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Global solutions for higher-dimensional stretched small black holes
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Small black holes in heterotic string theory have a vanishing horizon area at the supergravity level, but
the horizon is stretched to the finite radius AdS, X SP~2 geometry once higher curvature corrections are
turned on. This has been demonstrated to give good agreement with microscopic entropy counting.
Previous considerations, however, were based on the classical local solutions valid only in the vicinity of
the event horizon. Here we address the question of global existence of extremal black holes in the
D-dimensional Einstein-Maxwell-Dilaton theory with the Gauss-Bonnet term introducing a variable
dilaton coupling a as a parameter. We show that asymptotically flat black holes exist only in a bounded
region of the dilaton couplings 0 < a < a,where a., depends on D. For D = 5 (but not for D = 4) the
allowed range of a includes the heterotic string values. For a > a., numerical solutions meet weak naked
singularities at finite radii r = r., (spherical cusps), where the scalar curvature diverges as |r —
rcuspl’l/ 2. For D = 7 cusps are met in pairs, so that solutions can be formally extended to asymptotically
flat infinity choosing a suitable integration variable. We show, however, that radial geodesics cannot be

continued through the cusp singularities, so such a continuation is unphysical.
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I. INTRODUCTION

During recent years important progress has been
achieved in understanding the entropy of the so-called
small black holes (for reviews see [1-3]) which have a
vanishing horizon area at the supergravity level [4-7]. The
discrepancy with the microscopic counting which gives the
finite entropy was resolved by the discovery that the area of
the horizon is stretched to finite radius once curvature
corrections are included. Indeed such corrections have
long been known to exist in the low-energy effective
theories of superstrings [8—12]. The classically computed
entropy then differs from the Bekenstein-Hawking
(BH) value [13-16], but agrees (at least up to a coefficient)
with microscopic counting [17-29] including non-
Bogomol’nyi-Prasad-Sommerfield (BPS) cases [30—46].
Within the models in which the supersymmetric versions
of the curvature square terms are available, the correspon-
dence was checked using the exact classical solutions
[25,26,29]. It was also observed that good agreement is
achieved if the curvature corrections are taken in the form
of the Gauss-Bonnet (GB) term both in 4D and higher
dimensions [37-40].

To compute the entropy of extremal black holes with the
horizon AdS, X SP~2 from the classical side it is enough
to construct local solutions in the vicinity of the horizon
which is easily done analytically [47—49]. But this does not
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guarantee the existence of global asymptotically flat solu-
tions. Construction of solutions with curvature corrections,
apart from purely perturbative probes [50-52], requires
numerical integration of the field equations. For nonextre-
mal black holes this was done in [53-63]. The global
existence of extremal black holes in the 4D model with
the GB terms endowed with an arbitrary dilaton coupling a
was proven in [64,65]. It turned out that global asymptoti-
cally flat black holes with the horizon AdS, X §? existed
for the dilaton coupling below the critical value of the order
ae ~ 1/2 and less than % This range does not include the
heterotic string value a = 1 nor % This result is modified
in the presence of the magnetic charge [66], which extends
the region of the allowed couplings and serve as the order
parameter ensuring continuous transition to the theory
without curvature corrections. It is worth noting that our
model has neither continuous nor discrete S-duality, so
properties of the purely electric solution essentially differ
from that of dyons.

The purpose of the present paper is to investigate exis-
tence of global solutions for small stretched purely electric
black holes in higher-dimensional Einstein-Maxwell-
Dilaton theory with the Gauss-Bonnet term (EMDGB).
We construct the local solutions in terms of series expan-
sion around the degenerate event horizon for an arbitrary
space-time dimension D and calculate the discrete se-
quence of black hole entropies using Sen’s entropy func-
tion approach. The entropy is found to be monotonically
increasing with D. Then we continue numerically these
local solutions and show that in dimensions higher than
four the heterotic string value of the dilaton coupling lies
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inside the range of the existence of global asymptotically
flat static black holes.

We also investigate physical significance of the so-called
turning points which were encountered in numerical solu-
tions within the four-dimensional EMDGB theory [53-
56,64,66]. They correspond to mild singularities at finite
radii outside the horizon where the metric and its first
derivatives are finite, but the second derivatives diverge.
Numerical solutions can be extended through these singu-
larities, which we call “cusps” in this paper, by suitable
redefinition of the integration variable [56,67]. In four
dimensions the solution extended this way then meets a
stronger singularity at finite distance, so actually the cusp
is just a precursor of the strong singularity. In higher
dimensions (D = 7) we encounter an interesting new fea-
ture: the cusps come out in pairs of right and left turning
points, so the extended solution finally may be even
asymptotically flat. This could correspond to a novel type
of black hole coated by cusp pairs. But somewhat disap-
pointingly, our analysis shows that continuation of geo-
desics through the cusp singularities in the extended
manifolds cannot be performed in a smooth way. Thus
we are inclined to reject such extended manifolds as physi-
cal black hole solutions. Instead, we interpret the occur-
rence of cusp singularity as failure to produce
asymptotically flat black holes. This gives an upper bound
on the dilaton coupling. We find numerically the sequence
of critical dilaton couplings for 4 = D = 10 which turns
out to be increasing with D.

Another novel feature of EMDGB black holes with a
degenerate horizon in higher dimensions is that the role of
the GB term in the near-critical solutions may still be
significant. In four dimensions, as was shown in [64], the
near-critical solutions saturate the BPS bounds of the
corresponding theory without curvature corrections. This
means that relative contribution of the GB term becomes
negligible when the dilaton coupling approaches its upper
boundary. We find that for D = 7 this is not so, and the
BPS conditions are not satisfied in this limit.

This paper is organized as follows. In Sec. II, we define
the action, present the field equations in various forms, and
discuss symmetries of the system. In Sec. III, we review
solutions for small black holes without GB corrections as
well as the solutions with the GB term but without dilaton.
Then we construct the local series solutions near the hori-
zon and calculate the entropy of stretched black holes using
Sen’s entropy function. We obtain the discrete sequence of
the entropies of curvature corrected black holes in various
dimensions interpolating starting with twice the Hawking-
Bekenstein value A/2 for D = 4 up to 41A/52 for D = 10.
In Sec. IV, we present asymptotic expansions of the desired
solutions, introduce global charges and discuss the BPS
conditions. Section V is devoted to the cusp problem. We
explain why extension of solutions through the cusp sin-
gularity is physically unacceptable. Finally in Sec. VI we
present numerical results for various dimensions and ex-
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plore the fulfillment of the BPS conditions on the boundary
of the allowed dilaton couplings.

