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The status and parameters of the scalar, vector, and tensor mesonic resonances are obtained in the

multichannel analysis of processes �� ! ��, K �K, ��, and ��0 and compared with other results. For

example, we obtained the f0ð600Þ meson with mass 774� 15 MeV and width 988� 36 MeV (the pole

position on sheet II is 596� i494 MeV) and the first �-like meson with mass 1275� 32 MeV and total

width 304� 24 MeV, which differ significantly from the mean value 1459� 11 MeV cited in the Particle

Data Group tables. Spectroscopic implications from results of these analyses and possible classification of

the resonance states in terms of the SU(3) multiplets are also discussed.
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I. INTRODUCTION

The spectroscopy of light mesons is very important for
understanding the strong interactions at low energies. Here
scalar mesons have a special status because they possess
the vacuum quantum numbers and, therefore, they can
mediate the vacuum influence on the hadronic spectrum
by means of possible ‘‘direct’’ transitions. In turn, the
lightest scalar mesons act on the vacuum through a possible
condensation into it. Therefore, the scalars are a very
exciting and much discussed topic in the light hadron
physics. However, present knowledge about the nature
of discovered states in the scalar mesonic sector is still
rather incomplete1 and their parameters are known with
rather large spread [1]. This especially concerns the
f0ð600Þ=� meson whose existence was doubted for a
long time and which now can be considered to be discov-
ered. For example, the f0ð600Þmass, obtained in the Breit-
Wigner orK-matrix approaches, ranges in various analyses
from about 400 to 1200 MeV [1]. The f0ð600Þ width also
ranges from a very small value, 35� 12 MeV [2], to a very
large one, 800–1000 MeV [3–10]. It is clear that due to the
large spread of parameters, it is difficult to determine the
nature of the f0ð600Þ. Note that for the mass of the

� meson, there is a prediction by Weinberg [11] on the
basis of mended symmetry that this state should be almost
degenerate with the �-meson mass. Saturating the super-
convergence sum rules, one finds that the�-meson width is
4.5 times larger than the �-meson width [12]. On the other
hand, in studies of QCD sum rules [13] one found a scalar-
isoscalar meson with a mass about 1000 MeV which is the
state of the gluonium nature with the ��-decay width
about 500 MeV. This is in agreement with the recent
unquenched-lattice simulation using dynamical fermions
[14]. However, there are recent calculations on the
quenched anisotropic lattices of the glueball spectrum
where the mass of the lowest glueball is about 1710 MeV
[15]. It seems that a question about the lowest glueball
mass has not yet been solved in the lattice simulations.
As to the width of the glueball, e.g., in the Ellis-Lánik

approach [16] of an effective QCD Lagrangian with
broken scale and chiral symmetry, where a glueball is
introduced to theory as a dilaton and its existence is related
to the breaking of the scale symmetry in QCD, the
��-decay width is estimated using classical low energy
theorems yielding �ðG=glueball ! ��Þ � 0:6 GeV�
ðmG=1 GeVÞ5, where mG is the glueball mass. Therefore,
it is important for estimating the width if mG is smaller or
bigger than 1 GeV. Though the use of the Ellis-Lanik
formula is doubtful above 1 GeV, a tendency for the
glueball to be wide is apparently seen. This is supported
by arguments from Anisovich [17] that the glueball width
is larger than the ones of surrounding q �q states. On the
other hand, the authors of Ref. [18] analyzed the two-

*surovcev@theor.jinr.ru
†bydz@ujf.cas.cz
‡Robert.Kaminski@ifj.edu.pl
xfyzinami@unix.savba.sk
1Here we confine ourselves to consideration of states below

1900 MeV.

PHYSICAL REVIEW D 81, 016001 (2010)

1550-7998=2010=81(1)=016001(21) 016001-1 � 2010 The American Physical Society

http://dx.doi.org/10.1103/PhysRevD.81.016001


pseudoscalar and two-photon decays of the scalars be-
tween 1–2 GeV in the framework of a chiral Lagrangian,
where the glueball has been included as a flavor-blind
composite mesonic field, and found the glueball to be
rather narrow in accordance with the earlier issues of
Ref. [19]. It seems that the question about the glueball
width is not yet answered.

The study of a remarkable resonance phenomenon in the
scalar-isoscalar mesonic sector, the f0ð980Þ, still brings
surprises. This state has been earlier assigned to the con-
ventional q �q [20–23] or q2 �q2 nonets [24,25] and also
interpreted as a K �K molecule [26–28] or even as a glueball
[29]. Now additional arguments have appeared [30] in
favor of the 4-quark nature of f0ð980Þ and a0ð980Þ mesons
based on interpretation of the experimental data on the
decays � ! ��0�0, ��0� [31]. In our previous model-
independent combined analysis of experimental data on
processes �� ! ��, K �K, and ��, based on analyticity
and unitarity, we have concluded that the f0ð980Þ might be
a bound �� state [10,32].

