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It is well known that neutrinoless double decay is going to play a crucial role in settling the neutrino
properties, which cannot be extracted from the neutrino oscillation data. It is, in particular, expected to
settle the absolute scale of neutrino mass and determine whether the neutrinos are Majorana particles, i.e.
they coincide with their own antiparticles. In order to extract the average neutrino mass from the data, one
must be able to estimate the contribution of all possible high mass intermediate particles. The latter, which
occur in practically all extensions of the standard model, can, in principle, be differentiated from the usual

mass term, if data from various targets are available. One, however, must first be able to reliably calculate
the corresponding nuclear matrix elements. Such calculations are extremely difficult since the effective
transition operators are very short ranged. For such operators processes like pionic contributions, which
are usually negligible, turn out to be dominant. We study such an effect in a nonrelativistic quark model

for the pion and the nucleon.
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I. INTRODUCTION

The discovery of neutrino oscillations can be considered
as one of the greatest triumphs of modern physics. It began
with atmospheric neutrino oscillations [1] interpreted as
v, — v, oscillations, as well as v, disappearance in solar
neutrinos [2]. These results have been recently confirmed
by the KamL AND experiment [3], which exhibits evidence
for reactor antineutrino disappearance. As a result of these
experiments we have a pretty good idea of the neutrino
mixing matrix and of the two independent quantities Am?;
e.g., m3 —m3 and m3 — m3. Fortunately these two Am?
values are vastly different:

|Am2,| = |m2 — m3| = (5.0 — 7.5) X 1075 (eV)?
and
|Am2,| = |m3 — m3| = 2.5 X 1073 (eV)2

This means that the relevant L/E parameters are very
different. Thus, for a given energy the experimental results
can approximately be described as two generation oscil-
lations. For an accurate description of the data, however, a
three generation analysis [4,5] is necessary.

We thus know that the neutrinos are massive, with two
nonzero Am?, and they are admixed. We do not know,
however, whether they are Majorana, i.e. the mass eigen-
states coincide with their antiparticles, or of Dirac type, i.e.
the mass eigenstates do not coincide with their antiparti-
cles. Furthermore, we do not know the absolute mass scale
as well as the sign of Am3,. The first question can be
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settled by neutrinoless double beta decay (Ov 33— decay).
The second will also, most likely, be settled by this process.

We should stress, of course, the fact that the light neu-
trino mediated process is not the only mechanism available
for Ov BB [6]. Among those are some which involve heavy
intermediate particles. These lead to very short ranged two
body effective transition operators, which must be dealt
with care, due to the presence of the nuclear hard core. To
this end three treatments have been proposed:

(i) Treat the nucleons as composite particles (two nu-
cleon mode). This can be done in the context of
nonrelativistic quark model or simply by assigning
to the nucleon a suitable form factor [7].

(i) Consider the possibility of six quark clusters in the
nucleus [8].

(iii) Consider other particles in the nuclear soup.

The most prominent are pions in flight between the two
interacting nucleons [6]. In the present study we will
examine the last possibility. This was examined a long
time ago [9] and it was revived in the context of R-parity
violating supersymmetry a decade later [10-12] as well as
recently [13]. It was shown that in the context of R-parity
violating supersymmetry the pion mode is more important
than the two nucleon mechanism. The same conclusion
was reached recently in the context of effective field theory
[14]. In the above treatments the pions were treated as
elementary particles. This approach is reasonable in parti-
cle physics, but one knows, of course, that the hadrons
involved are not elementary. Furthermore a crucial facto-
rization approximation has to be made, by inserting only
the vacuum as intermediate state [see Eqgs. (82) and (85)
below]. Finally, even though the hadrons are elementary, in
the interesting case of the pseudoscalar coupling an as-
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sumption had to be made about the quark mass, taken to be
the current quark mass. In this work we are going to adopt a
different procedure. The hadrons will be assumed to have a
quark substructure in the context of the harmonic oscilla-
tor. In the harmonic oscillator approximation the internal
degrees of freedom can be separated from the center of
mass motion. In this approach, one derives the effective
operator at the quark level by a suitable nonrelativistic
expansion of the elementary amplitude. In some processes
in our formalism one extra ¢g pair must be produced. This
can be achieved either through the weak interaction itself
or via the strong interaction. The net result is that, in this
new approach, one obtains new types of operators, includ-
ing some that are nonlocal at the nucleon level. One must
weigh these advantages, however, against possible short-
comings of the need for a nonrelativistic reduction of the
transition operator at the quark level.

II. THE CONTRIBUTION OF PIONS IN FLIGHT
BETWEEN NUCLEONS

As we have mentioned in the Introduction when the
intermediate fermion, e.g. the Majorana neutrino, is very
heavy the transition operator becomes very short ranged. In
this case the usual two nucleon mechanism may be sup-
pressed due to the nuclear hard core and the contribution of
other particles in the nuclear soup, such as pions, may
dominate. These mechanisms at the nucleon level are
illustrated in Fig. 1.