II. SETUP

A low-energy bosonic effective action for the heterotic
string theory with the curvature corrections is given by
[11,12]

dex,/ (ID(R + @25, Po+D
gEGB), (D

where F*” is the Maxwell ﬁe}d (we use a truncation
involving only one U(1) field), Lgg is the Euler density

Lgp=R*— 4R, ,R* + R, ,R*Pr, )

16G

— F, F* +

and o' is the Regge slope parameter. The tilde denotes the
quantities related to the string frame metric g,,,. The action
can be transformed to the Einstein frame with metric g,
by the conformal rescaling

guy = P¥ P25 3)

giving

I=—— [a’xy~g
o6 |

!
_ (I)Z/(D*Z)FMVF,UVV + %@2/(072)1:0]3

P2
"
( — 8, Bord

+ Fad, R)), )

where F(0®, R) denotes the cross terms of d® and curva-
ture coming from the GB term under the frame transfor-
mation. For simplicity, we do not include these terms in our
analysis. We expect that inclusion of these terms might
affect the black hole properties only quantitatively but not
qualitatively. Then redefining the dilaton field as

P = evAP29, (5)

we obtain the action
d’x./—g|R —20,¢p0*
16 G f * ( ubd"é
2\/2/(D 2) d)F F,uV + 2\/2/(D 2) ¢£GB) 6)

In this action we have the sequence of the dilaton couplings

2
age = D (7
relevant for the string theory. If we do this in four dimen-
sions, we have the dilaton coupling ay, = 1, but if we do
this in ten dimensions, we have ag, = 1/2. It will be
convenient, however, to consider the above action for
two arbitrary dilaton couplings a and b:
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T G[de\/_(R 20,p9"

- eZad)FMVF,MV + a62b¢£GB), (8)

where we also denoted the GB coupling &//8 = «.

The space-time metric is parametrized by two functions
w(r) and p(r):

2 _ , dr 2 2
ds* = —w(r)dt* + — + p*(r)dQ;_, 9)
w(r)

For convenience, we list in the Appendix the relevant
geometric quantities for more general static spherically
symmetric metrics.

We will consider only purely electric static spherically

symmetric configurations of the D-dimensional Maxwell
field

A= —f(r)dt (10)
Then, integrating the Maxwell equations
(pP2fle2ey =0, (11)
one obtains
f'(r) = gq.p*"Pe729, (12)

where ¢, is the electric charge, which is considered as a
free parameter (note that the physical electric charge de-
fined asymptotically differs from this quantity; see
Sec. IVA).
A. Field equations
We present the Einstein equations in the form
G, = 87G(T + TGB), (13)

where T7;5' is the matter stress tensor
87GT ) =2[a ¢d, P — 8 «PIDE Ly
1
+ e2“¢(FWF,,“ - ZFaﬂFaﬁgWﬂ, (14)
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and the TGB is the effective gravitational stresses due to the
GB term

87GTSE = —ae®?[H,, + 82b°V*$pVE

+ bVVEP)P ) (15)
where
H,, =2(RR,, — 2R, ,R*, — 2R*PR .z
1
+ RﬂaﬁvaaBy) - ELGBg/.LV’ (16)
Puavp = Ruavp + 28R 01a + 28400 Rp1u + REu1v8 pla-
a7
For the metric (9), the components of G, are
D—2
G, = - L2 2)w[2wpp” +pa'p!
2p
+(D = 3)(wp” — 1]
D -2
G, = ﬁ[ﬂw/l?/ +(D - 3)(0),0/2 - 1)],
wp
1 -3
Gy = 5p70" + [2wpp” +2p0'p!
+(D — H(wp” - 1)] (18)

while the energy-momentum due to matter fields is given
by

SWGT{?at — w2¢/2 + eZad)wle’
f12

8TGTHN = ¢p? — e2ad = (19)
w

SWGT(%M — _p2(w¢/2 _ eZaqﬁf/Z)_

The energy-stress tensor due to the GB term is more
complicated

877G D2w Diw 2bD%w

s T8 = = Qo + 0'p)p” = 1) = 2E (0p” = 17 == 35 [20¢" + 0/d)(wp” ~ 1)

4bD2 2 1 41 b2D2 2 472
#2000/ Qup' + ol )] = TEELE 0 = 1) = BT (0 1),

87G D2 [N D2 D2 ! 4 2D2 I

TP = L 0P = 1)+ (wp? = 1) Zb[ P Gap? — 1)+ 220 (o0 1)],

w 2wp P

877G 2D3 D3

772-b¢ TGB — Dﬁ[w”(wp’z _ 1) + 2a)w’p’p” + wlzplz] + _S(wp/)/(wp/z _ 1) + 2—62(a)p'2 _ 1)2

p P

+ 4b[D§p(a)w’p’qb’)’ + Di(a}(b’)’(wp’2 -1+ 2Dia)p’¢’(wp’)’ +

+ SbZ[D%ww’pp’gb’z + Diw(ﬁ’z(a}p’z - 1]

Dgwp/d)/ (wp’2 _ 1)]
p

(20)
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where we have introduced the dimension-dependent coef-
ficients

Drr{l = (D - m)n
=D-m(D-m—1)---(D —n), n=m. (21)
The dilaton equation reads
/
Awd') + 2Dkwd' -+ 2afed
p
/ 7 _ / 2 _ 2
n abD§e2h¢{2 [ (wpz 1] + (wp . 1)
p p
4 / /")p/2 -1 _

From the Einstein equation, one can derive the following
two second-order equations for the metric functions p(r)
and (r)," which are more convenient for numerical inte-
gration:

D%pp/l + 2p2¢/2 _ 4abD%[(a)p'2 _ l)d)leZbc/)]l

4wp/2_1

+ 2aD§eZb¢(2bw’p’2d>' — Dy p”) =0, (23)

7
wp” —1
pw" +2D3(wp') + DiT

+ zwpd)/Z _ pr/262a¢
(wp? — 1)
Dg

3

— 8abDi(ww'p' p'e??) — aDieZb‘b{
p

122 _ 1
+4D3[(wp') + 2ba)p’¢’]4wp 5

n _ 1
+ 2" + 4b(we!) + 8bwd?] P
p

/
+ 2P Dww'p” + 2o + Sbwd)’(wp’)’]} —0. (24)
p

B. Symmetries of the reduced action
One can check that equations of motion are invariant
under a three-parametric group of global transformations
which consist of the transformations of the field functions:

w — wet, p — pe’,

25
f— felu/D=@/n)s )

o

— + —

b= b+

accompanied by the shift and rescaling of the radial vari-
able

r— reW/248 4y (26)

