates by 3:0� and 1:3� from the ex-
clusive and inclusive determinations of jVcbj, respectively.
Figure 1 illustrates the ð2–3Þ� tension in the fit to the

unitarity triangle. In the left and right panels we use jVcbj
from exclusive and inclusive semileptonic B decays, re-
spectively. The solid, dashed, and dotted contours are
obtained by omitting "K, ScK, and �MBs

=�MBd
, respec-

tively. They correspond to three scenarios in which new
physics affects K mixing, the phase, and the amplitude of

FIG. 1 (color online). Impact of "K on the unitarity triangle fit. The solid, dashed, and dotted contours are obtained by omitting "K,
ScK, and �MBs

=�MBd
, respectively. The left and right panels use the exclusive and inclusive jVcbj determinations, respectively.

5The results in Eq. (21) are markedly larger than the predicted
value of B̂K ¼ 0:81� 0:08 quoted by the UTfit collaboration in
their most recent analysis [84]. This apparent discrepancy is due,
however, to the choice of input parameters (in particular for the
values of jVubj, jVcbj, and �) and observables (we use�MBq

, "K,
�, and jVcbj, whereas UTfit considers the only the angles
supplemented by the inclusion of jVubj and jVcbj). The predic-
tions in Eq. (21) can be reconciled with the CKMfitter results in a
similar fashion, after we account for the fact that they have not
yet incorporated �" � 1 in their analysis [85].
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Bd mixing. An alternative measure of the tension in the
unitarity triangle fit is the minimum 
2 per degree of
freedom: when we include all three constraints we obtain

2
min=dof ¼ 6:1ð2:6Þ using jVcbjexclðinclÞ, corresponding to a

confidence level of 0.2% (7.4%).
It is interesting to note that the errors on the fitted values

of B̂K (� 10%–12%) are much larger than the correspond-
ing lattice uncertainty (� 3:5%); therefore, improvements
on the latter are not poised to have a sizable effect on the
unitarity triangle tension. In contrast, the errors on the
direct and indirect determinations of jVcbj are similar
(about 2%), indicating that improvements on the theoreti-
cal predictions for exclusive and inclusive semileptonic B
decays will have a huge impact on our understanding of
this issue. This discussion is summarized in Fig. 2, which

shows the relative impact of the present jVcbjexcl and B̂K

uncertainties on the total "K error band.
Finally, we note that the SM prediction for the ratio

jVub=Vcbj is in good agreement with the lattice expectation
and deviates by only 1:6� from the inclusive ratio:

��������
Vub

Vcb

��������¼
8><
>:
0:0846� 0:0035 fit

0:089� 0:010 exclusive

0:0969� 0:0068 inclusive

: (23)

V. INTERPRETATION AS NEW PHYSICS

In this section we assume that physics beyond the stan-
dard model does not affect tree-level processes at the
current level of precision, and that any sign of new physics
must arise due to higher-order loop effects. Given these
assumptions, it is well known [3–6] that the�2� tension in
the fit to the unitarity triangle can be interpreted as a
manifestation of new physics effects in "K and/or Bd

mixing. In order to test the consistency of these two
hypotheses with the current measurements, we describe
the two new physics possibilities using the following
model-independent parametrization:

"K ¼ C"ð"KÞSM; (24)

Md
12 ¼ r2de

i2�dðMd
12ÞSM; (25)

where Md
12 is the matrix element of the complete effective

Hamiltonian between B0 and �B0 states. A value of C" � 1
would move the location of the "K band, while the pres-
ence of a rd � 1 and a nonvanishing �d would alter the
following three unitarity triangle constraints:

�MBd
¼ �MSM

Bd
r2d; (26)

�eff ¼ �þ �d; (27)

�eff ¼ �� �d; (28)

where �eff and �eff are the angles extracted from the CP
asymmetries in B ! J=cK and B ! ð��; ��; ��Þ,
respectively.
Although the presence of new physics effects in Bs

mixing is a very interesting possibility, we do not consider
it in the model-independent analysis presented in this work
for the following reasons. New physics contributions to the
magnitude of the Bs mixing amplitude are highly con-
strained by the fit. The parameter rs [defined in analogy
to Eq. (25)] receives both ð ��; ��Þ-dependent and indepen-
dent constraints: the former come to the ratio �MBs

=�MBd

through the parameter � and the latter derive directly from

�MBs
via fBs

ffiffiffiffiffiffi
B̂s

q
. These constraints are sufficiently strong

that the value of rs cannot deviate significantly from unity
and is therefore unable to relieve the observed tension in

−1.0 −0.5 0.0 0.5 1.0
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FIG. 2 (color online). Impact of jVcbj (solid red line) and B̂K

(dashed green line) on the "K error band. The uncertainties
induced by variations of mc, mt, �i, and �" have a negligible
impact on the "K error budget.

