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We study the d-dimensional Fisher solution which represents a static, spherically symmetric, asymp-
totically flat spacetime with a massless scalar field. The solution has two parameters, the mass M and the
“scalar charge” 3. The Fisher solution has a naked curvature singularity which divides the spacetime
manifold into two disconnected parts. The part which is asymptotically flat we call the Fisher spacetime,
and another part we call the Fisher universe. The d-dimensional Schwarzschild-Tangherlini solution and
the Fisher solution belong to the same theory and are dual to each other. The duality transformation acting
in the parameter space (M, %) maps the exterior region of the Schwarzschild-Tangherlini black hole into
the Fisher spacetime which has a naked timelike singularity, and interior region of the black hole into the
Fisher universe, which is an anisotropic expanding-contracting universe and which has two spacelike
singularities representing its “‘big bang”” and “‘big crunch.” The big bang singularity and the singularity of
the Fisher spacetime are radially weak in the sense that a 1-dimensional object moving along a timelike
radial geodesic can arrive to the singularities intact. At the vicinity of the singularity the Fisher spacetime
of nonzero mass has a region where its Misner-Sharp energy is negative. The Fisher universe has a
marginally trapped surface corresponding to the state of its maximal expansion in the angular directions.
These results and derived relations between geometric quantities of the Fisher spacetime, the Fisher
universe, and the Schwarzschild-Tangherlini black hole may suggest that the massless scalar field
transforms the black hole event horizon into the naked radially weak disjoint singularities of the Fisher

spacetime and the Fisher universe which are ‘“‘dual to the horizon.”
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L. INTRODUCTION

In this paper we study a solution which was discovered
by Fisher [1]. Later the solution was rediscovered by many
authors (see, for example, [2—4]) and usually referred to as
the Janis-Newman-Winicour solution [5]. Here we study
the d-dimensional (d = 4) generalization of this solution
which was given in [6]. The solution represents a static,
spherically symmetric, asymptotically flat spacetime with
amassless scalar field. A massless scalar field is related to a
massless particle of zero spin. Such particles are not
known, and all known zero spin particles are massive.
Thus, such a field may be not realistic (unless a zero spin
massless particle is discovered). However, in some cases
one may consider such a field as an approximation for a
massive scalar field, or regard a massless scalar field as a
toy model, which is often useful for its simplicity. There is
a more serious reason to consider the Fisher solution as
unphysical, for it represents a naked curvature singularity.

The classical description of spacetime breaks down at a
curvature singularity. However, spacetime singularities
arise in a very large class of solutions of the general theory
of relativity, and in fact in very reasonable physical con-
ditions which respect causality and energy conditions [7].
The trouble with naked singularities (except agreeably
with the big bang one which is in our past) is that they
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are naked, i.e., one could potentially ““‘see a breakdown of
physics” if a naked singularity is present. To avoid for-
mation of a naked singularity in real physical processes,
such as gravitational collapse, which are described by
classical laws of the general theory of relativity, the cosmic
censorship conjecture was formulated, first in weak [8] and
later in strong form [9]. However, the present issue of its
validity is very much open [10].

In attempts to test cosmic censorship, many models of
gravitational collapse were studied analytically and nu-
merically (for a popular survey of the subject see [11]). It
was found that in certain conditions naked singularities do
form. For example, they may form as a result of collapse of
collisionless gas spheres [12], or self-similar collapse of a
massless, minimally coupled scalar field where the second
type phase transition from black hole to naked singularity
takes place [13]. However, such examples should be con-
sidered with caution, for a rigorous analysis may suggest
that the detected naked singularity formation may be am-
biguous [14]. A review [15] has many other examples as
well as discussion of gravitational radiation and quantum
particle creation by naked singularities. There is a recent
proposal to search for a naked singularity using Kerr lens-
ing [16]. These examples may imply that we have to study
naked singularities rather than disregard them.

Here we study the naked singularity of the Fisher solu-
tion which is due to a massless scalar field. The reasons for
such a study is to understand deeper how such a field
affects spacetime and what type of singularity it “‘pro-
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duces.” For example, it was shown that a massless scalar
field ‘“‘converts’” the Cauchy horizon of a Kerr-Newman
black hole into a strong curvature singularity [17]. Another
example is a weak instantaneous curvature singularity
which appears at the moment of a wormhole formation
when a ghost massless scalar field is present [18]. On the
other side, it was shown that quantum effects may prevent
the formation of a naked singularity due to gravitational
collapse of a homogeneous scalar field [19]. This may
suggest that a curvature singularity due to massless scalar
field may be “smoothed out”” by quantum effects.

The main idea of our study is to analyze the naked
curvature singularity of the Fisher solution and to show
that indeed, a spacetime curvature singularity (at least in
our example) may be a complex object and should be
scrutinized carefully.

This paper is organized as follows. In Sec. II we present
the d-dimensional Fisher solution and discuss its general
properties. In Sec. III we study curvature singularities of
the Fisher solution. Causal properties of the Fisher solution
are discussed in Sec. I'V. In Sec. V we present an isometric
embedding of the Fisher solution. Using results of the
previous sections, we return to a discussion of the Fisher
solution in Sec. VI. Section VII contains a summary and
discussion of our results. Additional details illustrating our
calculations are given in the appendixes. In this paper we
set Gy = ¢ = 1, where Gy is the d-dimensional (d = 4)
gravitational constant. The spacetime signature is +(d —
2). We use the notations and conventions adopted in [20].

II. THE FISHER SOLUTION
A. Metric

Let us present a d-dimensional generalization of the
Fisher solution, which is static, spherically symmetric,
asymptotically flat spacetime with a massless, minimally
coupled scalar field. The corresponding action has the
following form:

1 d—2
— d — _ ab
Slga 1= 16— fd xy/ g<R T3¢ qo,aso,b),
(1)

where R is the d-dimensional Ricci scalar and ¢ is the
massless, minimally coupled scalar field. Here and in what
follows (...) , stands for the partial derivative of the ex-
pression (...) with respect to the coordinate x“.

The energy-momentum tensor of the scalar field is

1 d-—2 1
T, =—-—— - = “). 2
ab 87 d—3 (¢,a¢,b 2gab§0,c§0 ) (2)
Thus, the corresponding Einstein equations are
d—2
Ry =—— . 3
ab d—3 ¢,a go,b ( )

The scalar field solves the massless Klein-Gordon equation
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1
ViV,p = \/T_g(\/—_gg“b ¢a)p=0. )
Here V, stands for the covariant derivative defined with
respect to the d-dimensional metric g,,. An explicit form
of Egs. (3) and (4) for a static, spherically symmetric
spacetime is given in Appendix A. A static, asymptotically
flat, spherically symmetric solution to Egs. (3) and (4) was
derived in [6] in isotropic coordinates, which bring the
Einstein equations into a form more suitable for integra-
tion. Here we present the solution in different
(Schwarzschild-like) coordinates [21]. Duality transforma-
tion presented in the next subsection allows one to derive
this solution without integration of the Einstein equations.
The Fisher metric reads

d82 — —FSdt2 + F(l—S)/(d—3)—ldr2
2 p(1-8)/(d=3) 7 ()2
+ P2 F0=9/=3q02, (5)

where dQ)?, . is the metric on a unit (d — 2)-dimensional

(d=2)
round sphere. Here
d-3
F=1- (%) , ©6)
8T(41
-3 — (%) (M2 + 32)1/2, 7)

(d—2)m I
and

. M

- (M? + 22)1/2’
where M = 0 is the d-dimensional Komar mass [22] mea-
sured at asymptotic infinity (r — c0) and the parameter X,
is defined below.

The scalar field, defined up to an additive constant which
is irrelevant to our considerations, reads
-z

2( M2 + 22)1/2

In the asymptotic region we have

sy s
- (d — 2)7d=3/2 =3
Thus, we define 2, € (—o0, o) as the d-dimensional ““sca-
lar charge.” Hence, expression (8) implies that S € [0, 1]if
we take M = 0.
Calculating the energy-momentum tensor components

in a local orthonormal frame, we derive the following
energy density € and the principal pressures p;, p4:

- (d — 3)r2Ezhs2
Pr = ~Pa= d— 2)7d—2p2d=2) p(1=9)/(d=3)+1"
(11)

where the index & = 3, ..., d stands for orthonormal com-

®)

® In|F|. )

(10)

€ =
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ponents in the compact dimensions of the (d — 2)-
dimensional round sphere. The scalar field obeys the strong
and the dominant energy conditions. Thus, by continuity it
obeys the weak and the null energy conditions (see, e.g.,
[7,23]).

The Fisher solution has the following limiting cases.

The pure scalar charge case: M = 0. According to ex-
pressions (7) and (8), this case implies

d—1
743 — -3 = ()%
o IM=0 3 (d — 2)md=3/2’

Thus, ¢ = 1/21n|F|, and the corresponding metric is

S=0. (12)

2 _ R —(d—4)/(d=3) ;.2 21/(d=3) 7002
ds® = —dt -i-F2 dr —i-rF2 dQ(d—z)’

13)

where
d—3
Fs=1- (r—z) . (14)

We shall call this solution the massless Fisher solution.
The pure mass case: 2 = 0. According to expressions
(7) and (8), this case implies

8T (M

d-3 _
(d— 2772

rd 3 s_g = rd; S=1. (15

Thus, ¢ = 0, and the corresponding metric is known as the
d-dimensional Schwarzschild-Tangherlini black hole [24]

ds®> = —Fydt* + F;,Ildr2 + r2dQ(2d72), (16)
where
d-3
Fy=1- (V—M> . (17)
r

The uniqueness of the Schwarzschild-Tangherlini solution
was proven in [25,26].

