PHYSICAL REVIEW D 81, 023528 (2010)
Quantum black hole in the generalized uncertainty principle framework
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In this paper we study the effects of the generalized uncertainty principle (GUP) on canonical quantum
gravity of black holes. Through the use of modified partition function that involves the effects of the GUP,
we obtain the thermodynamical properties of the Schwarzschild black hole. We also calculate the
Hawking temperature and entropy for the modification of the Schwarzschild black hole in the presence

of the GUP.
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L. INTRODUCTION

The discovery of temperature and entropy of black holes
is one of the most important achievements in gravitational
physics. Since entropy is a statistical concern, it has been in
a great interest [1-3]. In the early seventies Bekenstein
proposed the quantization of black holes [1]. He showed
that the gravitational surface of a black hole is proportional
to its temperature and so the event horizon area is propor-
tional to the entropy. He concluded that the event horizon
of nonextremal black holes behaves like an adiabatic in-
variant, thus the event horizon should have discrete spec-
trum in the general relativity framework [2].

Similarities between these rules and thermodynamics
was first investigated by Hawking [3]. Later on he discov-
ered the evaporation of black holes by a series of semi-
classical calculations. It meant that the black holes like
black bodies emit thermal radiation proportional to their
gravitational surface. In addition the entropy is equivalent
to one-forth of the event horizon area. Hawking’s calcu-
lations introduced the relation between classical mechanics
of a black hole and its thermodynamics. These results led
to deeper correspondence between classical gravity, quan-
tum mechanics and statistical mechanics.

During these years the entropy of black holes has been
studied by different approaches, for example, by string
theory, loop quantum gravity and canonical gravity [4].
Although theses methods, involves curved geometry, we
can perform Hawking radiation calculations in a flat space.
Also, up to now these calculations have been done for
extremal and near extremal black holes [5].

The existence of a minimal length is one of the most
interesting predictions of the theories related to quantum
gravity [6,7]. From the perturbative string theory this
length is due to the fact that the strings cannot influence
through distances smaller than their size. One interesting
property of the existence of the minimal length is the
modification of the standard commutation relation between
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position and momentum in usual quantum mechanics [8]
which is called the generalized uncertainty principle
(GUP). Noncommutativity between space-time coordi-
nates was first studied by Snyder [9-13].

The noncommutativity theory is of great interest be-
cause of its interesting predictions in particle physics, for
example, the mixture of IR/UV and nonlocality [14],
Lorenz violation [15], canonical noncommutative with
deformed rather than broken symmetries [16,17], Lie-
algebraic noncommutativity [18,19] and modern physics
at small scales [15,20]. Also in the past much attention
years has been paid to these fields (for applications of the
GUP and noncommutativity in minisuperspace dynamics
see [21-24)).

While studying the thermodynamics of a black hole, the
analysis of its temperature leads to many questions. When
the initial state of a black hole is a pure quantum one and
evolves to a mixed final state [25], first the black hole
attracts all the information behind its event horizon and
then disappears through thermal distribution. This causes
the violation of the unitarity principle and is associated
with the information loss assumption. The uncertainty
principle is one of the ways to escape this information
loss [26,27]. The Schwarzchild radius of a black hole
with the Plank mass is of the order of the Plank length.
Since this length is the wavelength of a particle with the
Plank mass, if the mass of the black hole becomes lower
than this mass, then we have a mass inside the volume
smaller than that allowed by the uncertainty principle.
Zeldovich proposed that black holes with masses smaller
than the Plank mass are related to stable elementary parti-
cles [28].

There are many questions about minimal length during
the study of black holes [29-32]. By investigation of the
space-time for string scattering with an increasing higher
orders in perturbation theory, the size of the string reduces
relative to the Schwarzchild radius of the collision region,
thus the production of black holes becomes impossible in
such a way but the length approach will make it possible
but complicated [33]. Recently string and loop quantum
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gravity theories have succeeded to account for the entropy-
event horizon area [29].

