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Geometry and dynamics of a tidally deformed black hole
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The metric of a nonrotating black hole deformed by a tidal interaction is calculated and expressed as an
expansion in the strength of the tidal coupling. The expansion parameter is the inverse length scale R !,
where R is the radius of curvature of the external spacetime in which the black hole moves. The
expansion begins at order R ~2, and it is carried out through order R ~*. The metric is parametrized by a
number of tidal multipole moments, which specify the black hole’s tidal environment. The tidal moments
are freely-specifiable functions of time that are related to the Weyl tensor of the external spacetime. At
order R 2 the metric involves the tidal quadrupole moments £,, and B,;,. At order R 3 it involves the
time derivative of the quadrupole moments and the tidal octupole moments &, and B,,,.. At order R ~*
the metric involves the second time derivative of the quadrupole moments, the first time derivative of the
octupole moments, the tidal hexadecapole moments &,;,.; and B4, and bilinear combinations of the
quadrupole moments. The metric is presented in a light-cone coordinate system that possesses a clear
geometrical meaning: The advanced-time coordinate v is constant on past light cones that converge
toward the black hole; the angles 6 and ¢ are constant on the null generators of each light cone; and the
radial coordinate r is an affine parameter on each generator, which decreases as the light cones converge
toward the black hole. The coordinates are well-behaved on the black-hole horizon, and they are adjusted
so that the coordinate description of the horizon is the same as in the Schwarzschild geometry: r =
2M + O(R ). At the order of accuracy maintained in this work, the horizon is a stationary null
hypersurface foliated by apparent horizons; it is an isolated horizon in the sense of Ashtekar and Krishnan.
As an application of our results we examine the induced geometry and dynamics of the horizon, and

calculate the rate at which the black-hole surface area increases as a result of the tidal interaction.
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I. INTRODUCTION AND OVERVIEW

A. This work and its context

Our main goal in this work is to calculate the gravita-
tional field of a nonrotating black hole that is deformed by
a tidal interaction with external bodies. We assume that the
tidal interaction is weak, and that it changes slowly; we
make no other assumptions, and describe the tidal environ-
ment in the most general terms compatible with the main
assumptions. This work is a continuation of a line of
inquiry that was initiated by Manasse [1] in the early
1960s; our implementation is much more general, and
much more accurate, than Manasse’s original work.

We first introduce the two length scales that are relevant
to this problem. (Throughout the paper we use relativistic
units and set G = ¢ = 1.) The first is M, the mass of the
black hole. The second is R, the radius of curvature of the
external spacetime associated with the external bodies,
evaluated at the black hole’s position. We assume that the
scales are widely separated, so that

M < R. (1.1)

This condition ensures that the tidal interaction is weak,
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and allows us to speak meaningfully of a black hole mov-
ing in an external spacetime; when M is comparable to R,
no clear distinction can be made between the ‘“‘black hole”
and the “external spacetime.” We refer to the approxima-
tion scheme based on the condition M/R < 1 as the
small-tide approximation.

As a concrete example we may consider a situation in
which the black hole is a member of a binary system. Let
M’ denote the mass of the external body, b the separation

between the companions, and V ~ /(M + M') /b the orbi-
tal velocity. The radius of curvature is then R ~

Vb3 /(M + M), and
M M

R MM (1.2)

We demand that this be a small quantity. There are two
particular ways to achieve this. In the small-hole approxi-
mation the black-hole mass is assumed to be much smaller
than the external mass, so that M/(M + M') < 1; then
M /R is small irrespective of the size of V, and the binary
system can be strongly relativistic. In the weak-field ap-
proximation it is V that is assumed to be small, while the
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mass ratio is left unconstrained; here the two companions
can have comparable masses, or the black hole can be
much larger than its companion, but the mutual gravity
between the bodies must be weak. The small-hole and
weak-field approximations are particular instances of the
more general requirement that M /R < 1; they are both
incorporated within our small-tide approximation.

The effects of a tidal field on the structure of spacetime
around a black hole were first investigated by Manasse [1],
in the specific context of the small-hole approximation.
Using techniques similar to those exploited in this paper,
Manasse calculated the metric of a small black hole that
falls radially toward a much larger black hole. Each black
hole was taken to be nonrotating, and the small hole was
taken to move on a geodesic of the (unperturbed)
Schwarzschild spacetime of the large hole. The case of
circular motion around a large Schwarzschild black hole
was treated much later by Poisson [2], and Comeau and
Poisson [3] examined the case of circular motion around a
Kerr black hole.

The methods employed by Manasse could be applied
beyond the small-hole approximation. Alvi [4,5] realized
that they could be seamlessly extended to the more general
context of the small-tide approximation of Eq. (1.1). Alvi
exploited this insight to calculate the tidal fields acting on a
black hole in a post-Newtonian binary system. In Alvi’s
work, the two bodies have comparable masses and the
black hole has a significant influence on the geometry of
the external spacetime. Alvi calculated the tidal fields to
leading (Newtonian) order in the post-Newtonian approxi-
mation to general relativity, and specialized the orbital
motion to circular orbits. His work was later generalized
to first post-Newtonian order, and to generic orbits, by
Taylor and Poisson [6].

Alvi’s work motivated an effort to improve our under-
standing of the tidal interaction of black holes by construct-
ing the black-hole metric to high order in the coupling
strength M /R. More precisely, the metric is calculated in
the black hole’s local neighborhood, and expressed as an
expansion in powers of r/R < 1, where r is the distance
to the black hole; the metric is valid to all orders in M /r.
This program was initiated by Detweiler [7,8], who calcu-
lated the metric through order (r/R)?, the lowest order at
which tidal effects appear. It was pursued by Poisson [9],
who calculated the metric through order (r/R)3. In this
paper we improve on the earlier work by calculating the
metric through order (r/R)*, and present the most accu-
rate version ever produced of the metric of a tidally de-
formed black hole. The improvement of the metric, from
order (r/R)? to order (r/R)*, represents a significant
challenge, and the work presented here goes much beyond
the work contained in Ref. [9].

Other authors have also contributed to this effort. Frolov
and his collaborators [10,11] examined the internal geome-
try of a tidally deformed black hole, and Damour and
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Lecian [12] characterized the tidal deformation in terms
of a polarizability and “‘shape Love numbers’’; these works
were restricted to axisymmetric tidal fields, a restriction
that is not made in this paper. In a genuine rour de force,
Yunes and Gonzalez [13] calculated the tidal deformation
of a rapidly rotating black hole to order (r/R)2. The tidal
deformation of neutron stars (and other types of compact
bodies) has also been the subject of recent investigations
[14-17].

B. Tidal quadrupole moments

In the work of Detweiler [7,8] and Poisson [9] reviewed
previously, and in the work presented here, the tidal envi-
ronment is described in the most general terms compatible
with the Einstein field equations. The metric is parame-
trized by freely-specifiable functions of time that serve the
specific purpose of specifying the tidal environment; these
are packaged in symmetric tracefree (STF) tensors &, ...,
and B, ,,...,, [18], which we refer to as the tidal multipole
moments of the black-hole spacetime. (The tidal moments
can be thought of as Cartesian tensors; they are symmetric
and tracefree in all pairs of indices.) At order (r/R)? the
metric involves the quadrupole moments £, (5 functions)
and B,, (5 functions). At order (/R )? the metric involves
the time derivative of the quadrupole moments, as well as
the octupole moments &,,,. (7 functions) and B,,. (7
functions). And at order (r/R)* the metric involves the
second time derivative of the quadrupole moments, the first
time derivative of the octupole moments, the hexadecapole
moments E,;,.4 (9 functions) and B, (9 functions), and
bilinear combinations of the quadrupole moments. (The
calculational challenge of this work resides mostly with the
inclusion of the bilinear terms, which are supplied by the
nonlinearities of the Einstein field equations.) This gener-
ality is a substantial virtue of our work, which unifies and
extends earlier works [4,5,19,20] that examined special
cases.

The metric of a tidally deformed black hole is obtained
by integrating the vacuum field equations in the local
neighborhood of the black hole. The field equations leave
the tidal moments undetermined, and the metric is pre-
sented as a functional of these arbitrary moments. In
applications of this framework the tidal environment
must be specified, and this is achieved by making appro-
priate choices for the tidal moments. In practice this typi-
cally requires matching the local metric to a global metric
that includes the black hole and the external bodies that are
responsible for the tidal interaction. For example, Taylor
and Poisson [6] and Johnson-McDaniel et al. [21] carried
out such a matching in the context of the slow-motion
approximation, in which the mutual gravity between the
black hole and the external bodies is weak. The global
metric was expressed as a post-Newtonian expansion,
within which the black hole can justifiably be represented
as a point particle. These authors determined the quadru-
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pole moments &,, and B, to first post-Newtonian order,
and their work could easily be extended to obtain the
higher multipole moments that also appear in the black-
hole metric. In general the nonlinearities of the field equa-
tions imply that tidal fields depend on the black-hole mass
M. In the small-hole approximation, however, the black
hole can be treated as a test body, and this dependence
disappears; in this case the determination of the tidal mo-
ments is simplified [1-3].

C. Light-cone coordinates

The choice of coordinates is often critical in the con-
struction of a metric and the exploration of its properties.
This is all the more true in the case of black-hole space-
times, which require coordinates that are well-behaved on
the horizon. We have given a lot of attention to the selec-
tion of coordinates, and have chosen to work with a system
(v, r, 6, ¢) that is specifically tailored to describe the ge-
ometry of past light cones. We refer to these as light-cone
coordinates. The coordinates have a clear geometrical
meaning: The advanced-time coordinate v is constant on
past light cones that converge toward the black hole; the
angles 6 and ¢ (which we collectively denote 64, with the
upper-case Latin index A running from 2 to 3) are constant
on the null generators of each light cone; and the radial
coordinate r is an affine parameter on each generator,
which decreases as the light cones converge toward the
black hole. Through order (r/R)? the radial coordinate
doubles as an areal radius, in the sense that the area of each
two-surface (v, r) = constant is equal to 4mr?[1 +
O(r*/R*)]; this property is lost at order (r/R)*. In addi-
tion, the radial coordinate is tuned so that the coordinate
description of the black-hole horizon is the same as in the
Schwarzschild spacetime: r = 2M[1 + O(M’/R?)]. The
light-cone coordinates are well-behaved across the
horizon.

The choice of coordinates is inspired from the work of
Bondi et al. [22] and Sachs [23], in which light-cone
coordinates were utilized to construct the metric of an
asymptotically-flat spacetime. (Here the coordinates were
based on future light cones that expand toward future null
infinity.) It is inspired also by the work of Ellis and col-
laborators on observational cosmology [24-29], in which
the metric of an expanding universe is constructed from
observations made by a typical cosmological observer.
Light-cone coordinates were also introduced by Synge in
his classic textbook on general relativity [30]; we followed
his methods closely in this work and its precursors
[2,9,31,32].

In addition to the quasispherical system of light-cone
coordinates (v, r, 84), we find it convenient to introduce
also a quasi-Cartesian variant (v, x%). The spatial coordi-
nates x* (with the lower-case Latin index a running from 1
to 3) are constructed in the usual way from the quasi-
spherical coordinates (r, §); we have the relations x =
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rsinf cos¢p, y = rsinf sing, and z = rcosf, which we
collectively denote x* = rQ¢(6%).

D. Black-hole metric

The metric of a tidally deformed black hole is obtained
by constructing a perturbation of the Schwarzschild solu-
tion, which describes a nonrotating black hole in complete
isolation. The Schwarzschild metric is presented in the
Eddington-Finkelstein coordinates (v, r, #*), and the per-
turbation is presented in a light-cone gauge that preserves
the geometrical meaning of the background coordinates.
To construct the perturbation we rely on the covariant and
gauge-invariant formalism of Martel and Poisson [33], and
on the formulation of the light-cone gauge by Preston and
Poisson [34]. At orders (r/R)? and (r/R)3 the perturba-
tion satisfies the vacuum field equations linearized with
respect to the Schwarzschild solution. At order (r/R)* the
perturbation satisfies nonlinear field equations.

In the quasi-Cartesian coordinates (v, x*) the building
blocks of the metric are the tidal potentials introduced in
Tables I, I1, 111, IV, V, and VI, of Sec. II; these are generated
by the tidal multipole moments introduced previously. The
black-hole metric appears in Egs. (3.5) of Sec. IlII C, and it
is expressed in terms of the radial functions listed in
Tables XIV and XV. In the quasispherical coordinates
(v, r, 64) the tidal potentials are listed in Tables VIII, IX,
X, XI, XII, and XIII, of Sec. II, and expressed as expan-
sions in spherical-harmonic functions (see Table VII). The
black-hole metric appears in Egs. (3.7) of Sec. III C, and it
involves the same set of radial functions.

An important property of the black-hole metric is the
fact, mentioned previously, that in our light-cone coordi-
nates, the position of the horizon is given by

Thorizon = 2M[1 + O(MS/RS)]: (13)

the same relation as in the unperturbed Schwarzschild
spacetime. This information allows us to investigate the
nature and dynamics of the horizon’s geometry, which is
determined by the horizon’s induced metric as well as the
expansion and shear of the horizon’s generators. An im-
portant outcome of this investigation is the statement that

0 = O(M°/RO). (1.4)

This represents the rate at which the congruence of null
generators expand, and we find that within the degree of
accuracy maintained in this work, the generators are sta-
tionary. This implies that the horizon of a tidally deformed
black hole is foliated by apparent horizons. The black-hole
horizon is an isolated horizon in the sense of Ashtekar and
Krishnan [35-37].

E. Tidal heating

A dynamical consequence of the tidal interaction is the
fact that the black hole grows in size at a rate described by
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Ky . 16 6/e  cab . - ab
20 A = 2 ME,EP + B, B
S A 45 (‘S‘abg ab )
+ MS abc +__—B Babc)
4725 <gabcg 9 abc

+ O(M°/R?). (1.5)

Here A is the surface area of a cross-section v = constant
of the black-hole horizon, and «, := (4M)~! is the surface
gravity of the unperturbed horizon. An overdot indicates
differentiation with respect to v, and the right-hand side of
the equation involves the tidal moments &, €, By, and
Bpe- We refer to the growth of area that results from the
tidal interaction as the tidal heating of the black hole by the
external bodies. This choice of terminology deserves an
explanation.

The changes in black-hole parameters that result from
time-dependent, external processes have been the subject
of investigation by many researchers, starting from the
pioneering work of Teukolsky and Press [38]. It is useful
to classify the physical processes that alter the configura-
tion of a black hole as fast processes on the one hand, and
slow processes on the other. Fast processes occur on a time
scale that is shorter than or comparable to the black-hole
mass M, and these produce (electromagnetic and/or gravi-
tational) radiation that is partially absorbed by the black
hole; in this case the changes in black-hole parameters that
result from the interaction are radiative changes. Slow
processes, on the other hand, occur on a time scale that is
long compared with the black-hole mass; while these con-
tinue to produce changes in the black-hole parameters, the
phenomenon no longer possesses a radiative character, and
the phrase ““tidal heating” captures the physics better than
the phrase “‘black-hole absorption.” It is good to point out
that the mathematical formulation of the phenomenon by
Teukolsky and Press [38] (see also Ref. [39]) is valid both
for fast and slow processes, and is insensitive to matters of
interpretation.

The tidal heating of black holes was recently investi-
gated by Alvi [40], Poisson [9,39], Taylor and Poisson [6],
and Comeau and Poisson [3], building on earlier work by
Poisson and Sasaki [41] and Tagoshi, Mano, and Takasugi
[42]. The notion of tidal work, tidal torque, and tidal
heating was put on a firm relativistic footing by Purdue
[43], Favata [44], and Booth and Creighton [45]. In a recent
work [46], Poisson compared the equations that describe
the rate of change of the black-hole mass, angular momen-
tum, and surface area that result from a tidal interaction
with external bodies, with the equations that describe how
tidal forces do work, torque, and produce heat in a
Newtonian, viscous body; the equations are strikingly
similar, and the correspondence between the Newtonian-
body and black-hole results is revealed to hold in near-
quantitative detail. The tidal heating and torquing of black
holes was incorporated in an effective theory of point
particles by Goldberger and Rothstein [47] and Porto [48].
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In favorable circumstances the tidal heating and torqu-
ing of a black hole can be relevant to astrophysical sources
of gravitational waves [49]. In particular, it is likely to be
significant in the generation of low-frequency waves that
would be measured by a space-based detector such as
LISA [50]. For example, Martel [51] showed that during
a close encounter between a massive black hole and a
compact body of a much smaller mass, up to approxi-
mately 5% of the lost orbital energy goes toward the tidal
heating of the black hole; the rest is carried off to infinity
by the gravitational waves. Hughes [52] calculated that
when the massive black hole is rapidly rotating, the tidal
heating slows down the inspiral of the orbiting body, and
therefore increases the duration of the gravitational-wave
signal. These conclusions are supported by Hughes et al.
[53] and Drasco and Hughes [54].

There are indications that the tidal heating and torquing
of black holes may have been seen in accurate numerical
simulations of the inspiral and merger of binary black holes
[55,56]. It is conceivable that as the precision of these
simulations continues to improve in the future, the tidal
heating will be exploited as a diagnostic of numerical
accuracy; the surface area of each simulated black hole
should be seen to grow in accordance to Eq. (1.5) instead of
staying constant in time.

F. Other applications

The work presented here can serve as a foundation for
the construction of initial data sets for the numerical simu-
lation of black-hole inspirals (see Ref. [57] for a review of
the current state of the art). Simulations carried out thus far
have largely relied on initial data [58,59] that were adopted
more for their flexibility and convenience than their astro-
physical realism; these initial data tend to contain a large
amount of spurious radiation and produce unwanted ec-
centric orbital motion. A promising alternative strategy is
to rely on a post-Newtonian metric to construct initial data
sets that give a faithful (though approximate) description of
two widely separated black holes. Early implementations
[60—62] of this idea treated the black holes as post-
Newtonian point masses, and produced initial data that
were unreliable close to each body. An improvement was
proposed by Alvi [4,5], who recognized that the post-
Newtonian metric should be replaced by a different repre-
sentation of the gravitational field in the local neighbor-
hood of each black hole; he therefore patched the post-
Newtonian metric to the metric of a tidally deformed black
hole in a buffer region M < r << R, in which each metric
gives an acceptable representation of the true gravitational
field. Alvi’s construction was perfected by Yunes and his
collaborators [63—-65], and the most mature implementa-
tion of this idea is contained in the recent work of Johnson-
McDaniel et al. [21]. Because the black-hole metric pre-
sented in this paper is more accurate than the Detweiler
metric [7,8] used by Johnson-McDaniel et al., it could be
involved in an improved version of their construction.
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Another interesting avenue of application for our metric
would be to involve it in the dynamical-horizon formalism
of Ashtekar and Krishnan [35-37], which provides a purely
local characterization of the structure and dynamics of
black-hole horizons. Our work could contribute new in-
sights to this effort by allowing the horizon quantities to be
expressed in terms of the tidal moments, which encode
information about the external universe. In this way, our
metric would play the role of messenger between the out-
side world and the horizon. Initial steps along those lines
were taken by Kavanagh and Booth [66]. A particularly
interesting question to investigate is whether the
dynamical-horizon notions of mass and current multipole
moments [67] are compatible with the recent observation
that the tidal Love numbers of a nonrotating black hole
must all be zero [17].

G. Organization of the paper

The remainder of the paper is divided into five sections
and four appendixes. We describe our results in Secs. I,
II, and IV, and provide derivations of these results in
Secs. Vand VI, and the appendixes.

We begin in Sec. II by providing definitions for the tidal
multipole moments €,p,, Euper Eapeds Bab> Bave» and B peq-
The tidal moments allow us to introduce the length scale
R, and they give rise to tidal potentials that form the
building blocks for the construction of the black-hole
metric.

In Sec. III we display our expressions for the metric of a
tidally deformed black hole. We proceed in two steps. We
first consider a smooth timelike geodesic y in a vacuum
region of an arbitrary spacetime, and we construct the
metric of this spacetime in a neighborhood of the world
line. We refer to this spacetime as the background space-
time, and its metric is displayed in Eqs. (3.3) and (3.4); the
metric is presented in the light-cone coordinates (v, r, 04)
and (v, x%) introduced previously. We next insert a black
hole of mass M into the background spacetime, place it on
the world line vy, and recalculate the metric. The metric of
the black-hole spacetime is displayed in Egs. (3.7) and
(3.5).

In Sec. IV we describe the consequences of the tidal
deformation on the structure and dynamics of the black-
hole horizon. We establish the statements of Eqgs. (1.3),
(1.4), and (1.5).

In Sec. V we provide a derivation of the background
metric of Egs. (3.3) and (3.4). In Sec. VI we present a
derivation of the black-hole metric of Eqgs. (3.5) and (3.7).

In Appendix A we describe how the tidal potentials can
be decomposed in (scalar, vector, and tensor) spherical
harmonics. In Appendix B we calculate the determinant
of the induced metric on the black-hole horizon; the result
is displayed (but not derived) in Sec. I'V. In Appendix C we
provide calculational details relevant to the computation of
the tidal heating in Sec. IV. And in Appendix D we sketch a
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second, alternative derivation of the background metric of
Egs. (3.3) and (3.4).

II. TIDAL MOMENTS AND POTENTIALS

The work of Zhang [18] reveals that the metric of any
vacuum spacetime can be constructed in the neighborhood
of any geodesic world line and expressed in terms of two
sets of tidal multipole moments. We begin our exploration
of the geometry of a tidally deformed black hole in
Sec. IT A with a formal definition of these moments. We
use them in Sec. II B to specify the length and time scales
associated with the tidal environment, and in Sec. II C we
describe their properties under parity transformations. We
conclude in Secs. IID and IIE with the introduction of
potentials that can be constructed from the tidal moments.