B. Duality

The Fisher solution presented above possesses a certain
duality symmetry. Here we show that the static, spherically
symmetric spacetimes (5) corresponding to different val-
ues of M and 3 are dual to each other. In particular, we
show that the Fisher solution is dual to the Schwarzschild-
Tangherlini black hole of a particular mass.

Let us present the metric (5) in the following form:

ds* = —k2df* + k¥ Vg, dxtdx’.  (18)

Here, —k? is the squared norm of the timelike Killing
vector 89, and k~2/43g  is the (d — 1)-dimensional
spatial metric on a hypersurface orthogonal to 8¢, We
can reduce the d-dimensional action (1) for the metric
(18) to a (d — 1)-dimensional action for the metric g,,.
Let us first decompose the Ricci scalar R with respect to a
basis defined by the unit timelike vector k= '8¢, and (d —
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1) basis vectors tangential to the hypersurface (see, e.g.,
[27D),

R =R —2V*V,, Inlk| — 2k¥@=3g#v(In|k]) , (In|k]),,.
(19)

Here the (d — 1)-dimensional Ricci scalar R and the co-
variant derivative V u are associated with the metric
k~2/@=3g . Applying the conformal transformation de-
fined by the conformal factor k~%/(?=3) to the Ricci scalar R

we derive (see, e.g., [7])
~ _ 2 -
R= k2/<d*3>|:R + =3 VAV, Inlk]

d—12 _
- 3)gW(Inlkl),M<1n|k|),V]. 20)

Here the (d — 1)-dimensional Ricci scalar R and the co-
variant derivative V » are associated with the metric g,
Substituting (20) into (1), eliminating a surface term, and
neglecting an integral over the Killing coordinate ¢ we
derive the following (d — 1)-dimensional action for the
metric g,

_ 1 _ —(- d—2_
S[g,u,w k’ ¢]=Ejdd 1x\/§<R_d_3gMV[¢,,u¢,V

+ (lnIkI),,L(lnlkI),v]). @1)

According to the principle of least action, variation of the
action (21) with respect to the fields g,,,, k, and ¢ gives the
following equations [28]:

_ d—2
R,u,V = m[gp,,ugp,v + (lnlkl),,u,(lnlkl),v]y (22)
VAV, (Ink]) = 0, (23)
VHV, o = k7 2dIVY o = 0. (24)

The first equality in Eq. (24) holds because the scalar field
is static.

We see that the action (21) and the field equations (22)—
(24) are invariant under the following transformation:

In|k'| = In]k| cosyp + @ siny,
(25)
¢' = —Inlk| singy + @ cosips,

which we shall call a duality transformation. Here the
primes denote the dual solution and ¢ is the duality trans-
formation parameter whose range is defined below. The
duality transformation is analogous to the Buscher T-
duality transformation [30]. The metric dual to the metric
(18) is

ds* = —k?df? + K~/ g dxtdx".  (26)

Thus, we can construct the dual solution (26) to the field
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equations (22)—(24) if some solution (18) is already known.
In particular, we can apply the duality transformations (25)
to generate the Fisher solution (5) without integration of
the Einstein equations, starting from the Schwarzschild-
Tangherlini metric (16) with r); = r, and taking cosy =
S. This procedure suggests that we can present the duality
transformation (25) in different form, in terms of the mass
M and the scalar charge 2. Indeed, starting from the metric
(5) we have k> = FS. Using expressions (6)—(9) and (25)
we find that r/, = r,. Thus, r, [see, (7)] is invariant of the
duality transformation (there are other invariants of the
duality transformation which we present in Sec. VI).
Hence, we can present the duality transformation (25) in
the following form:

M' = Mcosi + X siny, 3/ = —Msing + 2 cosy.

27)

Thus, we have the duality transformation between the mass
and the scalar charge acting in the parameter space (M, 3).
To define the range for ¢y we consider dual Fisher solutions
which have nonnegative mass M = 0. Thus, for a Fisher
solution defined by the parameters (M, = 0, 2,,) such that

i, = arctan(2,/M,) € [—7/2, m/2], (28)

the corresponding duality transformation parameter is de-
fined by

lﬂ S [_77/2 + wo’ 77/2 + lpo]- (29)

In particular, for = F/2 + ¢, we have M/, = 0 and
3/ = +(M? + 32)!/2 which is a massless Fisher solution
(13) with rs =r,. For =, we have M) =
(M? + 32)1/2 and X/ =0, which is a Schwarzschild-
Tangherlini black hole (16) with ry, = r,. Here and in
what follows, unless stated explicitly, we shall refer to
the massless Fisher solution (13) and to the
Schwarzschild-Tangherlini black hole (16) having in
mind their dual to the Fisher solution form, i.e., for ry =
r, and for ry, = r,, respectively. This convention can be
expressed in the following way:

rs =r,e=3 =M+ 32, M'=0, (30)

ry = ree=mM = (M2 + 32 S =0, (31

The duality transformation (27) is illustrated in Fig. 1.
From the duality diagram we see that increase (decrease) in
the mass M’ corresponds to decrease (increase) in the
scalar charge 3/. Thus, the duality transformation can be
considered as a change of the mass M and the scalar charge
3, in the original solution to their dual values M' and 3.
From this point of view, the duality transformation is a
mapping between different members of the Fisher family
of solutions (M, 3). In particular, for , = 0, and ¢ =
7r/2 the Schwarzschild-Tangherlini black hole and the
massless Fisher solution are dual to each other (see, [30],
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FIG. 1. Duality diagram. Point O represents the Fisher solution
defined by the mass M, and the scalar charge X,. Sector I
represents its dual nonnegative mass solutions (M!, = 0). One
such dual Fisher solution is defined by the mass M/, and the
scalar charge X!. Sector II represents dual negative mass solu-
tions (M!, < 0) which we do not consider here.

p. 216). In general, any Fisher solution is dual to the
Schwarzschild-Tangherlini black hole.

The duality transformation (27) is a transformation be-
tween different solutions of the same theory (1). Each of
these solutions represents a spacetime of certain properties.
That is, all these spacetimes are spherically symmetric,
static, and asymptotically flat. However, there is an essen-
tial difference between the Schwarzschild-Tangherlini
spacetime and the Fisher solution. The Schwarzschild-
Tangherlini spacetime represents a black hole of the mass
M’ whose event horizon is defined by r = r,. The horizon
is regular and the spacetime singularity is located behind
the horizon at r = 0. However, as we shall see in the next
section, the Fisher spacetime does not have an event hori-
zon but instead has a naked curvature singularity located at
r = r,.In what follows, we shall study the properties of the
Fisher solution. We shall see that the spacetime geometry
near the naked singularity has interesting properties which
may be seen as a manifestation of the duality.

C. The Fisher universe

As we already mentioned, » = r, is a naked curvature
singularity of the Fisher solution. Thus, we have to cut r =
r, out of the Fisher manifold defined by the coordinates
(t, r, x*), where the index a = 3, ..., d stands for compact
coordinates which define the position of a point on a unit
(d — 2)-dimensional round sphere. As we shall see, r = 0
is another curvature singularity of the Fisher solution.
Thus, the cut divides the Fisher manifold into two discon-
nected parts defined by r € (r,, ) and r € (0, r,). In
what follows, we shall call the region r € (r,, ) the
Fisher spacetime, and the region r € (0, r,) the Fisher
universe.

In a traditional approach, one considers that part of a
manifold which represents the external field due to some
source and which is asymptotically flat, if such exists. Such
an approach was taken before in the case of the Fisher
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solution (see, e.g., [2—4]). Here we shall consider both the
parts of the manifold. The reason for such a consideration
is motivated by the duality between the Schwarzschild-
Tangherlini black hole and the Fisher solution which we
discussed above. In particular, the interior of the
Schwarzschild-Tangherlini black hole corresponds to r €
(0, r,). Thus, to consider a dual to the interior part we have
to consider the region r € (0, r,) of the Fisher solution.
However, for r € (0, r,) and nonzero scalar charge the
metric (5) is in general complex valued due to noninteger
exponents [31]. One can make the metric real valued by
introducing absolute values |F| into the metric functions in
an appropriate way. Such a modified metric solves the
Einstein equations (A2)—(A4) but has the signature —(d —
2). As a result, for r € (0, r,) the periodic angular coor-
dinate becomes timelike which leads to causality violation,
which we would not like to have here. There is another way
to make the metric real valued in the region, which is to
replace r¢~3 with r¢ 3sign(r — r,) in the metric functions.
However, such a choice implies that the dual
Schwarzschild-Tangherlini black hole has negative mass
M’ < 0, which is out of our consideration. However, there
is yet another way to get a real valued metric for r €
(0, r,). Namely, one can apply complex transformations
preserving the signature of the metric and keeping mass
nonnegative. The following complex transformations bring
the metric in the region r € (0, r,) to a real valued form:

t= (—1)0-9"7,
M = (=)D,

r=(— 1)(5—1)/(2(61—3))’0,

SETERCRI

Note that r, transforms like r and according to expression
(8), S is an invariant,

M M
S = =
(M2+22)1/2 (M2+0.2)1/2’

(33)

In the limit S — 1 these transformations become merely a
relabeling of the coordinates and parameters and preserve
the positive direction of the time and space coordinates.
In addition, in the limit S — 1 the two disconnected
parts of the Fisher manifold represent the exterior and
interior of the Schwarzschild-Tangherlini black hole, and
can be analytically extended to a larger manifold which
represents the maximal d-dimensional extension of the
Schwarzschild-Tangherlini solution. Such an extension
was given in the Kruskal coordinates in [32] and in another
coordinate system in [33,34].