In this paper in Sec. II, we review a model to solve the
Wheeler-Dewitt equation of the Schwarzschild black hole
and derive its thermodynamics. In Sec. III, we examine
Hilbert space representation in the generalized uncertainty
principle framework. In Sec. IV, we study the
Schwarzschild black hole with the generalized uncertainty
relation and finally derive the thermodynamical properties
of the quantum black hole.

II. THE MODEL

The Wheeler-Dewitt equation for a Schwarzschild black
hole where the Hamiltonian involves only coordinates and

. 2 .
momenta (a, p,) i.e. H = Fa+1a, can be obtained as

[34,35]
hi(ﬁ?zaslci(ascfalp(a)) ~(a ZGM)M ) ()

22
where a and P; = —"-0-a™* L (a* AL

- - (a)) are phase co-
ordinates deduced from the phase space coordinates m and
P,,, by means of an appropriate canonical transformation
and also m(1) = M(t, r) and P, (1) = [* drPy/(t, r). The
variable m can be defined as mass M of the hole when
Einstein’s equations are satisfied [34] and s is a factor
ordering parameter. In particular, if we choose s = 2 and
identifying R, =294, we have

m2G2? l(d2 2d

c® da*> ada

)wa) (a-R)p@). @

Let us consider the following transformations

1
W@=_Uw €=a-R, G
where the variable ¢ indicates the gravitational degrees of
freedom of the Schwarzschild black hole, and define the
appropriate constants and consider the fact that the energy
of excitations associated with variable a is not positive
[35]. The physical reason is simply that the total energy of
the black hole is included and the ADM energy is equal to
zero. Then, the quantum Eq. (2) turns into

2
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where E; = Mc? is the black hole ADM energy and ¢ )=

\/g and E, = \/% It can easily be shown that Eq. (4)
agrees with the Beckenstein’s proposal [1] and represents a
quantum linear oscillator with energy levels of
R;(n)
4¢,

B = (n+ %)E,, 5)

Also according to above equation one can get the mass of
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the black hole as

2hc 1

2 =, + 2
M=*(n) = G (n 2). (6)

Black hole entropy

Details of the thermodynamical properties of a black
hole can be obtained from its partition function [35-37].
For a quantum mechanical system the Feynman’s path
integral approach is a useful method for determination of
the free energy and partition function. In this way, to
include the quantum effects [38,39] a corrected potential
in considered. In the case of the black hole with respect to
Eq. (4) the quantum equation is similar to the equation of a
one-dimensional harmonic oscillator with frequency of

ho = 1’%E »» and the corrected potential

<§2 ﬁg%EP)’ (7)

V(e) = L

4€2

which leads to the following partition function [35,36]

22
7, = 2_77 CXp(_ ﬁfm’p (8)
¢ V3  BE,

From the fact that the internal energy of a black hole is
equal to its gravitational energy, i.e.

— aln(ZQ)
E=——""%2 = Mc?,
a8 c 9)
we get
E} o 2 —
PR —=McB+1=0. (10)
8

The positive solution for this equation when E, < Mc? is

_ %:I (11)

B= b1 e

8aMc?
E%, kT ’

The entropy of the black hole using the partition function
and internal energy is defined as

where By = is the Hawking’s temperature.

= InZ, + BE. (12)

Putting the Hawking’s temperature in this equation we
obtain

S _ A I:]_i E3 ]2
k40 87 (Mc2)?

1 (A, 1 E P
1“(4€2[1 %(Mcz)zb

where A, = 477R? is the area horizon.

% In(24) + 1, (13)
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In terms of the Bekenstein-Howking relation Sgy/k =
A,/ 46%, and ignoring terms of higher order, one can find the
logarithmic correction to the entropy as is acquired using
different procedures in [37,40]

S _Sen_ (SLH

—2BH
"k

—1
o )+0(SBH>. (14)

This result has the interesting feature that the coefficient of
the first correction, the logarithmic one, agrees with the one
obtained in loop quantum gravity [41], as well as in string
theory [42]. The form of this correction was already
obtained from other papers by other considerations
[40,43,44].