2
"Namely, the equation for p is — 2, [(Einstein equation)ﬁ, +
o’ (Einstein equation),,] and the equation for w is s X
(Einstein equation),.
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Transformation of the electric potential is equivalent to
rescaling of the electric charge

g, — qee(D—3+(a/b))6. (27)

Not all of these symmetries are the symmetries of the
Lagrangian, however. Integrating the action (8) over the
(D — 2)-dimensional sphere and dropping integration over
time integral, one obtains the one-dimensional reduced
Lagrangian from the relation / = [ Ldr. Up to the total
derivative one has

L = D%pl(wpD—S)/ + D%pD_4 _ 2pD—2(w¢/2
4 _
— frRed) — gaDipB(a)zpD 5e208)/
+ 4aD?p'(wpP3e?h?) — a62b¢[4bD§pD_4a)’¢’

_ ZD%pD*Swlpl — Dng*6(wp/2 — I)J(wpﬂ — 1)
(28)

It is easy to check that the one-dimensional action remains
invariant under the above transformations provided

w=—2(D—3)8, (29)

namely, under the following two-parametric group of
global transformations:
r— re— =95 4 ~2AD-3)5,

w — we p — pe’,

8
¢ b+, fofer @I 30)

They generate two conserved Noether currents,

aL aL
- A — A
Jg = (a @ L)agrg:() 2B/ 9, Do,

9, J, =0, 31

where ®4 stands for w, p, ¢, f, and g =8, v. The
conserved quantity corresponding to v is the Hamiltonian

H=D3p'(wpP7*) = D3pP~* = 20p" 2"
+2pP 2220 — aezb¢[4bD%pD74w’¢’(3wp’2 —-1)
—2D;p"w'p'Bwp” — 1) = D3pP % (wp” — 1)
X Bwp? +1)]—4aDip"(w?pP3e2b?)

+4aDip'(wpD7562b¢)'. (32)

This is known to vanish on shell for diffeomorphism
invariant theories, H = 0. The Noether current corre-

sponding to the parameter & leads to the conservation
equation d,Js = 0, where
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4
Js = —DjrH — D3w/pP~% + Ewprzq’)’
+ 4<D -3+ %)qef + ae??[(wp? — 1)
X (2D3D}w'pP~* — 8bDiwpP 4 ')
+8bD3ww'pP3p'p'] (33)

Symmetry transformations will be used to rescale numeri-
cally obtained solutions to desired asymptotic form and
obtain true physical parameters of the solution.

III. STRETCHING THE HORIZON OF A SMALL
BLACK HOLE

A. Small dilatonic D-dimensional black hole without
GB term

Let us first discuss the black hole solution without the
GB term. It can be presented in the form [68]

dS2 — _f+f:1+(4(D73)/(D72)A)dt2
+ fllf:l+(2/(D73))7(4/(D72)A)dr2

+ r2f(_2/(D*3))*(4/(0*2)A)d9%_2’ (34)

¢ 2 = g2ade [~ (202/8)

(”+ r—)(Di3)/2

VA P2

Fy =4(D - 3)

where

D-3 _
rs 2y 2(D — 3)

A=a D=2 (36)

The mass and the electric and dilaton charges are given by

_ QD*Z 4(D - 3) rDi?’]

_ _ D-3 _ D=3
167TG[(D (2 = o)+ S

(37

_ D-3
.- 4221"2\/(’”&) s, (38)

(D - 3)LZQD_2 rD_3
47GA -

D= - 39)

For a = 0, this solution reduces to the D-dimensional
Reissner-Nordstrom solution. In the extremal limit r, =
r_ = ry, it contracts to

ds* = —f3di* + foldr* + rPdQ3,
r€_3 (40)
D—3’

fo=1~-

r
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and has a degenerate event horizon AdS, X SP~2. Note

that for a = 0, the GB term decouples from the system, so

this solution remains valid in the full theory with & # 0.
For a # 0, the extremal solution reads

ds? = —f(()4(D_3)/(D_2)A)dt2
+ f()*Z(D*4)/(D*3)*(4/(D*2)A)dr2
+ rzfé/(D_3)_(4/(D_2)A)dQ%_2. (41)
This has a null singularity at the horizon. The Ricci scalar
in the vicinity of this point diverges as

R~ (rP~3 — r0D—3)—(2/(D—3))+(4/(D—2)A), (42)

together with the dilaton function

e2ad (}"D_3 _ r(l))—3)—(2a2/A). (43)

The divergence of the GB term near the horizon is?
€2 Lopl,my. ~ (ry — r_ )~ (@(D*=4)/(@(D=2)+2D=3),

(44)

so one can expect that the GB term will substantially
modify the dilaton black hole solution in the extremal
limit.

The mass, the dilaton charge, and the electric charge for
this solution (defined as in Sec. IV below) are

_ Q2 D3 g
47G A 0

3
Q.= Qe = T2 D)

4G JA °
_QD—Z a_D% D-3
A47G A °

They are determined by a single parameter r, so we have
the following relations among the three quantities:

D =aM, Q, =AM, (46)

which imply the following BPS condition,

242

22 4 T2 =
a*M D A

Q:. (47)

B. Wiltshire black hole

Another limit in which our action admits an exact solu-
tion is that of vanishing dilaton. This is consistent with the
field equations for @ = b = 0. In this case an exact solu-
tion was found by Wiltshire [69]:

*We use this occasion to correct Eq. (33) of our previous paper
for D = 4 [64].
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I”2
w(r) =1+ —5— (11 1+
2D«

p(r)=r. (48)

The lower sign corresponds to an asymptotically AdS
space-time for a > 0 and to an asymptotically de Sitter
solution for & < 0. The upper sign leads to an asymptoti-
cally flat solution coinciding with the D-dimensional
Reissner-Nordstrom solution. These solutions exist in di-
mensions D = 5 where the GB term is not the total de-
rivative. The asymptotically flat solution has two horizons
which coincide in the extremal limit for a special value of
the electric charge. For the extremal solution, the mass and
the charge can be expressed in terms of the single parame-
ter, the radius of the horizon r:

QDZ

6477Dia.7\/l
D3Qp_,rP7!