Applying the transformations (32) to the metric (5) we
derive

ds2 — (I)SdTZ _ @(l*S)/(d*S)*ldPZ
+ p2 @902 (34)

where
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d-3
® = (ﬁ) -1,
p

4y __ 80D
SRR R

Here the compact coordinate p € (0, p,) is timelike. The
spacetime (34) represents an anisotropic universe which
we call the Fisher universe. We shall study properties of the
Fisher universe in the following sections.

Applying the transformations (32) to the scalar field (9)
we derive

(35)
(M2 + 0.2)1/2_

a

¢

Calculating the energy-momentum tensor components of
the scalar field in a local orthonormal frame we derive the
following energy density € and the principal pressures p;,

pg [ef. Eq. (1D)]:
(d = 3)r*(Gho?
Dy = €= Ppa = — - N
(d — 2)md 2 p2d-2p-9/d-3)+1
(37

Hence, the scalar field represents a stiff fluid. It obeys the
strong and the dominant energy conditions. Therefore, by
continuity it obeys the weak and the null energy conditions.

In the case of the massless Fisher solution (13), the
transformation of the ¢ coordinate in (32) is the Wick
rotation. This case implies

SF(%)O'

d-3 _
(d— @I

P8l u=0 = pY S=0. (38)

Thus, ¢ = 1/21n®, and the corresponding metric is

ds? = d7? — @;(z!—4)/(d—3)dp2 + p2d>,1/(d_3)d02

(-2
(39)
where
d—3
@, = (ﬁ) ~ 1. (40)
p

We shall call this solution the massless Fisher universe.
Analogous to (30) the dual to the Fisher universe massless
solution corresponds to

Po = po=0 = (u>+ )% u=0. @D

Here and in what follows, unless stated explicitly, we shall
refer to the massless Fisher universe (39) having in mind
the dual to the Fisher universe form (41).

In general, the mass transformation in (32) for arbitrary
S € [0, 1] has the following form:

= Mcos(g[l - S]) +iM sing[l - S]), 42)

where the first term is the bradyon mass M and the second
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term is the tachyon mass M. In these notations, S defines
the ratio of the tachyon mass to the bradyon mass as
follows:

M
M—Z = itan(g[l - S]). (43)
The scalar charge transformation in (32) is analogical to
(42),

c=73 cosg[l - S]) + i3 sin(g[l - S]), (44)

where the first term is a real scalar field charge and the
second term is a ghost scalar field charge. However, ex-
pressions (42) and (44) are merely transformations. It is not
clear if they have any physical meaning. In the Fisher
spacetime and the Fisher universe the mass and the scalar
charge are real.

III. CURVATURE SINGULARITIES

A. Spacetime invariants

Spacetime curvature singularities, like those located in-
side of black holes, are associated with infinitely growing
spacetime curvature invariants. To determine singularities
of the Fisher solution we calculate the Ricci scalar and the
Kretschmann invariant. The Ricci scalar is

1 — 82 (d—2)(d—3)

R = . 45
4 S+d=2 (rd—S _ rgz—3)(1—s)/(d—3)+1 3)

We see that the Ricci scalar diverges at r = r,, if § # 1,
and at r = 0. According to the transformations (32), r =
r, and r = 0 correspond to p = p, and p = 0, respec-
tively. The Schwarzschild-Tangherlini black hole solution
(S = 1) is Ricci flat.

For S # 1 the Kretschmann invariant presented in
Appendix B is proportional to R?, therefore, it diverges
at the same points. For the Schwarzschild-Tangherlini
black hole the Kretschmann scalar is

r2(d—3)
X = %(d — 1)(d — 2)%(d — 3). (46)

It diverges at r = 0. The analysis of the spacetime invar-
iants shows that the Fisher solution is singular at r = r,
(p=p,) for SE[0,1) and at r = p = 0 for § = [0, 1].
Both the singularities are central, i.e., the corresponding
areal radii vanish at the singularities [see, expressions
(100) and (103)]. We shall study the properties of these
singularities.

B. Strength of the singularities

Spacetime curvature singularities can be characterized
according to their strength. A definition of singularity
strength based on purely geometric properties of spacetime
was proposed in [35]. According to that definition, there
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are two types of curvature singularities, gravitationally
weak and strong. Namely, if a volume (an area) element
defined by linearly independent spacelike vorticity-free
Jacobi fields propagating along any timelike (null) geode-
sic and orthogonal to its tangent vector vanishes at space-
time singularity, the singularity is called strong, otherwise,
if the volume (the area) element does not vanish and
remains finite, the singularity is called weak. Necessary
and sufficient conditions for strong curvature singularities
were formulated in [36,37]. The definition above was sub-
sequently modified in [38], where behavior of each Jacobi
field was taken into account. According to the renewed
definition, a spacetime singularity is called strong if at least
one Jacobi field vanishes or diverges at the singularity. For
example, a singularity is called strong if some of the Jacobi
fields diverge and others vanish such that the volume
element remains finite at the singularity. A deformationally
strong singularity was defined in [39]. According to that
definition, a spacetime singularity is called deformation-
ally strong if the volume element diverges, or at least one
Jacobi field diverges, but the volume element remains
finite, for other Jacobi fields vanish at the singularity.
Here we shall study the strength of the Fisher spacetime
and the Fisher universe singularities. Let us begin with the
Fisher spacetime (5), r € (r,, ). We shall study behavior
of Jacobi fields defined for radial timelike and null geo-
desics near the spacetime singularity located at r = r,,.
Equations for the geodesic motion can be derived from
the corresponding Lagrangian L associated with the metric

o),
2L = —FSi2 + FU-9/d=397132 = ¢ (47)

where € is equal to —1 for timelike and O for null geo-
desics. The overdot denotes the differentiation with respect
to A which is the proper time for timelike and the affine
parameter for null geodesics. We define A such that the
geodesics approach the singularity located at r = r, as
A — —0. The radial geodesics are defined by the unit
tangent vector k¢ = x“ whose nonzero components in a
local orthonormal frame are given by

ki = FS12j = E F~S/2, (48)

ki’ — F(I—S)/(Z(d—3))—1/2’;. — i[(kf)z + 8]1/2, (49)

where “+” stands for outgoing and “—" stands for in-
going geodesics, and E, = const which we define as fol-

lows:

E_ >1, Ey, = 1. (50)

We consider ingoing geodesics. One can check that the
radial geodesics approach the singularity for finite values
of A. For S € (0, 1] the geodesics approach r = r, in
infinite coordinate time ¢ which measures proper time of
an observer which is at rest with respect to the gravitational
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center (the naked singularity) and located at asymptotic
infinity (r — ). For § = 0 the coordinate time 7 is finite.

Jacobi fields Z%(\) are orthogonal to k% and represent the
spatial separation of two points of equal values of A located
on neighboring geodesics. They satisfy the Jacobi geodesic
deviation equation (see, e.g., [7])

7a 4 Rmﬁzﬁkfkﬁ =0 51

where R . .¢ are the Riemann tensor components defined

¢hd
in the local orthonormal frame (see, Appendix B).
For radial timelike geodesics we define two types of the

Jacobi fields. The radial Jacobi field

zn9, = Z7'9; + Z"o;, 8on = 1, (52)

and the (d — 2) orthogonal angular Jacobi fields

7%  gaa=1  a=3..d (53)

The spacelike vectors 97> 945 a=3,...,dforma(d — 1)-
dimensional orthonormal basis which is parallel propa-
gated along the radial timelike geodesics. As far as we
are interested in spatial separations of neighboring geo-
desics, for radial null geodesics we consider only the
angular Jacobi fields (53).

The radial Jacobi field satisfies the Jacobi equation

Z"+ R, Z" = 0. (54)

Approximating expressions (48), (49), and (B1) near the
singularity we derive

Zn _ ClAl72+25(d73)/(d72+S(d74))Zn ~ 0’ (55)

where
S(l _ S)(d _ 2)(d _ 3)(2r0)—25(d—3)/(d—2+s(d—4))

(E_l[d -2+ S(d _ 4)])2—2S(d—3)/(d—2+s(d—4)) :
(56)

This equation is a particular case of the Emden-Fowler
equation [see Eq. (2.1.2.7), p. 132 in [40]]. Its solutions are
expressed in terms of the modified Bessel functions of the
first and second kind. Using asymptotics of the modified
Bessel functions for small values of their arguments [see,
e.g., Egs. (9.6.7) and (9.6.9) in [41]] we derive the asymp-
totic behavior of the radial Jacobi field near the singularity

Z"(A) ~ ¢ + 3l A| ~ ¢y (57)

Here and in what follows ¢, , = const # 0. Thus, for S €
[0, 1) the radial Jacobi field remains finite at the singularity.
Although it is obvious that the Jacobi field is finite in the
case of the Schwarzschild-Tangherlini black hole (S = 1),
for there is no spacetime singularity at r = r,, it is remark-
able that the radial Jacobi field is finite at the singularity of
the Fisher spacetime. Thus, the singularity at r = r, is of a
special type, which we call radially weak.
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Now we consider the angular Jacobi fields (53). Each of
the (d — 2) angular Jacobi fields Z¢ satisfies the following
equation (no summation over &):

7%+ [R; 4 (k') + R, 4,4 (K)?1Zz% = 0. (58)
This equation is valid for both the radial timelike and null
geodesics. Approximating expressions (48), (49), (B2),
and (B3) near the singularity and applying the method of
Frobenius we derive the asymptotic behavior of the angular
Jacobi fields

Zd(/\) — cll/\l(l*S)/(d72+S(d74))
+ c2|)\l(l+S)(d_3)/(d_2+5(d_4))

— Cll)ll(l*S)/(d72+S(d*4))' (59)

This expression is valid for the radial timelike and null
geodesics for § € [0, 1]. There is no singularity for § = 1,
and the corresponding angular Jacobi fields are finite. For
other values of S the angular Jacobi fields vanish.