The two body double beta decay operator, associated
with heavy intermediate particle exchange, will be normal-
ized in a way which is consistent with the light intermedi-
ate neutrino. We begin with the intermediate heavy
neutrino. Then
R 2RO S~ b, (1)

mem,

R()
Ny— <
r

L, R stand for left handed and right handed currents,
respectively, with
<m, > m
n, =t gyt =< @)
m, my
We find it convenient to work in momentum space, which
even in the case of the standard O» — B calculations has a
number of advantages, see e.g. Ref. [15]. Then the corre-
sponding expression becomes

R 4mR
m, =~ 8y = 1)y — rp) & gt T

o a8 O

1

Qpp = (77 201+ P2 = 21 = P)API, P2 P, P
“)

The function A(py, p,, p}, p>) depends on the assumed
mechanism for the neutrinoless double beta decay.
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FIG. 1. The double beta decay of two neutrons into two pro-

tons at the two nucleon level (a) arising when all the intermediate
particles at the quark level are very heavy. The double beta decay
of a neutron with the simultaneous production of a 7", which is
then absorbed by another neutron converting it into a proton
(b) (one-pion mode). A neutron can also be converted into a
proton and a 7. The 7~ then double beta decays into a 7™,
which subsequently is absorbed by another neutron converting
into a proton (c) (two-pion mode).

The factor n%‘R is not usually included in the nuclear
matrix element. The factor (Rym,)/m, will be absorbed

into the effective nuclear operator, while the factor 31—’27 will
5

eventually be included in the effective coupling, as will be
discussed in this work.

With the above expressions the formula for the lifetime
due to heavy intermediate neutrinos in left handed V-A
theories can be cast in the form

79071 = Go [ nt (22 0 — Qgr + @1,
1/2 or| Mn fa F GT T Xzilig

2
+ aZWQZW)] . (5)

The two nucleon contribution (f—Z)ZQ r — Qgr was inserted

in the above equation merely for comparison.

The case of other heavy intermediate particles, as those
encountered in the R-parity violating supersymmetry, can
be handled in a similar fashion:

3 5

4 2
(TR = Gon[g (o7 7)ot + 20|
(6)
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m

<

O = LM + ME™]. (7)

3

e

In both cases,

R
Mg = 37Dy, FPG,)  ®)

i<j

M7 =Y 1. ()72 (NBo - Fyoy - By — o 0]

i<j
R

X 2 FW(x,), 9)
.

where R is the nuclear radius, x, = mr;;, and

jo

Fgl)(x) =7 Fgl)(x) = (x* + 3x + 3)e 7, (10)
FP)=(x -2  FPx) =(x+1e™
The function A(py, p,, p}, p5) depends on the pion mode

under consideration.

III. THE TWO-PION MODE

The spin dependence of the transition operator is in this
case trivial. So we will focus on the orbital structure of the
operator. The function A(py, p,, p}, p5) is independent of
the momenta in the standard V-A theory as well as in the
case of the scalar (S-S) theory. It is, however, a model
dependent function in the case of pseudoscalar (P-P)
interaction encountered, e.g., in R-parity violating super-
symmetry (SUSY) mediated double beta decay. In the last
case we find

A= —1A,-A,, (11

where A, is the amplitude resulting from the nonrelativistic
reduction of the pseudoscalar involved in the d — u cou-
pling, i.e.

iu(p))ysd(p;) = A; - o, (12)
where o; is the spin of the quark i and
1 L,
= . — A 13
P o P g P 13)
We find it convenient to rewrite them as follows:
1/ p p' ) ( 1 1 )q
Al=———- +{— - — 14
! 2 (Zmd 2m, 2my;  2m,)2 (14)
L(p p ) 1 1 \q
A,=—|—— +(———)=, 15
SN ;) <2md 2m, <2md 2mu> 2 (15)

where q = P is the momentum of the pion in flight
between the two nucleons and p and p’ are the relative
internal momenta (see the next subsection). One normally
ignores at this level the momentum carried away by the two
leptons. The 277 Ov — 38 decay contribution in the case of
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FIG. 2. The OvB 3 decay of pions in flight (277 mode of Fig. 1)
illustrated at the quark level. f stands for an effective exchange
of a heavy Majorana fermion (heavy neutrino or, as in R-parity
violating supersymmetry, a neutralino, gluino, etc.). The ellipses
merely indicate that the pion is a bound state of two quarks.

the heavy Majorana neutrino or any other Majorana fer-
mion is explicitly shown in Fig. 2.

A. Orbital integrals in the two-pion exchange

The pion wave function is given by

¥p (Q, p) = 2E,(2v2)22m)*25(v2Q — P,) b (p),

(16)
where P, is the pion momentum and
1 1

=—(p2, — p1) =—(p, + 17

p ﬁ(l)z p1) Q \/E(Pz p1) (17)

with p; and p, being the momenta of the quark and
antiquark participating in the pion. This wave function is
normalized in the usual way:

< yp e >=2E,2m) (P, —P,).  (18)

¢ -(p) is described by a 1s harmonic oscillator state. In
momentum space it takes the form
b3
0) = o|—=
O

Thus the orbital matrix element in this case takes the form

b(p) = P (0)e” =012,

19)

ME27T = MZW(ZW)38(P7T - P;r)!
1
292

where x = b, /by. b,. and by are the harmonic oscillator
(HO) size parameters for the pion and the nucleon, respec-
tively. We have decided to introduce the ratio x as a
variable to be adjusted. In V-A theories after incorporating
the spin we find