As to the f0ð1370Þmeson, e.g., the authors of works [33]
did not find compelling evidence for the existence of the
f0ð1370Þ as a single resonance in their phenomenological
analysis of the spectrum of light scalar mesons. In our
earlier work [7] we also clashed with the fact that the
best combined description of the isoscalar S-wave channel
of the processes �� ! ��, K �K is obtained without this
resonance, and we have shown that the K �K scattering
length is very sensitive to whether the f0ð1370Þ exists or
not. On the other hand, Bugg [34] indicated a number of
data apparently requiring the existence of the f0ð1370Þ.
These are, in the first place, the Crystal Barrel data on
�pp ! ���0 [35] and on �pp ! 3�0 [36] and also the BES
data on J=c ! ��þ�� [37]; the f0ð1370Þ appears also in
the GAMS data for �þ�� ! �0�0 at large jtj [38]. For
example, in [39] it is shown within the so-called ‘‘hidden
gauge formalism’’ that the f0ð1370Þ might be dynamically
generated from the �� interaction or, in simpler words, the
�� molecular state.

An interesting situation has turned up as to the scalar
state in the 1500-MeV region. In all our previous model-
independent analyses of data on processes�� ! ��,K �K,
��, and ��0 with using different uniformizing variables
[6–10,32,40], we saw the wide state f0ð1500Þ, whereas in
many works of other authors, analyzing mainly meson
production and decay processes and cited in the Particle
Data Group (PDG) issue on the f0ð1500Þ listing [1], the
rather narrow f0ð1500Þ is obtained. Therefore, in some
accordance with the results of the combined K-matrix
analysis [41] of the GAMS data on ��p ! �0�0n,
��n, and ��0n [42–44], BNL data on ��p ! K �Kn
[45], and Crystal Barrel data on p �pðat restÞ ! �0�0�0,
�0�0�, �0�� [46–48], which say that in the 1500-MeV
region there are the narrow f0ð1500Þ and very wide
f0ð1530þ90

�250Þ, we have suggested [8] that the wide

f0ð1500Þ, observed in the multichannel �� scattering, in-
deed, is a superposition of two states, wide and narrow. The
latter is observed just in the processes of decay and pro-
duction of mesons. We suppose [7] that the f0ð1500Þ is
practically the eighth component of the q �q octet mixed
with the glueball being dominant in this state. This is in
accordance with the Anisovich arguments on the glueball
width [17] and with the fact that the f0ð1500Þ is coupled
with the approximately equal strength with the ��, K �K,
and �� systems [6–10,32].
As to the f0ð1710Þ, it has most likely the dominant s�s

component (see, e.g., Refs. [1,7,49]). Note, however, that
QCD sum rules [50] and the K-matrix method [51] showed
both the f0ð1500Þ and f0ð1710Þ to be mixed states with a
large admixture of the glueball component.
Predictions, obtained in the scalar sector, are practically

not disguised by the kinematic factors. This is especially
important because the f0 mesons are the most direct car-
riers of information about the QCD vacuum. It seems that
our inadequate understanding of the QCD vacuum and of
its influence on the hadron spectrum and properties of
hadrons is the main reason why a completely satisfactory
assignment of the scalar mesons to SU(3) nonets is not
proposed up to now, although there is a number of interest-
ing conjectures, e.g., in Refs. [52–56].
The investigation of vector mesons is also an up-to-date

subject due to their role in forming the electromagnetic
structure of particles and because our knowledge about
these mesons is still too incomplete [e.g., in the PDG tables
[1] the mass of �ð1450Þ is ranging from 1250 to
1582 MeV]. The question of existence of the state
�ð1250Þ is raised again to an agenda by a number of
investigations [32,57,58]. The �ð1250Þ meson (as the first
radial excitation of the IGJPC ¼ 1þ1�� q �q state) was
discussed actively some time ago [59,60]. Later the evi-
dence for its existence was obtained by the LASS
Collaboration [61] and in work [62] when analyzing the
processes eþe� ! �þ��, �2�, !�, and �2�, and the
�� scattering. Recently an additional confirmation for this
state was given in the reanalyses of data on the �� scat-
tering [32,57] and reaction eþe� ! !�0 [58]. If the
�ð1250Þ is interpreted as the first radial excitation of the
� meson, then it lies well on the corresponding linear
trajectory with a universal slope on the ðn;m2Þ plane (n
is the radial quantum number of the q �q state) [51], whereas
the �ð1450Þ turns out to be considerably higher than this
trajectory. The �ð1250Þ and the isodoublet K�ð1410Þ are
well located to the octet of first radial excitations. The mass
of the latter should be by about 150 MeV larger than the
mass of the former. Then the Gell-Mann–Okubo (GMO)
formula

3m2
!0

8
¼ 4m2

K�0 �m2
�0

gives the value m!0
8
¼ 1460 MeV that is fairly compatible

with the mass of the first!-like meson!ð1420Þ, for which
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one obtains the values in the range 1350–1460 MeV, cited
in the PDG tables [1].

In our previous work [32,57] it was shown that the
existence of the �ð1450Þ [together with �ð1250Þ] does
not contradict the ��-scattering data. This issue was ob-
tained using both our model-independent method [40] in
the 2-channel consideration of the �� scattering and the
Breit-Wigner forms in the 5-channel consideration. In the
q �q picture, the �ð1450Þ might be the first 3D1 state with,

possibly, the isodoublet K�ð1680Þ in the corresponding
octet. From the GMO formula, we should obtain the value
1750 MeV for the mass of the eighth component of this
octet. This corresponds to one of the observations of the
second !-like meson which is cited in the PDG tables
under the !ð1650Þ and has the mass, obtained in various
works, from 1606 to 1840 MeV.