Let us now study the singularities of the Fisher universe
(34). We shall study behavior of the Jacobi fields defined
for radial timelike and null geodesics approaching the
spacetime singularities located at p = p, and at p = 0.
Applying the transformations (32) to expressions (48) and
(49) we derive the nonzero components of the unit tangent
vector

kK= @527 = £,0752 (60)

kb = q)(l—S)/(Z(d—3))—1/2p = F[(kH)? — £]/2, (61)

13 LX)

where “—" stands for outgoing and “+” stands for in-
going geodesics and £, = const which we define as fol-
lows:

E.,=0, &=L (62)

One can check that the radial geodesics approach the
singularities for finite values of A. For S € (0, 1] and geo-
desics approaching p = p,, the finite change of A corre-
sponds to an infinite change of the spacelike coordinate 7
for £_; > 0, whereas for geodesics approaching p = 0 the
change of the spacelike coordinate 7 vanishes. For § = 0
the change of the coordinate 7 is always finite.

The geodesics deviation equations for the radial and
angular Jacobi fields (52) and (53) orthogonal to the tan-
gent vector (60) and (61) can be constructed by applying
the transformations (32) to the Riemann tensor compo-
nents in Eqgs. (54) and (58). Solving the derived equations
near the singularity p = p,, of the Fisher universe, one can
see that the behavior of the Jacobi fields is exactly the same
as the behavior of the corresponding Jacobi fields (57) and
(59) near the singularity r = r, of the Fisher spacetime.

Let us examine the singularity at p = 0. Approximating
the Jacobi equation (54) near the singularity and applying
the method of Frobenius, we derive the asymptotic behav-

024035-7



SHOHREH ABDOLRAHIMI AND ANDREY A. SHOOM
ior of the radial Jacobi field,
ZM(A) ~ ¢;|A|S@=3)/(d=2+3)
+ 62|A|(1+S)(d72)/(d72+S)

~ Cll)\lfs(d*3)/(d*2+s)’ (63)

where S € (0,1]. Thus, as in the case of the
Schwarzschild-Tangherlini black hole, the radial Jacobi
field diverges. However, in the case of the massless
Fisher solution (S = 0) the radial Jacobi field is finite at
the singularity and given by expression (57). Thus, this
singularity is radially weak as well.

Let us consider the asymptotic behavior of the angular
Jacobi fields (53) corresponding to the radial timelike and
null geodesics approaching the singularity. For timelike
geodesics and for d = 4 we have

Z&(/\) ~ Cl|/\|1/(2+s) 4 02|A|(1+S)/(2+S) ~ C1|/\|1/(2+S),

(64)
whereas for d > 4 we have
ZE(A) ~ ¢ [A|AFS/E=249) 4 )| A|(@=3)/(d=2+8)
~c [A|A+9)/(@d=2+5) 65)
For null geodesics we have
Z8(A) ~ ¢ | A|(1+9)/(d=2=5(d=4)
+ ¢y A|(179@=3)/(d=2=S(d~4)
~ ¢, |A|0+9)/(@=2=5d=4)
d—4
se(0g=3) (66)
and
Z&(A) ~ c2|,\|(1—5)(61—3)/(41—2_5(61_4))’ se (u 1].
d—2
(67)

Thus, for S € (0, 1] and the radial timelike and null geo-
desics approaching the singularity at p = 0, the angular
Jacobi fields vanish.

To define the strength of the singularities we calculate
first the norm of the (d — 1)-dimensional volume element
of a synchronous frame which is defined by 1-forms cor-
responding to the radial and angular Jacobi fields calcu-
lated for the radial timelike geodesics as follows:

d
IVia—pll = 127| l_[ |Z4]. (68)

a=3

Near the singularities the norm of the volume element can
be approximated according to the behavior of the Jacobi
fields [see Eqs. (57), (59), and (63)—(65)] as follows:

Vgl ~ 1A1, (69)

where the exponent v = const defines how fast the norm of
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TABLE I. The values of the exponent v for the radial timelike
geodesics approaching the singularities.

d r=r,(p=p,) p=0
= 1-5=0 Z5=1
2+S 3
(1-8)(d-2)
>4 d—2+S5(d—4) =0 1

the volume element vanishes or diverges when we ap-
proach the singularities (A — —0). Thus, to compare the
strength of the singularities of the Fisher spacetime and the
Fisher universe we compare the corresponding values of
the exponent v. The results are given in Table 1.

For null geodesics approaching the singularities we
calculate the norm of the (d — 2)-dimensional area ele-
ment which is defined by 1-forms corresponding to the
angular Jacobi fields calculated for the radial null geo-
desics as follows:

d
lAu-»ll = T 12°1. (70)
a=3

Analogous to the norm of the volume element, the norm of
the area element can be approximated near the singularities
according to the behavior of the angular Jacobi fields [see
Egs. (59), (66), and (67)] as follows:

A @G-l ~ 1Al (71)

where the exponent a = const defines how fast the norm of
the area element vanishes or diverges when we approach
the singularities (A — —0). The values of the exponent a
calculated for the radial null geodesics approaching the
singularities of the Fisher spacetime and the Fisher uni-
verse are given in Table II.

Now we can summarize our results. According to the
values of the exponents v and a presented in Tables I and 11
the volume and the area elements vanish at the singular-
ities, except for the case of S = 1 and r = r,, where v =
a = 0, so the volume and the area elements are finite. This
case corresponds to the event horizon of the
Schwarzschild-Tangherlini black hole. At the black hole
singularity (r = p = 0) the area element is finite as well
(a = 0). Thus, according to the classifications of spacetime
singularities, the singularities of the Fisher spacetime and
the Fisher universe are strong. In addition, the strength of
the singularity at p = 0 is greater if the value of § is

TABLE II. The values of the exponent a for the radial null

geodesics approaching the singularities.

d r:ra(p:po) P:()d p:0b

=4 1-§S=0 1 1-85=0
(1-8)(d—2) (1+8)(d—2) (1-8)(d—2)(d—3)

>4 i@ =0 dasaa=! “dasaa =0

“Here S € [0,4=4].
"Here S € (4=3,1].
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smaller. However, for the radial timelike geodesics and
d > 4 the strength does not depend on S. Thus, in general,
the scalar field decreases the values of the volume and the
area elements. From the tables we see that for S € (0, 1)
the singularity at p = 0 is stronger than the singularity at
r =r,, whereas for § = 0 these singularities have equal
strength.

Let us analyze the behavior of the Jacobi fields. An
analysis of the angular Jacobi fields (59), (64), (66), and
(67) shows that the scalar field contracts the spacetime in
the angular directions. However, for the radial timelike
geodesics and d > 4 [see, (65)] it decreases the spacetime
contraction in the angular directions caused by the gravi-
tational field. From expressions (64) and (65) we see that in
the case of the Schwarzschild-Tangherlini black hole (S =
1) the angular Jacobi fields contract faster for d = 5, 6 than
for d = 4, and for d = 4 and d = 7 the contraction rates
are the same, whereas for d > 7 the contraction is less than
for d = 4. In the presence of the scalar field (S # 1) for
d > 4 the contraction is less [see, (65)]. An analysis of the
radial Jacobi field (63) shows that the scalar field decreases
its divergency, i.e., the scalar field contracts the Fisher
spacetime in the radial direction as well. However, the
radial Jacobi fields (57) at the singularities at » = r, and
at p = p, for § € [0, 1), as well as at the singularity at
p = 0 for § = 0 remain finite. According to our calcula-
tions, this is a generic property of the singularities which is
valid for any set of initial data. In other words, no fine-
tuning is required for such a behavior of the radial Jacobi
fields. It implies that a 1-dimensional object, for example,
an infinitesimally thin rod, which is moving along a radial
timelike geodesic will arrive intact to the singularities
without being contracted to zero or stretched to infinity.
We call these singularities radially weak.

Finite, nonzero values of the radial Jacobi fields termi-
nating at the radially weak singularities may suggest a C°
local extension [35] of the 2-dimensional (z, r) and (7, p)
spacetime surfaces through the singularities. In Sec. VII we
shall discuss such an extension for the singularities of the
Fisher solution.