1 Q0

2m,;
My, = G N =T
N X
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47 5
_ZMZW = CopMy (2D
mp
with
1 4
Cop = <1 =0y 0, > 22
2 \/_bNmm | 102l > (0, (22)
where < |0y - 05| >= —3 is the spin matrix element

(ME). One now can construct the effective transition op-
erator in coordinate space at the nuclear level. The effec-
tive coupling in V-A theory is given [6] by

_ of Ma 1 1 1 23
a7 C27Tgr<2mN) P 6m%, fi ( )

or
Ao = 3f2 fn-NNCZﬂ' (24)

Using f2yy = 0.08 and by = 1.0 fm, we find a,, =
0.013 and 0.11 for x = 1.0 and 0.5, respectively. For the
scalar interaction, one gets the value f%/4 with the value of
fs depending on the specific particle model.

The dependence of the results on the pion size parameter
is exhibited in Fig. 3. In the case of the pseudoscalar
coupling, since the pion has spin zero, we encounter the

combination
Ay o)(Ay - 03) = _%(Al Aoy o)) (25)

In this case, one can show that the orbital amplitude is

1 2m_ (1
Y . LY Ly
S A A
1
- E(Kd - Ku)zb%qu) (22;(95) (26)
(2)('x) - iSv

where q is the momentum of the propagating pion and
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| o
2mubN ’

(27)

Kg=—7——,
T dmyby

The above equation can be rewritten in a way that the pion
propagator is manifest:

1 2
Mzﬁ%r S G R R
- g(xd — k2B + m2))f<2>(x>. (28)

In other words there appear two terms ¢J_and ¢3_b%(q* +
m2) with

e = Tz bz (3 + )
+ g(xd - Ku)zb%vm%,) (29)
1 4 1

q
Com =

= (kg — K, )2DEmE 52 (x). (30)

o

\/ bmmg

The first gives rise to an effective operator similar to that of
the V-A theory with a coupling

2
we =3 J__f,,NN 2b3 f<2>(x>( (2 + 12)
=k PRm) <oyl > GD)

with < |0'1 N 0'2' >= —3.
The second term, contributing when the u and d quarks
are not degenerate, yields a coupling ar,(Q,), where

4 1 m,
Q) =—— 2
az( 1) f/za\/2_ 7TNN
X (kg — K,)%) < |0'1 ‘ 0'2| > (32)

which is associated with the operator with one pion propa-
gator less, i.e. that encountered in the 177 mode (see

100
80r
60¢r
40t

20t

FIG. 3. The function fg )(x) on the left and f2 2 (x) on the right as a function of x = b, /by.

034018-4



PIONIC CONTRIBUTION TO NEUTRINOLESS DOUBLE ...

below). Such an operator is absent in the elementary
particle treatment, even though the quarks are assumed to
be nondegenerate.

IV. THE ONE-PION MODE

In this case a positively charged pion, produced in virtual
double beta decay of a neutron into a proton, is absorbed by
another neutron converting it into a proton. At the quark
level the first of these steps is exhibited in Figs. 4-6. In
these figures a gg pair is created out of the vacuum. In the
first two figures this is achieved as, e.g., in a gluon ex-
change [16] or a multigluon exchange simulated in the 3P,
model [17-20]. The latter is a fairly old model, which still
continues to be successfully applied in the description of
meson decays [21]. In Fig. 6 this pair is created by the weak
interaction itself.

A. The orbital part at the quark level

Orbital wave functions in momentum space are ex-
pressed in terms of Jacobi coordinates:

yp. = V2E,232)22m)¥*8(V2Q, — P,) ¢ .(p)

(33)
gp = (3v3)2Qm28(V3Q-P)p(£m)  (34)
dp = (3v3)22m)26(\3Q -P)b(£,m),  (35)

where P, P, and P’ are the momenta of the pion and the
two nucleons, respectively, and

1 1
& =—=/p —p) n =—=(p; + p2 — 2p3),
V2 1 V6 36)
0= Tg(pl + P2+ p3)
d(p1) > u(py)
f 1
d(pQ) > U(plz)
- d(p4)
e

d(pfl)
u(ps) > u(ps)

FIG. 4. The pion mediated Ov383 decay in the so-called 17
mode. At the top we show the diagram in which the quarks of the
pion are spectators, i.e. the heavy intermediate heavy fermion f
is exchanged between the other two quarks. X indicates that a gg
pair is created out of the vacuum in the context of a multigluon
exchange. We will call it direct diagram.
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u(pr) > U(p;)
d(p2) > U(P,Q)
~ d(py)

! Ay

d(ps3) > U(p;))

FIG. 5. The same as in Fig. 4 involving the exchange diagram.
In this case the quark involved in the pion participates in the
exchange of the heavy fermion f, cooperating this way with
another quark belonging in the nucleon.

u(pr) > U(pi)
d(po) > - d(p,)
A "

/\ < d(p4)

d(ps) \\= u(ps)

FIG. 6. The same as in Fig. 5 but in a novel mechanism, i.e.
one in which the ¢gg pair is produced by the weak interaction
itself.