I11. HILBERT SPACE REPRESENTATION IN THE
GUP FRAMEWORK

In this section, we briefly study the modified Heisenberg
algebra. In one dimension, deformation of the Heisenberg
algebra generated by X, P is given by

[X,P]=ih(1 + oP?), >0 (15)

where o is the deformation parameter and this commuta-
tion relation can be seen in perturbative string theory [6].
The above equation by Kemf, Mangano, and collaborators
leads to the following relation [45,46]

AxAp = g(l + o(Ap)? + o(P)?), (16)

so that the canonical Heisenberg algebra is satisfied in the
limit o — 0. By paying attention to the above equation the
uncertainty in momentum will be

Ap =S¥ J(Ax>2 - (lr — (P)2. (17)

ho

So the minimal uncertainty in position is (P) dependent,

that is
Axpin((P)) = I/oyf1 + o(P)*. (18)

It is clear that the smallest uncertainty in position occurs
when (P) = 0 and is equal to Ax,,;, = h\/o. This relation
says that it is impossible to consider any physical state as
the eigenstate of the position [45,46], therefor in the pres-
ence of Ax,,,, the definition of a state |¢,) € D (D C
H from a Hilbert space) such that

1 (A, = lim (U IX = (X921 = 0,
(19)

is impossible. It means that the eigenstates of the position
are no longer physical states and should be assumed as
formal states. Consequently in the GUP approach we can-

not work in the space configuration and have to use “‘qua-
siposition” states.
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Equation (16) involves both the low and high energy
regions which are related to quantum mechanics and quan-
tum gravity limits, respectively. These limits as a sample of
applications of the GUP have been derived through string
theory [47,48]. The quantum mechanical limit is given by

1
cApl +a(pyP <1 ApP +(pP<—, (20)
o
Also the quantum gravity limit is of the form

G(APP + olpY ~ 1> (A2 + (P~ 21)

A. Representation in momentum space

With respect to the lack of non vanishing minimal
uncertainty in momentum the Heisenbergh algebra can
be represented in momentum space wave function s (p) =
(pli). On a dense domain in the Hilbert space X and P
play as operators such that [49-52]

Py(p) = py(p), (22)
Xy(p) = ih[(l + frpz)ai + ffp]w(p)-
p

As can be seen X and P are symmetric and this represen-
tation is easily seen to respect the commutation relation
(15). The scalar product of two arbitrary wave functions on
the mentioned dense domain is given by

@) = [ dpr(pwip) (23)

It should be noted that in the presence of minimal uncer-
tainty in position the momentum operator is still self-
adjoint and also the functional analysis of the position
operator changes. Note that the definition of inner product
and representation of X and P operators in this paper are
different from the corresponding definition on Kemf,
Mangano, and collaborators [45,46]. In fact they used the
following representation for Hilbert Space of states

P.y(p)=py(p)  Xp(p)=in(l + op®a,¢(p)
(24)

And also

+o0 d
o) = [ L wpee). e

B. Maximal localization states

As mentioned before when there is uncertainty in posi-
tion eigenstates the eigenstates of position are not physical
states therefor in order to gain information about position
we have to write the matrix elements of position operator in
another basis e.g. momentum basis. This leads to the study
of states which are called “maximal localization states’.
As a result we consider the state |1//?1), maximally local-
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ized around position y with the following properties
WYIXIgEh = x, (26)

and

(Ax)lw';‘>

Paying attention to the smallest uncertainty in position and
considering the standard deviation in uncertainty relation,
for any state in the Heisenbergh algebra we have

Y - @yt =0, o9

which immediately implies

= AXpin- 27

(WI(X = (X)? —(

_ KX PRI
2

AxAp (29)

; ; — KIX.P] ;
It is clear that if the state |¢/) obeys AxAp = B== then it
will obey

(X, P])
2(Ap)?

By solving the above equation we determine the differen-
tial equation governing the maximal localization states

1+ o(Ap)?
2(Ap)?