IV. CAUSAL PROPERTIES OF THE FISHER
SOLUTION

A. Closed trapped surfaces

The concept of a closed trapped surface introduced by
Penrose [42] was crucial for the formulation of the singu-
larity theorems [7]. In a d-dimensional spacetime a closed
trapped surface 7 is a (d — 2)-dimensional spacelike
compact surface without boundary which is defined ac-
cording to the following property: future directed outgoing
and ingoing null geodesics orthogonal to 7~ are converging
at 7. Mathematically, this property is expressed in the
following way. Let 77~ be future directed null vectors
orthogonal to 7 and normalized in the following way:
g(ii*, i) = —1, where “+4” stands for outgoing and
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—” stands for ingoing null geodesics. Then, the scale-
invariant trapping scalar defined on T is as follows:

O;r=060"0" (72)

must be positive (see, e.g., [7,43]). Here 6= are the null
expansions of the null geodesics defined on 7 and ex-
pressed in terms of the null second fundamental forms

Xap = €€ Vona: (73)

in the following way:

=y Bxilr. (74)

Here e(,*, a =3, ..., d are the base-vectors tangential to
T and

Yap = gabl’fe(a)ae(ﬁ)b (75)

is the positive-defined metric induced on 7T .

Let us examine if closed trapped surfaces are present in
the Fisher spacetime and/or the Fisher universe. The Fisher
spacetime (5), r € (r,, ) is static and spherically sym-
metric. Thus, we define 7 by t = const and r = const. In
this case, the trapping scalar (72) is

g’ Bln'y)2
[0 JU——
T 8 ( ar

, (76)

r=const

where y = det(y,z) and the indices @, 8 = 3, ..., d stand
for angular coordinates. For the Fisher spacetime (5), r €
(r,, ) expression (76) reads

_(d- 2)2 2r13 — (1 + 8)rd3)?

Or = 8rSTd2 (pd=3 — pd=3)(1-5)/d=3)+1

r=const

(77)

This expression is negative for r € (r,, ). Thus, there are
no closed trapped surfaces in the Fisher spacetime. For the
Fisher universe (34) 7 is defined by 7 = const and p =
const and the trapping scalar is

_@=2? (0 +9p57 —2p"7)

07 = - — T
BpSHa2 (pd=3 — [pd=3)(1=9)/ld=3)+1

p=const

(78)

Clearly, it is nonnegative for p € (0, p,). The trapping
scalar vanishes for

1 + S\1/@d-3)
) . (79)

P = Px = po(T
The corresponding spacelike (d — 2)-dimensional surface
is called a marginally trapped surface. Note that R ; JUBN
zero on this surface [see, (B1) and (32)]. For the
Schwarzschild-Tangherlini black hole the marginally
trapped surface coincides with the surface of its event
horizon: p,. = p, =r,. In the case of the massless
Fisher solution we have p? =3 = p273/2.
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Let us calculate the maximal proper time A; correspond-
ing to the interval p € (0, p..] for the radial timelike geo-
desics. Using (60) and (61) and taking £_; = 0 we derive

. d-3 (1-8)/(2(d=3))-1/2
+0 P

0y 1+ 1 1-5 1)
=_Fo 3 ¥, +-), (80
d—3 <”S)/2<2(d—3) 2°2(d—3) 2 (80)

where B, (a, b) is the incomplete beta function (see, e.g.,
[41], p. 263). The maximal proper time A, corresponding
to the interval p € [p., p,) is

,—0 d-3 (1-5)/(2(d—3))—1/2
o= [ e (%) 1]
B P

pu 1+ 1 1-5 1)
= + 2, +-)—A, (81
d—3 (2(d—3) 2°2(d—3) 2 v 8D

where B(a, b) is the beta function (see, e.g., [41], p. 258).
According to the symmetry property of the incomplete beta
function,

B .(a, b) = Bla,b) — B,_,(b, a), (82)
for the massless Fisher solution (S = 0) we have
Do d—2 d—2 )

A=A = B , . 83

P 2(d - 3) (2(d—3) 2(d — 3) (83)

For the Schwarzschild-Tangherlini black hole (S = 1) we

have
11)
+=,=)
2°2

L=0. (84)

r, ( 1
d—3 \d—3
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In the 4-dimensional case this expression reduces to the
well-known result: A; = M (see, [20], p. 836). Let us see
how A, and A, depend on the scalar charge 2. Figure 2(a)
illustrates the maximal proper time A; and A, as a function
of § for the fixed value of the mass u = 1. Thus, S =0
corresponds to infinite value of the scalar charge o [see
expression (33)] and, as a result, A; = A, — . Note, that
for any d = 4 the maximal proper time A; has a local
minimum for a certain value of S € (0, 1).

Let us calculate the area of the marginally trapped
surface defined by (79). The areal radius corresponding
to p. is

R. =R(p.)
— 2 /=3 (] — §)1-9)/d-3)

X (1 + §)1+9/Qd=3) (85)

For § = 1 we have R, = p, = r,, which corresponds to
the Schwarzschild-Tangherlini black hole, and for S = 0
we have R, =273y —which corresponds to the
massless Fisher solution. Thus, the area of the (d — 2)-
dimensional marginally trapped surface is

B QR A2 7d=1)/2

A= e

(86)

Figure 2(b) illustrates how this area depends on the value of
S for the fixed value of the mass u = 1.

B. Misner-Sharp energy

In a spherically symmetric spacetime the Misner-Sharp
energy M(R), which is a spacetime invariant, defines the

100 A,

75—

50— d.{_li -/

25—_ des
_%‘_i"‘_‘——‘_‘"’
B S
0 TTT T[T T T T[T T T T[T T T I [ TTTT [ TTTT]
04 0.5 0.6 0.7 08 0.9 1.0

(b)

(a): Maximal proper time A , as a function of S for the fixed value of the mass u = 1 and d = 4, 5, 6. The indices 1 and 2

correspond to A; and A,, respectively. (b): Area A, as a function of S for u = 1 and d = 4, 5, 6. In any dimension, the minimal value
of A, corresponds to S = 0.834 and for S = 0.611 the value of A, equals to the horizon surface area of the Schwarzschild-

Tangherlini black hole of u = M =1 and 3 =0, (S = 1).
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“local gravitational energy” inside a sphere of the areal
radius R (see, e.g., [20,44]). It has many interesting prop-
erties (see, e.g., [45]). In particular, at spatial infinity in an
asymptotically flat spacetime it reduces to the Arnowitt-
Deser-Misner energy. For a central singularity, a negative
value of the Misner-Sharp energy implies that the singu-
larity is untrapped and timelike. If the dominant energy
condition holds on an untrapped sphere, the Misner-Sharp
energy is monotonically increasing in outgoing spatial or
null directions. As we shall see below, this is exactly the
case for the central singularity at » = r, of the Fisher
spacetime. Here we use the following expression for the
Misner-Sharp energy generalized to a d-dimensional
spacetime:

— ) ld=3)/2
M(r) = %Rv)da[l _ g,,(r)<d12(rr))2 ]
2

(87)

For the Fisher spacetime (5), r € (r,, ©) we have
d—37(1-5)/(2(d-3))
R(r) = r[l ~ (’—) ] (88)
r

and the Misner-Sharp energy is
(d—2)mld=3/2 pd=3(48p473 — (1 + §)2r473)
32r(%) P1=S)d=3)/2(yd=3 _ d=3)(1+5)/2°

(89)

M(r) =

In the limit » — co we have M(r) — M. The Misner-Sharp
energy (89) vanishes for

r=r, =r,(48)"V/d=3)(] + §)2/d=3) r,>r

0’

(90)

where S € [0, 1), and it is negative for r € (r,, r,). Note
that R@Baﬁ is zero for r = r, [see, (B4)]. For S = 1, which

corresponds to the Schwarzschild-Tangherlini black hole,
we have

(d—2)m=d2
M@r)=—————ri3=M=0. 91
(r) Sl—\(d;]) rU ( )

For a negative mass Schwarzschild-Tangherlini spacetime
which has naked singularity, M(r) = M < 0 everywhere.

The Misner-Sharp energy (87) can be expressed in terms
of the trapping scalar O [see, (76)] as follows:

(d — 2)7d=31
ST(SY)

R(r)‘H[l + M @T].

M) = (d—2)?

92)

Thus, it defines a condition when a sphere of the areal
radius R is trapped. Another way to define this condition is
to introduce the “‘local (Newtonian) gravitational potential
energy”” associated with M(r) as follows:
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_ArEHM()
 (d— 27 IR

Then, the trapping condition is the following: if U(R) >
1/2 the surface R = const is trapped, if U(R) = 1/2 the
surface is marginally trapped, and if U(R) < 1/2 the sur-
face is untrapped. Figure 3 illustrates M(R) and U(R) for
d = 4. For any d = 4, M(R) is monotonically increasing
and U(R) has the maximum U,, = U(R,,) = S*/2 = 1/2,
where

U(R) (93)

R, = R(r,)
= ro(ZS)_l/(d_3)(l _ S)(I—S)/(2(d—3))
X (1 + S)(1+S)/(2(d—3))’ (94)

and

T =7 (95)

1+ S\1/(@-3)
)

For the Schwarzschild-Tangherlini black hole we have
R,, = r,. Note that R, ; ;% is zero for r = r,, [see, (B3)].
Let us calculate geometric invariants of the region where

M(r) = 0. The proper distance corresponding to nonpos-
itive M(r) is

T r,\d—37(1-5)/(2(d—3))—1/2
L, — / dr[l - (_) ] . 96)
r,+0 r

Figure 4(a) illustrates the proper distance L, as a function
of S for the fixed value of the mass M = 1. According to
the figure, the proper distance L, is a monotonically de-
creasing function of S. This function diverges for S — 0
corresponding to infinite value of the scalar charge X [see
expression (8)].