L

1
§=7® ) w =i+ 2pl)

1
Q0 = ﬁ(pﬁ +p5+pl) (37)

1 1
p= —2(p’3 — Pa)s Q, = ﬁ(pé +ps).  (38)

§|

where p;, i = 1, 3 are the momenta of the three quarks of
one nucleon, p/, p}, p; the momenta of the three quarks of
the other nucleon, and p,, pj are those of the quarks
involved in the pion. This notation was chosen since the
interaction preserves the fermion lines p; < p.

The above wave functions were normalized in the usual
way:

< Yplpp > = Q2m)5(P — P'),

(39)
< Yp |pp > =2E, 27 5(P, — P)).
The internal wave functions are given by
_(bZ 2)/2 b?\/
B(§) = ¢p(0)e~xEI2, ¢(0) = etc.  (40)

[
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The pion wave function has already been defined [see
Eq. (19)], except that sometimes we will write

b
¢-(0) = ¢(0)x*2, x=-" 41
by
The integrals over the momentum variables Q, Q’, and Q.
can be trivially performed due to the 6 functions. Thus the
orbital integral becomes

Igg = 2m)}*8(P— P — P )M 42)

:(277)3/2 2E, 3 g 93 £1 1320 73,01 13
M= s [ e et d s

X (&, 1) (p)Qgg, (43)

where () 55 depends on the mechanism involved as we now
discuss.
(1) The gg pair is created by the Ov 83 operator (Ovqg
case).
The case in which the gg pair is created by the
Ov BB operator (see Fig. 6). Then up to terms linear
in the momentum the effective operator takes the
form:

Py, P
2mg  2m,

wsy) = 04 ( ) (scalar and vector)

(44)
|

4(3(q — vV2p)my + m,(=5q — 261 + 2py))
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P;  Ps3

) (pseudoscalar)  (45)
2m, 2my

U)P=0'3'<

!
P4 —ﬁ) (axial current).
2m, 2my

(I)A=i(0'3><0'4)'<

(46)

It is, of course, understood that the scalar and pseu-
doscalar must be multiplied by suitable coupling
constants. The full operator takes the form

1
QB[SW = W&m — ps = ps— pYo(pr — py)

X 8(py — pY)w;, i,S,V,P,A.  (47)

The product of the three 6 functions can be cast in
the form

8(P—P —P,)6(p, — pé(p, — ph)
= 8(P— P — P,)8(\2(¢ — &)
X 5(%(1} -7')+ %)

By setting ¢ = £ and ' = 5 + \/%q, we get

Wsy) = 04° (

6m m,

) (48)

_ (_ o3(malg — 2\6m + 2py) = 3(q + V2p)m,)
Wp = O3

6mym,

)(pseudoscalar) (49)

wy = (o3 X 0'4)-(

After the integration (see next section) we get

wWgy)y = 04" (

- 04Blg = V2pmy + mlSq + 26n = 2p N)))(axial). (50)
6mym,

(Bqmg + m,(2py — 3q))) _, 4Py 51)

6mym, m,,
wp = s - ((3qmu — mqy(3q + 2pN))> _, _ 93Py 52)

6mdmu mp

3 + -2 —3q +
(3q(mg + m,) mupN)) S oy X o) - 29PN (53)
6mym, m

wy = i(oy X 0'4)~(

p

The last expressions result in the case of the constituent mass for the quarks, m, = m; = m, /3. In the above

equations,
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P+ P

7 q=P-P =P,_. (54)

PN =

(2) Double beta decay and strong ¢g production (3P0qq

case).

In this case, one needs the collaborative effect of the
Ov BB interaction acting between quarks together
with the strong interaction, which creates a pion
out of the vacuum (a la the 3 Py, model or multigluon
exchange):

H = g.o,-Bd(py + p)), B =ps —p,
(55)

where g is a dimensionless constant proportional to
the parameter g, = 13.4 = 0.1, which is known
from experiment. One finds

, 3./3(2x2 + 3)3/2
gr = gr ’
80v2¢ (0)7m, Jim,

where ¢ .(0) is the pion wave function at the origin.
(i) The direct term in the one pion contribution.
In this case (see Fig. 4) none of the two interact-
ing quarks participates in the pion as defined
above. Thus we get

(56)

_ &
Qppr = Wﬁ(m +po—pi—ph)
X 8(p; — pL)é(py + pLoy
“(p4 + PL)- (57)

The product of the above three & functions can

be cast in the form
|

A1=_

(m,(N2(p — 2€) — 2py) + my(N2(2€' — p) + 2py))a,

PHYSICAL REVIEW D 81, 034018 (2010)
8(P—P —P,)6(p; + py— p — ph)
X 8(py + ph).

The first of these § functions expresses momen-
tum conservation. Going into the Jacobi varia-
bles we find

Q,B,Bﬂ' (2 )3 5(P P _P)

y 5<2q +/6(n — 77’))

3
y 5(2q —2:/6m' = 3v2p + 2pN)
6
4q + 261" = 3v2p — 2py
X gy .
6
(58)

We find it convenient to use the above & func-
tions to obtain

_2q+ 3\/§p —2pyN
2./6 ’ (59)
o = 2q—3\/—p+2pN
26
One finds

o, B=0, (q—2p) (60)

Furthermore A terms, appearing in the case of
the pseudoscalar contribution, take the form

(61)

A2=_

(m,(N2Q2€ + p) — 2py) + myQ2py — V2(2€ + P)))U'z'

4dmym,,

(62)

Thus using the corresponding 8 functions, the n and 5’ integrations can be done trivially.