A. Definition of tidal moments

We consider a vacuum region of spacetime in a neigh-
borhood of a smooth timelike geodesic y. The world line is
described by the parametric relations z%(7) in an arbitrary
coordinate system x¢, and it is parametrized by proper time
7. The velocity vector u® := dz*/dt is tangent to the
world line, and we construct a vectorial basis by adding
to u® an orthonormal triad of vectors e%(7), which we
assume to be orthogonal to u® and parallel-transported
on the world line; the Latin index a labels the three
members of the triad.

We use the basis (1%, e%) to decompose tensors that are
evaluated on the world line. For example,

B

Caovo = Capprequt e u’, (2.1a)
Cabc(] = Caﬂ'y,uegefezu'u, (Zlb)
Cupea = Capyselepeled (2.1¢)

are the frame components of the Weyl tensor evaluated on
v; these are functions of proper time 7. We shall also need
the frame components of its first covariant derivative,

Caosole = CappryeSutepuel, (2.2a)
Capeold *= Capyuseses el equt, (2.2b)
Cabcdle = Caﬁ'yﬁgeegefez‘/egeg’ (2.2¢)
as well as
Coobolcd *= Caﬂﬁu;ysegu“efu"ezeg, (2.3a)
Caveolde = Capypsceleselutedes, — (2.3b)
Cavedies = Capysienciepelefete],  (2.3¢)

the frame components of its second covariant derivatives.
We manipulate frame indices as if they were associated
with Cartesian tensors; we lower them with the Kronecker
delta 8,,, and we raise them with 6%,

The symmetries of the Weyl tensor imply that it pos-
sesses 10 algebraically-independent components, and
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these can be encoded in the two symmetric-tracefree (STF)
tensors

Eap = (Caop)®™, (2.4a)
1
By = E(Eapqcqu())STF' (2.4b)

Here €,,. is the permutation symbol, and the STF sign
instructs us to symmetrize all free indices and remove all
traces. We also use an angular-bracket notation to indicate
the same operation: If A ., is an arbitrary tensor, then

A(abcd} = (Aabcd)STF- (25)

In the case of Eq. (2.4) the STF operation is superfluous,
because C,p0 and €,,,CP?,, are already symmetric and
tracefree. We refer to £, and B, as the ridal quadrupole
moments associated with the world line y. Each STF tensor
contains 5 independent components, and these are func-
tions of proper time 7. We use £, and Bab to denote the
derivative of each moment with respect to 7, and £,;, and
?ab to denote the second derivatives. The derivatives of the
Weyl tensor in the direction of #* can be expressed directly
in terms of these quantities.

The symmetries of the Weyl tensor and the Bianchi
identities imply that the spatial derivatives of the Weyl
tensor—those listed in Eq. (2.2)—possess 24
algebraically-independent components. These are encoded
in the STF tensors
)STE,

gabc = (CaObOIC (263)

3
Bubc = g (6

Cra )STFy

(2.6b)

apq b0lc
and in £, and Bab. We refer to £, and B, as the tidal
octupole moments associated with the world line y. Each
tensor contains 7 independent components, and these are
functions of proper time 7. We use E,peand T.Ba,,c to denote
the derivative of each moment with respect to 7. The
derivatives of the spatially-differentiated Weyl tensor in
the direction of u® can be expressed directly in terms of
these quantities.

We shall also require the second spatial derivatives of
the Weyl tensor, as listed in Eqs. (2.3). In this case there are
62 algebraically-independent components, and these are
encoded in &,, j?ab, Eabes Babc, and in the new STF
tensors

1

Eabed = E(CaObOICd)STF, (2.7a)
3

abed “= %(Eapqcpqholcd)sna. (2.7b)

We refer to €, and B,,.; as the tidal hexadecapole
moments associated with the world line y. Each tensor
contains 9 independent components, and these are func-
tions of proper time 7.
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The decomposition of the Weyl tensor and its deriva-
tives in terms of tidal moments is displayed in Egs. (D15),
(D17), and (D19) of Appendix D. The numerical factors
inserted in Eqgs. (2.4), (2.6), and (2.7), are inherited from
Zhang’s choice of normalization [18].

The black-hole metric of Sec. III will be expressed in
terms of the tidal moments €, E,pc> Eaped> Bap» Bape> and
B.ped» Which are treated as freely-specifiable functions of
time. As we shall explain in Sec. III, the relation between
the tidal moments and the Weyl tensor will be more subtle
than what was described here.

B. Tidal scales

The tidal moments allow us to specify length and time
scales that characterize the tidal environment around the
world line y. We thus introduce the length scales R and L,
the time scale 7, and the velocity scale V. Our discussion
here follows Thorne and Hartle [68] and Zhang [18].

The length R is the local radius of curvature, and
represents the strength of the Weyl tensor evaluated on
the world line. We express this as

1 A4
TR PeTge

The first equation indicates that a typical component of £,
will have a magnitude comparable to R 2. The second
equation indicates that a typical component of B, will
differ from this by a factor of V, and this defines the
velocity scale.

The length £ is the inhomogeneity scale, and it mea-
sures the degree of spatial variation of the Weyl tensor. It is
defined through the relations

1 v
’ Babc ~
R L R L
involving the tidal octupole moments. We expect that the

hexadecapole moments will be suppressed by an additional
factor of L:

E ab (2.8)

£ abe 2.9)

1 v
Sabcd ~ W’ Babcd -~ W

The time 7T is the scale associated with changes in the
behavior of the Weyl tensor. This is defined by

1 : %
T’ Bab -~ T
R2T R*T
We also have &, =R™2T*and Eupe = RZ2LITT,
as well as By,= VR 2T 2 and B, =
VR2LVT L

To illustrate the meaning of these tidal scales, let us

consider as an example the world line of an observer
moving on a circular orbit of radius b around a body of

mass M'. In this case the velocity scale is V ~ /M’/b, the
radius of curvature is R ~ 4/b3/M’, the inhomogeneity

(2.10)

Eup ~ (2.11)
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scale is £ ~ b, and the time scale is 7 ~ /b /M’. In this
example we have that T ~R, V ~ L/T, and £ ~
"VR. When the motion is slow we have that £ < R,
and there is a wide separation between the two length
scales. When the motion is relativistic, however, all scales
are comparable to each other.

To simplify our notation in later portions of the paper,
we choose to eliminate the distinction between the differ-
ent tidal scales. We therefore set V ~1, L ~T ~ R,
and adopt R as the single scale associated with the tidal
environment. In this sloppy notation we write

1
Eap ~ Bar ~ 3 (2.12a)
Eabe ~ Babc ~Eap ~ Bab ~ ﬁ, (2.12b)
Eubcd -~ Bahcd ~ gabc ~ Babc ~ gah ~ Bub ~ W
(2.12¢)

We emphasize that this relaxation of our notation is simply
to save writing. For example, an error term that should be
written O(r>R ~2L72T 1) will be condensed to the sim-
pler expression O(r°/R?3). The form of the equations will
always allow us to determine the order of magnitude of
each term in relation to the complete set of scaling
quantities.

C. Parity rules

In the context of this work, a parity transformation is a
change of tetrad vectors described by u® — u® and e§ —
—eg; the transformation keeps the permutation symbol
unchanged: €,,. — €,,.. Under the transformation the
frame components of the Weyl tensor change according
to CaObO i CaObO and Cabc() i _Cach- We also have
Caovole = ~Caobole> Cabeola = Cavcolas and Coopojca =
CaObOch’ Cabc()lde - _CahCOIde' From Egs. (2.4), (2.6), and
(2.7) we deduce the transformation rules

gtlb - gabr gabc - _Eabc’ gabcd - 5‘abcd’
(2.13a)

Bah - _Bab’ Bahc - Babw Babcd - _Babcd
(2.13b)

for the tidal moments. We say that &, e, and E g
have even parity, because they transform as ordinary
Cartesian tensors under a parity transformation. And we
say that B,;,, By, and B,,., have odd parity, because
they transform as pseudotensors.

D. Tidal potentials: Cartesian coordinates

For the purposes of writing down the black-hole metric
in Sec. III, we involve the tidal moments in the construc-
tion of tidal potentials that will form the main building
blocks for the metric. We first achieve this with the help of
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a system of Cartesian coordinates x“ that we assume is at
our disposal. In the following subsection we convert the
potentials to spherical coordinates (r, 6, ¢).

We introduce

Q4 i=x4/r (2.14)
as the radial unit vector, with r := /8 ,,x“x” denoting the
usual Euclidean distance. We refer to the radial direction as
the longitudinal direction, and to the orthogonal space as
the transverse directions.

We wish to combine the tidal moments with {2¢ so as to
form scalar, vector, and (rank-two, symmetric) tensor po-
tentials that satisfy the following properties:

(1) Each potential is an element of an irreducible rep-
resentation of the rotation group labeled by multi-
pole order /.

(2) Each scalar potential transforms as such under a
parity transformation.

(3) Each vector potential transforms as such under a
parity transformation, and is purely transverse, in
the sense of being orthogonal to °.

(4) Each tensor potential transforms as such under a
parity transformation, and is transverse-tracefree,
in the sense of being orthogonal to ()¢ and having
a vanishing trace.

The first property implies that each potential will satisfy an
appropriate eigenvalue equation that depends on the multi-
pole order and the tensorial rank of the potential; these are
displayed in Eqgs. (A3) and (A10) of Appendix A. Under a
parity transformation the longitudinal vector transforms as
0% — —04 a scalar potential remains invariant, a vector
potential changes sign, and a tensor potential remains
invariant. To aid the construction of the potentials we
introduce
Y4, =04 — Q4 (2.15)

as a projector to the transverse space orthogonal to )4; this
transforms as y,;, — v, under a parity transformation.

The required potentials are displayed in a number of
tables. In Table I we list the tidal potentials that are con-
structed from the even-parity tidal moments &,;,, €., and
Eupea- In Table 11 we have the tidal potentials that are
constructed from the odd-parity tidal moments B,,,
Baper and B, In Table IIT we list the potentials that
arise from the bilinear combination &, of even-parity
moments. In Table IV we have the potentials that arise
from the bilinear combination B,,B,., of odd-parity mo-
ments. In Table V we list potentials that arise when we
combine &,, and B, into an even-parity structure. And
finally, in Table VI we combine them into an odd-parity
structure.

We illustrate the construction of the potentials by exam-
ining a few examples. The simplest cases involve the tidal
quadrupole moment &,,, which transforms as a tensor
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TABLE I. Irreducible tidal potentials: type-&, even-parity. The
superscripts g, 0, and h stand for “quadrupole,” “octupole,” and
“hexadecapole,” respectively. The tidal moments &, £, and
Eapea are the STF tensors defined in the text. The extra factors of
2 in the hexadecapole potentials are inserted to respect Zhang’s
normalization convention for £,;.4; see Egs. (2.7).

g9 =¢£.,000¢
Eg = 'Yacgcd‘Qd
ggb = 27007bdgcd + 7ab£q
£0 = £,,0°040°
52 = 'Yacgcde‘Qd‘Qe
ggb = 2’y¢lc’ybd€L‘dEQe + ’}/abgo
EN = 26,40, 0040 QS
(‘:2 = zyavgcdefﬂdﬂeﬂf
N = Ay YIE e QS + 1y, EN

TABLE II. Trreducible tidal potentials: type-B, odd-parity.
The superscripts g, 0, and h stand for “quadrupole,” “‘octupole,”
and ‘“‘hexadecapole,” respectively. The tidal moments B,,,
Bupe, and B, ., are the STF tensors defined in the text. The
factors of % and 1?0 are inserted to respect Zhang’s normalization
convention for B,,. and B,,.4; see Egs. (2.6) and (2.7).

BI = €,,,07B1,Q¢
(tququdydb + Ebququzr’yca

B =te,,, 1B, 0Q0

B, = 5(€apg PB4, ¥y + €4pg 0P B y¢ )

q _
B,, =€

a

h _ 10 0d
N 0 Bu - Tealﬂq%pﬂchc)ﬂcﬂ Q¢ )
B, = ?(Eaququderh + Ebquprqcef?’La)Qle

TABLE III. TIrreducible tidal potentials: type-EE, even-parity.
The superscripts m, g, and h stand for “monopole,” “quadru-
pole,” and “‘hexadecapole,” respectively.

P =g, £
PI = €, £, Q1
Pi = 7a¢€p<cgpd>9d
?gb = 27a(l7bd5p<c€pd> + Vabj)q
PN = £14E.p QOO
Tz = ‘)/acg<cdgef>QdQle
Py =270V, Ecaepy VY + v, P

TABLE 1V.
The superscripts m, g, and h stand for “monopole,
pole,” and “‘hexadecapole,” respectively.

QM =1B,,B"
Qc? = Bp.@BprCQ‘Z
a2 Ve BBy
Qab = 2}}/0(' yb Bp(Cde) + Yab Qq
oh = BieaB. 20100
Qg = yaCB(chef)QdQle
o =27,y 9BaB. QY + 7,,Q"

Irreducible tidal potentials: type-BB, even-parity.
" ‘4quadru_
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TABLE V. Irreducible tidal potentials: type-EB, even-parity.
The superscripts d and 0 stand for “dipole” and ‘“‘octupole,”
respectively.

gd — EcpqurquQ(l
gg = Yacecpqurqu
— cOdOe
g:: = 6pq<c'5pd3qe>ﬂ Qdﬂ )
Go= ya;'qu@gpdﬂqe){l Q¢
ggb = 2711(71) el)q(cgdeqe)Qe + 7ah60

TABLE VI. Trreducible tidal potentials: type-EB, odd-parity.
The superscripts g and h stand for “quadrupole” and “hexade-
capole,” respectively.

HI= €,710,E,, B, Q¢
H3, = fapqﬂpgrwgrdﬂ’dh +€,P10,E

3‘[2 = eaqupg<qCBde>QchQe
‘7-[2/7 = (Eaqup5<que_f>ydh + Gbpqﬂp((/‘(qcBefyy(a)ﬂeﬂf

Brc> ,yca

under a parity transformation. The associated scalar poten-
tial is &£,,Q0%QP; this transforms appropriately under a
parity transformation, and because &, is tracefree this
satisfies the scalar eigenvalue equation with [ = 2. To get
a vector potential we first form £.,Q”, which has the
appropriate number of free indices. We next multiply this
by ¢, to make the vector transverse, and verify that the
final object satisfies the vectorial eigenvalue equation with
[ = 2. To get a transverse tensor potential we first form
Yeav? »Ecq» and we remove its trace by adding
%yab(ECdQCQd); the result satisfies the appropriate eigen-
value equation with / = 2. The method generalizes easily
to octupole and hexadecapole potentials, and the final
results are displayed in Table I.

We next examine the potentials associated with the odd-
parity quadrupole moment B,,. The combination
B,, Q0" transforms as a pseudoscalar under a parity
transformation and does not, therefore, satisfy the criteria
that were formulated previously. To obtain a suitable po-
tential we must involve the permutation symbol, and the
simplest allowed combination is €,,,Q2?B.Q°. This
transforms as a vector under a parity transformation and
satisfies the appropriate eigenvalue equation with [ = 2;
we therefore include it as one of our building blocks. To
form a tensor potential we remove ()¢, replace it with the
projector y¢,, and symmetrize the indices; the end result
satisfies all the properties required of a tensor potential.
The method generalizes easily to octupole and hexadeca-
pole potentials, and these are listed in Table II.

The bilinear potentials are constructed by forming STF
products of the quadrupole moments &,, and B,, and
combining these with appropriate factors of )¢, y*,, and
€4 For example, the STF products that can be formed
from two factors of £, are the scalar £,,EP9, the rank-two

tensor 5P<aé’l’h>, and the rank-four tensor &,,€.4; the
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associated potentials are listed in Table III, and those of
Table IV follow from similar manipulations. When £, and
B, are both involved we must be mindful of the parity
rules; for example, the hexadecapole potential
EapBeay QP Q°Q? is ruled out because it transforms
as a pseudoscalar under a parity transformation. The ap-
propriate combinations must involve the permutation sym-
bol, and these are displayed in Tables V and VI.

E. Tidal potentials: Angular coordinates

A transformation from Cartesian coordinates x¢ to
spherical coordinates (r, 6, ¢) is effected by
x¢ = rQe(e4), (2.16)

in which the longitudinal vector ()¢ is now parametrized
by two polar angles 84 = (6, ¢). Explicitly, we have that

0% = [sinf cos¢, sinf sing, cosf]. The transformation
implies that 9x*/dr = Q¢ and 9x*/96* = rQ4, with

PHYSICAL REVIEW D 81, 024029 (2010)

.. 0Q¢
Qg = oh (2.17)
We note the useful identities
Q0,04 =0 (2.182)
Qup = Y505, (2.18b)
Q4504505 = y*. (2.18¢)

Here Q,; = diag[1, sin’@] is the metric on the unit two-
sphere, and Q48 is its inverse. We introduce D, as the
covariant-derivative operator compatible with ()45, and
€ p as the Levi-Civita tensor on the unit two-sphere
(with nonvanishing components €4 = — €4y = sind).
We adopt the convention that upper-case Latin indices
are raised and lowered with QA% and 5, respectively.
Finally, we note that D-Q 4z = Dcesp = 0.

We convert the vector and tensor potentials from their
initial Cartesian incarnations to angular-coordinate ver-
sions by making use of the transformation matrix 4.

TABLE VII.  Spherical-harmonic functions ¥ and harmonic components ﬂlf,ll) involved in
the decomposition of A := A g QR Q= Zmﬂf,? Y. The functions are real, and
they are listed for the relevant modes [ = 1 (dipole), [ = 2 (quadrupole), [ = 3 (octupole), and
[ = 4 (hexadecapole). The abstract index m describes the dependence of these functions on the
angle ¢; for example Y% is proportional to sin2¢. To simplify the expressions we write C 1=
cosf and S := sinf. The harmonic components are expressed in terms of the independent

components of the STF tensor A ...,

Yo = ¢

Ylhle = Scose
YUls = Ssing
Y20 =1-3C"

Y2le =28Ccose
Y>!s = 25Csin¢
Y22 = §2 cos2¢
Y22 = §%5in2¢

Y30 =C@ -5

y3le =35(1 — 5C%) cosep
y31s =38(1 — 5C?)sing
Y32 = 352Ccos2¢

Y32 = 382Csin2p

Y33¢ = §3cos3¢h

Y33 = §35in3¢

Y40 = %(3 —30C?% + 35C*)
y4le =28C(3 — 7C?) cos¢p
Y4l =28C(3 — 7C?) sing
Y42 = §2(1 — 7C?) cos2¢
Y42 = §2(1 — 7C?) sin2¢

Y*3¢ = 453Ccos3¢p

Y43 = 453Csin3 6

Yy*4 = §4 cosd e

Y44 = S4sind¢p

‘;Zl(ljc = A
‘/,Zl?s = ‘AQ

A =1(A, + Ayp)
‘A(I:‘(r =Ap
J’Z\?X = A

ﬂgc = %(-'Au - Ap)
‘Agx =An

JZ\S = %(ﬂm + Azzs)

A% =1(A + A)

A =3(An + Aw)

Agc = %(J’Z\m — Axns)
AS = A

‘Agc = ﬁ(ﬂln —3A5)

‘Agx = %(3}7\112 - Ay)

Al =1(Ann +2A 510 + Apxn)
AN =3 Ay + An)
ﬂrl]s = %(ﬂIIZS + Arns)
‘AQC = %(ﬂllll — Aunp)
Al =Annt A
‘AQC = %(ﬂms —3A123)
JZ\QX = 31(3341123 — Axs)
Al =3(An — 6 A1 + Apy)
JZU?X = %(ﬂmz — Am)
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TABLE VIII. The first column lists the harmonic components
of type-&, even-parity tidal potentials, as defined in Table I. The
second column lists their expansions in scalar, vector, and tensor
harmonics. The components of " come with an additional factor
of 2 to accommodate Zhang’s choice of normalization; see
Table L.

PHYSICAL REVIEW D 81, 024029 (2010)

TABLE IX. The first column lists the harmonic components of
type-B, odd-parity tidal potentials, as defined in Table II. The
second column lists their expansions in scalar, vector, and tensor
harmonics. The components of B° come with an additional
factor of % to accommodate Zhang’s choice of normalization,
and those of BN come with an additional factor 1_70; see Table II.

Ey=1(E& +&p)

g?c = 513 (Sq = ngg,Yz’m
&l = &x g =13,
&= %(511 — &) Exp = X Yi’gl
& =¢&n

E =13 + Ems)
&, =1y + &)
& =1+ Em)
&, = %(5113 — &xn3)
53; =&

& =1(Em — 3 1)
&, = :1;(35112 — &)

0 _ 0 y3,
& = ngmy "
o 1 0 y3.m
gA -3 mngA
0 0 y3.m
gAB - §ngm YAB

EN=1(E i + 2801 + )

EN=Enis + Eims

EN = Erins + Ens

&, =& — Exm EN =3 Ehyim
& =21 + Emx) =13 ey

526 = %(51113 —3&123)

Y =101 — E3)

ER =3 — 6E112 + Exx)
=8~ Enm

h _ 1 h y4m
gAB - 6ngm YAB

By = 3(By1 + By)

Bcl‘c = BIS BY = ZmB?Vlylm
B}, = By Bl =13, BiX;"
B3, = 5(Bi — By) Bl = X Bi Xy
Bgs = Blz

B3 =%(By15 + Byy)
BY. =3%(By11 + Bin)
B, =3(Bi1x + Byx)
B = %(3113 — Bos3)
BSS = %3123

B, = %(3111 —3B»)
B, = %(33112 — Bo»)

B =2(Biin +2Biin + Bon)

B, =3(By113 + Bins)

B, =3(Bi1as + Bos)

BY, =3B — Bon) Bh =3, Bhyim

B, =2 (B + Bin) B =1y, BhXx"
BY, = 2(Bi3 — 3Binns) B, =1y, B Xt
BQS = %(331123 — Bys)

Bl =5 (Bi111 — 6Bi1xn + Bay)

fBQs = %(31112 — Bim)

BO = Zm 321 Y3,m
B =15, BoX)"
BSB = %Zm B%Xi'l;n

1
6

We thus define

EY = &304, Elp 1= £3, 0408 (2.19)
and apply the same rule to all other potentials; for example,
GSp = G°,04Q0%. After this conversion the tidal poten-
tials become scalar, vector, and tensor fields on the unit
two-sphere, and they depend on the angular coordinates #4
only. It is easy to show that the conversion can be undone;
for example €7 = £304, with Q4 := §,,048Q5%.