Let us calculate the area of the sphere corresponding to
zero Misner-Sharp energy. The areal radius corresponding

10—

M(R)

o

Q3

G
|

0.5

0.25

S

=3
o

L1 11
k—
W —
L

=)
-

wn
S

S

-0.25

FIG. 3. Misner-Sharp energy M(R) and the “local (Newtonian)
gravitational potential energy” U(R) for M = 1, S = 1/2, and
d = 4. The maximum U,, = U(R,,) corresponds to R,, =2 -
33/4 and is equal to 1/8, [46].
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(b)

(a): Proper distance L, as a function of S for the fixed value of the mass M = 1 and d = 4, 5, 6. (b): Area A, as a function of

S for M = 1. In any dimension, the minimal value of A, corresponds to S = 0.834 and for S = 0.611 the value of ‘A, equals to the
horizon surface area of the Schwarzschild-Tangherlini black hole of M = 1 and X = 0, (S = 1).

to r, [see, (90)] is

R, = R(r,)
— 1, (48)"Vd=3(] — §)1=9/@=3)(] 4 §)(1+9/(d=3)
97)

For the Schwarzschild-Tangherlini black hole (S = 1) we
have R, = r, and for the massless Fisher solution (S = 0)
we have R, — +o0o. The area of the (d — 2)-dimensional
sphere corresponding to zero Misner-Sharp energy is

B 2R2727T(d7 1)/2

S

(98)

Figure 4(b) illustrates how this area depends on the value of
S for the fixed value of the mass M = 1. It is remarkable
that in any dimension d = 4 both the areas A, and A,
[see Fig. 2(b)] have minimal values at the same value of
S =~ 0.834, and for S = 0.611 they are equal to the horizon
surface area of the Schwarzschild-Tangherlini black hole
of M=1and 3 =0, (S=1).

C. Causal structure

To study the causal structure of the Fisher spacetime and
the Fisher universe we consider first radial null geodesics.
We start from the Fisher spacetime (5), r € (r,, ) and
consider radial null geodesics in the (z, R) plane, where
R = R(r) is the areal radius [see, (88)], which is a geomet-
ric invariant. Using (48) and (49) we present the solution
for the radial null geodesics in the following form:

ro\d=37(1=9)/2d=3)~(1+5)/2
Hr) == [dr[l - (—") ] . (99)
r

4-370-5)/2d-3)
R(r) = r[l - (r—) ] :
.

ER]

(100)

where “+” stands for outgoing and “— stands for in-
going radial null geodesics. The coordinate ¢ is timelike
and the areal radius R(r) is spacelike. Local null cones are
defined by

30jt(r)
25
1<
18
20—§;
4 &
- ®
1
13
15—_‘§
Je
§
1
4
10 =
1
1o
51
] i
] R(r)
LV o S e s e B e e s e

0 2 4 6 8

FIG. 5. Radial null geodesics in the Schwarzschild-Tangherlini
spacetime of M’ =2, 3/ =0, [see, (31)] and d = 4. The be-
havior of the geodesics is generic for other values of d > 4. The
black hole event horizon is located at R = r, = 4. It separates
the exterior / and interior /] regions. The spacelike singularity is
located at R = r = 0. The direction of local time is illustrated by
the future null cones.
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15.0:,5(7.)
] o
125
43
12
100 &
1s X
Ié o
4
754 §
4 3
1< .
T= 2
50 1
13
25
] &
] R. R(r)
0.0 TT T T [T T T T [T T T[T T T T T 1T
0 1 2 3 4 5

FIG. 6. Radial null geodesics in the Fisher spacetime of M =
1, S = 1/2, and d = 4. The behavior of the geodesics is generic
for other values of d >4 and S € [0,1). The areal radius
corresponding to zero value of the Misner-Sharp energy is given
by R, = 3+/3/2. The timelike singularity is located at R(r,) =
0. The direction of local time is illustrated by the future null
cones.

d—3 _ ,.d—3\(1-5)/2

4 _ +9,(1+5)(d~3)/2 (r ra= )=/
+2r e —-

dR 27473 — (1 + §)rd™

(101)

The radial null geodesics in the Fisher universe (34) can
be derived by applying the transformations (32) to expres-
sions (99) and (100), or directly by using (60) and (61),

d-3 (1-8)/(2(d—3)—(1+5)/2
o= [an (%) - 1] ’
p
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)43 (1-5)/(2(d—3))
R (p) = p[(%) - 1] ,

3 LX)

(103)

where stands for outgoing and ““+” stands for in-
going radial null geodesics. The coordinate 7 is spacelike
and the areal radius R (p) is timelike. The local null cones
are defined by

dR _ 1 isaap Lt Sps —2p on
dr 2p (pzus _ pd*3)(lfs)/2 .

This expression vanishes at p = p.. which corresponds to
the marginally trapped surface (79).

The radial null geodesics corresponding to S = 1 are
illustrated in Fig. 5. To construct a similar picture for the
radial null geodesics corresponding to S € [0, 1) we define
the direction of time in the Fisher universe in accordance
with the Schwarzschild-Tangherlini black hole interior
(see region I in Fig. 5). Namely, for § = 1 the timelike
coordinate p = p, = r, is past and p = r = 0 is future.
We shall keep this convention for other values of § €
[0, 1). The radial null geodesics in the Fisher spacetime
and the Fisher universe are illustrated in Figs. 6 and 7,
respectively.

The Fisher universe is an anisotropic universe whose
topology is RL X R} X S972. At the moment of its “‘big
bang” (p = p,) the Fisher universe is a point of zero
proper (d — 1)-dimensional volume. It begins to expand
in all spatial directions and at the moment p = p. [see,
(79)] its boundary area along the angular directions reaches
the maximal value A, [see, (86)], and the universe begins
to contract in the angular directions and continues to ex-
pand in the spatial 7 direction. At the moment of its “‘big
crunch” (p = 0) its boundary area along the angular di-
rections vanishes and its expansion along the 7 direction
diverges.

The causal structure of the Fisher solution can be sum-

(102)  marized in the corresponding Penrose diagrams (see

150 — 150

. 7(p) \‘O‘ut\ 7(p) -
125 i - 12.

1., in___ o 125

1% I E

48 QU
100 & > F100

1 out out ST

Ix [

H a. S E
7548 SFEs
1< ) Sr
13 = UL
s0d<& = Eso
= ‘ 8 -

11 out 8 F
251° “T2s
. (p) —— L R, ~ Z(p) Z
0.0 4+ [T T T T T T T T T [T T T T [ T T T T [ T T T T [ T T T T [ T T T T T TTT 0.0
0.0 05 10 15 20 20 15 10 05 00

FIG. 7. Radial null geodesics in the Fisher universe of u = 1, § = 1/2, and d = 4. The behavior of the geodesics is generic for other
values of d >4 and S € [0, 1). The marginally trapped surface is located at R, = 33/4. The spacelike singularities corresponding to
p = p, and p = 0 are located at R = 0. The direction of local time is illustrated by the future null cones.
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Tt singularity r =0 T+ absolute future
event horizon

J+

-
absolute past
T~ singularity r =0 7~ event horizon

FIG. 8. Penrose diagram for the maximally extended
Schwarzschild-Tangherlini spacetime. Each interior point in
the diagram represents a (d — 2)-dimensional sphere.

Figs. 9 and 10). For comparison, we present the Penrose
diagram of the Schwarzschild-Tangherlini spacetime (see
Fig. 8). The topology of the spacelike singularity located at
r=0is R! X S?°2 [47]. Figure 9 represents the region
conformal to the Fisher spacetime (5), r € (r,, o). It is
asymptotically flat and has timelike curvature singularity at
r = r,. The topology of the timelike singularity located at
r=r,is R! for § €[0,1/(d —2)), and R! X $¢72 for
S e [1/(d —2),1). Figure 10 represents the region con-
formal to the Fisher universe (34). The coordinate p and
the corresponding “‘tortoise coordinate,” which is given by
the right-hand side of (102), take finite values, whereas
7 € (—00, ). There is no conformal transformation which
makes the infinite interval 7 € (— o0, 00) finite and does not
shrink the finite interval of the tortoise coordinate to a
point, thus inducing a coordinate singularity [49]. Here
we present spacelike infinities 7 — *oco by two disjoint
points J°. The spacetime singularities of the Fisher uni-
verse located at p = p, and p = 0 are both spacelike. The
topology of the spacelike singularities located at p = p,
and at p = 0 is R X S972. According to the time direc-
tion convention the singularity at p = p,, is in the past and
the singularity p = 0 is in future. Thus, any causal curve in
the Fisher universe originates at p = p, and terminates at

To

singularity v

T

FIG. 9. Penrose diagram for the Fisher spacetime. Each inte-
rior point in the diagram represents a (d — 2)-dimensional
sphere.
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O’s past
event horizon

O’s future

event horizon, singularity p=10

OIU

4
AN

singularity p= po ~O’s geodesic

FIG. 10. Penrose diagram for the Fisher universe. Each interior
point in the diagram represents a (d — 2)-dimensional sphere.
The marginally trapped surface of the Fisher universe is sche-
matically illustrated by the infinite line p = p..

p = 0. As a result, for geodesic families of observers both
particle and event horizons exist. The geodesic of one such
observer O and the corresponding past and future event
horizons are shown in the diagram.