The suggested picture for the first two �-like mesons is
consistent with predictions of the quark model [63]. In [60]
the discussed mass spectrum for radially excited � and
K� mesons was obtained using a rather simple mass op-
erator under the natural assumption that the parameters of
spin-spin splitting in radial excitations as compared to the
splitting in the ground states change by a factor propor-
tional to the ratio of the corresponding wave functions ‘‘at
zero.’’ Of course, if the existence of the �ð1250Þ is con-
firmed, some quark potential models, e.g. in Ref. [52], will
require substantial revisions, because the first �-like meson
is usually predicted about 200 MeV higher than this state.
In addition, the first K�-like meson is obtained in the
indicated quark model at 1580 MeV, whereas the corre-
sponding well-established resonance has a mass of only
1410 MeV [1]. To the point, in the isoscalar-scalar and
isoscalar-tensor sectors, there are also disagreements with
predictions of the indicated model, e.g., with respect to the
f0ð600Þ and f0ð1500Þ in the scalar sector and to the second
q �q nonet in the tensor sector [10,32].

In the tensor sector, among the 13 resonances discussed
in the literature, the nine states [f2ð1430Þ, f2ð1565Þ,
f2ð1640Þ, f2ð1810Þ, f2ð1910Þ, f2ð2000Þ, f2ð2020Þ,
f2ð2150Þ, and f2ð2220Þ] must be confirmed in various
experiments and analyses [1]. For example, in the analysis
[64] of p �p ! ��, ��, ��0, five resonances—f2ð1920Þ,
f2ð2000Þ, f2ð2020Þ, f2ð2240Þ, and f2ð2300Þ—have been
obtained, one of which, f2ð2000Þ, is a candidate for the
glueball. In [10,32], where the data on processes �� !
��, K �K, ��, ��0 in the channels with the quantum
numbers IGJPC ¼ 0þ2þþ were analyzed using the 4-
channel Breit-Wigner forms, we have confirmed the exis-
tence of the states f2ð1450Þ, f2ð1565Þ, f2ð1810Þ, f2ð2000Þ,
and f2ð2220Þ and have seen the f2ð1730Þ, related to the
statistically valued experimental points. We have also
shown that the allowance for the f2ð2020Þ in the analysis
permits us to interpret f2ð2000Þ as the glueball, because in
this case all the obtained ratios of the partial widths of this
state are in the limits corresponding to the tensor glueball,

which are derived in Ref. [64] on the basis of the
1=Nc-expansion rules.
In view of the above discussion, it is clear that resonance

parameters should be obtained, if possible, in a model- and
dynamic-assumption-independent way. Here, we present
results of the coupled-channel analysis of data on processes
�� ! ��, K �K, ��, ��0 in the channels with IGJPC ¼
0þ0þþ and 0þ2þþ and on the�� scattering in the channel
with IGJPC ¼ 1þ1��. In the 3-channel considerations of
the scalar and vector sectors, we have used our model-
independent method [40], based on the first principles
(analyticity and unitarity) directly applied to the analysis
of experimental data. In the 4-channel consideration of the
tensor sector, we enforced the multichannel Breit-Wigner
forms to generate the resonance poles and zeros in the
Smatrix. Note that the former approach is more preferable
because it is very sensitive to data and permits us to avoid
introducing theoretical prejudice to extracted parameters
of resonances. Furthermore, in the latter approach it is
impossible to describe adequately some types of the multi-
channel resonances [40]. However, the model-independent
method is limited to the possibility of using only two and
three coupled channels; therefore, in more general cases,
one has to use other approaches. Considering the obtained
arrangement of resonance poles on the Riemann surface,
obtained coupling constants with channels, and resonance
masses we draw particular conclusions about the nature of
the investigated states.
The layout of this paper is as follows. In Sec. II, we

outline the three-coupled-channel formalism, determine
the pole clusters on the Riemann surface as characteristics
of multichannel states, introduce a corresponding unifor-
mizing variable, and consider a representation of the multi-
channel resonances of various types on the uniformization
plane. In Sec. III, we analyze the experimental data [65–
67] on the isovector P wave of �� scattering using the 3-
channel model-independent method [40]. In Sec. IV, we
present results of the improved combined 3-channel
model-independent analysis of data [67–69,43,44] on pro-
cesses�� ! ��,K �K, ��, and ��0 in the isoscalar-scalar
sector. In Sec. V, we analyze simultaneously (or jointly) the
data [67,70] on processes �� ! ��, K �K, and �� in the
isoscalar-tensor sector, using the multichannel Breit-
Wigner forms. In Sec. VI, we summarize our conclusions
on the basis of realized analyses and discuss the obtained
results and their spectroscopic implications.

II. METHOD OFANALYSIS

We used both the model-independent method of analysis
[40] (in the scalar and vector sectors) and the Breit-Wigner
one (in the tensor sector). In both methods, we parame-
trized the S-matrix elements Sab, where a; b ¼ 1; 2; . . . ; N
denote channels, using the Le Couteur–Newton relations
[71]. These relations express the S-matrix elements of all
coupled processes in terms of the Jost matrix determinant
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dðk1; . . . ; kNÞ that is a real analytic function with the only square-root branch points at the channel momenta ka ¼ 02:

Saa ¼ dðk1; . . . ; ka�1;�ka; kaþ1; . . . ; kNÞ
dðk1; . . . ; kNÞ ; SaaSbb � S2ab ¼ dðk1; . . . ; ka�1;�ka; kaþ1; . . . ; kb�1;�kb; kbþ1; . . . ; kNÞ

dðk1; . . . ; kNÞ :

(1)