The tidal potentials can all be expressed in terms of
(scalar, vector, and tensor) spherical harmonics. Let Y/
be real-valued spherical-harmonic functions (as defined in
Table VII). The relevant vectorial and tensorial harmonics
of even parity are

Yy o= DY, (2.20a)
1
Yip = [DADB + 51(1 + 1)QAB]Y""; (2.20b)

notice that QA8Y%" = 0 by virtue of the eigenvalue equa-
tion satisfied by the spherical harmonics. The vectorial and
tensorial harmonics of odd parity are

TABLE X. Harmonic components of type-EE, even-parity ti-
dal potentials, as defined in Table III. The spherical-harmonic
decompositions are PI=3 PYy2m, ng =3 mfP%Yj‘m,
Pl =3, PaYey, Ph=3,Phytm Ph=1% Phyim
and P, = 3 WP

PM = 6(£9) + 2(89)% + 2(E5)% + 2(E5.)> + 2(£3.)?
P = (€ — HELP L€+ HE) + Ly
Pl = —EE) + ELE, + ELE
Pl = —E&], + £1.85, - £1.85,

P3, = 26365, + L(EL) ~ L€
P, = 26565, + €163,

P = {E — HE —HEV + 5(E) + (€17
P, =568 + 36185, +1ELE,

Pl = §EEY + 7163 — 1ELE,,

P = 5E065. —7(E17 +3(EL)?

P}, = $E0E3, = FELEN
?QC = %E?L‘Eg[‘ - %g?sggs
?2,9 = %g?fggs + %S?Sé‘gc
Pl =3(E5.)7 —3(&,)

?QS = gg(‘ggi‘

024029-10
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TABLE XI. Harmonic components of type-BB, even-parity
tidal potentials, as defined in Table IV. The spherical-harmonic
decompositions are Q=73 Qly>m Qf =1 L O y2m

2, _ _ 4,
94y =3,y Q"=%,00y4m ofh =1 By,
4,
and QRB = aZm Qgi YAE'

QM = 6(BY)* + 2(BY)? + 2(BY,)? + 2(BL)* + 2(BY,)?
Qf = ~(BE — L(BL2 — LB + L(BL 2 + L(BL)°
I = —B{B\. + B].Bj. + B\, B;,
I, = —BBY, + B\. B3, - B}, B,
Q3. = 2B)B], + (B} — 5 (B
3, = 2B)Bj, + BB,
Q = BB~ 4(BL — & (BLR + L(BL) + & (B P
1= BB + LB B + 1B B
I, =$BIBI, +7B1.B3, — 1B, B,
QY = SBIBY, 3B +3(BL)
5, = $ByB;, — 3 BB,
QQ(' = %B?CBgC - %B?rggr
5 =3 Bl.Bj, + 3Bl B,
b =3(B3) —3(B3)’
Q4x - Bgcggs

Xlm = —€,BDyy'™, (2.21a)
1
Xlm = —E(eACDB + €3°Dy)DcY™ =0;  (2.21b)

the tensorial harmonics X4% also are tracefree: QABX!M =
0. The decomposition of the tidal potentials in spherical
harmonics is presented in Tables VIII, IX, X, XI, XII, and
XIII. A derivation of these results is presented in
Appendix A.

III. GEOMETRY OF A DEFORMED BLACK HOLE

We construct the metric of a tidally deformed black hole
in two steps. In the first step we continue to think of a
smooth timelike geodesic 7y in a vacuum region of an

TABLE XII.

PHYSICAL REVIEW D 81, 024029 (2010)

arbitrary spacetime, and we construct the metric of this
(background) spacetime in a neighborhood of the world
line. We denote this neighborhood by NV, and we require
that it be small in comparison with the length scale R that
characterizes the tidal environment; we demand that

r<< R, 3.1

where r is a radial coordinate (to be introduced below) that
measures distance to the world line. In the second step we
insert a black hole of mass M into the background space-
time, and place it on the world line vy. For the construction
to be successful it is necessary that the world tube traced by
the black hole fit comfortably within J\V', and this can be
achieved when

M < R. (3.2)

This condition implies both that the black hole is weakly
perturbed by the tidal environment, and that the world tube
is small when viewed on the scale R of the external
spacetime. In this situation it makes (approximate) sense
to say that the black hole moves on a world line y.

The metric of the background spacetime is presented in
Sec. III B, and the metric of the black-hole spacetime is
presented in Sec. III C. These subsections contain what is
truly a presentation of the metrics, and there the reader will
find no trace of a derivation of our results. The calculations
that lead to the metrics are quite lengthy, and derivations
are relegated to Secs. Vand VI, and Appendix D. We begin
in Sec. IIT A with a description of our coordinate systems.

A. Light-cone coordinates

We work with a system (v, r, 6, ¢) that is specifically
tailored to describe the geometry of light-cone surfaces.
We refer to these as light-cone coordinates. In the case of
the background spacetime (Fig. 1), we consider past light
cones that converge toward the world line 7y, so that the
apex of each cone coincides with a point on the world line.
In I\ the light cones provide spacetime with a foliation by
null hypersurfaces, and each light cone is generated by a

Harmonic components of type-£B, even-parity tidal potentials, as defined in

Table V. The spherical-harmonic decompositions are G4 =3, Gdy', GI =%, Givy",
G = 3,51, 6% = 3G, and G2, = 13, GEVAY-

§ = Ei.Bi, — &, Bl +285, B3, — 265,83,

f. = G& — £)B], — & B3, — £1,G3B] — B}) + &, B],
fo = —G& + E)BL. + EL.OB) + B;,) + ELBY, — EBY,

Gy = —3ELBY +3E B + 36,8y — 1 6By,

b= —3E0B, — 3By, +5EL,QB) + By — 56, B + 56 B),
b =3E0Bl. —5EQB] — By) + 58\ B;, — 36, B), —5EBY,
8. = & B3, — &8
G3, = —&iB5, + &, B)
8. =~ B — 1 ENBL + 36 B +1ELB,
S =1ELBS —1ENBY, 8Bl 436, B

Ls 5
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TABLE XIII.

PHYSICAL REVIEW D 81, 024029 (2010)

Harmonic components of type-EB, odd-parity tidal potentials, as defined in

Table VI The spherical-harmonic decompositions are H =1% HEXF", HI, =
3, H0XGE . HY = 15, 90X and HYy =55, 30X

I = €95 £, ~ LV B, + 1L B, 1L B
B = ~ 6B ~ 165, (BS — BL) + LB + LT B AL B
o, = L + [ B~ 10 B+ BY) - L6 B + [eS B,
I - B8 + 165 B — LBy, + €1
I = 58+ LB + LB+ L5
HY = BEVB) -~ KELB,  ELB LB 1 el

3y, =

3 c9p9 1 ¢4 q q 1 cd4 19 1 ¢9 mnq 1 c9 1q
75031c + ﬁglc(6BO + BZC) + HEISBZS + ﬁ52c31c + ﬁgzsﬂgu
3

HY, = 3EBl, + 161,85, + 15 ELO6B] — BY) — 1365, Bl + 1363, B],
HY, =36)B5, —3E1. Bl +3E1,B) +36.B)
HY, = 36083, — 7€\ B — 7ELB], + 36,5
Hy, = 31&1.B5 — 1 ELBY, + 16 B, — 165, B],
HY, = 3E1.B5, +5EB5, + 316, B, + 36,8,
Hi, =38.B5 — 1 6B
Hi =388 +3EB,

congruence of null geodesics. (We assume that caustics do
not develop within I\, except at the apex of each light
cone.) The coordinates are intimately tied to the light cones
and their generators:

(1) The advanced-time coordinate v is constant on each
light cone, and its value on a given light cone is
equal to proper time 7 on the corresponding point of
the world line.

v

FIG. 1 (color online). Light-cone coordinates centered on a
world line y. The figure shows a light cone v = constant that
intersects the world line at the point z(v). It shows also one of the
light cone’s generators, along which 64 is constant; the affine
parameter r decreases to zero as the generator approaches the
world line.

(2) The angular coordinates #4 = (6, ¢) are constant on
the null generators of each light cone; the angles
refer to a set of axes that are aligned with the basis
vectors eJ introduced in Sec. IT A.

(3) The radial coordinate r is an affine parameter on the
null generators of each light cone, normalized in
such a way that the metric takes a Minkowski form
in the immediate vicinity of the world line; note that
r decreases to zero as the generators converge to-
ward the world line.

To illustrate the meaning of the coordinates we examine
the simple case of an observer at rest in flat spacetime. The
observer’s proper time 7 is equal to coordinate time ¢, the
advanced-time coordinate is obtained by the transforma-
tion v =t + r, and (r, 6, ¢) are obtained in the usual way
from the Lorentzian coordinates x*. The metric is ds> =
—dv? + 2dvdr + r*dQ?, with dQ? := d6* + sin’*0d $>
denoting the metric on the unit two-sphere. It is easy to
verify that the light-cone coordinates satisfy all the prop-
erties listed previously.

In the case of the black hole spacetime (Fig. 2), the light
cones no longer converge toward a world line. Instead they
converge toward the horizon, which traces a world tube in
spacetime. They still, however, provide N with a foliation
by null hypersurfaces, and each light cone is still generated
by a congruence of null geodesics. The light-cone coordi-
nates keep most of the properties listed previously:

(1) The advanced-time coordinate v is constant on each

light cone.

(2) The angular coordinates 4 = (6, ¢) are constant on

the null generators of each light cone.

(3) The radial coordinate r is an affine parameter on the

null generators of each light cone.
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horizon

FIG. 2 (color online). Light-cone coordinates centered on a
black hole. The figure shows the world tube traced by the black-
hole horizon. It shows also the light cone v = constant and one
of its generators. As in Fig. 1, the angles 64 are constant and the
affine parameter r decreases on the generator.

Since the calibration by the world line is no longer avail-
able, the coordinates have lost some of their rigidity. We
can, however, restore most of this rigidity by imagining
two spacetimes foliated by past light cones. The first is the
background spacetime, with its fully specified set of light-
cone coordinates. The second is the black-hole spacetime,
with its own set of light-cone coordinates. Far from the
black hole, where r is much larger than M but still much
smaller than R, the gravitational influence of the black
hole is small, and light rays behave there just as they do in
the background spacetime. We can therefore tune the
black-hole coordinates so that the asymptotic description
of the null generators agrees with the background descrip-
tion. This correspondence does not permit the complete
specification of the coordinates; there remains a limited
freedom to redefine the coordinates without changing their
geometrical meaning. We have thoroughly exploited this
freedom to simplify the form of the black-hole metric.
The light-cone coordinates are best described in terms of
the radial distance r and the angles 6. It is useful, how-
ever, to introduce also a variant of the light-cone coordi-
nates that involves the quasi-Cartesian system x“ instead of
the quasispherical system (r, ). The coordinates x* are
defined in the usual way by Eq. (2.16). In the flat-spacetime
example examined previously, we find that the components
of the Minkowski metric are given by n,, = —1, n,, =
Q,, and 1,, = Y., when presented in the light-cone co-
ordinates (v, x%). It should be noted that the metric is
mildly singular at x* = 0, because its value depends on
the ambiguous direction of the longitudinal vector ().
This singularity persists in the background spacetime,
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and dealing with it requires some care; but it is not a
serious obstacle to any computation.

B. Background spacetime

The metric of a vacuum region of spacetime that sur-
rounds a timelike geodesic vy can be presented in the light-
cone coordinates (v, x%) introduced in the preceding sub-
section and expressed as an expansion in powers of
r/R < 1. Itis given by

) 1 2 . 1 ..
— | — 28944+ 1,380 1 3¢c0 < 4Pq .y~ 40
Sov 1—=r€ 3r5 3r5 21r€ 6r5
— ir45h + ir4(’Pm +9m +3r4gd +gr4Qq
12 15 15 7
+ §r4g° - %r“(fPh + Qh) + 0(5), (3.3a)
o= O = 2RE B+ LPE - B
- rE - B°>—— 4(5“ )
ér4(go BO) _ 4(gh Bh) 4gd
%43_[11_{_7 4('Pq+11Qq)+ 4go
- % A(Ph 1 9N+ O(5), (3.3b)
1
8ab = Yab — §r2(5ab - qu) + _r3(8 gb)
1 .
- 8r3(‘€2b - By, — 7 4(5217 - ng)
3 . . 1
+ % 4(5217 - ng) - 2—0”4(521; - ng)
8 m 32
225 ~az !l ’)/ab(:P Q, ) 225}’ Yahg
16
_EV Yap(PI+ Q9) — — 4(7) -9%)
8
% I A (R h h
+7r ‘7-[1117 45}" ’yabg 457' ')’ab(:P + Q )
+ 005). (3.3¢)

The metric features the tidal potentials encountered in
Sec. IID, and the notation O(5) indicates that the error
terms are of order (r/R)>. The world line is situated at
x% =0, and v is proper time on 7.

The terms of order (r/R)?* involve the quadrupole tidal
moments &, and B,;,, which are now expressed as func-
tions of advanced time v instead of proper time 7. At order
(r/R)? we find terms involving &,, and B,,, the time
derivatives of the quadrupole moments, as well as the
octupole tidal moments &,;,. and Babc And at order
(r/R)* we see occurrences of .5, Bups Eapes Bape, the
hexadecapole tidal moments &,p.4, Bapeqd» and bilinear
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combinations of the quadrupole moments. We see that the
metric involves the majority of the tidal potentials listed in
Tables I, II, 111, TV, V, and VI. Exceptions are P9, H",

° ’P'{;b, QN and H", ; these could have occurred in the
metric, but they happen to be ruled out by the Einstein field
equations.

A useful way to view the metric of Eqgs. (3.3) is to
recognize that it possesses the correct number of freely-
specifiable functions of time to describe correctly, and in
sufficient generality, the geometry of a vacuum region of
spacetime in a neighborhood I\ of a timelike geodesic.
The functions of time are contained in the tidal moments;
we have 10 of them in £,, and B, 14 in £, and B,
and 18 in &,,.; and B,,.,. The total is 42, the correct
number for a metric constructed through order (r/R)*.
These functions encode meaningful information about the
spacetime geometry; as we saw in Sec. Il A they represent
components of the Weyl tensor and its derivatives eval-
uated on the world line 7.

In quasispherical coordinates (v, r, #4) the nonvanishing
components of the metric are

1 5. 1 2 . 1 ,.
=—1—r289+ P& — P& — — &9+ 40
S retTyreT e 2 6’
1 1
_ 4 h+_ 4 m m + 4 d 404
12r & 15r (P™ 4+ 0m) G+ r 9
2 1
+§r4go—§r4(’Ph+ Qh)+0(5), (3.4a)
gvr =1, (3.4b)

2 1, . . 1
gvAa = _573(52 - Bg) +§r4(52 - Bg) _Zr4((€g - Bg)

- S PE - B+ - fBg)

_%rS(gh :Bh)—f SGA 55_[01
i 5(P4 q < 50

~|—105r(’P +11QA)+5r QA

- BrS(Tﬂ + QL‘) + ro(5), (3.4¢)

1
5 4(523 - BgB) + 5(5?13 - BAB)

_ 2
8ap =1 Qup —

1
- grs(gfm —Bis) — _76(5q - fBSIxB)
3.
+ %rﬁ(ggB BAB) Y 6(5AB - BRB)
+ir6{2 (P 4+ 0Om) + ﬁr(’ﬂ G
225" 4B 225 AB
16
_ﬁrGQAB(:Pq + Q9) — —76(’??43 Q?\B)
*7‘65-[;13 _7}’6914360 + gréﬂAB(Th + Q )
+ r20(5). (3.4d)
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This can be obtained from Eq. (3.3) by applying the trans-
formation rules described in Sec. ITE. The statements that
gur = 1 and g,4 = 0 are exact, and they follow from the
light-cone nature of the coordinate system. Here the metric
features the tidal potentials listed in Tables VIII, IX, X, XI,
XII, and XIII. When dealing with the angular coordinates it
is convenient to rely on the decomposition of the potentials
in scalar, vector, and tensor harmonics.

C. Black-hole spacetime

The metric of a tidally deformed black hole resembles
closely the background metric presented in the preceding
subsection. In the quasi-Cartesian coordinates (v, x%) it is
given by (f :==1—2M/r)

1 1 2
Gup = —f —12eJET+ - PeJE9 — ~rPe08° — ~ r*eJ&l
3 3 21
1 . 1 1
+—reE° — —rieheh + 4(p1 Pm+gmQm)
6 12
2
+ 5l S (I P+ quq) 2 37806
1
-3 4(phPh + q';Qh) + 0(5), (3.5a)
2 1 . .
8va =y — grz(egc‘:g — bng) + —r3(egé’g — bngg)

— %r3(6252 byBY) — ir“(eESq bq?(j)

1 .
+ 81’4(6252 - b°:82) - Er“(eQEQ — b BN

8 rgzgd 4th{q

4 40.,,dp4 qa09 2 4,020 4 hg_[h
+ﬁr (PzTa+llqua)+§r nga"'rhz a

2
15 HPhPh + g5 Q0 + 005), (3.5b)
1 5 .
Cab = Yab — grz(eqé’q — quqb) + —8r 3(e gEgb — quqb)

1 1
_ g,,3(6050 _ boBob) _ ?r“(quq _ quqb)

20 4(e§ bofBOb) - 4(e;‘5 thhb)
+ir47 p(PTPM + g1 Q™) + 32 Yar83G®

225 a3 3 225 1abe3

6

- Er Yab(P P+ g3 109)
- 4(1’4 ?(qzh - gb) + 7’4}’2}[317

8
- Er“mg;’? + 183Gy

2

5" Y (PYPY + g1 OM) + HA(phPh, + 41 9N)
+ I HN, 4+ 0(5). (3.5¢)
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TABLE XIV. Radial functions: linear potentials. The radial functions are expressed in terms of x := r/(2M) and f := 1 — 1/x. The
dilogarithm function is defined as dilogx = [¥ dtlog(¢)/(1 — 1), with logx denoting the natural logarithm. All radial functions vanish

at r=2M, except for e =1, 9 =L e =L pI=-1 p0=—L ph=—1
e? = f?
e3 = f[1 + L(5 + 12logx) — 75 (27 + 121ogx) + & + 4]
e = 1 + 5 (89 + 84 1logx) + 160 —L (431 + 996 logx — 1680dilogx) — l0#(315 + 282 logx — 210dilogx)
T " (4183 + 2322 logx — 1260dilogx) — 5 -5
eg = f
eq =f[1 + 2 (13 + 12logx) — 252 — 55— 54l
eg = 32){(117 + 84logx) + 3552 (929 + 1836 logx — 1680dilogx) — 1= (597 + 387 logx — 210dilogx) + 5% + 809, 4 809,
eg =1-

— s (7 + 3logx) + 25

x
o
I

1+ 2 (4+ 3logx) — 25

eg =1+ 216 (739 + 4201ogx) +
< (1511 + 1161 logx — 630dilogx) + 5%

ef = 721 - 2

e = f[1 + 3(')X (73 + 601logx) —

0 —=5(262 + 387 logx — 210dilogx) —

=5 (317 + 70logx)

7 (479 + 180 logx) + 5= (87 + 20logx) — 52 +

1
=+ o]

1
120%° ]

1 : 141 4 223 223
— 5o (879 + 564 logx — 420dilogx) + ;55 + 225 + 52

o —
ey =f(1—-%=
e = f[1 ‘. = 1 (103 + 60logx) — 5(233 + 601logx) + < — 515
=t
e =1+ 5-(85 + 60logx) — g (4 +logx) + 5=
ef = A+ 143)(2)
62 =f(1 __ ]4X2)
h — S5 1
A
bi=f
bd = fI1 + L (7 + 121ogx) — 2 27— 5 — 2l
b =1+ m (75 + 84logx) + 55 (649 + 996 logx — 1680dilogx)
bq =1-3%

bq =1+ 1 (5 + 6logx) —
bq =1+ 216 (529 + 42010gx) + o
1080 L (2357 + 1692 1logx — 1260dilogx) + ;223

'3 (2 + 3logx) + 51?