(X —(X) + P - <P>))|¢> —0.  (30)

[ih(] +op?)d, — x +ihop+ih
(31)

Thus the maximal localization states are given by

ymi(p) = ,/ T+ op?) exp(w_tan w;p))_

(32)

In the nondeformed case the plane waves in momentum
space or Dirac d-function in position space are maximal
localized states, but here having deformation ¢%!(p) can
be considered as a generalization of plane waves.

C. Transformation to quasiposition wave functions

In order to investigate the probability of a state being in a
maximally localized state around position y, we consider
the scalar product of arbitrary states |¢) on the states | 1//$1>
so that ¢(x) = (}'|¢) is called the quasiposition wave
function. Any wave function in the momentum represen-
tation can be transformed into its quasiposition counterpart
by the following generalized Fourier transformation (this
result is similar to Ref. [23,45])

/zr
¢l = .[oo 1 + op?

X exp(h et p>)¢<p> (33)

p]t/f(p)=0.
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Note that in the limit o — 0 the usual wave function
¢(x) = (xl®) is determined and the above equation re-
duces to a plane wave in the momentum space.

IV. QUANTUM BLACK HOLE WITH THE
GENERALIZED UNCERTAINTY RELATION

The commutation relation (15) leads us to the general-
ized uncertainty relation (GUR) (16) [45,46,49-53].
According to Eq. (22) the position and momentum opera-
tors are then represented in momentum space by

(X =in[(1 + op®ap + opl P=p (34)

The Wheeler-DeWitt equation for the Schwarzschild black
hole (4) with the GUR then becomes

{ ZZ [((1 + ap?ap)* + 20p((1 + op?ap)

+ 20'2p2 +

€2 R
o+ Brtu) = 37 B 69

p=p

where p is canonical momenta conjugate to £. The exact
solution of Eq. (35) is given in [49,50]

0 - [(o N G

+ (n +n+ l)ghz] (36)

202

and also for the mass of black hole we have

M2(n) = ZZC[(n ;) 1+ (g?j)
+(n + 0+ )ZZ] (37)

Now, we define

1
s o Nop

C=7l
J1+op? Ji+o p (38)
4
2v =1+ 41+ 5
o

the normalized energy eigenfunctions are

nl(n + v)Jo

v+1 v
27 l(n + 2V)C Cils) (39)

,(p) =2"T(v)

where n =0,1,2, ...
nomial

and C%(s) is the Gegenbauer poly-

023528-4



QUANTUM BLACK HOLE IN THE GENERALIZED ...

Ci(s) =

Also one can write (39) as [54]
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Note that using Eq. (33), one can acquire i ,(y) also
according to the Egs. (20), (21), and (37) we conclude
that in quantum gravity regime the mass of a black hole

(=1)" Qv + ”)I‘(Zszrl §2)1/2-» a5 v+n—1/2
2l TEAT @ + 1) Jrrge =) ' (40)
., n!(n+ 1)Joc""'T'(n + 2v)F(—n,n + 2v;1/2 + v; —1/2s+1/2)
V) = 2O G ) T(n + DI (2) 1)
[
and P [56] as
dXdP
—BH(X,P) Z"7
Zdeformed 2 h f 7 (45)

is proportional with the quantum number n in contrast,
according to Eq. (6) with ordinary scales of energy in
standard quantization of black holes, that mass is propor-
tional to /7 that it agrees with Beckenstein’s proposal [1].

Black hole entropy with the GUR

When there is not any deformation in the system, the
coordinates and momenta variables x; and p; are canoni-
cally conjugate i.e. {x;, p;} = &;;, {x;, x;} = {pi p;} =0,
thus the thermodynamics of the system is calculated by
using the following partition function

1
= ~BH&.P) dxdp.
s | s

In the more general deformed case with the following
generalized commutation relations

[Xi’ Pj] = lhflj(XJ P): [Pir Pj] =
(X, Xj] = ihgij(X, P).