(Wewrote down those relations which we used in practice.)
The real analyticity implies

dðs�Þ ¼ d�ðsÞ for all s; (2)

and the N-channel unitarity requires the following rela-
tions to hold for physical s values:

N relations jdðk1; . . . ;�ka; . . . ; kNÞj � jdðk1; . . . ; kNÞj;
(3)

and

jdð�k1; . . . ;�ka; . . . ;�kNÞj ¼ jdðk1; . . . ; ka; . . . ; kNÞj:
(4)

The N-channel S-matrix is determined on the
2N-sheeted Riemann surface. Further we discuss the 3-
channel S-matrix determined on the 8-sheeted Riemann
surface. The matrix elements Sab have the right-hand cuts
along the real axis of the s complex plane (s is the invariant
total energy squared), starting at the coupled-channel
thresholds sa (a ¼ 1, 2, 3), and the left-hand cuts related
to the crossed channels. The Riemann-surface sheets are
numbered according to the signs of analytic continuations
of the quantities

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s� sa

p
as follows:

signsðIm ffiffiffiffiffiffiffiffiffiffiffiffiffi
s� s1

p
; Im

ffiffiffiffiffiffiffiffiffiffiffiffiffi
s� s2

p
; Im

ffiffiffiffiffiffiffiffiffiffiffiffiffi
s� s3

p Þ
¼ þþþ;�þþ;��þ;þ�þ;þ��;���;

�þ�;þþ�
correspond to sheets I, II,. . ., VIII, respectively.

In the model-independent approach, the resonance rep-
resentations on the Riemann surfaces are obtained with the
help of formulas from Refs. [9,40], expressing analytic
continuations of the S-matrix elements to unphysical
sheets in terms of those on sheet I that have only the zeros
of resonances (beyond the real axis), at least, around the
physical region. Then, starting from the resonance zeros on
sheet I, one can obtain an arrangement of poles and zeros,
representing the resonance, on the whole Riemann surface.

In the 3-channel case, we obtain seven types of reso-
nances corresponding to seven possible situations when
there are resonance zeros on sheet I only in S11 (a);
S22 (b); S33 (c); S11 and S22 (d); S22 and S33 (e); S11 and
S33 (f); and S11, S22, and S33 (g).

A resonance of every type is represented by a pair of
complex-conjugate clusters (of poles and zeros on the
Riemann surface). A necessary and sufficient condition
for existence of the multichannel resonance is its represen-
tation by one of the types of pole clusters. Note that
whereas cases (a)–(c) can be simply related to the repre-
sentation of resonances by the Breit-Wigner forms, cases
(d)–(g) are practically lost in the Breit-Wigner description.
The cluster type is related to the nature of state. For
example, if we consider the ��, K �K, and �� channels,
then a resonance which is coupled relatively more strongly
to the�� channel than to theK �K and�� ones is described
by the cluster of type (a). If the resonance is coupled more
strongly to the K �K and �� channels than to the �� one,
then it is represented by the cluster of type (e) (say, the state
with the dominant s�s component). The glueball must be
represented by the cluster of type (g) as a necessary con-
dition for the ideal case, if this state lies above the thresh-
olds of considered channels.
We can distinguish, in a model-independent way, a

bound state of colorless particles (e.g., K �K molecule)
and a q �q bound state. In the 1-channel case, the existence
of the particle bound state means the presence of the pole
on the real axis under the threshold on the physical sheet.
In the 3-channel case, the bound state in channel 3 (��)
that, however, can decay into channels 1 (�� decay) and 2
(K �K decay), is represented by the pair of complex-
conjugate poles on sheet II and by shifted poles on
sheet III under the �� threshold without the corresponding
poles on sheets VI and VII. According to this test [40,73],
earlier in Ref. [40], the interpretation of the f0ð980Þ state as
the K �K molecule has been rejected because this state is
represented by the cluster of type (a) in the 2-channel
analysis of processes �� ! �� and K �K and, therefore,
it does not satisfy the necessary condition to be the K �K
molecule.
Unlike the standard dispersion relation approach, in our

model-independent method, we use an advantage of the
fact that the amplitude is a one-valued function on the
Riemann surface. To this end, a uniformizing variable is
applied, which maps the Riemann surface onto a plane. In
the 2-channel case, this can be made using the inverse
Zhukovskij transformation [40], in which the thresholds
of two channels are taken into account, or using the vari-
able, in which the left-hand branch point related to the
crossed channels, e.g. at s ¼ 0 [7,57], is included in addi-
tion to the two indicated right-hand threshold branch
points. As was indicated repeatedly (see, e.g., Ref. [74]),
many analyses could be exposed to a well-grounded criti-

2Other authors have also used the parametrizations with the
Jost functions in analyzing the S-wave �� scattering in the one-
channel [72] and two-channel [73] approaches.
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cism (especially with the point of view of proof of the
resonance existence) because the wide-resonance parame-
ters are strongly controlled by the nonresonant back-
ground; particularly this is related to low-lying states. In
particular, the allowance for the left-hand branch point,
related to the crossed channels, serves for a solution to this
problem. For example, in our previous combined analysis
[7] of the processes �� ! �� and K �K in the isoscalar-
scalar sector by method of the uniformizing variable which
includes two threshold branch points and the left-hand one
at s ¼ 0, we obtained a parameterless description of the
�� background due to the account of the indicated left-
hand branch point. Moreover, we have shown that the large
background, obtained in earlier analyses of the S-wave ��
scattering [40], hides, in reality, the �meson below 1 GeV.