360x°
by = f(1 -5
b = S+ 40 (97 + 601logx) — 60 —(227 + 60logx) + - 10)( + 201)(4
by =f~— 10;
b =1 + s (79 + 60logx) — 271x2 (97 + 301ogx) + 2% 3.
bh =f1- 5 @)
Mol-dbi

(593 + 11281ogx — 840dilogx) —

5 (13 + 3logx) —

125 (106 + 35 logx)

1
+ 120x°

54x°

A comparison with Egs. (3.3) reveals that there are two
main differences between the metrics. The first is that the
black-hole metric involves the radial functions e, ¢° e, e,'},
bd, b?, and bﬂ that are listed in Table XIV, as well as the
radial functions p™, pi, PN, g™, g, 4", g9, g9, hy), and KO
that are listed in Table XV. The second is that the tidal
potentials P9, F N, ° fPBb, Qab, and .’7—[hb now make
an appearance in the black-hole metric. (Recall that they
were absent in the background metric.) The black-hole
metric contains the same number of freely-specifiable
functions of time as the background metric; these are

contained in the tidal moments &,,, By, Euper Babes
Eabea> and B,y,.4, which all depend on advanced time v.
The metric of Eqgs. (3.5) contains two fundamental
length scales, the black-hole mass M and the tidal radius
R. It is assumed that M << R, and the metric is valid
when r << R. When M — 0 the metric becomes the back-
ground metric of Eqgs. (3.3). This can be seen from the fact
that most of the radial functions approach unity when
2M/r — 0. Exceptions are p?, g% pQ, qQ, hQ, and hg‘,
which all approach zero; these functions come with the
tidal potentials that were absent in the background metric.
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TABLE XV. Radial functions: bilinear potentials. The radial functions are expressed in terms
of x:=r/(2M) and f :=1— 1/x. All radial functions vanish at r = 2M, except for pJ' =
@ =pi=ai=p=qg8=5% &5 =88= 5% Pi=g ¢ = and A =35 Al
functions approach unity as x — oo, except for p{, pfl, g%, g9, hf, and AY, which all approach
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In this limit the tidal moments acquire their precise relation
with the Weyl tensor (and its derivatives) evaluated on the
world line x* = 0.

When M # 0 the world line disappears and is replaced
by the world tube traced by the black-hole horizon. But the
black-hole metric continues to approach the background
metric when r is very large compared with M (but still
much smaller than R). In this case the interpretation of the
tidal moments is more subtle. They still provide a complete
characterization of the tidal environment, but they are no
longer associated with the Weyl tensor evaluated on a
world line.

To elucidate the meaning of the tidal moments it is
helpful to return to the two spacetimes of Sec. IIl A. The
first is the background spacetime with its central world
line, and the second is the black-hole spacetime in which
no such world line exists. We assume that the spacetimes
share the same set of tidal moments: The functions of time
contained in &5, Bup, Eaver Baver Eavear a0d By are the
same in each spacetime. An observer in the first spacetime
can measure the tidal moments anywhere and relate them
to the Weyl tensor (and its derivatives) evaluated on the
central world line. An observer in the second spacetime
can still measure the tidal moments, but is prevented by the
black hole from relating the results of his measurements to
a world-line Weyl tensor. But the second observer is free to
imagine that the black hole could be removed from the

spacetime without altering the conditions in the asymptotic
region r 3> M, so that his measurements could, after all, be
related to a world-line Weyl tensor." This thought experi-
ment provides him with a loose interpretation of the tidal
moments: They can still be related to a world-line Weyl
tensor, but the Weyl tensor and the world line are fictitious
extrapolations to » = ( obtained from information avail-
able in the r >> M portion of the black-hole spacetime.

When the tidal perturbation is turned off (by putting all
the tidal moments to zero, thereby sending R off to
infinity), the black-hole metric becomes

Evv = _f’ 8va = Qa’ 8ab = Yabs (36)

where, we recall, f = 1 — 2M/r. This is the well-known
Schwarzschild solution expressed in the light-cone coor-
dinates (v, x9).

In quasispherical coordinates (v, r, #*) the nonvanishing
components of the black-hole metric are

"This is a thought experiment that could not be realized
physically. It is meant to reflect a mathematical procedure in
which M is taken to zero while keeping the tidal moments fixed.
The procedure disregards the fact that in most physical applica-
tions, the tidal moments carry a dependence on M that is
revealed by matching the local black-hole metric to a global
metric that contains the black hole and the external bodies.
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L AEN AP + g7 QM)

2 PRIG 4 2 AP 4 109 4 2 Ag0G0 — AP + 4O + 005), (3.7)
g =1, (3.7b)
Gun = — 2 PSET — BB + 1P SE] — bIBD — 1G] — bYBY) — (e - bIBY)
+ érS(e5 bOBA) - —rS(eQEh bhBh) — Er vg9Gd + %rShq.’]{g 135 P(pIPl + 114399
gr 599G + PRI HY — —r5(p P+ 410N + rO(5), (3.7¢)
San = g — 3PS, — DIBY) + (LY, — bIBL) — (98, — bIBR,) — 5 (e, — HIBY,)
b (8, — DY) %r6(e 5513 ~ BB, + 5o PP P + g7 QT) + %r6QAng
1106 r QAB(P3 P9+ g5 399 — 6(172?23 4y QAB) + _r6hq5{33 - 485 r QAng °+ r6g4
+ %rmAB(pg?h +479M + rﬁ(pQZPL}B +qhQhy) + R H  + F20(5). (3.7d)
[
In these coordinates the R — oo limit of the metric is r=2M[1+ O(5)] 4.1)

ds®> = fdv* + 2dvdr + r*dQ?, the Eddington-
Finkelstein form of the Schwarzschild solution.

IV. GEOMETRY AND DYNAMICS OF THE
DEFORMED HORIZON

In this section we extract the consequences of the black-
hole metric of Egs. (3.7) on the structure and dynamics of
the tidally deformed horizon. We begin in Sec. IVA with a
proof that, in the coordinate system adopted here, the
deformed horizon continues to be described by r = 2M.
In Sec. IVB we display the components of the induced
metric on the horizon. In Sec. IV C we examine the con-
gruence of null geodesics that generates the horizon, and
derive expressions for its expansion scalar and shear tensor.
And finally, in Sec. IVD we integrate Raychaudhuri’s
equation and calculate the rate at which the horizon grows
as a result of the tidal interaction.

A. Position of the horizon

The black-hole metric of Egs. (3.7) is presented in light-
cone coordinates (v, r, 64) whose geometrical meaning
was described in Sec. III A. As we saw, the coordinates
are tied to the behavior of incoming light rays that mesh
together to form light cones that converge toward the black
hole. And as we saw, the light-cone coordinates are not
fully specified; the limited coordinate freedom that re-
mains was exploited to simplify the form of the metric.

Concretely, the coordinate freedom was utilized to im-
pose a set of horizon-locking conditions that are designed
to keep the black-hole horizon in its usual place. As a
result, the horizon of a tidally deformed black hole is
situated at

in the light-cone coordinates that give rise to the metric of
Egs. (3.7). In Eq. (4.1), and in all equations below, the
symbol O(5) means that the correction terms are of order
(M/R)>. The horizon-locking conditions are

»=0=g,4 atr=2M, 4.2)

and it is easy to verify that the metric of Egs. (3.7) satisfies
this property.

The horizon-locking conditions imply that the surface
r = 2M is a null hypersurface in the black-hole spacetime.
This is seen from the fact that g’ = 0 at r = 2M, which
follows from the statement that thanks to Eq. (4.2), g,,, = 1
and g,p are the only nonvanishing components of the
metric at » = 2M. The null hypersurface is generated by
a congruence of null geodesics, and in Sec. IV C we show
that the expansion of this congruence vanishes. [The ex-
pansion scalar is denoted ®, and we show more precisely
that ® = O(M°/R®). This implies that the expansion
vanishes through order R ™4, which is the order of accu-
racy maintained in the metric and the description of the
surface.] The surface r = 2M is therefore a stationary null
surface, and it is in this sense that it describes a black-hole
horizon. It is an isolated horizon in the sense of Ashtekar
and Krishnan [35-37].

In general we cannot state that r = 2M is an event
horizon, because the exact position of the event horizon
depends on the entire future history of the spacetime, and is
located by tracing light rays backward in time from future
null infinity. Because our metric may not be accurate for all
times, and because it applies only to a neighborhood of the
black hole, it does not supply us with the tools to locate the
event horizon. Under restrictive assumptions, however, we
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can go beyond these limitations and prove that r = 2M
describes the position of the event horizon.

We consider a situation in which the tidal perturbation is
switched off after a time v = v, so that the metric returns
to its usual Schwarzschild form when v > v;. This final
Schwarzschild metric possesses the same mass parameter
M as the original black-hole metric, because (as we shall
see in Sec. IV D) the total change in mass that can result
from tidal heating over a time v, ~ R is of order M®/R5;
this effect is too small to be described by our metric. It
follows that the event horizon is described by r = 2M
when v > v,. At earlier times the horizon is described by
a null hypersurface that joins smoothly with » = 2M at
v = vy. Since r = 2M is null at all times, we conclude that
the event horizon is always situated at r = 2M.

B. Horizon metric and surface gravity

The horizon metric is the specialization of the black-
hole metric to the null hypersurface r = 2M[1 + O(5)].
Because its component along the v-direction vanishes, the
horizon metric is degenerate and explicitly two-
dimensional. We denote its nonvanishing components by
Vg, and these are obtained by inserting r = 2M within
Eqgs. (3.7). We get

8
B = 4MZQAB - §M4(ng + BgB)

~ 3 ws(ee, + Bo,) — 2 S MOE + BYy)

15 105
IO, (P74 QM) — R MO0, 6]
— 2 o0, (P + Q) + ¥M69ABGO
+ ngAB(iPh +9M + §M6’PQB
160 208

MOQRy + =M H Ry + M2O(5),

In Appendix B we calculate the determinant y of the
horizon metric. We find the simple result

(4.3)
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the tidal potentials do not give rise to corrections to the
horizon’s surface element, ,/yd0d¢.

The surface gravity « of the perturbed horizon is defined
by the relation kﬁvﬁk“ = kk®, where the vector k :=
[1,0,0,0] is tangent to the horizon’s null generators. A
calculation based on the metric of Egs. (3.7) reveals that

1 16 32
14+ —M3E,QQ0 + = M4E,QaQb
o 4M[ 3 Ean 9 Ean

8 . 16
+ = 4 aOb(Oc — 4 ab + ab
9M Eupc Q4O 225M (EHE B, B»®)

" 0(5)]. 4.5)

We see that the surface gravity is no longer uniform on
the horizon; the tidal perturbation introduces a variation of
order (M/R)? over its surface. Notice that this variation is
associated with changes in the tidal environment. When
the perturbation is stationary the correction to the surface
gravity comes from the last term, which is of order
(M/R)* and uniform over the horizon. These observations
are compatible with the zeroth law of black-hole
mechanics.

C. Expansion scalar and shear tensor

The null generators of the horizon form a congruence
whose behavior is described by an expansion scalar ® and
a shear tensor o 4; these are defined by (see, for example,
Sec. III of Ref. [39])

0yYap = Oyap + 2043, (4.6)

together with the requirement that the shear tensor be
tracefree: Y480 45 = 0. The expansion scalar is then equal
to the trace of 9,,y4p, so that @ = % v~ 19,7y, where 7y is the
metric determinant. Equation (4.4) implies that

0 = O(M°/RS). 4.7)

This means that up to this level of accuracy, the surface r =
2M is foliated by apparent horizons.
With this we find that Eq. (4.6) reduces to o,p =

JY = 4M?sind[1 + 0(5)]; (4.4)I L9,y + O(M7/R). This is
4 409 q 4 5 4 6 16 6 m m 6
Oap = — M (€l + By — M (E3p + B3g) — M (&g + Bia) + M Qup(P™ + Q™) — —M Q45G°
%MGQAB(?Q + Q9 + ?MGQAB@” +3 MﬁﬂAB(?“ +QN+ —MGZ”?‘B 23 Me Qs
+ %MW—[ s + MO(6). (4.8)

D. Tidal heating

More information about the expansion scalar can be obtained by integrating Raychaudhuri’s equation (see, for example,

Sec. III of Ref. [39])

024029-18



GEOMETRY AND DYNAMICS OF A TIDALLY DEFORMED ...

Bv@) = k0O — %@2 - O'ABO'AB, (49)
in which we can neglect @ = O(M'?/R?). The squared
shear contains terms that begin at order M*/RS, and the
neglected terms are of order M’/R° and higher. The
solution to Eq. (4.9) will be an expression for ® that begins
at order M°/R®, and neglects terms of order M®/R° and
higher. Given this degree of available accuracy, it is appro-
priate to set
YV

in Eq. (4.9); the fractional corrections of order (M/R)3
and (M/R)* displayed in Eq. (4.5) are not required in the
determination of ©.

Instead of proceeding directly with Eq. (4.9), we inte-
grate it over a cross section of the horizon and work out a
differential equation for the surface area

(4.10)

A ) = [ J7dods. @.11)
Its rate of change is A = [ 0./ydOd¢, and the second
rate of change is A = [9,0,/7d0d$ + [ O /ydod¢;
here we may once more ignore the second integral involv-
ing ©2.

The differential equation that governs the behavior of
the area function is

Koy A — A = f o B fydode + 009).  (4.12)

The steps required in the evaluation of the right-hand side
are described in Appendix C, and the end result is

koA — A =87F, (4.13)
where
.16 6(&  cab D mab
F) =M (Eapl®” + By BY)
16 . . 16 . .
+ ) abc+_ ] abc)+
oy (Sabcs 5 BB + 00)
(4.14)

might be called the flux function. We notice that F is
positive-definite, and that it cannot be expressed as a total
derivative with respect to v.

As we show in Appendix C, the solution to Eq. (4.13) is

Fw | Fo)
Ko Ky

50 A(w) = Fo) + +009).  (4.15)
8

We observe that the second and third terms on the right-
hand side are total time derivatives, and that it is natural to
bring them over to the left-hand side of the equation. We
write our final result as
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Ko .

— A" = F + 009), (4.16)
8

in terms of a ‘“‘renormalized area function” defined by
A* = A —87F /] — 8w F/ky + OM'"/RS). The
shift in area is of order M®/R® and corresponds to a
correction to the relation r = 2M of fractional order
(M/R)%; this is well beyond the level of accuracy of
Eq. (4.1).

Equation (4.16) describes the rate at which the renor-
malized black-hole area A* increases as a result of the
tidal interaction. We refer to this phenomenon as tidal
heating, recalling the deep analogy that exists between
the relativistic tidal dynamics of black holes and the
Newtonian tidal dynamics of viscous bodies [46,69,70].
The phrase also recalls the fact that in black-hole thermo-
dynamics, the area plays the role of entropy S, while the
surface gravity plays the role of (Hawking) temperature T
in this context we write (ky/87) A* = TS and interpret
Eq. (4.16) as describing a flow of heat across the horizon.
By the first law of black-hole mechanics, dM =
(k/8)dA, the equation also describes the rate at which
the black-hole mass increases during the tidal interaction.

V. BACKGROUND METRIC: DERIVATION

Our main results were presented in the preceding sec-
tions, and we now turn to a detailed derivation of these
results. In this section we provide a derivation of the
background metric of Egs. (3.3) and (3.4); an alternative
derivation is sketched in Appendix D. In Sec. VI we
present a derivation of the black-hole metric of Eqgs. (3.5)
and (3.7).

A. Kinematical properties of the metric

We construct the metric of a vacuum region of spacetime
that surrounds a timelike geodesic vy, and we adopt the
light-cone coordinates (v, r, 64). These are centered on the
world line, and the geometrical meaning of the coordinates
was specified in Sec. III A. The three defining properties
listed there give rise to four important conditions on the
metric.

To spell them out we introduce the dual vector €, :=
—d,v =[—1,0,0,0], which is normal to hypersurfaces of
constant advanced time v. According to the first property,
this dual vector is null—g®#¢ ¢ p = O—and this condition
immediately implies that g¥” = 0. The vector €* is tangent
to the null generators of the light cones v = constant, and
the second and third properties imply that its components
in the light-cone coordinates must be given by (¢ =
[0, —1,0,0]; that €* = €4 = 0 means that v and #* are
constant on the generators, and €” = —1 means that r is an
affine parameter that decreases as the generators converge
toward the world line. The relation ¢ = g®£¢ p then im-
plies that the inverse metric must satisfy the conditions
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g =0=g"  g7=1 (5.1
Calculating the inverse, we find that the metric must satisfy
grr:():grA’ Svr = L. (52)

These statements are exact, and follow from the light-cone
nature of the coordinates. The other nonvanishing compo-
nents of the metric are g,,,, g,4, and g,5. We have not yet
made a choice of normalization for the radial coordinate r,
nor a choice of axes for the angular coordinates 6.

From the quasispherical coordinates (r, #4) we construct
a system of quasi-Cartesian coordinates x* = rQ)%(64) and
transform the spatial components of the inverse metric
according to the rules described in Sec. II E. We find that
g¥ = Q¢ but the form of g is not constrained by the
conditions of Eq. (5.1).

At this stage we impose the additional condition that the
inverse metric should be locally flat near the world line, so
that g% = 8% + he’, with h*’ going to zero (as r>) when
r — 0. This condition implicitly specifies a normalization
for r, which reduces to the usual Euclidean distance in the
immediate vicinity of the world line. And it specifies a set
of reference axes for the angular coordinates, which are
aligned with the Cartesian directions associated with the
coordinates x¢; the fact that h%” scales as r? (instead of r)
when r — 0 implies that the world line is unaccelerated
and that the axes are locally nonrotating.

Our expression for the inverse metric in quasi-Cartesian
coordinates is therefore

g =0, (5.3a)
gv = Q4 (5.3b)
gtb = §ab 4 pab, (5.3¢)

with

hb = P2pgb + Pheb + FHpat + 0(). 5.4)

The last equation indicates that as r — 0, r 2h% ap-
proaches  the  (direction-dependent)  limit  hS°,
r~1(r72h% — n4?) approaches h$’, and so on.

To proceed it is useful to introduce a decomposition of
h“" into longitudinal and transverse pieces. We write

ht = Q2OPA + QAL + A2QP + A (5.5)

with

QA =0= QA% (5.6)

Here and below, indices on Q¢ are lowered with the
Euclidean metric 6,,. The first term in Eq. (5.5) is the
longitudinal piece of h%°, and A := h**Q (), is its com-
ponent in the direction of the unit radial vector {)“. The last
term is the transverse piece of 1, and A% = y4 y? hc?
are the components in the directions orthogonal to 4; 4.
is the projector of Eq. (2.15). The second and third terms
are the longitudinal-transverse piece of h%’, and A“ :=
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y*.h?Q, contains the relevant components. The six inde-
pendent components of 4?® are contained in A (one com-
ponent), A? (two independent components), and A? (three
independent components). It is sometimes useful to further
decompose A’ into trace and tracefree pieces, but we
choose not to do so at this stage; we will find in due course
that the Einstein field equations automatically enforce
8,»A = 0. The decomposition of Eq. (5.5) can be applied
individually to each h¢ that appears in Eq. (5.4); this
defines A,,, A%, and A%,

We write the inverse metric of Eq. (5.3) as g*# = n®f +
h®P, with n*# denoting the inverse of the Minkowski
metric in light-cone coordinates (with components n?¥ =
0, nv¢ = Q¢ and n*» = §) and h*? = O(r*) denoting a
perturbation (with components AV =0, h"¢ =0, and
h“"). The metric is then g,5 = Nap = hap T hapuh® 5 +
O(7°), where all indices are lowered with the Minkowski
metric 1,4 (With components 7,,, = —1, 7,, = 1, and
Nap = Yap)- A straightforward calculation using Eq. (5.5)
reveals that

S =—"1—"A+AA+ o), (5.7a)
8va = Q,— A, + AahAh + 0(r), (5.7b)
8ab = Yab — Aab + AacACb + 0(,.5)_ (570)

In these expressions it is understood that indices on A“ and
A are lowered with §,,; by virtue of Eqgs. (5.6) this
operation is equivalent to lowering indices with 7., =
Yap- It is also understood that A, A%, and A*’ can be
expanded in powers of r as in Eq. (5.4); we have

A=A, + PA; + r*A, + O(P), (5.8a)
A, = r?Ay, + PA;, + A, + O(F), (5.8b)
Aab = rzAzab + }"3A3ab + r4A4ab + 0(7'5), (58C)

and a term like A,A“ reduces to r*A,,AS + O(r°).
We now return to the quasispherical coordinates (r, 64).
We define the angular version of the vector potential A, by
Ay = A04, (5.9
where )4 1= 9,0, and we define the angular version of
the tensor potential A,;, by
Aup = A, Q405 (5.10)
In spite of the suggestive notation, these are not the com-
ponents of the Cartesian tensors A, and A,;, in spherical
coordinates; for these we have A,0x*/dr = A, = 0 and
A,0x/30" = rA, Q% = rA,, with similar equations hold-
ing for A,
Using the identities of Eqs. (2.18) we find that the
spherical-coordinate form of the metric is
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o = —1 — A+ A,A% + O(P), (5.11a)
8ur =1, (5.11b)
8o = —TA,4 + rA A8 + O(r), (5.11¢)
gup = 1*Qup — rPAup + PA cAC, + O(F7).  (5.114d)

It is understood that, in these expressions, indices on A,
and A, are raised with Q8. As we saw previously, each
potential can be expanded in powers of r, so that

A= r2A2 + r3A3 + I"4A4 + 0(}’5), (5123)
Ay = PPAy + PAy, + Ay, + 0P, (5.12b)
Agp = r*Agup + PAsup + r*Agyp + O(F). (5.12¢)

The coefficients A,,, A4, and A, 45 are assumed to depend
on 64 only, so that the dependence of the metric on r is
contained explicitly in the power expansion.

B. Field equations I

The metric forms of Egs. (5.7) and (5.11) follow directly
from the light-cone nature of the coordinate systems, and
they embody the purely kinematical requirements imposed
by the choice of coordinates. To obtain more information
we must impose the Einstein field equations.