V. ISOMETRIC EMBEDDING

One of the ways to study geometry of a d-dimensional
(pseudo-)Riemannian space which has an analytic metric
of signature p — g = d is to construct its isometric embed-
ding into a D-dimensional (pseudo-)Euclidean space with
the signature » — s = D. A local analytic isometric em-
bedding is always possible if the dimension of the (pseudo-
)Euclidean space of the signature r — sis D = d(d + 1)/2
and r = p, s = g, [50]. For a global isometric embedding
the dimension D generally should be greater [51]. For
example, a 4-dimensional Schwarzschild solution whose
metric has the signature 3 — 1 = 2 can be isometrically
embedded into a 6-dimensional pseudo-Euclidean space of
the signature 5 — 1 = 4 [52]. Examples of isometric local
and sometimes global embeddings of some 4-dimensional
Lorentzian spacetimes into pseudo-Euclidean spaces of
higher dimensions are given in [53]. When dealing with
spacetimes of the general theory of relativity one has
usually d = 4 and higher values of D. Thus, having an
embedding it is impossible to construct the corresponding
visual picture illustrating the spacetime geometry.
However, if a spacetime has symmetries defined by its
Killing vectors, one can study its geometry by considering
embeddings of the spacetime (hyper)surfaces orthogonal
to the orbits of its Killing vectors. In the case if such a 2-
dimensional surface exists, one can construct a 3-
dimensional picture illustrating its isometric local
embedding.

Here we shall consider local isometric embeddings of 2-
dimensional subspaces of the Fisher spacetime and the
Fisher universe. Both the spacetimes have a set of Killing
vectors which allows us to study their geometry by con-
sidering embedding of the corresponding 2-dimensional
subspaces. The geometry of the Fisher spacetime (5), r €
(r,, ) and the Fisher universe (34) is the same for any
value of the coordinate ¢ and 7, respectively. In addition,
the spacetimes spherical symmetry implies that any 2-
dimensional surface defined by ¢ = const (7 = const)
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and 0% = const, « = 3,...,d — 1, where 8% € [0, 7] and
¢ € [0,27) are d — 2 (hyper)spherical coordinates, has
the same geometry. Thus, to visualize the geometry of the
spacetimes we present local isometric embeddings of their
2-dimensional subspaces defined by = const (7 = const)
and 0% = /2, a =3,...,d — 1.
Let us begin with the Fisher spacetime (5) whose 2-
dimensional subspace metric is given by
dS2 — F(l*S)/(d*S)*ld},Z + r2F(lfS)/(d73)d¢2, (105)
where r € (r,, ) and F is given by (6). Let us embed this
surface into a 3-dimensional Euclidean space endowed
with the following metric:
dl’> = dZ* + dR* + R*d¢?, (106)
where (Z, R, ¢) are the cylindrical coordinates. To con-
struct the embedding we consider the following parame-
trization of the surface:

Z=2(), R=R(®. (107)

Thus, the surface metric in the cylindrical coordinates
takes the following form:
di> = (Z?, + R,Zr)dr2 + R(r)>d¢>. (108)

Matching the metrics (105) and (108) we derive the fol-
lowing embedding map:

d—37(1-5)/(2(d—3))
R(r)zr[l—(r—o) ] . (109)
r

[4Srd73 — (1 + §)?rd—3]1/2

_ [(d=3))2 f
Z(r)=r dr .
(r) 0 2/ 1=9)/2(pd=3 rg—3)1—(1—s)/(2(d—3))

(110)

We see that for r € (r,, r,), where r, is given by (90), the
coordinate Z(r) is imaginary. Thus, the corresponding
region of the surface cannot be isometrically embedded
in this way into the 3-dimensional Euclidean space. Note

that the Misner-Sharp energy (89) and Rd B&ﬁ (B4) are
negative in this region.

Although the region r € (r,, r,) cannot be isometrically
embedded in this way into the 3-dimensional Euclidean
space, we can embed it isometrically into 3-dimensional
pseudo-Euclidean space endowed with the following met-
ric:

dl? = —dZ? + dR? + R*d¢?, (111)
where Z is a timelike coordinate. Repeating the steps
above we derive the corresponding embedding map

d-3701-9/Q(d-3)
R(r) = r[l ~ (L> ] . 312
r
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B 1+ §)2,4-3 — 45,4371/
Z(n="r 3)/2_[‘” (1—[3()/2 fzzro a3 f—ra—s}/(z(d—w)'
2r (rd=3 = rd=3)

(113)

Embeddings of the surfaces corresponding to S = 1 and
S = 1/2 are presented in Figs. 11(a) and 11(b), respec-
tively. In the case of the Fisher spacetime, the region
between R, [see, (97)] and asymptotic infinity (R — o0)
corresponds to positive Misner-Sharp energy. The region
between R(r,) and R, corresponds to negative Misner-
Sharp energy. At the convolution point R, [see, (94)] we
have Z = S/v1 — 8. For S = 0 we have R, — o and
the Misner-Sharp energy is negative everywhere.

Let us now consider the Fisher universe (34) whose 2-
dimensional subspace metric is given by

ds? = —®U=9/@=3-1gp2 4 2=/~ gp2  (114)

where p € (0, p,) and ® is given by (35). This surface can
be isometrically embedded into a 3-dimensional pseudo-
Euclidean space endowed with the following metric:

d? = —dZ? + dR?* + R?d¢>. (115)

Matching the metrics (114) and (115) we derive the fol-
lowing embedding map:

)43 (1-5)/(2(d—3))
R(p)=p[(%) 1] .16

Z(p) (d73)/2'/‘d [(1+8)2pd=3—48p?3]1/2
pP)=p P — — 3N (1= 3
o 2p(1 S)/2(pff 3_pd 3)1 (1-5)/(2(d—3))

(117)

Embeddings of the surfaces corresponding to S = 1 and
S =1/2 are presented in Figs. 12(a) and 12(b),
respectively.

We shall discuss the embedding diagrams in the follow-
ing section.

(b)

FIG. 11. Embedding diagrams for d = 4. (a): Exterior region
of the Schwarzschild-Tangherlini black hole of M’ =2 and
3/ =0, [see, (31)]. The dashed circle of the radius R(r,) = r,
represents its event horizon. (b): Fisher spacetime corresponding
to M =1 and S = 1/2. The point R(r,) = 0 represents the
naked timelike singularity. The dotted circle of the radius R,
represents the region where the Misner-Sharp energy is zero. The
dashed circle of the radius R,, represents the region where the
“local (Newtonian) gravitational potential energy” U(R) is
minimal (see Fig. 3). The diagrams are qualitatively generic
for other values of d > 4.
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Z(po) =0

- R(po)

o

R = R(ps)

FIG. 12. Embedding diagrams for d = 4. (a): Interior region of
the Schwarzschild-Tangherlini black hole of M’ = 2 and 3/ = 0,
[see, (31)]. The dashed circle R(p,) = p, = r, represents its
event horizon and the point R(0) = 0 represents its spacelike
singularity. (b): Fisher universe correspondingto u = 1 and § =
1/2. The points R(p,) = 0 and R(0) = O represent its space-
like singularities corresponding to the universe’s big bang and
big crunch, respectively. The dashed circle of the radius R.
represents the marginally trapped surface (85). For S = 0 the
diagram is symmetric with respect to the circle. The diagrams
are qualitatively generic for other values of d > 4.

VI. THE FISHER SPACETIME AND THE FISHER
UNIVERSE

So far we were considering the Fisher spacetime and the
Fisher universe separately. This approach is based on the
fact that the Fisher solution is singular at r = r, (p = p,)
and the disconnected parts of the Fisher manifold, which
represent the Fisher spacetime and the Fisher universe,
seem to not be related to each other. However, we can
show that there are certain relations between some geo-
metric quantities of the Fisher spacetime and the Fisher
universe. Namely, if we consider expressions (79), (90),
and (95), we observe that the following relation holds:

* 1 + S\1/(d-3)
Pe _Te _ (—) . (118)
Po Iy 2
In the limit S — 1 we have p, = p, = r, = r,,, where

p, = r, defines the event horizon of the Schwarzschild-
Tangherlini black hole which is dual to the Fisher solution.
There is an analogous relation between surface areas cor-
responding to p., r,, 1, and the area A gy of the black
hole event horizon surface (r = r, = p,) [see Egs. (85),
(86), (94), (97), and (98)],

A, _ A,
ﬂEH ﬂm

= [1(1 — S)(l*S)/Z(l + S)(1+S)/2:|(d—2)/(d—3)‘
2

(119)

In the limit S — 1l wehave A, = Ay = A, =A,.In
addition, in Sec. IV we found that in any dimension d = 4
both the areas A, and A, calculated for the fixed value of
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the mass M = pu = 1 have minimal values at the same
value of § = 0.834, and for S = (0.611 they are equal to the
horizon surface area of the Schwarzschild-Tangherlini
black hole of M = 1 and 3 = 0 [see Figs. 2(b) and 4(b)].

An analysis of the Kretschmann invariant (B5) shows
that there is another property which holds for any member
of the Fisher family of solutions corresponding to S €
[0, 1). Namely, ratio of the Kretschmann invariant to the
corresponding squared Ricci scalar (45) calculated at p =
P« I = 1,,and r = r,, does not depend on S and M (or ),

e 2(2d — 3)
- = 12
& |,y d-2d—3) (120)
x d
o I =t (121)
K| 20d-27-1)
el a-oa-3»

where S € [0, 1). Thus, these ratios, as well as r,, are
invariants of the duality transformation (27) corresponding
to S €[0,1).