_ 8Djag; >

M = (D= 2)[r} + (D — 42ald~>,
b (49)
g% = —S[ro + D4a]r2(D .
Conversely the radius can be expressed as
by ATDIM 47DIM\2  2Djq?
rg 0= 5 + 5 5—  (50)
D3Qp- D5Qp_y D3

C. Local solution near the horizon

In what follows we set b = a as relevant for the heterotic
string theory case, but still keeping a arbitrary. Assuming
that the full system with the GB term admits the AdS, X

- izon. r — . . .
§P~2 horizon > we look for the series expansions of
|

D% 2(0-2) p
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the metric function in powers of x = r — ry:
[oe] (o]

“Sow o0 =3 o
i=2 i=0

P(r) := e2a¢() = ZPixi.
i=0

w(r) p(r)

D

The function w starts with the quadratic term in view of the
degeneracy of the horizon, while two other functions have
the general Taylor’s expansions. Denoting the physical
radius of the horizon py, = p(ry), we obtain for the leading
order coefficients:

D2
w, = 3 Py = # (52)
2p;5 4a(2D —7)’
and p, is related to the electric charge via
_ 42a(2D —7)
Pyt =4q (53)

e\/Dg(D2 “D_3)

Note that the expression under the square root and the
right-hand side as a whole are positive for D = 4. The
horizon radius is fixed entirely by the electric charge, like
in the extremal Reissner-Nordstrom case. In our units the
GB parameter a has dimension L?. When the GB term is
switched off (o — 0), the horizon radius shrinks, as ex-
pected for small extremal black holes. Higher order expan-
sion coefficients exhibit dependence on only one free
parameter, namely, the P; in the dilaton expansion. Other
coefficients are expressed in terms of the horizon radius p
and P, the first subleading coefficients being

2aP
w; = SRR sl [D2(3DS — 43D* + 213D3 — 421D? + 236D + 76)a?
342 py(D? —9D* + 16D + 8)
+ D3(2D — 7)(3D* — 25D3 + 70D* — 56D — 40)],
4aP,[(D* — 13D? + 54D — 72D — 2)a* + (2D — 7)(D* — 3D — 2)] (54)
p1 = @2po(D? —9D? + 16D + 8)
[
One can notice that the free parameter enters the expansion Substituting (56) into (49), we find
coefficients always in the combination P, /a*. This facili- Q DD — 12)
tates transition to the Wiltshire case. M = _-P=2=2 b3,
In the limit of decoupled dilaton a = 0, the parameter 32m 2D =17 (57)
P, — 0, while the ratio P;/a? remains finite. In this case , 1D}D*~D-28) ,p- )
we have nonvanishing coefficients Py, p,, and ;: Y 2D —7 "o

P(r) = Py, p(r) = po + pi(r — ro). (55)

The asymptotic flatness requires p; = 1, so we have p, =
ro. For the Wiltshire solution P, = 1, and we obtain the
following relation in the extremal case:

p(z) = r(2) =4a(2D —7), (56)

and so our solution with the decoupled dilaton coincides
with the extremal case of the Wiltshire solution.

We can consider subgroup of global symmetry trans-
formation defined by two parameters 6 and w. We can
eliminate the parameter p, from the expansion on the
horizon if we apply the transformation with parameters
pm = —2lInpy and 6 = — Inp,. The other transformation
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with parameters u = 2In|P,|, 6 = 0 can take out P; from
expansions. Choosing the absolute value |P,| in the second
transformation allows us to get the remaining parameter

&= % in the expansion at the horizon which fixes the sign

of p (p; > 0 to obtain a global solution) in the expansion.
As a result, we have a map between parameters of expan-
sion Py, po and parameters of global transformation u, 8.
Typically one can first investigate special solution with a
simple choice of near horizon data, such as P, = 1 and
po = 1, which are the values we use for our numerical
analysis below. Then general solutions with arbitrary val-
ues of free parameters can be simply obtained by the global

transformation with u = 2lnﬂ, 6 = —Inpg. Also it is
Po 0

clear from the relation between p, and ¢, that electrical
charge plays the role of rescaling parameter. Finally the
free parameter P; could be fixed in accordance with the
boundary condition at infinity. We can also eliminate the
GB coupling constant « from the system by introducing
new dilaton function F = aP and rescaling charge ¢,. In
this way, we have only two parameters, the number of the
dimension D and the dilaton coupling a, which affect the
dynamics of solutions.

The values of the integrals of motion (32) and (33) in
terms of the parameters of the local solution are

_ 4 240 5
H = —apg *DiPy = Dipg~* + 7, <5 " 58)

Js = 4(D — 2)q.fo.

D. The entropy

Knowledge of the local solution near the horizon is
enough to calculate the entropy of the black hole, assuming
that the local solution can be extended to infinity. To
compute the entropy, we apply Sen’s entropy function
approach [3] which is valid for the black holes with near
horizon geometry of AdS, X SP~2. Using the notation of
[3] we parametrize the near horizon geometry by two
constants, v; and v, related to the radii of AdS, and
SP=2 4

2 _ 2o, dr 2
ds* = vl(—r dr* + 7) + v,dQ;,_,. (59)

The scalar curvature and the GB term will read
2 D} D2 3 4D?

R: _—+—, LGB 5
vy (%) U2

(60)
IR

The dilaton field and gauge field strength are constant on
the horizon

p=u  F,=p. 61)

Sen’s entropy function is defined to be the integrand of the
action after integrating all angular coordinates of SP~2.
Using (8) we obtain
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Opy (D—2)/2[ 2 Dj 2p°
= _Z < N 2au ZF
! 167G viva v U ¢ v?
D 4D}
+ ae? (—25 - )] (62)
v5 v v,

The parameters v, v,, u, e are related to the near horizon
expansion coefficients by (note the rescaling of time coor-
dinates 7 = w,f)
— 1 — — p2au
wy = —, Po = V2 Py =™,
Y1 (63)
~1,.(D-2)/2
ge = pv; lv(z )/ eZau‘
According to the equations of motion, the value of
parameters should minimize the entropy function:

d,,f =0, d,,f =0, d.f=0, (64)
which lead to the following constraints,
D3 42D - 1p* .,
'U2 - ;Ul, 'Ul - 276 ,
2 D“—D-—38
) (65)
) _ 2(D*— D —8) N
D? '

and furthermore imply f = 0. These three constraints are
exactly identical with the relations (52) and (53) from the
near horizon analysis. The physical electric charge, ¢ (i.e.
Q. defined in Sec. IVA), can be obtained via g = d,f
Qpy | -2 Qp_y