In this first stage we involve the metric of Egs. (5.11) ina
computation of R"”, the time-time component of the Ricci
tensor. Setting this to zero order-by-order in r reveals that

QABAzAB =0, (5133)

QABA3AB = O, (513b)
3

QABA4AB = §A2ABA‘§B. (5130)

In quasi-Cartesian coordinates these equations read

YAy =0, (5.14a)

YAz = 0, (5.14b)
3

Y Mgy = = Asa AL, (5.14¢)

5

These equations mean that A, is tracefree through order
r?, and that its trace is given by y*’A,;, = 2r*A,,,A3" +
o).

We use this observation to simplify the form of the
metric. Continuing to work in the quasi-Cartesian coordi-
nates x“, we reexpress Ay, as a sum of trace and tracefree
pieces:

3 .
Agap = Asgp T 0 YapAredASY,

where the new Ay, like A,,;, and Az, is now known to be
tracefree. We also exploit the identity

(5.15)

1
AgucAyy, = 3 YapAreaAS?,

which holds for any symmetric-tracefree tensor A,,,.

(5.16)
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Making these substitutions in Eq. (5.11), we arrive at

Suy = —1 — rPAy — PPA; — A, + AL AL + O(P),
(5.17a)

Sva = Qy = Ay — PPAy, — r*Ay, + r* Ay, A + O(P),
(5.17b)

1 .
8ab = Yab — P Aoapy — PAsey, — Ay + = 1y pAscdAS?

5
+ 0(r). (5.17¢)
It is understood that the vector potentials A,,, As,, A4,, and
AyupAb are transverse, in the sense that they are all or-
thogonal to )“. And it is now understood that the tensor
potentials A,,;, As,p, and A,,, are both transverse and
tracefree; the potential 7y,,A,.4A5 is transverse and pure
trace.
In quasispherical coordinates the metric is

8o = —1 — FPPA, — PA; — A, + r4A2AA’2‘ + 0(r),

(5.18a)
gur =1, (5.18b)
Sua = — 1Ay — r*Azy — PAy + PApAT + O0°),

(5.18¢c)
gap = *Qap — r*Asupg — PAsup — r°A4up

+ %r6QABA2CDA2CD + o(r). (5.18d)

Here also the tensor potentials are tracefree, except for the
term proportional to )4, which is pure trace.

C. Field equations I1

The metric of Egs. (5.17) and (5.18) is a partial solution
to the Einstein field equations. In its quasi-Cartesian form
the metric involves the transverse potentials A,,, As,, A4y,
Asups Azap, and Ay, and imposing the vacuum equation
RYY = 0 has revealed the important fact that the tensor
potentials are all tracefree. In the quasispherical form of
the metric, the potentials have components in the angular
directions only, and these depend on #* only. To obtain a
complete solution to the field equations we must now
determine the potentials.

We rely on Zhang’s work [18], which allows us to state
that the metric of a vacuum region of spacetime around a
timelike geodesic is a functional of two (and only two) sets
of tidal moments £, ,,...,, and B, ,,...,,; the tidal moments
are STF tensors that depend on proper time on the world
line, and they are related to components of the Weyl tensor
(and its derivatives) evaluated on the world line. For a
complete description of the metric one requires an infinite
number of tidal moments; for an approximate description
one requires a finite number. In our case the construction of
the metric shall involve the quadrupole moments &£, and
B.», the octupole moments &, and B, and the hex-
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adecapole moments &,;,., and B,,.,. These were intro-
duced in Sec. IT A, and their scaling properties are de-
scribed in Sec. II B.

Collecting the observations summarized in the preced-
ing two paragraphs, we obtain three important guiding
rules for the construction of the metric:

(1) The metric is constructed from scalar potentials,
vector potentials that are transverse, and tensor po-
tentials that are transverse and tracefree.

(2) The potentials depend on the angles 4 only; they
are independent of r, which appears as a multipli-
cative factor in front of the potentials.

(3) The potentials depend on two sets of tidal moments.

The rules imply that the metric must be constructed from
the tidal potentials introduced in Secs. II D and I1 E. There
are no other possible building blocks for the metric.

We begin the construction of the metric with the deter-
mination of A,, A,4, and A,,p. (In practical matters it is
convenient to deal with the quasispherical representation
of the metric, because the r-dependence is then explicitly
known.) These terms occur at order 72 in g,,,, > in g,,4, and
r* in g,p, and proper dimensionality requires that the
potentials scale as R 2. Equation (2.12) then implies
that the potentials must be constructed from &, and
B,»- The possible building blocks are listed in
Tables VIII and TX, and we write A, = a&9, Ay, = bET +
PBY, Apup = cE35 + qB;, where a, b, ¢, p, and g are
undetermined numerical coefficients. From this we form
the metric g,, = —1 — r?A, + O(), g,, =1, g1 =
—r3Ay + 0", and gup = rPQup — Ay + O(P),
which we substitute into the vacuum field equations. (At
this stage of the computations the v-dependence of the
tidal potentials can be ignored, because their v-derivatives
are suppressed by a factor of order R ™! relative to the
spatial derivatives. Another simplifying move is momen-
tarily to switch off the ¢-dependence of the metric by
adopting gg and Bg as the only nonvanishing components
of the tidal moments.) The exercise returns the relations
b=2a, c=1a, and ¢ =1p, which leaves a and p as
undetermined constants. To obtain a and p we compute the
frame components C,g,o and C,;.o of the Weyl tensor in
the limit » — 0, and demand that the results agree with
Egs. (2.4). From this we find thata = 1 and p = — % and
the metric is known through order R ~2.

For the computation of the frame components of the
Weyl tensor we need

A

u’ =1, u" =0, u® =0, (5.19a)

1
A =-0A  (5.19b)
r

the components of the tetrad vectors in the light-cone
coordinates. Here Q4 := 5,040, and the factor of
r~! compensates for factors of r in the angular components
of the metric. It is easy to show that the vectors are
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orthonormal and parallel-transported along #“ in the limit
r — (0. We observe that while some components of the
Weyl tensor are ambiguous or go to zero in the limit r —
0, the frame components are well-behaved and have a well-
defined limit.

We continue with the determination of A;, As,, and
As,p. Here the potentials must scale as R™3, and
Eq. (2.12) implies that they must be constructed from
Eubs Bah, Eapes and B,.. The possible building blocks
are listed in Tables VIII and IX, and we express Az as a
linear combination of &9 and £°, Az, as a linear combina-
tion of &9, BY, Q, and BS, and A;,p as a linear combi-
nation of &%, B, &9 and BS,. The numerical
coefficients are determined in two steps. First, we construct
an improved metric by appending the terms of order R 3,
and we substitute it into the vacuum field equations. (In this
step the v-dependence of the quadrupole tidal potentials
must be taken into account, again keeping in mind that the
v-derivatives are suppressed by a factor of order R ™!
relative to the spatial derivatives. It is still possible mo-
mentarily to switch off the ¢-dependence of the metric by
adopting 58, BI. 0, and Bf as the only nonvanishing
components of the tidal moments.) The first step leaves
two coefficients undetermined, a common multiplicative
factor in front of £, and another common factor in front
of B, These are determined in the second step, in which
we compute the frame components C,gp). and C,pc0q Of
the covariant derivatives of the Weyl tensor in the limit r —
0, and demand that the results agree with Egs. (2.6). The
metric is now known through order R 3.

We complete the computation of the metric with the
determination of Ay, A4y, and Ay,p. Here the potentials
must scale as R 4, and Eq. (2.12) implies that they must be
constructed from &, j?ab, Eaber jiabc, Eupea and Bpeq-
That is not all, however, because at order R ~* we must
also include potentials that are generated by quadratic
combinations of &£,, and B,,; the list of potentials is
long, and this makes the computations much more involved
than in the previous cases. The possible building blocks are
listed in Tables VIII, IX, X, XI, XII, and XIII. We express
A, as a linear combination of £9, £°, &N, P™, P, Ph O™,
949, 9h g9, and G°. We express Ay, as a linear combi-
nation of €9, £3, &7, BY, BY, Bh, P4, Ph, 24, oh g4,
GS, HY, and H". And we express Ay as a linear
combination of £%,, &Sy, ENs Bl BSs Bhg Plp
Py, Q%4 9hs. GYp. G H g, and H' . In addition
to all this the angular components of the metric contain a
bilinear term proportional to Ay, A58 = §(£3, — Bj,) X
(E¥B — BHB) which can be simplified with the help of
Egs. (B2). The many numerical coefficients that appear in
the metric at order R ~* are determined as we did previ-
ously. Substitution of the metric in the vacuum field equa-
tions determines all but two coefficients, the common
multiplicative factors in front of £,,.; and B,,.,. These
are determined by computing the frame components
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Ca0p0ca and C 0|4, Of the second covariant derivatives of
the Weyl tensor in the limit » — 0, and demanding that the
results agree with Eqgs. (2.7). The metric is now known
through order R, and the end result is displayed in
Egs. (34). The quasi-Cartesian representation of
Egs. (3.3) can be obtained directly from this.

This completes the derivation of the background metric.
An alternative derivation is presented in Appendix D.

VI. BLACK-HOLE METRIC: DERIVATION

‘We next turn to a derivation of the black-hole metric of
Egs. (3.7), a vacuum perturbation of the Schwarzschild
solution

ds® = — fdv? + 2dvdr + r*dQ?, 6.1)

where f=1—-2M/r and dQ?= Q,d0*do® =
d6?* + sin’0d¢>. To construct the perturbation we rely
|
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heavily on the formalism of Martel and Poisson [33], and
we implement the light-cone gauge of Preston and Poisson
[34]. The computations that lead to the black-hole metric
are extremely lengthy, and are presented in four highly
technical subsections. In Secs. VI A and VI B we construct
the linear piece of the metric perturbation, and in
Secs. VIC and VID we turn to the bilinear piece. The
results are collected in Sec. VIE.

A. Linear perturbation: Preparation

1. Form of the metric perturbation and considerations
of gauge
The metric of Egs. (3.4) specifies the asymptotic con-
ditions (when r > 2M) for the metric of a tidally deformed
black hole. Focusing our attention on the linearly perturbed
piece of the metric, we write it as

1 . 2 .. 1 1 . 1
O rze?gq + §r3e§5q — ﬁr“eggq - §r3e?5° + 6r4e‘3€° — Er“e?é‘h + bilinear, (6.2a)
gur =1, (6.2b)
2 1 . . 8 .. .. 1 1 . .
o = —§r3(6282 — b BI) + §r4(e?€i — bdB}) — @rS(eggj — b{BY) — Zr“(egé'f\ — b3BY) + grS(eggg — b2B3)
1
—Eﬁﬁﬂ—wmﬂwmmn (6.2¢)
1 5 . . 1 .. .. 1
8ap = r*Qup — §r4(635§3 - bngB) + ﬁ”s(eggiB - bngB) - 7’6(685‘23 - bngB) - 875(62523 — bYB3p)
3 . . 1
+ 2—Or6(e§533 — b3 B3g) — 2—0r6(69523 — bYBh,) + bilinear, (6.2d)
where the undetermined radial functions ed(r), e2(r), e"(r), Pov = Z plmyim (6.3a)
by(r), b(r), and b (r) are all required to approach unity I
when 2M /r — 0. This ansatz for the metric is motivated by Pon = Z jlmytm (6.3b)
the facts that (i) it reduces to the Schwarzschild metric ! e A
when the tidal fields are turned off; (ii) it reduces to the _
Pap = (6.3¢)

(linear piece of the) background metric when M — 0 (so
that the radial functions all become equal to unity); and
(ii1) its expansion in terms of tidal potentials constitutes a
decomposition of the metric perturbation into a complete
basis of spherical-harmonic modes. An important aspect of
the metric is that its v-dependence is assumed to be slow
(with a time scale of the order of R) and contained in the
tidal moments; we rule out time-dependent processes that
take place over time scales comparable to 2M.

We write the black-hole metric as g,3 = &4p + Pap, I
which g, is the Schwarzschild metric of Eq. (6.1) and p, g
is the tidal perturbation. In Eq. (6.2) the perturbation is
presented in the Preston-Poisson light-cone gauge, which
enforces the conditions p,,, = p,. = p,4 = 0. The even-
parity sector of the perturbation is

},.ZZ(Klm QAB Ylm + Glm Y,{tn;;)r
Im

where the reduced perturbations A%, ji™ K™ and G'™
depend on v and r only. Preston and Poisson show that for
vacuum perturbations, the gauge can be refined to also
enforce K" = 0. This leaves A, j™ and G as non-
vanishing perturbations, and these can be read off from
Egs. (6.2). The odd-parity sector of the perturbation is

Pva = Zhémxlm’
Im

— Imylm
Pa = thl Xip»
Im

(6.4a)

(6.4b)

in which A" and A" depend on v and r only; these also
can be read off from Egs. (6.2).
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Preston and Poisson show that the residual gauge free-
dom that remains within the even-parity sector of the
perturbation is a family characterized by an arbitrary func-
tion a(v)—one function for each / and m. Under such a
gauge transformation the perturbations change according
to

M i M
By — gy + 11+ 1) 2 2[-1(1 1) -1 +—]a
r 2 r

+ 2rd, (6.5a)
1 2r?
= Jo — | I+ 1) — +—:d, 6.5b
2 4
—-G—Za+-——a :
G—G L 0+ ])a, (6.5¢)

where the /m label was omitted for ease of notation. In
addition, Preston and Poisson show that the residual gauge
freedom that remains within the odd-parity sector of the
perturbation is a family characterized by an arbitrary func-
tion a/™(v)—one function for each / and m. Under such a
gauge transformation the perturbations change according
to

(6.6a)
(6.6b)

h, — h, — r’q,

]’l2 - h2 - 27’2&.

We shall use the residual gauge freedom to specialize the
light-cone gauge to a horizon-locking gauge defined by the
requirements p,, = p,, = Pya = 0 at r = 2M. Since the
light-cone gauge already enforces p,, = 0 everywhere, the
horizon-locking gauge requires

him = jlm = ( = plm  at r = 2M. (6.7)

Because the residual gauge freedom is limited to two
functions a”(v) and a”(v), it may seem doubtful that
the three conditions of Eq. (6.7) can be imposed.
Nevertheless, we shall see that the Einstein field equations
do allow the specialization of the light-cone gauge to the
horizon-locking gauge. We saw in Sec. IVA that the con-
ditions of Eq. (6.7) ensure that the horizon keeps its coor-
dinate description r = 2M in the perturbed spacetime.

The horizon-locking gauge, together with the vacuum
field equations, imply the existence of a useful constraint
on the values of A/ and hi" at r = 2M. We examine the
perturbation equation Pj, = 0 (in the notation of Martel
and Poisson) and evaluate it at r = 2M. Making use of the
statement A = 0 returns

U= DU+ ahy o o,
8M? dv  dv Iar

Integration with respect to v, keeping r anchored at r =
2M, yields

0= (6.8)

8M? dhim
(I—1D(I+2) or

(v, r =2M) = — (6.9)

r=2M
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The constant of integration was set equal to zero to respect
the ansatz of Egs. (6.2), which implies that there is no
v-independent term in the perturbation. We shall refer to
Eq. (6.9) as the horizon-locking constraint; it refers to the
odd-parity sector of the perturbation only.

2. Redefinition of tidal moments

In addition to making use of the residual gauge freedom,
the form of the metric perturbation can be adjusted by
redefining the tidal moments &5, Eupes Bap, and By,
according to £€— €+ pME+ p,M*E+ -+ and B—
B+ g MB+ g, M?>B + -+ - . As we shall see below, these
redefinitions have the effect of inducing changes in the
radial functions €3, o, b3, and be.

3. Even-parity sector, | = 2
According to Egs. (6.2) and Table VIII, the even-parity,
[ = 2 piece of the perturbation is described by

1. . .
hyy = —1*e & + = rel — —rtes&+ -,

; = (6.102)
S ST SIS (6.10b)
= ——rle —ries& ——rle .

Jv 30T e Y 63 O
1 5 . 1 .
G:—57‘2675"‘1787'3885_?7‘4695_’_"'y (6100)

in which e, := ¢€}(r) and £ := E£}(v). For ease of notation
we have omitted the label /m = 2m on the perturbation
functions; the radial functions do not depend on m. Under a
residual gauge transformation generated by the function
a) = —Le\MPE = 2e,M*E — L osMPE + -+ - the ra-
dial functions change according to

4

ey~ e to—, (6.11a)
r
M3 M* Mm>
62—’€2+2C1—3+3C1—4_4C2—5, (611b)
r r r
LToM 28 M M M
e3—e3t—ci———c—F— ldc—+c3—,
3 33 324 25 36
(6.11¢)
M3 Mm*
€4_’€4_C1—3_C1—4, (611d)
r r
8§ M* 8 M
65_’€5+§C27+§C2F, (6116)
7 M 1 M 1 M
66_)e6+§c1F_5 373 _§C3F, (61]f)
M3
e, — ey — CL—=, (611g)
r
2 M 8 M
68—>€8_§C17+§C27, (611h)
28 M* 2 M ,
69_)69+ﬁC27_§C3r_5. (6111)
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Here the residual gauge freedom was reduced from a func-
tional family characterized by an arbitrary function a(v) to
a three-parameter family (with parameters c;, c,, and c3).
This loss of generality is a choice that is motivated by the
observation that the even-parity, [ = 2 piece of the per-
turbed metric should be driven by a single function £(v), so
that a(v) should involve only &(v) and its derivatives.
Below we shall seek choices for ¢y, ¢,, and c5 that enforce
the horizon-locking conditions e; = e, = ez = ¢4 =
es =eg = 0atr=2M.

Implementing the redefinition &— & —1 PME +
% paM?E + - -+ in Egs. (6.10) has the effect of changing
the identity of the radial functions e, - - - e9. They become

ey — ey, (6123)
€, — €) + pP1r—¢€y, (612b)
r
M M?
es—estepiet pp—en (6.12¢)
r r
€y ™ €y, (612(1)
es—es T opr—ey (6.12¢)
37 r
M 1 M?
€€t opi—est opr—5ey (6.121)
&8 ' r 27 r
€7 — eq, (612g)
2 M
€g — €3 + —pP1—é€y, (612h)
50 r
35 M 2 M? .
69_’€9+§p17€8+§p27€7. (6121)

Below we shall seek choices for p; and p, that enforce
eg = eg = 0 at r = 2M, this does not alter the conditions
already imposed by the horizon-locking gauge. With all
these choices implemented, only e, will be nonvanishing at
r=2M.

4. Even-parity sector, | = 3

According to Egs. (6.2) and Table VIII, the even-parity,
| = 3 piece of the perturbation is described by

1 1 :
hvv=_§r3elg+gr4€2g+"'; (6138')
o s,
o= e ek (6.13b)
1 1 ~
G = ——18r3e78+%r4635+ Tty (613C)

in which e, := €9(r) and £ := £9,(v). For ease of notation
we have omitted the label /m = 3m on the perturbation
functions; the radial functions do not depend on m. Under a
residual gauge transformation generated by the function
aw) = —Le\M* e~ Le;MPE + -+ -, the radial func-
tions change according to
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5

e — e + Cl—s, (6143)
r
5 Mm* M> M®
62_'62+§C17+017_C27, (614b)
5 MY 2 M 6.140
- —=Ci—4 — 5C1—=>» d4ac
Gl IaTE T35
5 M1 M
65—>€5+1C2r—5+502F, (614d)
M4
67_’67_C1—4, (6146)
r
5 M 5 M
68—’68_EC17+§C2F. (614f)

Here (as before) the residual gauge freedom was reduced
from a functional family to a two-parameter family. We
shall seek choices for ¢; and ¢, that enforce the horizon-
locking conditions e¢; = e, = ¢4 = e5 = 0 at r = 2M.

Implementing the redefinition £ — & — % pIME + -+
in Eqgs. (6.13) has once more the effect of changing the
identity of the radial functions. They become

e — ey, (6153)
ey — e+ pp—ey, (6.15b)
r

ey — ey, (6.15¢)
3 M

€5 — €5 + —D1— €y, (615(1)
47 r

e7 — e, (6156)
5 M

€g — €3 +—p1—€7. (615f)
9" ' r

Below we shall seek a choice for p; that enforces eg = 0 at
r = 2M; this does not alter the conditions already imposed
by the horizon-locking gauge. With all these choices im-
plemented, only e will be nonvanishing at r = 2M.

5. Even-parity sector, | = 4

According to Egs. (6.2) and Table VIII, the even-parity,
| = 4 piece of the perturbation is described by

1
hvv:_ﬁr4€15+"': (6.16a)
) 1
]U:_6Or5€45+...’ (6.16b)
1
= 4 4 1
G oo" e,E , (6.16¢)

in which e, := ¢(r) and £ := &N (v). For ease of notation
we have omitted the label Im = 4m on the perturbation
functions; the radial functions do not depend on m. Under a
residual gauge transformation generated by the function
a(v) = —55¢,M°E + - -+, the radial functions change
according to
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6

61_’€1+C1—6, (6173.)
9 M 1 M°
ey — €y _ZCI r5 ECIF, (617b)
M3
€7 —™ €7 — (Cy (6170)

rs'

We shall seek a choice for ¢; that enforces the horizon-
locking conditions ¢; = e, = 0 at r = 2M. This leaves e
as the only nonvanishing function at r = 2M.