The relations (118) and (119) may seem ‘‘natural”
because both the Fisher spacetime and the Fisher universe
originate from the same metric (5). However, such rela-
tions may have deeper roots. Our analysis of the Fisher
solution yields the following results. The Schwarzschild-
Tangherlini black hole solution belongs to the same theory
(1), and it is dual to the Fisher solution. The duality trans-
formation (27) maps the exterior region of the
Schwarzschild-Tangherlini black hole r € (r,, ) into
the Fisher spacetime r € (r,, ©) and the interior region
of the black hole r € (0, r,) into the Fisher universe p €
(0, p,). Such a map may be visualized with the help of the
embedding diagrams presented in Figs. 11 and 12 in
Sec. V. Namely, according to expressions (85), (88), (94),
and (97) we have

R *|S—>l = leS—»l = RelS—>l = R(I"(,) = To- (123)

This expression implies that in the limit, which corre-
sponds to zero value of the scalar charge, the region
between the dashed circle of the radius R,, and the point
R(r,) = 0 in Fig. 11(b) maps into the circle of the radius
R(r,) = r, in Fig. 11(a), and the region between the
dashed circle of the radius R, and the point R(p,) = 0
in Fig. 12(b) maps into the circle of the radius R(p,) = p,
in Fig. 12(a). Both the circles in Figs. 11(a) and 12(a)
represent the event horizon of the Schwarzschild-
Tangherlini black hole, i.e., R(r,) = r, = R(p,) = p,-
Thus, the region of the Fisher spacetime between the
(d — 2)-dimensional sphere of the areal radius R,, and
the timelike naked singularity at » = r, and the region of
the Fisher universe between the spacelike naked singular-
ity at p = p, and the marginally trapped surface at p = p.
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map into the event horizon of the Schwarzschild-
Tangherlini black hole. Note that this is not a one-to-one
map.

VII. SUMMARY AND DISCUSSION

In this paper we studied the d-dimensional generaliza-
tion of the Fisher solution, which has a naked curvature
singularity that divides the Fisher manifold into two dis-
connected parts, the Fisher spacetime and the Fisher uni-
verse. The d-dimensional Schwarzschild-Tangherlini
solution and the Fisher solution belong to the same theory
(1) and are dual to each other. The duality transformation
(27) maps the exterior region of the Schwarzschild-
Tangherlini black hole into the Fisher spacetime, which
has a naked timelike singularity, and the interior region of
the black hole into the Fisher universe, which is an aniso-
tropic expanding-contracting universe and which has two
spacelike singularities representing its big bang and big
crunch. The big bang singularity and the singularity of the
Fisher spacetime are radially weak in the sense that a 1-
dimensional object moving along a timelike radial geode-
sic can arrive at the singularities intact. These results and
the relations between geometric quantities of the Fisher
spacetime, the Fisher universe, and the Schwarzschild-
Tangherlini black hole presented in Sec. VI may suggest
the following scenario. The massless scalar field, which
according to the results of Sec. III contracts the spacetime
in the angular directions, transforms the event horizon of
the Schwarzschild-Tangherlini black hole into the naked
radially weak disjoint singularities of the Fisher spacetime
and the Fisher universe which are “dual to the horizon.”
The properties of the Fisher solution presented above may
suggest that one could “‘join” the Fisher spacetime and the
Fisher universe together. If such a “junction” is possible,
then a 1-dimensional object traveling along a radial geo-
desic can pass through the timelike naked singularity of the
Fisher spacetime and emerge out of the big bang singular-
ity into the Fisher universe.

One may think of how to construct a junction between
the Fisher spacetime and the Fisher universe. As it was
mentioned at the end of Sec. III, one may suggest a C° local
extension of the 2-dimensional (¢, r) and (7, p) spacetime
surfaces through the singularities which could provide a
junction between the Fisher spacetime and the Fisher uni-
verse. However, this does not solve the problem com-
pletely, as far as it may provide a 2-dimensional junction
only. Thus, one may try to look for other possibilities. For
example, in a domain of Planckian curvatures, K ~ 1}214 =
c8/(hG)? = 1.47 X 10" m™*, quantum effects can be
dominant and may ‘““smooth out” curvature singularities.
If this is indeed true, then we may expect that the Fisher
spacetime and the Fisher universe may be physically (in the
quantum way) joined together. Another way to smooth out
the singularities is to consider the Einstein action with
higher curvature interactions which are dominant near a
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spacetime curvature singularity and may remove it.
However, there are arguments based on ground state stabil-
ity which imply that curvature singularities (eternal and
timelike) play a useful role as being unphysical [54]. For
example, the timelike singularity of the negative mass
Schwarzschild solution, if smoothed out, would give us a
negative energy regular solution. As a result, Minkowski
spacetime would not be stable. In the case of the Fisher
solution, which is a nonvacuum solution, there is a compact
region near the singularity (which can be arbitrary small)
where the Misner-Sharp energy is negative. However, the
energy conditions are not violated. Thus, the singularity of
the Fisher spacetime may be ‘“‘physical.”

How generic can the properties of the Fisher solution
be? According to a theorem presented in [55] for 4-
dimensional spacetime, any static, asymptotically flat so-
lution to Egs. (3) and (4) with ¢ # 0 has a singular, simply
connected event horizon defined by k> = 0, where —k? is
the squared norm of the timelike Killing vector 6¢, [see,
(18)]. The event horizon remains singular if a solution to
Egs. (3) and (4) with ¢ # 0 is not asymptotically flat. For
example, applying the duality transformation (25) to a 4-
dimensional axisymmetric distorted Schwarzschild black
hole discussed in [56], we can construct the corresponding
axisymmetric distorted Fisher solution. There are other 4-
dimensional singular solutions with a massless scalar field
which are generalizations of the Fisher solution. These are
the Penney solution, which is a generalization of the
Reissner-Nordstrom solution in the presence of the mass-
less scalar field [57] and the Kerr solution with the addition
of the massless scalar field [3]. These solutions indicate
that the massless scalar field transforms the event horizon
into a naked singularity. Whether the naked singularity in
these solutions is radially weak and the solutions have
properties similar to the Fisher solution is an open ques-
tion. We believe that it is likely to be the case.

Finally, one can ask if the Fisher solution is physical
indeed. This question can be divided into two parts. The
first part is whether such a solution can be considered as a
result of a gravitational collapse, disproving cosmic cen-
sorship conjecture. Spherical gravitational collapse of a
massless scalar field (without scalar charge) was studied,
e.g., in [58,59]. It was found that in some cases naked
singularities do appear. However, later it was shown that
formation of the naked singularities is an unstable phe-
nomenon [60]. An alternative to gravitational collapse is
the existence of primordial singularities (see, e.g., [61]).
The second part of the question is concerned with the
stability of the Fisher solution. To the best of our knowl-
edge this issue is open. The related problem of stability of
the negative mass Schwarzschild solution under linearized
gravitational perturbations was discussed in [62]. It was
found that for a physically preferred boundary conditions
corresponding to the perturbations of finite energy the
spacetime is stable. A different conclusion concerning to
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stability of the negative mass Schwarzschild solution had
been reached in [63]. It would be interesting to study the
stability of the Fisher spacetime singularity.

We hope that in the future more can be said about the
issues discussed here.

ACKNOWLEDGMENTS

We would like to thank Mustafa Halilsoy, Don Page,
Jutta Kunz, Werner Israel, Rituparno Goswami, and Eric
Woolgar for discussions and valuable suggestions. We are
grateful to the referee for bringing to our attention details
of Fig. 10.

APPENDIX A: THE EINSTEIN AND THE
KLEIN-GORDON EQUATIONS

The Einstein equations (3) for a static, spherically sym-
metric metric of the form

ds? = —etdf? + eBdr? + ech%dfz), (A1)
where A, B, C are functions of r, reduce to
24, +AJA,—B,+(d—2)C,]=0, (A2)
sc_ 4ol
C,2A,+(d—3)C,]—4(d—3)e = m (A3)
A,C,—C,A,+2(d—- 3)A,,eB_C = 0. (A4)

The Klein-Gordon equation (4) for the static, spherically
symmetric scalar field ¢ = ¢(r) is

(e1/2NA=B+(d=2)Cly, ) = (), (A5)

Integrating this equation with an appropriate constant of
integration we derive

_Ad - 3r(EhHs

_ 7@ = IS )a-B+(d-2)C]
Por (d — 2)7d-I72 € .

(A6)

PHYSICAL REVIEW D 81, 024035 (2010)

A substitution of Eq. (A6) into Eq. (A3) gives a closed
system of equations for the metric functions A, B, C.

APPENDIX B: THE RIEMANN TENSOR AND THE
KRETSCHMANN INVARIANT

The Riemann tensor components for the metric (5)
defined in a local orthonormal frame are (no summation
over @)

. S R . .
Rl =~ =g sl — (147 B
R a — __ Rf?f? B2
fat d—2’ (B2)

R R[2Sr?3 — (1 + §)rd—3
Ri‘d?a == [ 2 d—3 ]r (B3)

(1 =58 = 2)rg

. R[4Sr4™3 — (1 + §)2rd73

R a_ RI4ST (1+8)°rg "] (B4)

BaB (1 —82)(d—2)(d—3)ri 3

where R is the Ricci scalar (45) and the indices &, 3 =
3,..., d stand for orthonormal components in the compact
dimensions of the (d — 2)-dimensional round sphere. The
corresponding Kretschmann invariant is given by

K=Ry5:4R"C
2 R* (d—1
(11— 8522 ,g<d—3><d—2

V>

){252[2%3 —(1+§)r]

SPEY [28r973 — (1 + $)rg 3P
1 _ -
tEoDE=3 [45r773 — (1 + 8)*rd 3 2}, (B5)

where {a, b, &, d} = {, 7,4, B=3,...,d}.
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