= 2ac PV lvg )2g2au — TG e (66)
The entropy of black holes is related to the entropy func-
tion by a Legendre transformation

D>—D-38

(D-2)/2
82D — 7)G '

S =2m(gp — f) =2mqp = p-2V;

(67)
The horizon area of AdS, X S? is A = vol(Qp_,)X

v(zD 2/ 2, thus the entropy can be expressed in terms of

area of horizon as

S_D2—D—8 _A+D2—5D+6
82D -7 G 4G 82D —-17)G
= Spu * Scp. (68)

and the deviation of the entropy from Bekenstein-Hawking
relation by the GB term increases for higher and higher
dimensions. For example, the ratio of Sgg/Sgy from D =

4 to 10 is
S
ﬂ={1,1,, gt
SpH 5°7°3°11°13

6 10 5 21 28
}. (69)
A general discussion on the entropy of theories with qua-

dratic curvature correction and Lovelock theory is given in
[49].
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IV. ASYMPTOTICS

Now consider the asymptotic expansions of the metric
function by substituting the following expansions into the
equations of motion:

; pi
a)(r)=1+zr—;, p(r)=r+27,
i=1 i=1

#(r) = (Z’oo + Z%
=1

According to the falloff of the Newton potential in different
dimensions, one has the first nonzero term in the expansion
for w and that for dilaton starting from i = D — 3, while p
differs from r in (2D — 7)-th terms:

2.—2ady
2qgle 2% 1 ‘o ( 1 )
2(D=3) /2D—4

_ 12
PR i 1 S - o)

(70)

@p-—3
wlir)=1+ +

(D —2)2D —7) r?P7 D=5
7 1 ~2a4 -
#0) = o+ 502 AT 4 5 ]
1 1
X ,2(D=3) + 0(r21)—4)~ (71)

One can notice, that these terms of expansion do not

contain the GB coupling «. The contribution of the GB

term is manifest in the third nonvanishing coefficient in p.

If the GB term is switched off, &« = 0, the third nonvanish-

ing coefficient of p is
4

Darn.n=—o b (D=3 2Dn A
P3p-10 3D§(3D— 10) dp-3l( )*@p-3¢6p-3
+ agle~2a9%s], (72)
In presence of the GB term it is
_ 20D—3)* 2
Pop-s5s = maaw0—3¢p—362 Pe, (73)

Soin D = 4 the general relativity (GR) contribution domi-
nates appearing as p,, and in D =5 both GR and GB
contributions appear in ps, but in higher dimensions, the
GB contribution is leading.

For the asymptotically flat geometry the global physical
quantities, such as mass and charges, can be read out from
the asymptotic expansion. Since the first subleading coef-
ficients are independent of the GB coupling, we can still
use the formula of global charges for the theories without
higher curvature corrections.

A. Global charges

The Arnowitt-Deser-Misner (ADM) mass is given in our
notation by’

*The volume of SP~2 is Q) , = 27;‘(’; 11) and the gamma

function is either I'(n + 1) =n! or I'(; + 1) = \/—2 i for inte-

ger n. This glves Op_y = {4m, 272, 877'2 w, }2 3 l el ]3025 )

forD =4,---,10.

T,

PHYSICAL REVIEW D 81, 024002 (2010)

=g 2 (50 ()]
(74)

and reduces to

O
167G

For D > 4, in general, the ADM mass could depend not
only on the first subleading coefficient @5 of w, but also
on the subleading coefficient pp_, of p. But we have seen
this coefficient is zero, so we have

(D = 2)[wp-3 —2(D —4)pp-4). (75)

167GM
Dp3 =" . 76
“03 = T D20, e
The definition of the dilaton charge D is
1 _
=476 ) dQp o720, ¢, (77)
which has a contribution from the expansion coefficient
- 47GD
= (78)
? -3 (D =3)Qp-»
The physical electric charge can be computed by the flux
1 _
Qe = m o dQD_zrD 262“¢°°Ftr, (79)

so we have the following relation between this quantity and
the charge introduced as an integration constant in the
previous section:

477G

~7 0,. 80
9, ° (80)

qe =
The asymptotic values of two integrals of motion (32)
and (33) are

H™ = [D3(rp)2 ™ = aD3Pu(rp)2 N(wepld — 1),
(81)

I3 = [ae®?=DIDi(rp"R > (wep — 1) — Di(rp"R 7]

a)oopm 1

X +4D3q,fo — 2D3D3Mp'D 2

D
—4D3wmpf£ 2=, (82)
a

From H =0, we can see that w.p2 — 1 for r— oo,
which also regularizes the second integral of motion. For
Minkowski space (w, = ph = 1), we have

D
J® = 4D}q,fo — 2D3D3M — 4D} — (3

It is possible to apply global transformation to satisfy
asymptotically flat condition which fixes one of the free
parameters in expansion around horizon, P;. Note that the
values of the integral of motion are 4 times of what we have
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in [64]:

1 D
H=§(a)oopé%—1), Js =2qofc0 — M — —
a

B. BPS condition

The theory we are considering here does not necessarily
have an underlying supersymmetry. However, it is instruc-
tive to investigate the fulfilment of the no-force condition
which is usually associated with the supersymmetry. In
particular, in the D = 4 case the supersummetric embed-
ding into the heterotic string theory in the supergravity
limit gives the BPS condition for the extremal small black
holes (Q, = Q,e %)

M2+ D> = Q2 (84)

This corresponds to the vanishing of the sum of the gravi-
tational and dilaton attractive forces and the electric re-
pulsion. This does not hold if the GB term is turned on.
However, it was demonstrated in [64] that on the boundary
of the allowed domain of the dilaton coupling the role of
the GB term is diminished, and the BPS condition is
restored. Our aim here is to confirm this property.

In the higher-dimensional cases the gravitational,
Coulomb and dilaton forces are

oo 87G(D — 3) M? _4mG Q3
¢ (D —2)Qp_, P A Qo P
47G D>
F,me -7 =
d) QD_Z rD_Z) (85)

so the no-force condition reads
2(D —3)M? + (D —2)D*= (D —2)92 (86)

In the case that the GB term is decoupled, i.e. & = 0, the
no-force condition (86) at infinity is equivalent to the
degenerated horizon obtained for the exact extremal dila-
tonic black hole solutions in the previous section,

D =aM,

2Cl2 (87)
Q. =VAM= M + D = QL
Note that the relation (86) does not involve explicitly the
dilaton coupling (though it appears in the definition of 9 ,).
The special case of D = 4 (A = a® + 1) was earlier dis-
cussed in [64] in which case @, = —2M, ¢, = —D
(with different sign convention).