6. Odd-parity sector, | = 2

According to Egs. (6.2) and Table IX, the odd-parity, [ =
2 piece of the perturbation is described by

1
l’lu 5 3b43——r4b53+—3r5b63 + - , (6183_)
1 5
hy = 3B = —8r5bng + -rﬁbQB + -+, (6.18b)
in which b, := b3(r) and B := B3(v). For ease of nota-

tion we have omitted the label /m = 2m on the perturba-
tion functions; the radial functions do not depend on m.
Under a residual gauge transformation generated by the

function a(v) = —LkM>B + 3 k2M3’B & k3M4’13 +
-, the radial functlons change accordlng to
by — by, (6.19a)
M2
bs—’bs - k1—2, (619]3)
r
35 M?
b6 i b6 1—6](27, (619C)
M2
b7_’b7 +k172, (619d)
r
M3
b8 i b8 + k2 3 (6196)
r
M4
by — by + k3 —. (6.191)
r

Here the residual gauge freedom was reduced from a func-
tional family characterized by an arbitrary function a(v) to
a three-parameter family (with parameters k;, k,, and k3).
This loss of generality is a choice that is motivated by the
observation that the odd-parity, [ = 2 piece of the per-
turbed metric should be driven by a single function B(v),
so that a(v) should involve only B(v) and its derivatives.

Below we shall seek choices for k;, k,, and k5 that
enforce the horizon-locking conditions by, = bs = bg =
0 at » =2M. Since b, is gauge invariant, this will be
achieved if and only if b, automatically vanishes at r =
2M. Using Egs. (6.18) we find that the horizon-locking
constraint of Eq. (6.9) implies
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b,(2M) = —Mb,2M), (6.20a)
by(2M) = — gMbg(2M), (6.20b)
bo(2M) = — gMbg(zM), (6.200)

in which a prime indicates differentiation with respect to r.
The last equation will be used to determine k5.

Implementing the redefinition B — B — %q,M B+

%szzjg + - - - in Egs. (6.18) has the effect of changing
the identity of the radial functions by - - - bg. They become
b4 - b4, (6213)
M
bs — bs + q1—by, (6.21b)
r
21 M M?
be — bg +EQI_b5 +Qz—b4, (6.21¢)
b; — by, (6.21d)
3 M
bg — by + —q1—Dby, (6.21e)
57 r
35 M 4 M?
by = by +%q17b8 +§q27b7. (6.211)

Below we shall seek choices for g; and ¢, that enforce
bg = by = 0 at r = 2M this does not alter the conditions
already imposed by the horizon-locking gauge. With all
these choices implemented, only b, will be nonvanishing at
r=2M.

7. Odd-parity sector, | = 3

According to Egs. (6.2) and Table IX, the odd-parity, [ =
3 piece of the perturbation is described by

1
hy =25 r*byB - EerSB +eee (6.22)
1
,’l2 = E75b73 - El’ﬁbgﬂ + - , (622b)
in which b, := b2(r) and B := BS,(v). For ease of nota-

tion we have omitted the label /m = 3m on the perturba-
tion functions; the radial functions do not depend on m.
Under a residual gauge transformation generated by the

function a(v) = — Lk M3B + L k,M*B + - - -, the ra-
dial functions change according to
by — by, (6.23a)
M3
bs — bs — 5kl (6.23b)
M3
b; — b7 + kl 3 (6230)
2
M4
by — bg + ky—. (6.23d)
r

Here the residual gauge freedom was reduced to a two-
parameter family.
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Below we shall seek choices for k; and k, that enforce
the horizon-locking conditions by = bs =0 at r = 2M.
Since b, is gauge invariant, this will be achieved if and
only if b, automatically vanishes at r = 2M. Using
Eqgs. (6.22) we find that the horizon-locking constraint of
Eq. (6.9) implies

b,(2M) = — gMbg(zM), (6.242)

ba(2M) = — § MY 2M), (6.24b)
in which a prime indicates differentiation with respect to r.
The last equation will be used to determine k.

Implementing the redefinition B — B — 2¢,M B+
in Egs. (6.22) has the effect of changing the identity of the
radial functions. They become

by — by, (6.25a)
m~m+%¥m (6.25b)
by — b, (6.25¢)
%~m+§%¥m. (6.25d)

Below we shall seek a choice for g, that enforces bg = 0 at
r = 2M; this does not alter the conditions already imposed
by the horizon-locking gauge. With all these choices im-
plemented, only b; will be nonvanishing at r = 2M.

8. Odd-parity sector, | = 4

According to Egs. (6.2) and Table IX, the odd-parity, [ =
4 piece of the perturbation is described by

1
_ + o .. .
hy = g5 r°bsB , (6.26a)

1
h2:776b73+"',

120 (6.26b)

in which b, := b"(r) and B := B" (v). For ease of nota-
tion we have omitted the label /m = 4m on the perturba-
tion functions; the radial functions do not depend on m.
Under a residual gauge transformation generated by the

function a(v) = — ﬁloklMA'fB + - - -, the radial functions
change according to
b4 - b4) (6.273)

4

by — by + ky M—4. (6.27b)
r

Here the residual gauge freedom was reduced to a one-
parameter family. The horizon-locking condition is b, = 0
at r = 2M, and this will be achieved if and only if b,
automatically vanishes at r = 2M. Using Egs. (6.26) we
find that the horizon-locking constraint of Eq. (6.9) implies
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b,2M) = — gMbg(2M), (6.28)

in which a prime indicates differentiation with respect to r.
This equation will be used to determine k.

B. Linear perturbation: Field equations
1. Even-parity sector

We describe in detail the method by which the pertur-
bation equations are integrated in the quadrupole case [ =
2; the same strategy is employed for the other multipoles.
We rely on the formalism of black-hole perturbation theory
outlined in Martel and Poisson [33]. The method unfolds in
a number of steps.

In the first step the forms h,, = —r’e,(r)E(ev) + - - -,
Jo = —3res(nE(ev) + - - -, and G =
- % r’e;(r)E(ev) + - - - are inserted within the even-parity
field equations. Here € is a bookkeeping parameter that
reminds us that derivatives with respect to v are considered
to be small; in this first step the field equations are ex-
panded to order €Y, and all terms in & are neglected. In the
notation of Martel and Poisson, the equation Q" = 0 is
automatically satisfied, and the equations QV" = 0, Q""" =
0, and Q¥ = 0 give rise to a system of three independent
differential equations for the three unknown radial func-
tions; the other field equations are related to these by the
Bianchi identities. The general solution to the system of
equations is easily obtained, and it depends on three inte-
gration constants. Imposing regularity at the event horizon
determines one constant, and removes all terms propor-
tional to log(r — 2M) from the radial functions. One of the
two remaining integration constants is an overall multi-
plicative factor that is chosen so that when r > 2M, the
functions ey, e4, and e all approach unity. The remaining
constant is equivalent to the parameter c; that appears in
Egs. (6.11); it characterizes the residual gauge freedom that
is still contained within the light-cone class of gauges. This
last constant can be selected by simultaneously enforcing
e; = ey = 0 at r = 2M, this is the horizon-locking condi-
tion of Eq. (6.7). The functions e, e4, and e; are now
completely determined, and the constant ¢; has been
chosen.

In the second step the forms

h,, = —r*e,(r)&(ev) + %F%z(”)g(fv) +eoe o (6.292)
o = = 3 PesE(Ew) + L res(nE(ev) + -+, (629b)
G=— %1267(7')5(61)) + 15—81’368(")5(6’)) + 0 (6.290)

are inserted within the even-parity field equations. The
functions e, ¢4, and e; are already known from the first
step, and the goal of the second step is to determine e,, es,
and eg. The overdot still indicates differentiation with

024029-27



ERIC POISSON AND IGOR VLASOV

respect to v; the terms in & are therefore of order e, and
higher derivatives are of order €> and higher. In the second
step the field equations are expanded to order €, and all
terms in & are neglected. As in the first step, the equations
Qv =0, Q" =0, and Q" = 0 give rise to a system of
three independent differential equations for the three un-
known radial functions. The general solution is easily
obtained, and it depends on three integration constants.
As before, imposing regularity at the event horizon deter-
mines one of these, and removes all terms proportional to
log(r — 2M) from the radial functions. One of the two
remaining constants is equivalent to the parameter ¢, that
appears in Eqgs. (6.11); it characterizes the residual gauge
freedom that is still contained within the light-cone class of
gauges. The other constant is equivalent to the parameter
p; that appears in Eqgs. (6.12); it corresponds to a redefini-
tion of the quadrupole tidal moment £. The constant ¢, is
selected by simultaneously enforcing e, = e5 = 0 at r =
2M; this is once more the horizon-locking condition of
Eq. (6.7). The constant p; is selected by also enforcing
eg = 0 at r = 2M. The functions e,, es, and eg are now
completely determined, and the constants ¢, and p; have
been chosen.

In the third and last step Egs. (6.10) are inserted within
the field equations, which are expanded to order €. The
general solution to the system of differential equations for
es3, €g, and ey is easily obtained, and as always it depends
on three integration constants. The two that remain after
imposing regularity at the event horizon are equivalent to
the parameters c; and p, that appear in Egs. (6.11) and
(6.12). The constant c3 is selected by simultaneously en-
forcing e; = ¢ = 0 at r = 2M. The constant p, is se-
lected by also enforcing eq = 0 at r = 2M. The functions
e3, ¢g, and eq are now completely determined, and the
constants c3 and p, have been chosen.

The task of solving the linearized field equations in the
even-parity, / = 2 sector is now completed, and we pro-
ceed in the same fashion for the / = 3 and [ = 4 sectors.
The radial functions obtained here are listed in Table XIV.

2. Odd-parity sector

Essentially the same strategy is adopted for the odd-
parity sector of the metric perturbation. We describe the
details for the quadrupole (I = 2) sector.

In the first step we insert the expressions h, =
13by(r)Blev) + -+ and  hy = 1r*b;(r)Blev) + - -
within the odd-parity field equations, which are expanded
to order €°. In the notation of Martel and Poisson, the PV =
0 and P" = 0 equations give rise to a system of two
differential equations for the two unknowns b, and b;.
The general solution to this system depends on three con-
stants of integration. The first is determined by demanding
regularity at r = 2M. The second is an overall multiplica-
tive factor that is chosen so that b, and b, approach unity
when r > 2M. The third and final constant of integration
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is equivalent to the parameter k; that appears in Eq. (6.19);
it characterizes the residual gauge freedom that is still
contained within the light-cone class of gauges. We find
that b, automatically vanishes at r = 2M, and we set the
value of k; by imposing the first horizon-locking constraint
of Egs. (6.20). The functions b, and b, are now completely
determined, and the constant k; has been chosen.
In the second step we insert the expressions

h,,

r3by(r)Blev) —é 4hs(r)Blev) + -+,  (6.30a)

hy

W = W] =

by (r)Blev) — %r5b8(r)f23(ev) +ee (6.30b)

within the odd-parity field equations, which are expanded
to order €. As in the first step, the general solution to the
system of differential equations for b5 and bg depends on
three constants of integration. The first is determined by
imposing regularity at » = 2M. The second constant is
equivalent to the gauge parameter k, that appears in
Egs. (6.19), and the third is equivalent to the parameter
g, that appears in Egs. (6.21); this corresponds to a rede-
finition of the quadrupole tidal moment B. We find that bs
automatically vanishes at r = 2M, and we choose k, so
that the second horizon-locking constraint of Egs. (6.20) is
satisfied. Finally, we choose ¢; so that bg also vanishes at
r =2M. The functions b5 and bg are now completely
determined, and the constants k, and ¢; have been chosen.

In the third and final step we insert Eqs. (6.18) within the
odd-parity field equations, which are now expanded to
order €. As before the general solution to the system of
differential equations for bg and by depends on three con-
stants of integration. The first is set by imposing regularity
at r = 2M. The second is equivalent to the gauge parame-
ter k5 that appears in Egs. (6.19), and the third is equivalent
to the parameter g, that appears in Eqgs. (6.21). We find that
be automatically vanishes at r = 2M. We choose k3 so that
the third of Egs. (6.20) is satisfied, and g, so that bg also
vanishes at » = 2M. The functions bg and by are now
completely determined, and the constants k3 and g, have
been chosen.

The task of solving the linearized field equations in the
odd-parity, [ = 2 sector is now completed, and we proceed
in the same fashion for the / = 3 and / = 4 sectors. The
radial functions obtained here are listed in Table XIV.

3. Light-cone gauge and horizon-locking condition

The perturbation obtained in this section is presented in
the light-cone gauge introduced in Sec. VI A. The gauge is
completely fixed: The residual gauge freedom that was
initially left over was removed by imposing the horizon-
locking conditions of Egs. (6.7) and (6.9). In terms of the

even-parity radial functions, this means that e?, eg, eg, eg,

q 494 o ,o ,0 ,0 ,h h . _
es, eg, €7, €3, eg, €3, e}, and ¢, all vanish at r = 2M. In

terms of the odd-parity radial functions, we have that b9,
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b3, b, by, b3, bd, b9, bY, b, b2, BN, and b} all vanish at

r = 2M. In addition, the freedom described in Sec. VI A to

redefine the tidal moments was exploited to force eg, eg,

e, by, by, and bS also to vanish at r = 2M. With these
conditions, the only radial functions that do not vanish at
r=2M are e?, e9, e?, b?, b9, and b'7‘; their values at r =

2M are listed in the caption of Table XIV.

1
Qo = —f + linear + E’A(PT?m +gnQm) 35
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C. Bilinear perturbation: Preparation
1. Form of the metric perturbation and considerations
of gauge
We next move on to the bilinear piece of the perturbed

metric, which is generated by the linear quadrupole terms.
The relevant pieces of the perturbed metric are

rgl 4(p1?q+q1Qq)+ 37816°
- = 4(pl'Ph +4h oM+ - (6.31a)
Cur = 1, (6.31b)
. 4
gua = linear — —r vgdGY + —rshq.’]-[g 105 P(pIPT +11439%) + fr ¢9GS + P HY,
2
~ ERRPY QD+ 6310
. 8 16
gap = r*Qyp + linear + —r(’QAB(PEnTm + g3 Qm) + —FGQAng G° - 69,43([’3 P9+ g599)
225 225 105
3
— 12 PaPihs — i Qi) + o H Y — 45 <= °0,4585G° + r°¢3G3, + 45 = QPP + g5 QM)
+ r6(p2’PQB + q4QAB) + r6h25{23 (6.31d)
The bili i bation is d di Iti | 3M 2M
e bilinear metric perturbation is decomposed into multi- . ) .
pole moments, and with the help of Tables X, XI, XII, and oy = By + 2rd + 2<1 - T)a —2b+ 2 b, (6.32a)
XIII, it can be expressed as in Egs. (6.3? and (6.4), in t.erms jo—j, + fa—b—r% (6.32b)
of scalar, vector, and tensor harmonics. The metric of
Eq. (6.31) includes all the tidal potentials that can contrib- Ko k+og4 0+ 2. 0+ e (6.320)
ute at bilinear order, including 29, }[A, GSs Plg. Qs r r
and FH' 23 that were missing from Eqgs. (3.4). All radial 2
. . . G—G——-a—2c (6.32d)
functions are required to approach unity as » — oo, except r

for p%, g9, ph, ¢, hY, and K%, which are expected to
approach zero as a power of 2M/r.

The form of the metric perturbation can be altered by a
residual gauge transformation that preserves the light-
cone nature of the coordinate system. Because the gauge
freedom was completely exhausted in the linear problem
(by enforcing the horizon-locking conditions), the freedom
that is left over in the bilinear problem is purely bilinear—
the coordinate shifts are necessarily proportional to
EE, BB, or £B. Under these circumstances the treatment
of bilinear gauge transformations is identical to the linear
treatment, and the residual gauge freedom is described
by Preston and Poisson [34]. In this context the residual
gauge freedom is wider than in the linear problem: We
can no longer enforce the tracefree condition Q48 p, = 0,
which was maintained in the linear problem.

According to Preston and Poisson, the residual gauge
freedom in the even-parity sector of the metric perturbation
is described by

where a(v), b(v), and c¢(v) are the generators of the gauge
transformation. The transformation is specific to each Im
mode, and the complete gauge transformation is obtained
by summing over the relevant multipoles (I =
{0,1,2,3,4}).

The residual gauge freedom in the odd-parity sector of
the metric perturbation is described by

h, — h,
h2—>h2—2ra,

—ra

(6.33a)
(6.33b)

where a(v) is the generator of the gauge transformation.
This transformation also is specific to each /m mode, and
the complete gauge transformation is obtained by summing
over the relevant multipoles (I = {2, 4}).

As we did in the linear problem, we shall exploit the
residual gauge freedom to specialize the light-cone gauge
to a horizon-locking gauge defined by the requirements
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pim = jlm =0 = pim  at = 2M. (6.34)

These conditions, together with the field equations, give
rise to the same horizon-locking constraint as in the linear
problem:

8M? dhim

(- D(+2) ar (6:33)

r=2M

hlzm(v, r=2M)=—

This comes about for the following reason: In the notation
of Martel and Poisson [33], we find that while Pj, is no
longer identically zero in the bilinear problem (because the
linear, quadrupole piece of the metric perturbation pro-
duces an effective energy-momentum tensor for the bi-
linear metric perturbation), its value turns out to be zero
at r = 2M; the derivation leading to Eq. (6.35) is therefore
the same as the one leading to Eq. (6.9) in the linear
problem.

In addition to this first set of horizon-locking constraints,
another set arises as a consequence of the even-parity
perturbation equations, in particular, the Qj’ equation
(again in the notation of Martel and Poisson). When eval-
uated at r = 2M, this equation implies

3, K" (v, r =2M) = 4MQJ’ (v, r =2M)  (6.36)

when we also impose the horizon-locking conditions
him — jlm — (0 at r = 2M. The right-hand side of this
equation is not zero, and the bilinear Qj/ can be computed
from the linear pieces of the metric perturbation.
Calculation reveals that the contributions to Q;’ that origi-
nate from terms involving &, and fBab in the linear per-
turbation vanish at r = 2M, so that Q)" (r = 2M) comes
entirely from terms that involve £,, and B,,. The end
result is that Q} (r = 2M) is equal to a quantity quadratic
in £,, and B,, that is differentiated with respect to v.
Equation (6.36) can therefore be integrated with respect to
v, and this gives rise to conditions on the value of K at
r=2M. A detailed examination of Eq. (6.36) shows that
these are equivalent to the horizon-locking constraints

(6.37)

and

wa
wo

=—— (6.38)

I
)

on the value of the radial functions at r = 2M.
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2. Redefinitions

In addition to making use of the residual gauge freedom,
the form of the metric perturbation can be adjusted by
redefining the black-hole mass parameter M and the tidal
moments E,,, By, Eupe, and B,,.. We consider the
changes

1 1

M— M+ EmlMSL‘:,,qel“f + EszSBMBFCI,
(6.39a)

& & 2 2E L EP 2 2B, . B

ab > Cab 7m3M pa€ py 7m4M plaBpy
(6.39b)
4

Bah — Bub + §m5M2(€p<apr>, (6390)
Euve = Eube — 2m6Mepq<a8bech>, (6.39d)
Babc - Babc’ (6396)

where the parameters m,, are dimensionless constants, and
where the factors of 5, 2, 2, and 2 were inserted for
convenience. The redefinition of M formally introduces a
time dependence in the black-hole mass parameter; this
can be ignored at the level of accuracy maintained in this
work, because according to the first of Egs. (6.39), M =
O(M?/R?). The impact of the redefinitions on the radial
functions will be examined below. We observe that there is
no need to consider a change such as &€,,.0 = Eupea T
moEapEcay + MioBap By, because this redefinition does
not involve M; this ambiguity can be resolved at the level
of the background metric.

The redefinitions of Eqgs. (6.39) are compatible with the
parity rules spelled out in Sec. II C. The rules forbid, for
example, the presence of an £B term in the shift in £,,, and
the presence of &2 and B’ terms in the shift in B,,.
Similarly, a shift in B, is ruled out, because the combi-
nations of £ and B that could be involved would violate the
parity rules.

3. Even-parity sector, | = (0

It is easy to pick out the monopole piece of the bilinear
metric perturbation from Eqgs. (6.31); it involves the tidal
moments P := &, EP9 and QM := B, BP!. Examining
the gauge transformation of Egs. (6.32), we find that the
changes for / = 0 concern h,,, and K only, and that those
are generated by two functions of time, a(v) and b(v).
Restricting the gauge freedom as we have done in the linear
problem, we write a = s M*(c;P™ +d, Q™) and b =
1—15M5(62 P+ d, Q™M), with ¢, d, denoting dimensionless
constants. Neglecting time derivatives, substitution within
Egs. (6.32) and comparison with Egs. (6.31) reveals that the
gauge transformation produces the following changes in
the radial functions:
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M* M3 MS
qu—’pT+2C]7_6C]F+2027, (6408)
15 M* 15 M
pgn—>pr3n+76'17_76'27, (640b)
M* M MO
r r r
15 M* 15 M°
93 — 45 + - di (6.40d)

i Nl
o4

4

The redefinition of M in Egs. (6.39) produces an additional
change in both p{" and ¢":

5

P — P+ 2m, (6.41a)

g — g + 2m, (6.41b)

=

5
5
Below we shall use the horizon-locking condition p' = 0
at r = 2M to determine ¢y, leaving p" and p7§' dependent
on ¢, and m;. We shall next impose the horizon-locking
constraint pT' = 5/16 at r = 2M to determine m;. These
conditions leave ¢, undetermined, and this is chosen so as
to simplify the form of the radial functions. Similarly, we
shall use the horizon-locking condition ¢" = 0 at r = 2M
to determine d,, leaving ¢{" and ¢7' dependent on d;, and
m,. We shall next impose the horizon-locking constraint
gy = 5/16 at r = 2M to determine m,. These conditions
leave d, undetermined, and this is chosen so as to simplify
the form of the radial functions.