FIG. 3 (color online). Fit to the unitarity triangle in the SM.
We average the inclusive and exclusive determinations of jVcbj,
but use only the exclusive determination of jVubj. The black
contour is obtained from the minimization of the complete chi-
squared.
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the unitarity triangle fit. Because of the smallness of the
phase of the CKM element Vts, any evidence of CP viola-
tion in Bs decays translates immediately into evidence for
physics beyond the SM. The golden mode studied at CDF
and D0 is the time dependent CP asymmetry in the decay
Bs ! J=c�, which presently deviates by about 2� from
the SM expectation (� 0). Unfortunately, however, the
presence of a new phase in Bs mixing does not affect any
of the observables that enter the unitarity triangle fit.
Therefore, signs of new physics in the phase of Bs mixing
can only be constrained by the unitarity triangle fit in
specific new physics scenarios in which new phases in K,
Bd, and Bs mixing have a common origin (see for instance
Refs. [5,7] for a discussion of this point) and therefore
cannot be addressed in a model-independent manner.

From the inspection of Fig. 1 we see that, as long as we
consider only "K, �MBs

=�MBd
, ScKS

, and jVcbj, the data

are not able to distinguish between scenarios with new
physics in the K or Bd sectors. In fact, both the solid
(new physics in K mixing) and dashed (new physics in
Bd mixing) contours in Fig. 1 have 
2

min ’ 0. This tie,

however, is broken by the inclusion of constraints on
jVubj (from exclusive semileptonic b ! u decays), �

[from B ! ð��;��; ��Þ decays] and  [from B !
Dð�ÞKð�Þ decays]. Figure 3 shows the resulting full fit to

the unitarity triangle using the combined inclusive and
exclusive determination of jVcbj.
In order to test the hypothesis that new physics only

affects neutral kaon mixing, we minimize the chi-square
while excluding "K from the fit. The solid contour in the
left panel of Fig. 4 shows the allowed ð ��; ��Þ region in this
scenario. Adopting the parametrization in Eq. (24) we
obtain the following value for the new physics contribution
to "K:

ðC"Þfit ¼
8><
>:
1:47� 0:17 jVcbjexcl;
1:21� 0:11 jVcbjincl;
1:32� 0:14 jVcbjexclþincl:

(29)

In the upper right and lower panels of Fig. 4 we consider
scenarios in which only new physics in Bd mixing is
allowed. For the sake of simplicity we consider only two
extreme cases in which we take ð�d � 0; rd ¼ 1Þ and
ð�d ¼ 0; rd � 1Þ.6 In the former case ScK and the extrac-

tion of � are affected by new physics contributions and

FIG. 4 (color online). Full fit to the unitarity triangle. Upper left panel: the black contour is obtained without the inclusion of the "K
constraint. Upper right panel: the black contour is obtained without the inclusion of the � and � constraints. Lower panel: the black
contour is obtained without the inclusion of the �MBd

and �MBs
=�MBd

constraints.

6In realistic new physics scenarios we expect simultaneous
contributions to both the magnitude and phase of the Bd mixing
amplitude. Allowing for both rd � q and �d � 0, however, does
not qualitatively change any conclusions with respect to the
possibility of new physics in Bd mixing.

JACK LAIHO, E. LUNGHI, AND RUTH S. VAN DE WATER PHYSICAL REVIEW D 81, 034503 (2010)

034503-12



must be excluded from the fit; in the latter one, only
�MBs

=�MBd
receives contributions. The fitted values of

the new physics parameters �d and rd are

ð�dÞfit ¼
8><
>:
ð�4:3� 2:1Þ	 jVcbjexcl
ð�2:8� 1:9Þ	 jVcbjincl
ð�3:4� 2:0Þ	 jVcbjexclþincl

and

ðrdÞfit ¼
8><
>:
ð0:940� 0:036Þ jVcbjexcl
ð0:950� 0:036Þ jVcbjincl
ð0:946� 0:036Þ jVcbjexclþincl

:

(30)

In this case, the tension between �MBs
=�MBd

, "K, and

jVubj reduces the quality of the fit: the fit omitting the
constraint from "K has a confidence level of 92%, while
the fit omitting the constraints from ScK and � and from

�MBs
=�MBd

have a confidence level of 20% and 19%,

respectively. Thus the scenario with new physics in K
mixing is favored by present data. This can also be seen
from the inspection of Eqs. (29) and (30): C" deviates
from CSM

" ¼ 1 at a higher confidence level than �d from
�SMd ¼ 0.

Finally, it should be noted that the marked preference for
new physics in the kaon sector is a direct consequence of
our inclusion of the lower determination of jVubj from
exclusive semileptonic decays in the fit. As can be seen
from the upper right-hand plot in Fig. 4, further removal of
the jVub=Vcbj constraint results in a fit with a high con-
fidence level (C:L: ¼ 81%). The overlap of the constraints
from "K and �Ms=�Md, however, corresponds to a very
large value of jVub=Vcbj ¼ 0:120� 0:017. The correlation
between possible new physics in Bd mixing and a large
implied value of jVub=Vcbj is well known, and has been
discussed in Refs. [5,86,87].