V. CUSPS

It was discovered in [64] that the 4D EMDGB static
spherically symmetric gravity typically develops cusps at
some points r = r, in the vicinity of where the metric
functions vanish. There they have Taylor expansions in
terms of

PHYSICAL REVIEW D 81, 024002 (2010)
y=lr—rl (88)

The metric and its first derivative are regular there, while
the second derivatives diverge as y~!/2. There are therefore
the cusp hypersurfaces which are the spheres 2 of finite
radius. These cusp spheres have curvature singularity
which is rather mild (the Ricci scalar diverges only as
y~1/2 and the Kretchmann scalar as 1/y). They are in
fact the singular turning points of the radial variable p(r).

The presence of turning points in the numerical solu-
tions was encountered in the case D = 4 in [55,64,67]. The
numerical solution can be extended through these points
using the technique of [67] and then the solution evolves
into a strong singularity. Here we find that the situation is
similar in higher dimensions D = 6, but starting from D =
7 the solution can be extended to an asymptotically flat
one.

A. Expansion near the turning points

The general property of the turning points is that the
metric functions and the exponential of the dilaton field,
f=A{w(), p(r), F(r) = ae®®"} have finite first deriva-
tive and divergent second derivative, i.e.

J(rip) = oo. (89)

The metric functions and the dilaton can be expanded in
terms of the fractional powers of the variable y

) = fo+ D', (90)
i=2

f'(ry) = constant,

where we have either y = ry, — r (the right turning point)
or y = r — ry, (the left turning point). These two types of
turning points have opposite signs of the odd-order deriva-
tives,

f(2n+1)(r _ rtp) — _f(2n+l)(rtp — r)’ (91)

and the expansion coefficients, {f;}, have the same “iter-
ative” relations for both type turning points. The expan-
sions read

= 0y + wyy + 03y*? + 0(y?), (92)
p = po+ poy + p3y? + 007), (93)
F =Fy+ F,y + F3y°2 + 0(y2). (94)

They contain four free parameters, namely, wg, pg, Fy and
p, (for the fixed charge parameter ¢,), other coefficients
depending on them. The coefficient p; is given by the
square roots of a second order equation which can have
two branches (positive and negative) corresponding to
double valued solution near turning points. Similarly, w;
and F5 also have two-branch solutions.

The exponents in the turning point expansions are inde-
pendent of D. Therefore, the rate of divergence of geomet-

024002-9



CHEN et al.

ric quantities is universal. More precisely, the scalar cur-
vature is

_ 3 @3p9 + 2(D — 2)wyp; 12
4 Po '

and the matter stress tensor is finite. Indeed, w3 is propor-
tional to p; which has double values (with opposite sign)
near the turning point. Therefore, the sign of divergent
scalar curvature also changes. Moreover, one expects that
the GB combination should have y~!' divergence, but
actually it is weaker, namely, y~'/2.

For numerical integration, we rewrite the equations of
motion as a matrix equation of the dynamical system

Ax' =b, (96)

R ~

95)

where 6D vector x denotes x(r) = {w(r), @'(r), p(r),
p'(r), F(r), F'(r)}. The solution is ill defined at the points
where detA = 0. The turning points are special cases of
the general situation (see [67] for complete classification).
We can extend solutions through the turning points intro-
ducing a suitable new parameter o:

oA AdetA, 7

do

and generalizing the dynamical system to one dimension
more, ie. %(o) = {w(o), (o), p(o), p(o), F(o), F(o),
r(o)}. The matrix equation then becomes

- (A —b - (0
A‘(o 1)’ b_</\detA)'

(98)
The parameter A can be fixed by normalization of ¥. We
choose ¥* = X% + /2 = 1 and this ensures that 7 is finite
for both small and large values of detA which is useful for
numerical calculation.
In terms of o, we have the following result near turning
point:

Ax=b,

o) =ry trilo,— o)+, (99)
where r| < 0 for the right turning points and r; > 0 for the
left ones. The metric can be rewritten as

d*o

W(o)

where W = w/i%. Now, the functions w, W, p are single
valued functions of o.

ds? = —w(o)df* + + p%(0)dQ3,_,, (100)

B. Geodesics near the turning points

As mentioned before, the curvature weakly diverges at
turning point. One would expect the property near turning
points is much better than near the singularity. So let us
check the radial geodesic of ¢ and o as functions of the
proper time A (d0/dA =0 = d¢/dA). The relevant
Christoffel symbols are

PHYSICAL REVIEW D 81, 024002 (2010)

lao 1 1 W
Ir,,=-—, e, =-wo, re,,=—-—-—,
72w T 2w
(101)
The geodesic equation for ¢
d*’t o dt do
-t ———=0, 102
d)\2 o dA dA (102)
can be simplified as
d dt
—|(w—)=0, 103
d/\( d)t) (109
or
C
dr _¢ (104)
dr o

where the integration constant C > 0 means the “energy”
per unit mass of test particle at infinity. The geodesic
equation for o coordinate is

Lo 1 . dt)z W(da)z]
T+ Wol—) ——=(— =0. 105
A2 2[ “’(dA w\dx (105)
After integration, it reduces to
dr\2 1 (do\2
k=owl—) ——=— 1
w(dA) W(dA) ’ (106)
or
do\?2 C? C? — ko
— ) =Wl——k)=——, 107
(@) =)= o
where k =1 for timelike geodesic and k = 0 for null
geodesic.

The geodesic solutions are

C _@AZ_F\/CZ_ICC()O

t=—A, (0 — 0y) = + A
W lp 4"% 7]

(108)

There are two possible solutions for o, the minus branch is
valid for —oco < A = 0 and plus branch for 0 = A < oo and
both geodesics are terminated at the turning point (A = 0).
The only possible extension for the geodesic solution is
“gluing” these two solutions, i.e.