(i) The exchange term in the one-pion contribution.

By this we mean that one of the interacting particles participates in the pion (see Fig. 5). Proceeding as above,

we have

Oppr = 8(pa + p3 — ph — py)a(p,

(2 )3

Going into the Jacobi variables we find

— p1)o(py + pyoy - (ps + Ph). (63)

X 5(2q — 267 _63\/§p + 2PN>0.4 (q - V20). o
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We find it convenient to use the above 6 functions to obtain

1
.
¢ 6

(V2g +2\Bn+ 66 +3p —2py)., ' =

2q — 3v2p + 2py
2./6 '

Thus the ¢’ and 1’ can be done trivially. Furthermore A terms, appearing in the case of the pseudoscalar

contribution, take the form

_ 0a(ma(g + V2(\Bn + 3(£ + p)) — 4py) + my(q + V6n — 3v2¢ + 2py))

A,

B. The 0v B decay amplitude at the nucleon level

6m m 65)

d"u
A = 730m(q = 25/6n + 2py) = 3(g + V2p)my) ”
i 6mym, ’ (66)
Jorb = 6\/6 ¢7T(0) ei(biz\/qz)/ﬁ. (68)

Performing the orbital integrals we encountered in the
previous section, we must evaluate the spin-flavor ME for
the various operators encountered above, classified accord-
ing to their spin rank. The obtained matrix elements, in
units of the nucleon spin ME, are included in Table I).
Using these results, one can obtain the needed amplitude at
the nucleon level. As expected from the above discussion
we will consider three possibilities:

(1) The Ovgg case.

In this case we can write the amplitude as

M — 1 L 2m
Qw2 33 \ha

oN - CiME(sf)Joer

(67)

where oN is the nucleon spin and ME(s — f) is the
spin-flavor matrix element (see Table I) and J, is
the radial integral. One finds

TABLE I. The spin-flavor matrix elements of the various spin
operators encountered in this work. They are normalized to the
matrix element of the nucleon spin.

Q, (k indicates the spin ranks) Process MEsf = éllf}NB
Ty Scalar or vector - %5
o3 Pseudoscalar - Sgﬁ
io3 X oy Axial 102
Ty, Direct - */g
(o) " 03)os Direct - ‘/g
(o) X oy)kyy = 25 0]k = 1 Direct %L:O
(o - o4)o Direct - %5
(05 - 04)0 Direct - %5
Ty Exchange ‘/g
(05 - 03)04 Exchange \/g
[(gy X 03)kos = 2; 04k =1 Exchange %—13_0
(0p - 04)03 Exchange — %5
(03 04)0, Exchange - #ﬁ

034018-8

2

(a)

(¢(0))

The coefficients C; can be read off from Eqs. (51)—
(53), namely,

Bqmy + m,2py — 3q))
Copy = (ST o ) o P (g0
mym, my
- +2
c,— ((3qmu 6md(3q pN))) ~ Py (5
mgm, my

C,— <(3q(md +my,) — 2mupN)) _3a-py
6mym, my

(71)

The term py of the amplitude will lead to a nonlocal
effective operator in coordinate space.

The 3P,qq case.

Double beta decay proceeds via two quarks in a state
with isospin one, which is color antisymmetric. So
the two quarks must be in a spin one state. So there
1s no contribution in V-A theories, since the vector
and the axial vector contributions are identical. For
the scalar and pseudoscalar cases, the needed cou-
plings depend on the particle model assumed. In the
R-parity violating SUSY the coupling is, e.g. % X
(nT + %7]})5‘) found in [11]. In our discussion we
will not include such a model dependent coupling.
We will distinguish the two possibilities:

The direct term.

In this case we can write the amplitude as

Mo L1 mg
@m 33 Javh

In the case of the scalar contribution we find from
Table I that

A Ao (72)

V2
——q " Oy.

9

In the case of the pseudoscalar contribution (see the

A-A = (73)
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Appendix) and in the local approximation py = 0,

we find
1 (my — m,) 3
A, A =—< u )(a’~a’)q~0’.
b3 V4x? + 6bymym, b !

(74)

We expect this to be a good approximation. In any
event it makes the operator tractable.
The corresponding orbital integral is

) 2332
bl G+ 223 + 202
¢ (0)
PO
81/3
— g e
1052¢2(0)7/2

—b3,q2 /6 5= b P ((220)/(3+2:2)) /6

=03 P ((26%)/(3+2:2) /6
(75)

We note with satisfaction that any uncertainties in
the pion wave function (w.f.) have dropped out, at
least if the nonlocal term in the exponential are
ignored.