(42)

inh;;(X, P),
(43)

where operators X; and P; are new coordinates and mo-
mentum variables, respectlvely, and f;;, g;; and h;; are the
deformation functions that obey properties like b111neary,
Libniz rules, and Jacobi identity. In the classical limit 7 —
0 the above relations reduce to the deformed Poisson

brackets
{X;, Pj} = fij(X: P),

{X;, Xj} =

{P;, Pj} =
gij(X, P).

These relations are antisymmetric, bilinear and obey the
Libniz rules and Jacobi identity [52,55]. Then the partition
function for deformed case can be interpreted in terms of X

hij(X) P)r
(44)

S GUP

1

According to Eq. (15), g(X,P)= h(X,P) =0 and
{X, P} = f(X, P) = 1 + o P?, therefore the partition func-
tion of the quantum black hole becomes

exp(— £e p2)

1
Zgup = s [dXexp[—ﬁV(X)][dP T P2

(46)
Now by inserting the modified potential (7), the corrected

partition function will be
e
2ho 2" 2ho )

ZGUP:€_1’ ™ exp[—(’BZE%
0 h \3BE,o 167

(47)
For the case of - ”ﬁ >> 1 the above equation leads to
'BZE% ho
Zﬂexp(_ 16  ct B
Z8UP — [~ =, (48)
e V 3 BE,

Now similar to the nondeformed case we put, E =
9 ln(ZGUP N A .
—a5 G5
perature of the quantum black hole in the GUP framework
in term of the Hawking temperature becomes

o ME, ]
B[{MC’2

Mc2. Hence, the tem-

A= BH[l B - DM -7
(49)

The entropy is accounted for as before and by using the
obtained temperature, it is given as follows

ME,

J
2
+ A; [1 -
4€,,
+ 4,
462

)|

: :‘f B
(462 [

7 a1 BHJIWCZ

HMC ]

N I\JI'—“"’

,BHMC2

1
) In(24) + 1.

](BHM62 — B — 17

1 ME
[1 - BHMCZ] (ﬂHMC2 - 2)(2HMC2 = 1) U)

(50)
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Finally the definition of GUP Hawking-Bekenstein entropy
GUP § E3
SBH_ =ﬂ(1 +ﬁa), (51)
k k 8mTM-=c

leads to
) e (B )
BH
+ O(SEHT ). (52)

As the log-type correction is similar to the existing results
that are derived from other methods [29,31,32]. It is shown
that this result has the same form as the nondeformed case,
again the logarithmic correction to the entropy appears
with a —1/2 factor and it is clear that we get the non-
deformed entropy in the limit o — 0. As we can see, these
thermodynamical quantities are modified due to the pres-
ence of the deformation parameter o. In particular the
GUP lessens the value of the entropy, which can be under-
stood from the fact that GUP reduces the accessible physi-
cal states. Similar results can be reached by surveying
noncommutativity [36,57].

V. CONCLUSION

In summary, we first introduced a model for quantum
black holes and showed that its Wheeler-Dewitt equation is
similar to the equation of a one-dimensional harmonic
oscillator. We then reviewed the thermodynamical proper-
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ties of quantum black holes for which the logarithmic
correction of the entropy with a —1/2 factor appeared.
Next we presented the Hilbert space in the generalized
uncertainty principle framework and obtained the relevant
generalized Fourier transformation which gives the quasi-
position wave function from momentum space. In the next
step we studied the quantum black hole in this framework
and obtained its wave functions and energy eigenvalues
and argued that in a quantum gravity regime the mass of a
black hole is proportional to the integer n, in contrast to
ordinary scales of energy in standard quantization of black
hole where the mass is proportional to +/n. Finally we
determined the thermodynamical properties in this sce-
nario by introducing the relevant Bekenstein-Hawking en-
tropy in the GUP framework and concluded that again the
logarithmic correction of the entropy appears with the
factor —1/2 and also the value of the entropy diminishes
which can be comprehended from the fact that the GUP
reduces the available physical states.
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