The allowance for the third threshold branch point in the
uniformizing variable in the 3-channel consideration
should also diminish the background dependence of ob-
tained results. However, with the help of a simple mapping,
a function, determined on the 8-sheeted Riemann surface,
can be uniformized only on torus. This is unsatisfactory for
our purpose. Therefore, we neglect the influence of the
lowest (��) threshold branch point (however, unitarity on
the �� cut is taken into account). An approximation like
this means the consideration of the nearest to the physical
region semisheets of the Riemann surface of the S matrix.
In fact, we construct a 4-sheeted model of the initial 8-
sheeted Riemann surface approximating it in accordance
with our approach of a consistent account of the nearest
singularities on all the relevant sheets. In practice the
disregard of influence of the ��-threshold branch point
denotes that we do not describe some region near the
threshold. This is justified because for the analysis of this
region, the 2-channel and even 1-channel considerations
are sufficient. So, our corresponding uniformizing variable
has the form:

w ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
s� s2

p þ ffiffiffiffiffiffiffiffiffiffiffiffiffi
s� s3

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s3 � s2

p : (5)

It maps our model of the 8-sheeted Riemann surface onto
the w plane divided into two parts by a unit circle centered
at the origin (Figs. 1). Sheets I (III), II (IV), V (VII), and VI
(VIII) are mapped onto the exterior (interior) of the unit
disk in the 1st, 2nd, 3rd, and 4th quadrants, respectively.
The physical region extends from the point w�� on the
imaginary axis (the first �� threshold, corresponding s1,
jw��j> 1) down this axis to the point i on the unit circle
(the second threshold), farther along the unit circle clock-
wise in the 1st quadrant to point 1 on the real axis (the third
threshold) and then along the real axis to 1. The repre-
sentation of resonances of types (a)–(e), and (g) by the pole
clusters in S11 is shown in Figs. 1(a)–1(f), respectively.
(These types of resonances are used in the following when
describing four indicated processes.) In this case the reso-
nance poles ( � ) and zeros ( � ) are symmetric to each

other with respect to the imaginary axis. The ‘‘pole-zero’’
symmetry is required for elastic unitarity on the
ð��; iÞ interval.
Note that, due to the use of the uniformizing variable

method, we can realize the one more important element of
our approach, namely, representation of multichannel reso-
nances (depending on their nature) by one of the types of
the above pole clusters.
The Le Couteur–Newton relations are modified by tak-

ing into account the used model of the Riemann surface
(note that on the w plane the points w0, �w�1

0 , �w0, and

w�1
0 correspond to the s-variable point s0 on sheets I, IV, V,

and VIII, respectively) [40]:

S11 ¼ d�ð�w�Þ
dðwÞ ; S22 ¼ dð�w�1Þ

dðwÞ ;

S33 ¼ dðw�1Þ
dðwÞ ; S11S22 � S212 ¼

d�ðw��1Þ
dðwÞ ;

S11S33 � S213 ¼
d�ð�w��1Þ

dðwÞ ; S22S33 � S223 ¼
dð�wÞ
dðwÞ :

(6)

Since, in the model of the Riemann surface, only the
semisheets of the initial Riemann surface nearest to the
physical region are considered, one can say nothing re-
garding the property of the real analyticity of the ampli-
tudes. The 3-channel unitarity requires the following
relations to hold for physical w values:

jdð�w�Þj � jdðwÞj; jdð�w�1Þj � jdðwÞj;
jdðw�1Þj � jdðwÞj; jdðw��1Þj � jdðwÞj;

jdð�w��1Þj � jdðwÞj; jdð�wÞj � jdðwÞj:
(7)

Though one can put a task of uniformization of the whole
S matrix as it was made in our previous 2-channel consid-
eration [7] of processes �� ! �� and K �K, here it is
convenient to represent the S matrix as

S ¼ SBSres; (8)

where SB describes the background, Sres the resonance
contributions, and to apply the uniformization procedure
and formulas (6) for Sres; for SB, Eqs. (1) are used. The
d function for the resonance part is

dresðwÞ ¼ w�ðM=2Þ Yðwþ w�
rÞ; (9)

where the product includes all zeros wr of the chosen
resonances, and M is the number of resonance zeros.
As the data below show, we use the results of phase

analyses which are given for phase shifts of the amplitudes
�ab and for moduli of the S-matrix elements �ab ¼ jSabj
(a, b ¼ 1, 2, 3):

Saa ¼ �aae
2i�aa ; Sab ¼ �abe

i�ab : (10)
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If below the third threshold there is the 2-channel unitarity,
then the relations

�11 ¼ �22; �12 ¼ ð1� �2
11Þ1=2;

�12 ¼ �11 þ �22

(11)

are fulfilled in this energy region.