JC* —k

20\ (109)
|r1|

However, one can easy check that the result is not a smooth
solution at A = 0 and the second derivative of o with
respect to A generates a delta function. Therefore, such
extension, in general, is not a solution of (105). Similar
situation happens for the timelike geodesic. Hence, the
cusp turning points are not extendable for the geodesics.
However there is an exception for the special values of
C? = kwy and kw, < 0 (if w, > 0 the timelike geodesic
cannot reach the turning point).

kw .
(0= op)? =~ 4—22/\2 + sign(A)
r
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It is instructive to compare divergences in various cases.
To study this, we use Krechman scalar K = R“BV‘SRaByg.
The Schwarzschild black hole at r = 0 has K ~ r—2°~D:
the Reissner-Nordstrom black hole at r =0 has K ~
r~#0=2): the GB pure gravity black hole (D > 5) at r =
0 has (1) K~ r 22=D for a charged solution, and
(2) K ~ r~®=D for a neutral one. The extremal dilatonic
black hole with a GB term at a turning point K ~ y~! for
any dimension has

3 2wops(D —2) + pows

R=+— ,
4po ﬁ

(110)

PHYSICAL REVIEW D 81, 024002 (2010)

where y = ry, — r for an upper sign (a first type of turning
point) and y = r — r, for a lower sign (a second type). If
p3 = 0, the scalar curvature at such a type of point is
regular, but it imposes some constraint on the parameters
because p; depends on the parameters.

VI. NUMERICAL RESULTS

Lets consider the special limit @ — 0 in which the
dilaton field decouples. The analytical general solution is

647TDZa.7Vl

r2
=1+——(1F41+ -
«(r) 2pga< N \J (D —2)vol(Qp )P T D202 " Dl

For the case A = 0, the radius of degenerated (extremal)
horizon is 3 = 4(2D — 7)a which can be obtained from
(56). It is clear that the horizon shrinks to a point when we
turn off the GB term. Although the dilaton field is de-
coupled, in the dimensions D = 5, the GB term still gives
a nontrivial contribution to equations of motion which will
break the BPS (nonforce) condition. In more detail, the
ratio of the mass and the electrical charge for an extremal
solution can be computed

AM D? — 12)?
5 = 5 ( ) =1, (112)
0F 4(D?* — D —8)(2D —7)
and our numerical analysis give consistent results in the
decoupling limit. Moreover, the numerical analysis also

indicates that the dilaton charge is proportional to the
dilation coupling times mass and

22
arM* _

o 1, (113)

but the exact form for the ratio is still unknown. In these
two ratios, the equality holds for D = 4 which saturates the
BPS condition (87).

In the numerical results, we are going to show the
following quantities. From the symmetries (30), we know
that if we regard the electrical charge as a scaling parame-
ter, the following ratios will depend only on the dilaton
coupling:

MD=2)/(D=3) DWD=2)/(D-3)
kM(a) :T’ kD(a) = T,
aeP=2ade
kp(a) = 0. (114)

For verifying the BPS conditions, we will analyze the
ratios

4 2 3
8Djaq; 4D4aA)’ o) = 1. (111
[
a2M2 AM? _ Aa@*M? + D?)
@ T e

(115)

We now present our numerical results.

A.D =4

For convenience, we first recall the results for D = 4
found in [64]. Starting with small a (for a = 0 one has the
Reissner-Nordstrom solution) one finds that asymptoti-
cally flat black holes with degenerate event horizons exist
up to a = a, = 0.488219703. The critical value of dila-
ton coupling a., separates the regions where there exist
regular asymptotically flat solutions for a < a. and the
singular ones for a > a,,, which firstly have a throat (p’ =
0), then a turning point where p” changes sign and p”
diverges and finally a singular point. In the limit a — a,,
the mass M diverges, and somewhat surprisingly, the BPS
condition of the theory without curvature corrections holds
for the ratios of parameters. This can be understood as
dominance of the Einstein term over Gauss-Bonnet.
Indeed, if we keep the mass fixed, the limit corresponds
to gravitational constant G going to zero. Then the Einstein
term becomes greater, unless the GB term is increasing
similarly.

The critical value of the dilaton coupling is less than the
heterotic string value @ = 1 or 1/2, so no asymptotically
flat extremal EMDGB black holes exist in D = 4.

B.D=5and 6

For D = 5 and 6, the dynamics of the system is similar
and numerical results are presented in Figs. 1-6: the
asymptotically flat solutions exist up to the critical value
of dilaton coupling a.,, and in the limit a — a., the BPS
conditions are satisfied, namely, kgpg — 1 as shown in
Figs. 1 and 4.

024002-11



CHEN et al.

100 A

80

60

10%kp

40

kp

20 A

kv

PHYSICAL REVIEW D 81, 024002 (2010)

0.2 0.4 0.6 0.8

o
o
(N
1N
S
=)
o
=)
©

FIG. 1.2 E,eft panel: ky,(a), kp(a) and kp(a) (multiplied by a factor 10?) as functions of @ in D = 5. Right panel: kgpg and the ratios
M
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The critical value of dilaton coupling for D = 5 is found
to be al=> = 0.872422988. The corresponding string
value (7) is smaller: a2—> = 0.816 496 580, so asymptoti-
cally flat stretched dilatonic black holes exist in five
dimensions.

For D = 6 we obtain =6 = 1.432 881972, the corre-
sponding string value (7) being a2=® = 0.707 106 781. We
observe that while the critical dilaton coupling is increas-
ing with D, the string value (7) is decreasing, so we expect
that for D > 4 we will have always agy, < a,.

The metric functions and the dilaton exponential F for
asymptotically flat black holes are given in Fig. 2 for a =
0.3 and 0.8 (which are smaller than the critical value in
D =5),and in Fig. 5 fora = 0.4 and 1.4 in D = 6. Those
for a larger than the critical value are displayed in Fig. 3 in
D =5 and in Fig. 6 in D = 6.

C.D=7
D=7 _

The critical value for the dilaton coupling ag
1.793909 999, the heterotic string value being a2~ =
0.632455532. As in lower dimensions, the critical value

0.09 2
1.03 _ a
1 W F = qe?e?
0.08
ai '
0.8 -
az 0.07
/
1.02 P
0.6 - 0.06
1.015 4 as
0.05
0.4 1
1.014
0.04
0.2 A
1.0051 4 0.031
az
r T o024 r
0 . . v v 1 . v
2 4 6 8 2 4 6 8 2 4 6 8

FIG. 2. Radial dependence of metric functions w, p’ and the dilaton exponential F for asymptotically flat black holes (a < a2=3)

with dilaton couplings a; = 0.3 and @, = 0.8 in D = 5.
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24

FIG. 3. Radial dependence of metric functions w, p’ for singular solutions (a > a5=>) for dilaton couplings @ = 0.9 in D = 5.

corresponds to the appearance of the first cusp (turning
point) in the solution. The novel feature in D = 7 is that
after the right turning point the left one appears, and the
solution can be extended along the lines of [56]. Using the
same procedure one can extend the solution to an asymp-
totically flat one, as shown in Fig. 7. With further increas-
ing dilaton coupling the number of pairs of the turning
points increases, so the asymptotically flat extended solu-
tions look as shown in Fig. 8. The global parameters
change in step-function-like manner each time when one
new turning point is created; see Fig. 9. However, the
extended solution cannot be considered as true black hole
solution, since geodesics, as we have shown in Sec. VB,
cannot be continued smoothly through the cusp singular-

140 A
120 A
100 A
80 4
60 -
40 4

knr

20 1

FIG. 4. Left panel: ky;(a), kp(a), and kp(a) (multiplied by a factor 10%) in D = 6. Right panel: the ratios of kgpg and

ities. Therefore we have to consider the critical value of the
dilaton coupling in D = 7 as the true boundary of the range
of a.