4. Even-parity sector, | = 1

The dipole piece of the bilinear perturbation involves the
tidal potentials G% and G9 defined in Table XII. The gauge
transformation for [ = 1 concerns h,,,, j,, and K only. Itis
generated by three functions of time, which we write as
a=2cMG%b=2c;M°GY, and ¢ = Zc;M*GY, with
¢,, denoting dimensionless constants. (There is an abuse of
notation here. The functions «, b, and ¢ are specific to each
mode [ =1, m = {0, lc, 1s}; the notation G9 therefore
refers to each harmonic component of the bilinear tidal
moment, as listed in Table XII.) Neglecting time deriva-
tives, substitution within Egs. (6.32) and comparison with
Egs. (6.31) reveal that the gauge transformation produces
the following changes in the radial functions:

M6
8(1]| - g? + 2¢, 5 (6.42a)
5 M 5 M°
83—'83—1(61 _02)?"‘501?, (6.42b)
15 M* 15 M
gogltgag oo (642

Below we shall use the horizon-locking conditions gf =
gg =0 at r = 2M to determine c,, leaving g9 dependent
on ¢y and c3. We shall next impose the horizon-locking
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constraint g§ = —5/16 at r = 2M to determine c;. These
conditions leave c; undetermined, and this is chosen so as
to simplify the form of the radial functions.

5. Even-parity sector, | = 2

The quadrupole piece of the bilinear perturbation in-
volves the tidal potentials P9 and Q9, as well as their
vectorial and tensorial counterparts; these are defined in
Tables X and XI. The residual gauge transformation is
generated by a = 2M°(c; P9 + d,Q9), b = 2M°(c, P9 +
d,99), and ¢ = IM*(c; P + d399), in which P9 and
Q9 stand for the harmonic components of the tidal mo-
ments listed in Tables X and XI. Neglecting time deriva-
tives, substitution within Eqs. (6.32) and comparison with
Eqgs. (6.31) reveal that the gauge transformation produces
the following changes in the radial functions:

6

pi—pP+ zc27, (6.43a)
pI— pd+15(c; — CQ)A;S - 30¢, Af: (6.43b)
p3— p3 - §C3A’i[—: — %(3c1 - cz)Af—;, (6.43c)
ps— 1} +§c‘3ﬂ;[—:+§clﬁf—;, (6.43d)
g7 — g + 2d2r—66, (6.43¢)
ﬂ~ﬁ+§urv#§—%m%1 (6.43f)
ﬂeﬁ—?@gFgom—@%i (6:43g)
ﬂéﬂ—g@%igl%i (6.43h)

The redefinitions of Eqs. (6.39) produce the additional
changes

q q M2 2
Py — Py T m; 7f ) (6.44a)
M2
p3— pI+ 5m37 1, (6.44b)
4 M 2M?
q q
p4—>p4_§m37( _7), (6440)
M2
g1 = g1 + my— f*, (6.44d)
5 M
a3 —q; + Mz (6.44¢)
4 M 2M?

Below we shall use the horizon-locking conditions p| =
pg =0 at r = 2M to determine c,, leaving p; dependent
on ¢y, c3, and m;. We shall next impose the horizon-
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locking constraint p; = 5/16 at r = 2M to determine c,
and the additional condition p, = 0 at r = 2M to deter-
mine m3. These conditions leave c; undetermined, and this
is chosen so as to simplify the form of the radial functions.
Similarly, we shall use the horizon-locking conditions
q? = qg =0 at r = 2M to determine d,, leaving g, de-
pendent on d;, d;, and my. We shall next impose the
horizon-locking constraint g5 = 5/16 at r = 2M to deter-
mine d, and the additional condition g3 = 0 at r = 2M to
determine my. These conditions leave d; undetermined,
and this is chosen so as to simplify the form of the radial
functions.

6. Even-parity sector, | = 3

The octupole piece of the bilinear perturbation involves
the tidal potentials G°, G, and G, which are defined in
Table XII. The residual gauge transformation is generated
by a=2%c,M°>G°, b =32c,M°G°, and ¢ =32c3;M*G°, in
which G° stands for the harmonic components of the tidal
moments listed in Table XII. Neglecting time derivatives,
substitution within Eqs. (6.32) and comparison with
Egs. (6.31) reveal that the gauge transformation produces
the following changes in the radial functions:

6

87— &Y + 20— (6.452)
M> M6
9 — 83 +5(c; — )5 — 10¢; —, 6.45b
8 7 &2 (c1 — ) 3 Cl 6 ( )
M* 15 M3
g5 — &5 — 45¢; T 7(601 - 02)7, (6.45¢)
M M3
83— 88 —4es— g — 45 (6.45d)

The redefinitions of Eqs. (6.39) produce the additional
changes

M M
gi— gt + mﬁ—(l - —)fz, (6.46a)
r r
5 M 4M
O 5 090 + = —(1 —— 4
Q=g tam (1-3f (4o
1 M aM3

Below we shall use the horizon-locking conditions g7 =
g9 = 0 at r = 2M to determine c,, leaving g5 dependent
on ¢y, c¢3, and mg. We shall next impose the horizon-
locking constraint g§ — 5/16 at r = 2M to determine c,
and the additional condition g§ = 0 at r = 2M to deter-
mine mg. These conditions leave ¢; undetermined, and this
is chosen so as to simplify the form of the radial functions.

7. Even-parity sector, | = 4

The hexadecapole piece of the bilinear perturbation
involves the tidal potentials Ph and Qh, as well as their
vectorial and tensorial counterparts; these are defined in
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Tables X and XI. The residual gauge transformation is
generated by a=—1M(c,P"+d,Q"), b=
—IM3(c;P" + d,Q), and ¢ = —IM*(c; P + d;99),
in which " and Q" denote the harmonic components of
the tidal moments listed in Tables X and XI. Neglecting
time derivatives, substitution within Eqgs. (6.32) and com-
parison with Egs. (6.31) reveal that the gauge transforma-
tion produces the following changes in the radial functions:

6

Pl = pi+ 20—, (6.47a)
ph— pb +10(c; — Cz)Af—; — 20¢; A;I—: (6.47b)
Pl — ph— 150(:3];4—44 —15(10¢, — cZ)Af—:, (6.47¢)
Pl — Pl +4c; Af: +4c Af; (6.47d)
a7 — ¢} + 24, Af—: (6.47¢)
95— 4¢3 +10(d, — dz)A;I—: —20d, Aj—: (6.47f)
g% — b — 150d; A;I—; — 15(10d, — dz)]‘;[—;, (6.47g)
g = qf + 4d; Aj—f +4d, Af—: (6.47h)

Below we shall use the horizon-locking conditions p| =
pg =0 at r = 2M to determine c,, leaving p" dependent
on ¢; and c3. We shall next impose the horizon-locking
constraint p§ = 5/16 at r = 2M to determine c,. These
conditions leave c3 undetermined. We shall find that pﬂ #
0 at r = 2M, but that its value is independent of c3, which
is chosen so as to simplify the form of the radial functions.
Similarly, we shall use the horizon-locking conditions
qT = q’z‘ =0 at r = 2M to determine d,, leaving ¢ de-
pendent on d; and d;. We shall next impose the horizon-
locking constraint g7 = 5/16 at r = 2M to determine d;.
These conditions leave d; undetermined. We shall find that
g% # 0 at r = 2M, but that its value is independent of ds,
which is chosen so as to simplify the form of the radial
functions.

8. Odd-parity sector, | = 2

The quadrupole piece of the bilinear perturbation in-
volves the tidal potentials H| and FH 3}, defined in
Table XIII. The residual gauge transformation is generated
by a = %k1M4.’}’-[ 9. in which F 9 stands for the harmonic
components listed in Table XIII. Neglecting time deriva-
tives, substitution within Egs. (6.33) and comparison with
Egs. (6.31) reveal that the gauge transformation produces
the following changes in the radial functions:
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h$ — h, (6.48a)
M4

hy — h§ = 2k; —. (6.48b)
N r

The redefinitions of Egs. (6.39) produce the additional

changes

M?
hy — h3 + ms— ., (6.492)
r
4 M 6M>

The horizon-locking constraint of Eq. (6.35) gives rise to

4  dh3
ieM) = —-—M—=
h3( ) 9 dr

(6.50)
r=2M

We shall verify that the horizon-locking condition
hg(ZM) = () is automatically satisfied, and use Eq. (6.50)
to determine k;. We shall then choose m5 so that hg(ZM ) =
0.

9. Odd-parity sector, | = 4

The hexadecapole piece of the bilinear perturbation
involves the tidal potentials H " and H'%, defined in
Table XIII. The residual gauge transformation is generated
by a = %klM“ﬁ'—[ h in which JH" denotes the harmonic
components listed in Table XIII. Neglecting time deriva-
tives, substitution within Egs. (6.33) and comparison with
Egs. (6.31) reveal that the gauge transformation produces
the following changes in the radial functions:

hy — hb, (6.51a)

4
h — hY — 2k, % (6.51b)

The horizon-locking constraint of Eq. (6.35) gives rise to

1 dhf
WeM) = —-M =2

6.52
3 dr ( )

r=2M

We shall verify that A3(2M) = 0, and use Eq. (6.52) to
determine k. We shall find that /f does not vanish at r =
2M, but that its value is gauge invariant.

D. Bilinear perturbation: Field equations
1. General strategy

The solution to the bilinear problem requires a general-
ization of the perturbation formalism employed in the
linear problem. The perturbed metric takes the schematic
form g = g + €p, + €2p, + O(€?), in which g stands for
the Schwarzschild metric, e€p; is the linear perturbation
calculated previously, and €?p, the bilinear perturbation
that we now wish to obtain; e ~ R 2 is a perturbative
bookkeeping parameter. While ep; is linear in the tidal
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moments &,, and B,,, € p, involves terms of the sche-
matic form EE, £B, and BB, those are decomposed into
multipole moments and expressed in terms of the poten-
tials P™, P9, Ph, OM Q4 oh Gd G°, H9, and FH .
Notice that the bilinear problem involves the quadrupole
tidal moments &,, and B,,, only; at order €> ~ R ~* there
is no need to involve the octupole and hexadecapole mo-
ments that also appear in the linear perturbation.

The Einstein tensor for the perturbed metric takes
the schematic form G[g]+ €G,[p,]+ €*G[p,] +
€2G,[p,] + O(€?), where G[g] = 0 is the Einstein tensor
of the Schwarzschild metric, and €G,[p;] = 0 is the first-
order perturbation created by the linear perturbation €p;.
The remaining terms appear at second order. The first
contribution, €2G,[p,], is the Einstein tensor generated
entirely from the second-order perturbation €’p,; G, is
the same linear differential operator that was encountered
in the linear problem. The second contribution, €2G,[p,],
is generated by the first-order perturbation, and it origi-
nates in the nonlinearities of the vacuum field equations.

The bilinear perturbation problem consists of finding
solutions to the field equations

Gilp.]l = —Gilpil (6.53)

These have the same formal structure as the linear field
equations G,[p,] = 0, except for the fact that there is a
source term on the right-hand side. The problem is trac-
table because the differential operator on the left-hand side
is the same as in the linear problem, and because the source
term on the right-hand side can be computed directly from
the known solution ep;. Notice than time derivatives of
&, and B, can be ignored when computing G,[ p,] and
G,[ p;]; these contribute at order R ~3 and higher, and they
do not affect the field equations at order €2 ~ R 4.

The strategy to solve the bilinear field equations is the
same as in the linear problem. First p, is decomposed in
scalar, vector, and tensor harmonics, a task that was already
accomplished in Egs. (6.31). Second, the linear differential
operator G;[p,] is allowed to act on the perturbation, and
the result is again decomposed in spherical harmonics.
Third, the effective source term —G,[p,] is computed
and decomposed in spherical harmonics. And fourth, the
perturbation equations are integrated, one mode at a time.
In practice we rely on the Martel-Poisson perturbation
formalism [33] to implement this strategy.

2. Even-parity sector

The even-parity sector of the perturbation p, involves
the terms in P™, P9, P", 9™, 09, 9h G9 and G°; these
are decomposed as in Egs. (6.3). The source terms
—G,[ p,]are computed from p; (which, we recall, involves
the potentials £9 and B9 only), and these also are decom-
posed as in Egs. (6.3). In the notation of Martel and
Poisson, the reduced source functions are denoted Qv?,
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Qvr, Q'", Q¥, Q", Q°, and QF, in which we suppress the
use of the /m labels. Examination of p, and calculation of
—G,[p;] reveal that the relevant multipoles are [ =
{0, 1,2,3,4}.

The perturbation equations for [ = 0 decouple into two
sets, the first proportional to P™ and involving the radial
functions pT and pT, the second proportional to @™ and
involving the radial functions ¢{" and ¢7'. For each set of
equations the general solution depends on three integration
constants; these were denoted {c,, ¢,, m,} and {d|, d», m,}
in Egs. (6.40) and (6.41). The constants ¢, and d, are
chosen so as to enforce the horizon-locking condition
pm = gm =0 at r = 2M. The constants m; and m, are
chosen so as to simplify the form of the radial functions;
we use this freedom to remove terms proportional to x> in
pT"/f and ¢T'/f, and terms proportional to x* in pJ'/f
and ¢7'/f. The end results are listed in Table XV.

The perturbation equations for [ = 1 involve the dipole
potentials G% and the three radial functions g9. The general
solution to the set of coupled differential equations for the
radial functions depends on three integration constants;
these were denoted {c, ¢,, ¢} in Egs. (6.42). The constants
¢, and ¢, can be chosen so as to enforce the horizon-
locking condition g9 = 0 at r = 2M. This leaves c; un-
determined, and it can be chosen so as to simplify the form
of the radial functions; we use this freedom to remove a
term proportional to x> in gg/ f- The end results are
displayed in Table XV.

The perturbation equations for [ = 2 decouple into two
sets, the first proportional to 7?9 and involving the four
radial functions pj3, the second proportional to Q9 and
involving the four radial functions qﬂ. For each set of
differential equations the general solution depends on
five integration constants; one can be eliminated by remov-
ing all terms proportional to log(r — 2M) from the radial
functions, and the others correspond to {c;, c,, ¢c3, m3} and
{d,, d5, ds, m,} in Egs. (6.43) and (6.44). The constants c;,
¢, and m5 are chosen so as to enforce the horizon-locking
condition p, =0 at r =2M, while d,, d,, and m, are
chosen to enforce g, = 0 at »r = 2M. This leaves c; and
dz undetermined, and those are chosen so as to simplify the
form of the radial functions; we use this freedom to remove
terms proportional to x> in both p3/f and ¢3/f. The end
results are listed in Table XV.

The perturbation equations for / = 3 involve the octu-
pole potentials G° and the four radial functions g9. The
general solution to the set of coupled differential equations
for the radial functions depends on five integration con-
stants; one can be eliminated by removing all terms pro-
portional to log(r — 2M) from the radial functions, and
the remaining constants were denoted {c|, ¢y, c3, mg} in
Egs. (6.45) and (6.46). The constants ¢y, c¢,, and mg can
be chosen so as to enforce the horizon-locking condition
g% = 0at r = 2M. This leaves c5 undetermined, and it can
be chosen so as to simplify the form of the radial functions;
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we use this freedom to remove a term proportional to x>

in g9/f. The end results are displayed in Table XV.

The perturbation equations for / = 4 decouple into two
sets, the first proportional to P" and involving the four
radial functions p, the second proportional to Q" and
involving the four radial functions g!. For each set of
differential equations the general solution depends on
five integration constants; one can be eliminated by remov-
ing all terms proportional to log(r — 2M) from the radial
functions, and another must be set so that the radial func-
tions (except for pﬂ and qQ) approach unity as r — 0. The
remaining three are denoted {c;, ¢5, c¢3} and {d|, d,, d5} in
Egs. (6.47). The constants ¢; and ¢, are chosen so as to
enforce the horizon-locking condition p!! = p) = p7 =
at r = 2M, and we find that the value of pf] at r = 2M is
independent of c¢; (and therefore gauge invariant); we
choose c5 so that a term proportional to x> is removed
from pg /f. Similarly, d, and d, are chosen so as to enforce
the horizon-locking condition g = qg = qg‘ =0 atr=
2M, and we find that the value of ¢l at r = 2M is inde-
pendent of d5 (and therefore gauge invariant); we choose
d5 so that a term proportional to x> is removed from qg /f.
The end results are listed in Table XV.

3. Odd-parity sector

The odd-parity sector of the perturbation p, involves
the terms in JH9 and H°; these are decomposed as in
Eq. (6.4). The source terms —G,[ p,] are computed from
p; and also decomposed as in Eq. (6.4). In the notation of
Martel and Poisson, the reduced source functions are de-
noted P¥, P”, and P, in which we suppress the use of the Im
labels. Examination of p, and calculation of —G,[p/]
reveal that the relevant multipoles are [ = {2, 4}.

The perturbation equations for / = 2 involve the poten-
tials 749 and the radial functions i3 and hJ. The general
solution to the set of coupled differential equations for the
radial functions depends on three integration constants;
one can be eliminated by removing all terms proportional
to log(r — 2M) from the radial functions, and the others
correspond to {k;, ms} in Egs. (6.48) and (6.49). We ob-
serve that hg = 0 at r = 2M, and we use Eq. (6.50) to set
the value of k;. Finally, we choose ms to enforce the
additional condition that A = 0 at r = 2M. The end re-
sults are listed in Table XV.

The perturbation equations for / = 4 involve the poten-
tials " and the radial functions !} and hf}. The general
solution to the set of coupled differential equations for the
radial functions depends on three integration constants.
One of these can be eliminated by removing all terms
proportional to log(r —2M) from the radial functions,
and another must be set so that both /! and Af approach
zero as r — oo, The remaining constant is denoted k; in
Eq. (6.51). We observe that hg = (0 at r = 2M, and we use
Eq. (6.50) to set the value of k. The end results are listed in
Table XV.
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E. Conclusion

The linear piece of the metric perturbation was com-
puted in Secs. VI A and VIB, and the bilinear piece was
computed in Secs. VIC and VID. The calculation is com-
plete, and after collecting results we obtain the black-hole
metric of Egs. (3.7). The quasi-Cartesian representation of
the metric can immediately be constructed from this, and
the expressions are given in Egs. (3.5).
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APPENDIX A: DECOMPOSITION OF TIDAL
POTENTIALS IN SPHERICAL HARMONICS

We wish to express the angular version of the tidal
potentials listed in Tables I, II, III, IV, V, and VI as
expansions in scalar, vector, and tensor harmonics.
Before we proceed we record the useful identities

€Exp = 6achXQgQC; (Ala)
€,20L = —Qde, PO, (Alb)
DADBQa = DBDAQH = _QaQAB. (A]C)

These quantities were all introduced in Sec. ITE of the
main text.

The general structure of the even-parity tidal potentials
is

.ﬂ(l) = ﬂk}kz"'lqﬂkl ka tet Qk{) (A2a)
AL =7, Ay, Q- O, (A2b)

A =2y, y LA gt Q5 QR+ oy, AD, (A20)

in which Ay . ..4, is a constant STF tensor of rank /. It is
not difficult to show that these satisfy the eigenvalue
equations

Pydp.D;,AD + 11+ 1)AD =0, (A3a)
P2y D, AL +[11+1) - 1]AY =0,  (A3b)
PydD D AN + 11+ 1) —4]AY =0, (A30)

where D, is a projected differential operator that acts as
follows on arbitrary tensor fields: D, Ty ... '=

Py 4 ...
Ya" Vo, " Y5, a,,qu,h....

PHYSICAL REVIEW D 81, 024029 (2010)

The transformed potentials are

AV = Ay, QQR - Q8 (Ada)
AY = O A 02 - OF, (adb)

AL = 20808 A i QB -+ QR+ Q5 AD, (Ade)

and we wish to expand them in the even-parity harmonics
of Egs. (2.20). These satisfy the eigenvalue equations

QPDDpY™ + I(1 + 1)Y™ =0, (A5a)
QPDeDpYI™ +[I(1 + 1) — 1]Y" = 0, (A5b)
QPDDY +[I(1 + 1) — 4]Ylm =0, (A5¢)

which are in a close correspondence with Eqgs. (A3).
We begin with A", which we decompose as

AD =% Ay, (A6)

in terms of harmonic components .54%). There are 2/ + 1
real terms in the sum, and the 2/ + 1 independent compo-
nents of A ; .., are in a one-to-one correspondence with

the coefficients A\, Returning to the original representa-
tion of Eq. (A2), we find after differentiation that
Dy AN = 104A .., % - - - Q¥ and we conclude that

1 1

m

(A7)

This is the decomposition of JZIX) in vectorial, even-parity
harmonics; this equation is valid for / # 0. An additional
differentiation using the last of Eqs. (Al) reveals that
DsDg AD = —1Q,, AD + (1 —

DOGQLA gt 25 -+ - QF1 From this we conclude that

o _ 2

AB1(1—-1)

2 )y
(D yim
Il — 1)%“7l AB

[DADB + %l(l + 1)QAB]ﬂW>

(A8)

This is the decomposition of .54% in tensorial, even-parity
harmonics; this equation is valid for [ # {0, 1}.