III. ANALYSIS OF THE ISOVECTOR P WAVE OF
�� SCATTERING

As we already noted, the results obtained in the analysis
of the isovector-P-wave ��-scattering data [65–67], using
both the 2-channel model-independent method and the 5-
channel Breit-Wigner one [32,57], require further inves-
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tigation. Though conclusions in both methods mainly con-
firm each other, one can see advantages of the former in the
description of data in comparison with the latter. There-
fore, we further apply the model-independent method in
which we consider the cases with four [�ð770Þ, �ð1250Þ,
�ð1600Þ, and �ð1800Þ] and five [adding �ð1450Þ] reso-
nances, allowing for the results of our previous works
[32,57]. In [57], we discussed in detail our selection of
the used experimental data [65–67]. There it is noted that
comparing the data [66] with that of Refs. [65,67], one can
see that the points of the phase shifts � of the former lie
systematically by 1�–5� higher than the ones of the latter,
except for two points of Ref. [65] at 710 and 730 MeV,
which lie by about 2� higher than the corresponding points
of Ref. [66] (these points are omitted in the subsequent
analysis). Therefore, we have supposed a constant system-
atic error that must be determined in the combined analysis
of data, i.e., should be considered as a fitted parameter.
This simple assumption, which is the least offensive inter-
vention to the data because it does not change their char-
acter, made the used data mutually consistent. To reduce
influence of the background on obtained parameters of
resonances, we perform the analysis of the data in the 3-
channel approach taking into account a threshold of the
third effective channel in the corresponding uniformizing
variable of type (5). Of course, we do not know in advance
the position of the threshold of this third channel, though,
considering the experimental data [65–67], one might sup-
pose that it lies in the region of 1500 MeV. From fitting to
the data we obtained

ffiffiffiffiffi
s3

p � 1512:35 MeV and interpret

this channel as ��. The influence of other channels which
couple to the �� one was supposed to be taken into
account via the background. As a result of analysis, it
turned out that this influence is negligible for the consid-
ered data, except for a not-large suppression of the
S-matrix element module related to some combined influ-
ence of both the crossed and coupled channels which open
below 1500 MeV (the only parameter). Furthermore, we
make a constant shift in the phase of the amplitude, which
does not concern the influence of other channels and is a
technical detail of our approximation related to the neglect
of the ��-threshold branch point. Since a value of the
indicated shift is found in fitting to data, we include it
among the fitted parameters.

So, in Sres, dres is taken in the form (9). In the analysis,
we obtained that a description is improved a little if we take
into account in the uniformizing variable (5) the branch
point related to the threshold of the �2� channel instead of
the near!�0 one, as was done in [32,57], i.e., s2 ¼ ðm� þ
2m�0Þ2. For the background part SB, the d function has the
following form, as the result of analysis:

dB ¼ exp

�
�iasgnðk1Þ þ

�
k1
m�þ

�
3
b

�
; (12)

where k1 ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffi
s� s1

p
=2, s1 ¼ 4m2

�þ , and a and b are real

numbers.
First we present the results of the analysis with four

resonances. It turns out that the �ð770Þ and �ð1250Þ are
described by the pole clusters of types (a) and (e), respec-
tively, whereas other �-like mesons [�ð1600Þ and �ð1800Þ]
are represented by the clusters of types (b) or (c) in various
combinations (see Table I). Even if a quality of description
of the data (�2) is practically the same for various possible
scenarios the obtained parameters of resonances (mainly
the widths) differ considerably (see Table I).
Masses and total widths in Table I have been calculated

from the pole positions on sheets II, IV, and VIII for
resonances of types (a), (b) [and (e)], and (c), respectively,
because, as one can see in Refs. [9,40], the analytic con-
tinuations of the corresponding S-matrix elements only on
these sheets have the forms/ 1=SI11,/ 1=SI22, and/ 1=SI33,
respectively, (SIaa is the S-matrix element on the physical
sheet), i.e., the pole positions of resonances only on these
sheets are at the same points of the complex-energy plane,
as the resonance zeros on the physical sheet, and are not
shifted due to the coupling of channels. When calculating
the masses and total widths, the resonance part of the
amplitude is taken in the form

Tres ¼
ffiffiffi
s

p
�el

m2
res � s� i

ffiffiffi
s

p
�tot

: (13)

If the pole position is
ffiffiffiffi
sr

p ¼ Er � i�r=2, then

mres ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2
r þ

�
�r

2

�
2

s
and �tot ¼ �r: (14)

TABLE I. The masses and total widths (in MeV) of vector resonances, obtained at analyzing only the �� scattering, for various
acceptable variants of representation of the four states considered. The letters in the first column denote the pole clusters describing,
respectively, resonances �ð770Þ, �ð1250Þ, �ð1600Þ, and �ð1800Þ. ‘‘NDF’’ denotes a number of degrees of freedom.

�2=NDF �ð770Þ �ð1250Þ �ð1600Þ �ð1800Þ
mres �tot mres �tot mres �tot mres �tot

aebb 1.73 769.7 145.5 1292.6 252.6 1593.6 117.6 1789.7 155.6

aebc 1.72 769.8 144.9 1317.2 332.3 1595.3 128.4 1787.2 197.6

aecb 1.74 769.8 144.7 1275.5 357.6 1594.3 81.8 1792.0 132.6

aecc 1.71 769.6 145.1 1292.5 315.9 1596.2 70.8 1789.6 162.8
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Though a relevant scenario from the ones, indicated in
Table I, can be selected only by performing the combined
analysis of several coupled processes, let us present the
formally best scenario in more detail. It is when the �ð770Þ,
�ð1250Þ, �ð1600Þ, and �ð1800Þ are represented by the pole
clusters of types (a), (e), (c), and (c), respectively. In this
case the total �2=NDF equals 276:895=ð183� 21Þ ¼ 1:71
and the indicated systematic error of data [66] is
�1:876� � 0:144�. The background parameters are a ¼
�0:2851� 0:0016 and b ¼ 0:000 11� 0:000 04;