In the case D = 4 [64] it was observed that on both
boundaries of the dilaton coupling a — 0 and a — a,,, the
BPS condition of the EMD theory is saturated. This can be
understood as an indication that the GB term is decoupled
in these two limits. Indeed, for a = 0 it is obvious, while in
the limit @ — a,, the mass tends to infinity, in which case
the Einstein term turns out to be dominant. In higher
dimensions the situation is different. For D = 5 decou-
pling of the dilaton a = 0 does not switch off the GB term;
instead we have to deal with Wiltshire solutions of the
EMDGB theory. So the BPS saturation is not expected for

2.4 7

0 0.2

0.4

06 0.8 1

a>M?
D* -

AM?
Q;
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FIG. 5. Radial dependence of metric functions w, p’ and an exponential of dilaton field F for asymptotically flat black holes (a <

aP=0) of dilaton couplings a; = 0.4, a, = 1.4 in D = 6.

a = 0, and this is confirmed by numerical calculations. For
D =5, 6 the BPS condition still holds on the right bound-
ary of the dilaton coupling a — a., (see Figs. 1 and 4).
However, in D = 7, the BPS condition does not hold any-
more (see Fig. 10). This means that the GB term does not
decouple in the limit a — a, as in lower dimensions. The
results in terms of o-coordinate are given in Figs. 11-13

D.D =8,9,10

Properties similar to those in the case D =7 were

observed for higher-dimensional solutions D = §, 9, 10.

The critical values of dilaton coupling are al=8 =

1.887653 885 (aB=% = 0.577350269), ab=? =

0.031
0.025 A
0.02
0.0151
0.014

0.005 1

r

1 1.01  1.02 103 104 105

2.002906751 (aB™ = 0.534522483), and al~10 =

2.121748877 (aR~'° = 0.5). The numerical results are
presented in Figs. 14—19. The BPS condition is not fulfilled
on both boundaries of a. Supercritical solutions can be
formally continued to infinity (as asymptotically flat)
through the cusps which are met in pairs like in the case
of D =7. However we do not qualify them as physical
black holes for the reasons explained in Sec. V.

VII. CONCLUSIONS

Here we summarize our findings. First, we have con-
structed an explicit local solution of the EMDGB static
extremal black holes in the vicinity of the horizon and

104 1057

—100

—-150 -

FIG. 6. Radial dependence of metric functions w, p’ for singular solutions (a > a2=%) of dilaton coupling @ = 1.5 in D = 6.
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FIG. 7. Dependence of metric functions w and p’ on the radial coordinate for ¢ = 1.8 in D = 7 with two turning points. (Insets

describe properties of solution nearby turning points.)

calculated the corresponding entropies. The ratios of en-
tropy to the Hawking-Bekenstein one A /4 increases from 1
for D =4, 5 to 41/13 for D = 10. The entropy does not
depend on the dilaton coupling. Contrary to this, the
asymptotic behavior of the solutions crucially depend on
dilaton coupling and asymptotically flat black holes exist
only for a < a.,. The critical value of the dilaton coupling
depend on D and increases with D. For D =4, a, is
smaller than the heterotic string value, therefore no
stretched black holes exist in the effective heterotic theory.
In contrast, for D = 5 the heterotic values of a lie inside
the allowed region. Numerical solutions for asymptotically

flat black holes are constructed for 4 = D = 10. We in-
vestigated the ratios of the mass, dilaton charge and elec-
tric charges which show the degree of deviation form the
BPS bounds in the absence of GB term as functions of the
dilaton coupling. It is observed that for D <5 the BPS
bound is saturated near the threshold value a,, thus dem-
onstrating that the contribution of the GB term is effec-
tively small there. For larger D such a behavior was not
observed, indicating that the GB term remains important
on the boundary.

The failure to reach the flat asymptotic in numerical
integration manifests itself as emergence of turning points
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FIG. 9. Left panel: ky(a), kp(a), and kp(a) in the region before formation of turning points in D = 7. Right panel: same quantities
after formation of turning points (the number of turning points is denoted by italic font).

of the radial variable in which the scalar curvature has very
mild divergence. The solutions then exhibit typical cusp-
shaped behavior. It was suggested before that these turning
points should be passed by changing the integration vari-
able in a suitable way so that the solution can be continued
through these singularities. We have found that in dimen-
sions D = 7 the turning points comes in pairs, and the
solution can be formally extended to the flat asymptotic.
However an inspection of radial geodesics reveals that they
cannot be analytically continued through cusp singular-

ities, so we do not believe that continuation of numerical
solutions through the cusps is physically meaningful.
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APPENDIX A: GEOMETRIC QUANTITIES FOR
SPHERICAL SYMMETRIC METRIC

This appendix gives detailed geometric quantities asso-
ciated with the following spherical symmetric metric in

0.8
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0.4 4

0.2 4

0.8
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Dependence of metric functions w and p’ of parameter o for @ = 1.8 in D = 7 with two turning points. (Insets describe

dimensions D
ds? = —edp2 + e’ + ed0? |,

(A

where k denotes the spatial curvature. The Riemann and
Ricci tensors have the following components:

2 4 6

FIG. 12.

Dependence of metric functions w and p’ of parameter o for ¢ = 1.81 in D = 7 with 14 turning points.
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FIG. 13. Dependence of original radial coordinate r of pa-
rameter o for a = 1.8 in D = 7 with two turning points.
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FIG. 16. Left panel: ky(a), kp(a), and kx(a) in D = 9 in the region before formation of turning points. Right panel: those after
formation of turning points.
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the relevant quantities become
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