We next examine the odd-parity potentials. Their gen-
eral structure is

B = €, OB, ., Q5 Q8 (A9a)
Bg}l = (Eaququdk3~--k,7db + ebququckswk:ycﬂ)
X Qks - Qb1 (A9Db)
and they satisfy the eigenvalue equations
rz)"'chDdBEzl) + [+ 1) - 1]1BY =0, (Al0a)
PyD.DyBy), + [Ii + 1) — 4]B{, =0, (AL0b)

the same as in the even-parity case. The potentials become
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B(l) oY Eaququkz---k,ka ceeQk (Alla)
Bip = (U €apy 2By, 1, 0
+ Q€ VB, ., QDAS - Q8 (Allb)

after transformation to angular coordinates. We wish
to decompose these in the odd-parity harmonics of
Egs. (2.21), which satisfy the eigenvalue equations

QPDDpXIm + [1(1+ 1) — 11X = 0, (Al2a)
QPDeDpXIm +[I(1 + 1) — 4]X'm =0, (A12b)

the same as in the even-parity case.
We once more begin with B := B, ., Q% ---Qk
and its decomposition

B =N By,

m

(A13)

Differentiating the first expression, multiplying this by the
Levi-Civita tensor, and involving the second of Egs. (A1)
returns  €,5DpBY = —1Q4%€,,,Q7 B, k- Qb
From this we conclude that )

1 1
B = (e, Dy)BY = YZB%)X/Z{". (A14)
This is the decomposition of fBX) in vectorial, odd-parity
harmonics; this equation is valid for [ # 0. After a second
differentiation we get —€,“DgDBY = le 3 BY + I(1 —
Q4 €, QP BIy, , QpQ5 - - - QY and after symmetri-

apq
zation of the indices we obtain
BXI)B = - ( 1) (€,CDg + €,°D,)DBY

= B x!m. Al5
l(l —1) % A (A1)

This is the decomposition of BXL in tensorial, odd-parity

harmonics; this equation is valid for [ # {0, 1}.

APPENDIX B: DETERMINANT OF THE HORIZON
METRIC

The horizon metric of Eq. (4.3) can be expressed as
Yap = 4M*Q 5 + pp. The metric determinant is given
by /¥ =4M*sinf(1 + e+ L2 —Jetpef, + ),

|
1

oAB = _L(EqAB + BQAB) _ M(EOAB + BOAB)
12 60 420
22 M2QAB(/PQ + QQ) M2QABQ0 _

+ M30(6).

To arrive at this result we made use of the identity A 4 AC,
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where &4, 1= 1M 204 pcp and & = &*,. Evaluating
this gives

2 8 v 32 1 4 d
JT =AM sine] 1+ L MAPT + QM) —2MiG

- ;—61\44(:’” +Q9) + 8M4g° + 2M4(’Ph + 9N

— SMAED + BE + B9 + 06)] B

where the indices on £3, and Bj, are raised with QA5
This convention will be used consistently below: All in-
dices on tidal potentials will be lowered with €, and
raised with QAB,

The identities

£3,6000 = £1,£ME = §£Pm - g P4 +2P",  (B2a)
£3,BIb = £, BWE = — 15—6 Ge +46°, (B2b)
B, B = Bi,BWE = ng - ? Q9 +20"  (B2c)

can be established by direct computation, by making use of
the definitions of the tidal potentials provided in Tables I,
IL, IIT, TV, V, and VI. Inserting them into our expression for
/v returns the simple expression displayed in Eq. (4.4).

APPENDIX C: CALCULATION OF TIDAL
HEATING

In this appendix we provide calculational details regard-
ing the heating of the black hole by the tidal interaction.
The results derived here are used in various places in
Sec. IVD.

To a degree of accuracy that is sufficient for our pur-
poses, the inverse to the horizon metric of Eq. (4.3) is

’)/AB — %M*ZQAB + é(quB + BqAB) + M*20(3)
(CH

It is understood that on the right-hand side of this equation,
upper-case Latin indices are raised with Q42.

We use y*? to raise indices on the shear tensor of
Eq. (4.8). This yields

MZ(ghAB + BhAB) MzﬂAB(Tm + Qm) + MZQABgd
1 5 . 1
S MPOM(PN + QM) + 2 M2 B _ 2 MRQME 4+ = pp2 ™M
36 (T Q ) P 63 e 126 H
(C2)

=3 Qup Acp AP satisfied by any symmetric-tracefree

tensor A 45 on the unit two-sphere, as well as Egs. (B2) from Appendix B. We emphasize that while indices on o 45 are

raised with the physical horizon metric y*

B indices on all tidal potentials are raised with QA5.

024029-36



GEOMETRY AND DYNAMICS OF A TIDALLY DEFORMED ...

To evaluate the right-hand side of Eq. (4.12) we use
Egs. (4.8) and (C2) to construct 0,508, which we inte-
grate over the horizon with the help of Eq. (4.4). The shear
tensor is expressed as a multipole expansion, and its square
consists of products of multipole moments. Some of
these products involve moments of the same order. For
example, 04,08 contains the term L M*(&Y, + BY,) X
(3B + BHP)  which is a product of quadrupole mo-
ments; such terms survive an angular integration and con-
tribute to the right-hand side of Eq. (4.12). Other products
involve moments of different orders, and those integrate to
Zero.

To evaluate an angular integral such as [ &£3,E%E4Q),
where d() := sinfdfd¢, we recall the definition £, =
£1,04Q5 and deduce the identity £3,EHF = &J, £9 We
next substitute the expression for 52,7 found in Table I and
carry out the integration. These steps are repeated for all
other relevant products of multipole moments, and we
obtain

8

1 . . o g

pp / E1,E%BaQ) = ggabg b (C3a)
U (oon s 8. .
o f B, B4 = gleablau”, (C3b)
o

1 (.. . 8 .

— f EREMB A0 = —56,,,6.5“’”, (C3c)

128 :
0AB abc

N f B, B0 = (S B B (C3)

All other integrations vanish, or contribute to the right-
hand-side of Eq. (4.12) at order (M/R)° and beyond.
The general solution to Eq. (4.13) is

Av) = ex? A(0) — 87 [ " F)ewdy!. (C4)
0
After three integration by parts this becomes
K, . K, . 1 .
AW = [ LA - FO = FO)
8 8w

—%ﬂﬂ+fm+—fm+ _Fw)

f "EF ey,
% o dv”

The last term can be neglected, because k,>d* F/dv? is of
order (M/R)° and beyond the accuracy maintained in the
computation of the flux function. The first collection of
terms, those that depend on the initial conditions at v = 0,
grow exponentially over a short time scale of order k! =
4M. We do not expect the black-hole area to behave in this
way; we expect instead that the tidal interaction will pro-
duce a slow growth over a much longer time scale. To
eliminate the run-away solution we demand that the solu-
tion satisfy the initial condition

(C5)
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G2 A0 = FO) + - FO) f(0)+0(9) (C6)

Under this restriction, Eq. (C5) reduces to

g%mwsz+l F) + = Fw) + 00), €7
Ko K3

0
and this is just Eq. (4.15). Notice that Eq. (C7) is compat-
ible with the initial conditions of Eq. (C6).

It is unusual, when dealing with horizons, to impose
initial conditions on solutions to differential equations, as
we have done in Eq. (C6). The reason, of course, is that
event horizons are always identified by final conditions.
We chose to proceed in this way because our horizon is not
necessarily an event horizon, as we explained in Sec. [VA.
We also explained that the horizon becomes an event
horizon when the tidal interaction switches off in the
remote future. Under this condition we may impose the
final condition that A = 0 when v = oo, The exact solu-
tion to Eq. (4.13) is then

A(v) = 87 [ Y F@he oWy, (C8)
and this leads once more to Eq. (C7) after three integrations
by parts.

APPENDIX D: ALTERNATIVE DERIVATION OF
THE BACKGROUND METRIC

In this appendix we give a brief sketch of an alternative
derivation of the background metric of Egs. (3.3). The
derivation described in Sec. V relied on Zhang’s observa-
tion [18] that the metric of a vacuum region of spacetime
around a timelike geodesic vy is a functional of two sets of
tidal moments &, ,,...,, and B, ,,...,,; these are STF tensors
that depend on proper time on the world line, and they are
related to components of the Weyl tensor (and its deriva-
tives) evaluated on the world line. Here we provide a
precise definition of the light-cone coordinates and con-
struct the metric systematically through order (r/R)*; we
recover the metric of Egs. (3.3) and therefore confirm the
validity of Zhang’s observation. Our development follows
the general methods developed in Ref. [2].

1. Formal definition of light-cone coordinates

As in Sec. I A we consider a timelike geodesic y
described by the parametric relations z%(7), with 7 denot-
ing proper time. On y we install an orthonormal tetrad
(u®, e?') of parallel-transported vectors. (We use primed
indices to refer to points on the world line; unprimed
indices will refer to points off the world line.) For the
time being we do not assume that 7 is situated in a vacuum
region of spacetime; this assumption will be incorporated
at a later stage. To assign light-cone coordinates (v, x%) to a
point x off the world line we locate the unique future-
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directed null geodesic segment 3 that begins at x and ends
at a point x’ on the world line. (The construction requires
that x be in the normal convex neighborhood of x’; the
coordinates are defined in this neighborhood only.) The
advanced-time coordinate v is the value of the proper-time
parameter 7 at this point: x’ = z(7 = v). And the quasi-
Cartesian coordinates x“ are defined by

a -« —

x4 = —ez,o“"'(x, x'), (D1)
where €9, 1= S“bgazﬁzef/ and o® = V¥ is Synge’s
world function o (x, x") [30,71] differentiated with respect
to its second argument. The points x and x’ are related by
the condition o(x, x') = 0, which indicates that the points
are linked by a null geodesic segment.
We define

ri=—oyu® (D2)
and state without proof that r is an affine parameter on S; it
decreases as the null geodesic approaches the world line.
(The proof of this statement is contained in Ref. [2].) The
completeness relation g?# = —u®uf + 5%e%'¢? and
the identity 0% o,y = 20- = 0 imply that 2 = 8, x%x".
It is useful to introduce

Q= x/r, (D3)
and we use the completeness relation to write
o = r(u® — Qe (D4)

This is a decomposition of the displacement vector
o?(x, x') in the tetrad (u®, ¢2'). The vector

= 0,/r (D5)
is future-directed and tangent to null geodesic segment f3.
Here o, := Vo is the world function o(x, x") differenti-
ated with respect to its first argument.

Suppose now that the point x is moved to a neighboring
point x + ox. The coordinates of the new point will be v +
6v and x* + 6x“, and to calculate the coordinate displace-
ments we must locate the new point x’ + 8x’ on the world
line, which is linked to x + &x by a new geodesic segment
B+ 8B. Using 6x* = u*év and expanding o(x +
éx, x' + 8x) = 0 to first order in the displacements, it is
easy to show that Sv = —€,06x%, so that

(Do)

The definition of the coordinates x“ in terms of the world
function then implies that Sx* = —(e%, o B,uﬁ/)ﬁ v —

e o-a/BSxﬁ, so that

Iox® = (e 0 B,uﬁ’)ea - e%,aﬁ’a. (D7)
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! ! . . . .
Here 0% , := V&V g O s the second covariant derivative

Bl
of the world function with respect to x/, while 0¥, 1=
VF'V o denotes a mixed derivative with respect to each

argument.

2. Metric

We begin with a computation of the inverse metric, with
components

g’ = g*Pa,vagy, (D8a)
gV = g"9,x"9 v, (D8b)
g = g“ﬁaax“aﬂxb. (D8c)

Using Eq. (D6) and the fact that €, is a null vector we
immediately find that gV = (0. With Eq. (D7) we get
8" = e%, 0" 5P, and we simplify this with the help of
Eq. (D5) and the identity o g0 =3V (0g0F) =
V. With Eqs. (D1) and (D3), this is g”* = Q¢ To
obtain the components

gab — eile%lgaﬂo_a/ao.ﬂ/ﬁ _ (ei/a_oﬂﬁluﬁ’)ﬂb

PLASIOE

!

— (b0 (DY)
requires a much longer computation, and the result will be
expressed as an expansion in powers of r.

We rely on the known expansions (see, for example,
Ref. [72])

/ /
Ualﬂl - galﬂl — gRa')//,B/(S/O-y 0'5

1 / ! ! 1
+ _Ra/'y’ﬂ’y;elo-y 0'6 O'E —_ _Ra')//ﬁ/ﬁ/;é/l/

12 60

1 i / / o
+ER0‘/7/5/,U/RM E,L,'B,>0'70'50'60'L +“',

(D10)
— B 1 .l
O'a/B =8 B _ga/,B/ - gRa/,y/B/é/G' g

+ g Vo oe — (Lg

E a’y’B’S’;e’a- g~ o E a’y’ﬁ’ﬁ/;e/b/

7 ! / 5/ ! !
+%Ra’y’5’,u,’RM E/L/,B/ 0.70. 0'60"’ + .-

(D11)

for the derivatives of the world function, in which
g? p(x, x') is the parallel propagator [30,71]. We
make the substitutions in Eq. (D9) and express ¢® as in
Eq. (D4).

The end result of a lengthy computation is
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grv =0, (D12a)
g — Q. (D12b)
gab — 5ab + 2(Pab + PaQb + Pan) _ 3(2Pab + PaQb + Pan) _ 3(2Qab + QaQb + Qan)

iy iy " 1
+ —r4(3P“b + PO + PPOY) + — 0 r*(30% + 0°Q° + 0P09) 5 4(3S“b + 50° + 5P09)
4(3U“b +U°Q + U0 + 5 4(3V“” + Vil + vhQe) + 0(r5) (D12c)

The inverse metric is expressed in terms of the potentials

Py = Raopo = (Racpo + Rica0) L + Rycpa Q! = Py, (D13a)
P, = Ruc0Q2° = RaeaoQ°Q? = P, Q0 (D13b)
P = R.s0Q°Q4 = P,Q4 (D13c)
Oubr = ~Raop01cQ + (Rachola + Rpeaoiad) QY = Rucpate 2°QQ° = 0, (D13d)
Q4 = ~Ra0c0la Q! + Rieqoe Q0 = 0,00, (D13e)
0 = —Ruoa0 . 2°QQ° = 0,07, (D13f)
Sab = Raop0ca QY = (Racpode T Rpeaolae) QLD + Rupalef Q°QQQS = S, (D13g)
S0 = Rupeolde Q0 — Ry Q°QI0QS = S, 07, (D13h)
S = Reguoef 2°090QS = 5,00, (D13i)

b = (RaomoR" peo T RpomoR™ 4o + RampoR™ 0c0 + RomaoR™ 0c0) 2 + (2R 40c0Rp0d0 + RamcoR™ 4o
+ RbchRmng - 2RaOhOROCOd - Ramb()Rmch - Rhma()Rmch - RacmORmde - RhcmOngdO - RacmemOdO
= RpeamR™040) 2 QY + (= R000Rbae0 = RpocoRade0 + RaemaR™ peo T RoemaR™ aeo T RacboRaoeo

+ RpcaoRa0c0 + RucomBR™ 4oy + RpcamR™ 400) QA Q0 = Uy, (D13j)

Uy = RaomoR" o T RemaoR" 040) 2 QY = (RacmoR™ 4oo + RacamR™ 000) Q2 QQ° = U, QP (D13k)
Vap = PocPC, — PoPy = Vi, (D131)
Vi =Py P = P,P, (D13m)
V=pPpP — P, (D13n)

which are defined in terms of the frame components of the Riemann tensor (and its derivatives) evaluated on the world line.
We adopt the notation introduced in Sec. II A, and an overdot indicates differentiation with respect to proper tlme For
example, Py, = Ruop0 = Raucso T Rpea0) Q¢ + RuepgQ2°Q4, where, for example, R,op0 := Rorypes u” eb u’ ut.
Notice that the derivative operator acts on the Riemann tensor only. The fact that the tetrad is parallel-transported on
the world line implies that the right-hand side can also be written as (R /s B/,,/eg/ u“/ef /u”/); vu”', and we find that R o0 =
dR 4050/ d7. To avoid ambiguities with second derivatives of the Riemann tensor, we always differentiate with respect to
proper time in the last step; for example, R o0/ ‘= Ra/ﬂlﬁl,,/;y/,\ze‘;/u“/ef u’ el ut.

The inverse of Eqgs. (D12) is calculated using the techniques introduced in Sec. VA. We obtain

1 1 1 1
=—1-rP+-rP+-r’Q0—— rt 4S+ r*V +0(r), D14
8o rP+arP+orQ 12 0- 3 () (D14a)
-0, +v[- 2op 41 p +1rQ E B, —3r4Q L o Ly 1 2y, +00%) ] @140
o e T3 4 15 15 %¢ 15 7 15 15

8ab = Yar T VY dl:—lrzP‘ +1r3P +—r3Q —Lr“P —ir“Q —ir“S —Lr“U
ab ab a ’p 3 cd 6 cd 6 cd 20 cd 10 cd 20 cd 20 cd
2
45" Ve o(rS)], (Dl4c)
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where vy, = 8, — Q,Q,. We recognize the structure of
Egs. (5.7), with a clear decomposition of the metric into
longitudinal and transverse pieces.

3. Decomposition of the Weyl tensor

At this stage we demand that the Ricci tensor, its first
derivatives, and its second derivatives, all vanish on the
world line . This implies that the Riemann tensor R /g1, 5
and its derivatives are equal to the Weyl tensor C,/g1,5 and
its derivatives. The symmetries of the Weyl tensor, the
Bianchi identities, and the Ricci identities then imply
that the Weyl tensor (and its derivatives) can be expressed
in terms of the tidal moments & ,;, €p¢s Eaped> Bavs Baves
and B,,.4; these were defined in Sec. ITA.

The frame components of the Weyl tensor on the world
line are given by

Caovo = Eaps (D15a)
Capco = €appBP e, (D15b)
Cibea = _eabpe-cdquq' (D15¢)
The last equation can also be written as
Caved = 0ac€pa = 84alpe = 8pc€ag + Opalae,  (D16)

by making use of the general identity €,,,€.q; =
5ac(6bd5pq - 5bqadp) - 5ad(6b051)q - 6bqacp) +
aaq((sbc(spd - 6bd6c‘p)-

PHYSICAL REVIEW D 81, 024029 (2010)

The frame components of the first spatial derivatives of
the Weyl tensor are

CaObOIc = gablc’ (D17a)
Cachld = eaprpc|d’ (D17b)
Cabcdle = _Eabpecdquq|e: (D17¢)
where Egple = Caopole and Byl = 3 €4pgCP? .- These
are related to the tidal moments by
1 . .
gablc = Sabc + g(Eanpr + Ebchpa)) (D18a)
4 1 : .
Bablc = gBahc - g(eucpgpb + Ebcpgpu)‘ (D]Sb)

The frame components of the (symmetrized) second
spatial derivatives of the Weyl tensor are

Caob0l(ca) = Eavl(ca) (D19a)
Cabc()l(de) = eabl’fol(de)’ (D19b)
C0h0d|(€f) = _Eabpecdququf), (D19c)
where Eavl(ca) *= Caobol(cd) and Bablea) ‘=
%ea pgCP? bol(cd)" These are related to the tidal moments by

. 4

gub|(cd) = Zgabcd + g(eachpbd + é-adepbc + ebchpad + Ehdepuc) + _aubgcd

11

21

- ?(8ac€bd + 5adgbc + (Sbcgad + 5bd5ac) + 2_ 8cdgab - g(gabgcd - BabBcd) + g(gacgbd - Bacgbd)

2 2
1
4
- i(aabacd + aacabd + 8ad5bc)G’
10 1

20

2 19
+ g(gadgbc — BuBp) — Z_Bachd + E(%chd + 64dGpe + 64:Gaa + 8p4Gac) + iachab

(D20a)
. 4

Babl(cd) = ?:Babcd - _(Eacpgphd + eadpgpbc + Ebcpgpad + ebdpgpac) + _5abBcd

4

- 5(5ac3bd + 84aBpe + 6pcBoa + 6paBc) +

21

. 4 2
aachab - g(gabBcd + Bupea) + g(gacBbd + BocEpa)

20

19
+ §(gadec + Badgbc) - _6abHcd + E(aachd + 5(1de€ + 5bcHad + 5hdHac) + _ScdHab

2 22
21
4
- ﬁ(aabacd + 84c0pa T 64a05)H.

We introduced the notation

Gup = EupE?, — BayBP,, (D21a)
G :=Erg,, — BMB,, (D21b)
H,, = E,,B", + B,,E,, (D21c¢)
H:=2£MB,, (D21d)

21
(D20b)

4. Metric in irreducible form

The decomposition of the Weyl tensor and its derivatives
in terms of the tidal moments is substituted within P, P,,
P9 Qab’ ch Q7 Sub7 Sa» S’ Uab’ Ucn Vab? Vav and V. All of
this is next substituted within our previous expression for
the metric tensor. The manipulations required to simplify
the expressions are extremely lengthy (on the order of 35
pages of small handwriting). We find that the terms that are
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linear in the Weyl tensor and its derivatives group them-
selves automatically into the irreducible tidal potentials
introduced in Tables I and II.

The organization of the terms that are quadratic in the
Weyl tensor requires more work. For example, our initial
expression for the quadratic terms in g, is

QU — A€, 00 — B, Br9)
+ % (26,67, + 5B,,B",) Q0"
- %r“(sabgcd + By Bey) 20O
+ %r“ecpqé’paﬂqbQ“QbQC. (D22)

To write this in terms of irreducible tidal potentials we
write a product of unit radial vectors such as Q¢Q?Q°Q¢
as the STF decomposition

PHYSICAL REVIEW D 81, 024029 (2010)
0eQPOcOd = (flabed) 4 %(5abQ(cd> + sac()(bd)
+ sad()be) 4 ghe)ad) 4 §bd()lac)
+ §edab)) 4 %(ﬁabscd + sacghd

+ §ad §be), (D23)
and we make the substitution within the metric function.
Looking at the term &,,E.,0°Q70°Q0¢ for example,
we obtain  E,,E 0D +iE £, Qb + L Era,
which can be expressed in the equivalent form
EaEeay20P QT + ‘7‘81,<a5”b>0“ﬂ” + %Spqu‘l. Ac-
cording to the definitions listed in Table III, this is 2" +
2P9 + L P™, a superposition of hexadecapole, quadru-
pole, and monopole tidal potentials.

Proceeding in a similar way with g,, and g,,, we
eventually arrive at Egs. (3.3).
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