ffiffiffiffiffi
s3

p ¼
1512:35� 3:9 MeV. When calculating �2 for the inelas-
ticity parameter � ¼ jS��!��j, three points of data [67] at
990, 1250, and 1825 MeV have been omitted as giving the
anomalously big contribution to �2. When calculating �2

for the phase shift �, three points of data [66] have been
omitted in all four cases: the one at 790 MeV from the
s-channel analysis, and two at 790 and 850 MeV from the
t-channel one. The obtained zero positions, on the w plane,
of the corresponding resonances are as follows:

for �ð770Þ:

w1 ¼ 0:109 261þ 1:882 213i;

w2 ¼ �0:030 737þ 0:529 505i;

w3 ¼ �0:109 261� 1:882 213i;

w4 ¼ 0:030 737� 0:529 505i;

for �ð1250Þ:

w21 ¼ 0:482 066þ 0:539 05i;

w22 ¼ �0:492 996þ 0:549 948i;

w23 ¼ w24 ¼ �0:740 431� 1:165 967i;

w25 ¼ w26 ¼ 0:922 579� 1:047 898i;

w27 ¼ �0:578 074� 0:413 197i;

w28 ¼ 0:562 951� 0:408 265i;

for �ð1600Þ:
w9 ¼ �1:596 824� 0:217 455i;

w10 ¼ 1:584 821� 0:143 875i;

w11 ¼ �0:625 828� 0:056 814i;

w12 ¼ 0:614 841� 0:083 729i;

for �ð1800Þ:
~w 9 ¼ �2:232 385� 0:357 44i;

~w10 ¼ 2:252 998� 0:513 244i;

~w11 ¼ �0:445 442� 0:046 662i;

~w12 ¼ 0:451 545� 0:014 187i:

In Table II, we show the pole clusters of these �-like
states [not considering the �ð1450Þ] on the lower

ffiffiffi
s

p
-half-

plane (in MeV) (the conjugate poles on the upper half-
plane are not shown). When fitting to the data, we gener-
ated simple poles by using the simplest Breit-Wigner forms
to diminish the number of fitted parameters. This explains
the equality of errors of a number of the real and imaginary
parts of pole positions on various sheets because these
errors are calculated from the obtained ones for the gen-
erator parameters. This concerns both the vector sector and
the scalar one considered further in Sec. IV.
In the case of five resonances, �ð770Þ, �ð1250Þ, �ð1450Þ,

�ð1600Þ, and �ð1800Þ, we obtain some more (in compari-
son with the previous case) possible scenarios [with the
representation of resonances �ð1450Þ, �ð1600Þ, and
�ð1800Þ by various pole clusters] which give the same
satisfactory description of the process. However, parame-
ters of resonances (mainly the widths) differ considerably.
In Table III, we show the quality of description in these
scenarios and obtained parameters of resonances.
Considering Tables I and III, one can conclude that it is
impossible to obtain reliable information on the multi-
channel resonances analyzing only one process even in
the vector sector. This statement holds still more for such
broad resonances as the scalar ones.

TABLE II. The pole clusters distributed on sheets II–VIII for the case with four resonances of the � family.
ffiffiffiffiffi
sr

p ¼ Er � i�r=2 in
MeV is given.

Sheet II III IV V VI VII VIII

�ð770Þ Er 766:18� 0:29 766:18� 0:29 766:18� 0:29 766:18� 0:29
�r=2 72:55� 0:28 72:55� 0:28 72:55� 0:28 72:55� 0:28

�ð1250Þ Er 1282:8� 51:4 1282:8� 51:4 1278:8� 1 1191:8� 1:1 1399:2� 51:4 1399:2� 51:4
�r=2 146:45� 19:3 157:95� 19:3 163:5� 2:6 154:2� 2:2 157:95� 19:3 146:45� 19:3

�ð1600Þ Er 1595:8� 5:6 1595:8� 5:6 1595:8� 5:6 1595:8� 5:6
�r=2 35:4� 4:4 54:4� 4:4 54:4� 4:4 35:4� 4:4

�ð1800Þ Er 1787:7� 13:8 1787:7� 13:8 1787:7� 13:8 1787:7� 13:8
�r=2 183:2� 16:2 126:0� 16:2 24:2� 16:2 81:4� 16:2
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From consideration of Tables I and III, one can see that
the description with four resonances is a little better than
with five resonances. However, we prefer to speak about
the five-resonance description of data on the isovector
P wave of �� scattering below 1880 MeV, because, as
discussed in the Introduction and in [32,57], there are
possible experimental indications for the SU(3) partners
of the �ð1450Þ if the �ð1450Þ is considered as the 3D1 q �q
state.