(b) The exchange term.
The amplitude takes the form

Mo L1 mg
@m" 33 Jagh

Again there is no contribution in V-A theories, since
the vector and the axial vector contributions are
identical. In the case of the scalar contribution we
find from Table I that

Ay Asdyy,.  (76)

2
A2'A3=Fq'0-N- (77)

In the case of the pseudoscalar contribution for the
constituent quark masses we get

5 3208/2(7x% + 1)(56x% + 3)
147(28x2 + 3)3m3,

416~/2(588x* — 77x% + 57)
63(28x% + 3)2b3,m?

A2-A3=[q

]U'N "4
(78)

where x = b, /by. Note the presence of the g in the
first term. This will lead to an operator with a differ-
ent radial dependence, ie. F gk) (x) = —V?F Ek) (x)
[see Eq. (10)]. The corresponding orbital integral
for the exchange term is

PHYSICAL REVIEW D 81, 034018 (2010)

; , 33272
orl = gr
* T3+ 28x2)V3 + 2822

((5)7(75;)))2 e~ bn((@=py)*/6)((4x?)/(3+28x%) (79)

or
6482/3(2x% + 3)3/2

5m3/2(28x% + 3)32 2 (0)m,, JiT,
X e~ bR @ Py /60)((4x)/(3+28x%) (80)

Jorb = &r

In this instance the obtained results depend on the
pion w.f. at the origin (via x).

V. RESULTS

Our main results are the coefficients «,, and «;, which
multiply the standard nuclear matrix elements. We will not
elaborate further on the new nonlocal terms (at the nucleon
level).

A. The coupling coefficients «,

Before presenting our results we should mention that in
the elementary particle treatment [11] one can write

LIPS (%)4 81)

a/277=6f3‘ r 7rm
p

obtained under the factorization approximation,

(m*pjplm™) = a1 pl0X0Ljpl 7).
Olpl7™y = meh,. (82)

The parameter 4, is given by

h, = iv2 X 0.668— "7 . (83)
my +m,

Returning back to our approach we note that the nonrela-
tivistic reduction is applicable in the constituent quark
mass framework, m,, = m, = my/3. In this case the pseu-
doscalar term contribution becomes

a,, = —0.0005 (for x = 1.0),
a,, = —0.05 (for x = 0.4).

We should compare this with the value obtained in V-A
theory, see Eq. (24), using f2,y = 0.08 and by = 1.0 fm:

ay, = 0013 (x=1) and a,, =0.11 (x= 10),

i.e. it is quite a bit smaller. It is also much smaller than the
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value 0.20 obtained in the elementary particle treatment
[11] using current quark masses. This disagreement cannot
be healed by the fact that in the present case we encounter a
very strong dependence of the results on the pion size
parameter, unless we use very unrealistic values of the
pion size parameter. One expects, of course, an enhance-
ment of the pseudoscalar contribution, if one uses the
current quark masses, since they are assumed to be very
small. Indeed in this way for typical values x = 1, by =
I fm, m; =5 MeV, and m, = 10 MeV we obtain a,, =
—1.3 and a,,(Q,,) = 0.08, which are very large. We
should mention, however, that the validity of the nonrela-
tivistic reduction at the quark level may be questionable in
this case.

B. The coupling coefficients a,

Before proceeding further we will briefly present how
the coefficient «, was obtained in the context of the
elementary particle treatment [11]:

1 m\4
- AN 4
A7 36f2 grhn'(mp) (8 )

The needed parameters were obtained using the factoriza-
tion approximation one writes in the case of the 1 — o
mode,

Xl pln)}0lJpl ™),
Fp=4.41.

(pljpdplnm)y =
(plIpln) =

The matrix element (0|Jp|7~) was given above [see
Eq. (82)]. Thus these authors [11] find

(85)

a, = 44X 1072 (86)

Returning to our approach these coefficients are ob-
tained in the following procedure: First we write

dar onNq
m%} M = C178r 2mp . (87)

Then, ignoring the momentum dependence in the expo-
nential, we get
(1) Double beta decay only.
From Egs. (69)—-(71) we see that the only local
contribution comes from the axial current:

‘. _ 10N2ym mz(my + m,) A ()
98 \[bRmamym, (88)

(current masses)

20827 i

Cly = 2 (x) (constituent masses)
3gr b3 mN

(89)
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with

1 (x) = X2 (90)

Using my; =5 MeV, m, =10 MeV, and g, =
13.4, we get
= 1.6f4_(x), (current masses).  (91)

On the other hand, for the constituent masses we
find

=34x1072 A (%),
(92)
(constltuent masses).

The corresponding coefficient that must multiply
the nuclear matrix element is «:

2
a, = ¢ N (93)

fi

= 0.085f4 (x) (current masses),

= 1.8 X 10734 _(x) (constituent masses).
(%94)

(2) The direct term.
There is no contribution of the direct diagram if the
nonlocal terms are ignored.
(3) The exchange term.
(i) In the case of the current quark masses we get
the standard term:

= 1.0 X 1035 (). (95)

In addition we have an operator which results
from the term in the amplitude, which was cubic
in ¢. Thus, we factor out the g’>m2 and absorb it
in the effective transition operator. In the re-
maining coefficient we merely replace ¢ by
m2. Thus,

= 91.5gu (x). (96)
Proceeding as above we get, respectively,
= 51f%(x) or a;, =51g{%(x). (97)

The coefficient f§%(x) is associated with the
standard operator {);(x;), while g{7(x) must
be linked with a new type of operator Q,_(x,)
with modified radial dependence, i.e. F Ek)(x) =

~V2F; (%) [see Eq. (10)]. Both coefficients are
o) normallzed that f§%(1) = g§%(1) = 1. In any
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FIG. 7. The functions which provide the dependence of 17 amplitude on the pion size parameter through the variable x = b,./by are
exhibited. On the left we show the relevant coefficients using the current quark masses. The continuous curve is associated with the
coefficient f4_ [see Eq. (94)], the long dash is associated with the exchange g-independent coefficient (f$%") and the short dash with

1o

that of g{% [see Eq. (97)]. On the right we show the same quantities obtained with constituent quark masses.