VI. CONCLUSIONS

Lattice QCD calculations that include the effects of the
dynamical up, down, and strange quarks are becoming
standard, and allow reliable calculations of hadronic
weak matrix elements with all sources of uncertainty under
control. Because there are nowmultiple lattice calculations
of most of the hadronic matrix elements that enter the
unitarity triangle fit, it is essential to average these results
in order to reduce the theoretical uncertainties and obtain
the most sensitive test of new physics in the flavor sector
possible. We have therefore presented averages for the
hadronic weak matrix elements that enter the standard
global fit of the CKM unitarity triangle. Although we do
not know the precise correlations between different lattice
calculations of the same quantity, we have accounted for
correlations between the different lattice results in a con-
servative manner in our averages. Whenever there is any
correlation between the statistical or a particular system-

atic error in different lattice calculations, we assume that
the degree-of-correlation is 100%. Our lattice averages of
hadronic weak matrix elements are therefore appropriate
for use in phenomenological analyses such as the global
CKM unitarity triangle fit.
When these up-to-date lattice averages of the hadronic

weak matrix elements are used in a global fit of the CKM
unitarity triangle, we find a ð2–3Þ� tension. As was first
pointed out by Lunghi and Soni [4], this tension is primar-
ily between the three most precise constraints on the
unitarity triangle from sinð2�Þ, �MBs

=�MBd
, and "K,

and is largely independent of the value of jVubj, which
differs significantly between determinations using inclu-
sive and exclusive semileptonic decays. We confirm their
observation and put it on an even stronger footing by using
lattice averages that include more recent lattice calcula-
tions and take into account correlations. The significance
of the tension depends upon whether we use the exclusive
or inclusive determination of jVcbj, which disagree by
�2�. If we assume that new physics does not affect tree-
level processes at the current level of precision, this tension
can be interpreted as a sign of new physics either in neutral
kaon mixing or in neutral Bmeson mixing. We find that the
current data prefer the scenario in which the new physics is
in kaon mixing; this can be seen by the fact that the
confidence level of the global fit increases significantly
when we remove the constraint from the �K band leaving
all others unchanged. The tension between the �K band and
the other constraints is enhanced by our inclusion of the
correction factor ��, which lowers the standard model
prediction for �K by 8%. This factor has been recently
included by the UTfit Collaboration [88] (they find a
similar tension in the fit), but not yet by the CKMfitter
group [11].
The errors in the hadronic weak matrix elements needed

as inputs to the unitarity triangle analysis will continue to
decrease over the next few years, as the results included in
these averages are updated and as new independent results
using different lattice actions from other collaborations
appear. If the tension observed in the current global fit
persists as the theoretical errors are reduced, this may
indeed be a sign of new physics. This will be difficult to
ascertain conclusively, however, unless the inclusive and
exclusive determinations of jVcbj converge. Thus a better
understanding of the theoretical errors in both determina-
tions is a high priority for flavor physics. Lattice QCD
calculations of weak matrix elements are truly living up to
their promise and may ultimately lead to the discovery of
new physics in the quark flavor sector.
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APPENDIX A: SUMMARY PLOTS OF LATTICE
QCD AVERAGES

In this section we provide summary plots of the lattice
QCD averages discussed in Sec. II.

FIG. 10 (color online). Unquenched lattice average of the
CKM matrix element jVubj. The two Nf ¼ 2þ 1 lattice inputs

are given by shaded green circles with error bars, while the
resulting average is denoted as a purple vertical line with a blue
error band.

FIG. 8 (color online). Unquenched lattice average of the
SUð3Þ-breaking ratio �. The two Nf ¼ 2þ 1 lattice inputs are

given by shaded green circles with error bars, while the resulting
average is denoted as a purple vertical line with a blue error
band.

FIG. 9 (color online). Unquenched lattice average of the CKM
matrix element jVcbj. The two Nf ¼ 2þ 1 lattice inputs are

given by shaded green circles with error bars, while the resulting
average is denoted as a purple vertical line with a blue error
band.

FIG. 7 (color online). Unquenched lattice average of the lep-
tonic decay constant fBs

. The two Nf ¼ 2þ 1 lattice inputs are

given by shaded green circles with error bars, while the resulting
average is denoted as a purple vertical line with a blue error
band.

FIG. 6 (color online). Unquenched lattice average of the lep-
tonic decay constant fB. The two Nf ¼ 2þ 1 lattice inputs are

given by shaded green circles with error bars, while the resulting
average is denoted as a purple vertical line with a blue error
band.

FIG. 5 (color online). Unquenched lattice average of the neu-
tral kaon mixing parameter B̂K . The three Nf ¼ 2þ 1 lattice

inputs are given by shaded green circles with error bars, while
the resulting average is denoted as a purple vertical line with a
blue error band.
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