Lo

case the use of current quark masses leads to
very large values.

(i) The constituent quark masses.
In this case we get:

c1r = L.37f5%(x) or ¢y, = 1.72g7%(x)
(98)

ay, = 0.071f5(x) or a;, = 0.090g%"(x).

17 17

99)

Again the coefficient f{°"(x) is associated with
the standard operator, while g$°"(x) must be

1
with

linked with the operator Q.(x,),
fiz() = gi7 (1) = L.

The functions fi_, f1a(x), g8 (x) f1 . f50(x), and
g5°"(x) are shown in Fig. 7. For x = 1 for the standard
local 17 operator considering all contributions mentioned
above with constituent quark masses, we find a,, = 7.3 X
1072, which is in size almost a factor of 2 larger than that
obtained in the elementary particle treatment [11] [see
Eq. (86)]. Note, however, that our results depend on the
pion size parameter.

VI. DISCUSSION

In the present paper we have considered the effective
OvBB decay operator associated with the exchange of
heavy particles mediated by pions in flight between nucle-
ons. A harmonic oscillator nonrelativistic quark model in
momentum space was employed for the pion and the
nucleon. This allowed one to separate out the relative

from the center of mass motion. The ratio of the pion to
the nucleon harmonic oscillator parameter, x = b /by,
was treated as a parameter. When needed, the constituent
quark mass equal to 1/3 of the nucleon mass was em-
ployed. The obtained results were compared to the ele-
mentary particle treatment, with current quark masses,
previously employed. In the case of the two-pion mode
we find a new term with different momentum dependence,
which is not present in the elementary particle treatment.
This gives rise to a new operator, which has the same
structure as the one previously associated with the one-
pion mechanism.

In connection with the one-pion mechanism, we found
that there exist three diagrams, which cannot be distin-
guished in the elementary particle treatment, namely,

(1) Diagrams in which the ¢g is crated out of the
vacuum via the strong interaction. In this case we
employed the 3P0 model. The strength of this inter-
action was fitted to the pion nucleon coupling g,..
We distinguished two possibilities:

(i) The two interacting quarks participate only in
the structure of the nucleon.

(i1) One of the interacting quarks participates in the
structure of the pion.

(2) The gg is crated by the weak interaction itself.

Depending on the mechanism we encountered new non-
local terms, i.e. terms which depend on the nucleon mo-
mentum. These will lead to new types of effective nuclear
operators, which have not been examined up to now.

The results obtained in the present calculation depend
among other things on the ratio of the pion to nucleon size
parameters. Using reasonable values for this ratio, we
obtain values of «,, which are in good agreement with
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those obtained in the elementary particle treatment.
Regarding the couplings «,,, however, we find that they
are slightly smaller than those obtained in the elementary
particle treatment in the case of the V-A theory. They are,
however, quite a bit smaller than those obtained in the case
of the pseudoscalar term, when the constituent quark
masses are used. We can, of course, obtain much larger
values for the pseudoscalar term, if the current quark
masses are used. Admittedly, however, it may not be very
consistent to do so in our approach, since it is essentially a
nonrelativistic treatment. We thus suspect that the small
current quark masses are behind the large values found in
the elementary particle treatment.

In summary, taking into account the fact that a number
of approximations are behind both approaches, we may say
that there exists a reasonable agreement between them,
which gives a degree of confidence in both. A more com-
plete comparison can, of course, be made only after the
inclusion in the calculation of the nuclear matrix elements
of the new operators found in the present approach,
namely: (i) the local operator £, . (x,,) resulting from terms
cubic in ¢ and (ii) the nonlocal operators, which depend on
the nucleon momentum.
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APPENDIX

In this Appendix we will present the relevant formulas in
the case the ¢g pair is produced in via the strong interac-
tion. In the case of the one-pion contribution we get

(1) The direct term.

In this case we can write the amplitude as

Mo L1 m,
2m)? 33 o2

A1 : A2J0rb- (A1)

In the case of the scalar contribution we find from
Table I that

V2
Al'Azz_—q‘(TN.

9 (A2)

In the case of the pseudoscalar contribution we find

1 (x* +2)(my — m,)pyoy

A A=
b (2x2 + 3)mym,

(md B mu) 2\/5
X Oy " 047
V2252 + Bbymgm, \2x% + 3by 3

P+ 2)mg —m)py - oy (4 2)(my — my)py - 0'2( n 2py ) )
(2x2 + 3)mym,

22 +3) 743 (2x% + 3)ymym,

242 1 2
xi\/_ 0'1'0'4+7(q+ Py )-0'4(

\/2)(72 + 3bN 3

In the limit m,; = m,, the above expression vanishes.
In the local approximation py = 0, we find

1 (mg — m,) 3
A, A :_( u )(O'-U)q-a.
L3 V4x? + 6bymym, b !

(A4)

We expect this to be a good approximation. In any
event it makes the operator tractable. The corre-
sponding orbital integral is given by Eq. (75).

(2) The exchange term.
The amplitude takes the form

1 ()C2 + 2)(md - mu)pN0-2 (md - my
2x* + 3)mym, V23232 + 3bymygm,
(md - mu) )2
o Oy (A3)
2x% +3 ﬁmbl\;mdmu b
1 1 /2
Mo Ay - Az, (AS)

M e A i

Again there is no contribution in V-A theories, since
the vector and the axial vector contributions are
identical. In the case of the scalar contribution we
find from I that

V2
A2'A3:—q'0'N.

9 (A6)

In the case of the pseudoscalar contribution we find
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(7x* + 1)(21(14x* + 1)m,; — (70x% + 9)m,)((224x> — 9)m, + 3(224x% + 19)m,, )
441(28x* + 3)’m2m2
((1400x + 117)m, — 3(168x* + 23)m, )((448x% + 45)m, — 21my)
3528(28x2 + 3)3m§m§ PN 02PN " 03PN " 04
L 401mg + 5m )14 + Dmy = (702 + 9)m,)
63(28x2 + 3)2bymim3,
, 2001my + 5m,)2Um, — (4482 +as)m,)
63(28x? + 3)2b3mim;,
2q oy(Tmy + m,)((224x> — 9)m, + 3(224x°> + 19)mu)
63(28x? + 3)2b3m3m?
~2(Tmg +m D((1400x2 + 117)m,; — 3(168x* + 23)m, )
63(28x% + 3)2bdem
_8(7x + D)(11m] + (4x? + T)m,m, + 2(6x> + D)m7) o075
3(28x% + 3)2 b mim?
2pN oy(11m% + (4x* + TYm,my + 2(6x> + 1)m2)
3(28x% + 3)*b%mim?

A2'A3:_

024 03¢ Oy

0,044 03

*O4pPN " O3

)

CO4pPN - 02

03039 0y

03 O3PN * Oy (A7)

In the limit of ignoring the nonlocal terms we get

(7x* + 1)(21(14x% + D)m, — (70x* + 9)m,,)((224x> — 9)m, + 3(224x> + 19)m,,)
441(28x2 + 3)3m%m?>

4(11md + 5m,)(21(14x> + 1)m, — (70x* + 9)m,,)

63(28x2 + 3)2b3m2m>
2q oy (Tmy + m,)((224x*> — 9)m, + 3(224x> + 19)m, )
63(28x? + 3)?b3m3m?
_8(7x* + 1)(11m + (4x? + T)m,m, + 2(6x* + 1)m2)0'20'3
3(28x% + 3)2b%mim?

Az'A3=_ 024 034" 04

03044 " 03

C04q 0y

103G Oy (A8)

where x = b, /by. In the special case m, = m,; = % we get for the local terms,

_ 64(7x% + 1)(56x% + 3)2 256(56x% + 3)
Ay, Ay =— 44102822 + 3)ml, q-02q°03q° 0y 63(28x2+3)2b12\,m12\,0-2.0-4q.0-3
256(56x2 + 3) _32(4x +5)(Tx + 1)

03°04q " 0y 0y 034" 0y (A9)

63(28x2 + 3)2b%m3, 3(28x2 + 3)2b%m3,

while the nonlocal terms become

A2‘A3

16(56)62 + 3)2 256(56)(2 +3)
JA12827 + 3y PN TRPN TIP3y b, O TN T
256(56x + 3) 8(4x2 + 5)

- g3 O C o
630282 1 37262 m, 70 TN T T2 T 3g 3

172 " 03PN Oy (A10)

The first term of the local equation can be cast in the more suitable form by noting that

2 2\/§

02°q03°qo04 q= %(0'2 T0304°q — f[(("z X o3)ki; =2 X oyt 61)- (A1D)

Using the spin matrix elements of Table I, we finally get, using the current quark masses
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(7x* + 1)(21(14x* + 1)m,; — (70x% + 9)m, )((224x> — 9)m, + 3(224x%> + 19)m,,)
1323(28x2 + 3)*m2m?
\/5(—7(224)62 - 75)m£21 + 2(1176x* — 938x? + 93)m,m, + (7056x* + 2212x* + 201)m,24)i|
567(28x* + 3)*b%mim?
X oy q, (A12)

A2 ° A3 = 5\/5612[

+ 26

where o is the nucleon spin, while for the constituent quark masses we get

5 3208/2(7x% + 1)(56x% + 3)* | 416/2(588x* — 77x% + 57)
147(28x% + 3)’m}, 63(28x2 + 3)2b%m,

Ay, Az = [q ]O'N‘CI- (A13)

Note the presence of the g in the first term. This will lead to an operator with a different radial dependence, i.e.
FP(x) = —V2FP(x) [see Eq. (10)].
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