Let us describe also in this case the formally best sce-
nario in more detail. It is when the �ð770Þ, �ð1250Þ,
�ð1450Þ, �ð1600Þ, and �ð1800Þ are represented by the
pole clusters of types (a), (e), (b), (b), and (c), respectively.
Here the total �2=NDF equals 278:055=ð183� 25Þ ¼ 1:76
and the above-discussed systematic error of data [66] is
�1:858� � 0:144�. The background parameters are a ¼
�0:2819� 0:0016 and b ¼ 0:000 109� 0:000 04;

ffiffiffiffiffi
s3

p ¼
1512:35� 4:82 MeV. When calculating the total �2, the
same experimental points, as in the 4-resonance case, have
been omitted as giving the anomalously big contribution to
�2. The obtained zero positions, on the w plane, of the
considered resonances are as follows:

for �ð770Þ:
w1 ¼ 0:109 126 4þ 1:881 929 4i;

w2 ¼ �0:030 709þ 0:529 588 8i;

w3 ¼ �0:109 126 4� 1:881 929 4i;

w4 ¼ 0:030 709� 0:529 588 8i;

for �ð1250Þ:
w21 ¼ 0:470 730 6þ 0:560 244 7i;

w22 ¼ �0:487 058 8þ 0:578 878 6i;

w23 ¼ w24 ¼ �0:714 041 8� 1:140 278 7i;

w25 ¼ w26 ¼ 0:896 537� 0:986 369 5i;

w27 ¼ �0:582 327 5� 0:451 324 2i;

w28 ¼ 0:558 892 2� 0:440 869 6i;

for �ð1450Þ:
w5 ¼ 0:632 819 6þ 0:386 632 1i;

w6 ¼ �0:654 016þ 0:390 975 9i;

w7 ¼ �1:267 791 2� 0:564 149 4i;

w8 ¼ 1:291 685 9� 0:599 597 2i;

for �ð1600Þ:
~w5 ¼ 0:610 283 3þ 0:097 674 3i;

~w6 ¼ �0:625 873 1þ 0:065 265 8i;

~w7 ¼ �1:597 658 9� 0:255 701 3i;

~w8 ¼ 1:580 580 4� 0:164 822 2i;

for �ð1800Þ:
w9 ¼ �2:221 654� 0:344 303 8i;

w10 ¼ 2:242 002� 0:500 348 9i;

w11 ¼ �0:444 182 8� 0:056 578 4i;

w12 ¼ 0:452 262 6� 0:024 626 5i:

In Table IV, we show the pole clusters of the �-like states
[considering the �ð1450Þ] on the lower

ffiffiffi
s

p
-half-plane (the

conjugate poles on the upper half-plane are not shown).
Note that in Tables II and IV, the shown pole positions of

the pole cluster on all the appropriate sheets, which de-
scribes the �ð770Þ, are at the same point of the complex-
energy plane

ffiffiffi
s

p
, i.e., the poles on the various sheets are not

shifted one with respect to another by channel couplings
due to the �ð770Þ. This means that the state �ð770Þ has
turned out to be elastic in the accuracy level of the analyzed
data, though earlier at the Breit-Wigner description of the
same data [32,57], we found a considerable coupling of the
�ð770Þ with the four-pion channels. However, the Breit-
Wigner approach is less satisfactory than the model-
independent one, when describing all data up to
1880 MeV. It seems that taking into account explicitly
the ð��Þð��Þ-threshold branch point in the corresponding

TABLE III. The masses and total widths (in MeV) of vector resonances, obtained at analyzing only the �� scattering, for various
acceptable variants of representation of the five states considered. The letters in the first column denote the pole clusters describing,
respectively, resonances �ð770Þ, �ð1250Þ, �ð1450Þ, �ð1600Þ, and �ð1800Þ.

�2=NDF �ð770Þ �ð1250Þ �ð1450Þ �ð1600Þ �ð1800Þ
mres �tot mres �tot mres �tot mres �tot mres �tot

aebbb 1.77 769.7 144.7 1264.9 252.3 1429.9 231.4 1593.7 117.6 1790.2 156.4

aebbc 1.76 769.8 144.9 1274.7 304.3 1429.7 232.7 1595.3 128.5 1787.1 197.4

aebcb 1.77 769.7 144.7 1247.4 303.3 1441.8 228.8 1595.7 74.0 1779.6 153.7

aecbb 1.76 769.8 145.4 1303.3 242.5 1465.5 260.8 1595.9 134.0 1777.5 67.1

aebcc 1.77 769.6 144.8 1251.9 315.1 1442.0 229.2 1596.2 70.8 1786.4 176.0

aecbc 1.77 769.8 145.3 1312.6 317.0 1468.6 166.8 1593.9 128.8 1780.8 217.0

aeccb 1.77 769.8 144.9 1276.4 307.1 1466.0 259.8 1595.1 81.8 1785.8 104.2

aeccc 1.76 769.7 144.8 1273.0 168.3 1481.6 139.7 1596.2 73.0 1782.2 79.1
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uniformizing variable in the 3-channel approach, one will
obtain some shift of poles of this cluster due to the coupling
of the �ð770Þ with the four-pion channels.

In Fig. 2 we present results of fitting to the data with five
resonances.

IV. ANALYSIS OF THE ISOSCALAR-SCALAR
SECTOR

Considering the S waves of processes �� ! ��, K �K,
��, and ��0 in the model-independent method, we per-
formed two variants of the 3-channel analysis of the data
[67–69,43,44]3:
variant I: the combined analysis of �� ! ��, K �K, and

��;
variant II: the analysis of �� ! ��, K �K, and ��0.

Influence of the ��0 channel in variant I and the
�� channel in variant II is taken into account via the
background. Here, the left-hand cuts are neglected in the
Riemann-surface structure assuming that contributions on
these cuts are also included in the background.
In this case, the subscripts in the matrix elements Sab

denote a, b ¼ 1-��, 2-K �K, 3-��, or ��0. In the unifor-
mizing variable (5), s2 ¼ 4m2

K, and s3 ¼ 4m2
� or ðm� þ

m�0 Þ2 in variants I or II, respectively.

The S-matrix elements in relations (6) are taken as the
products (8) where the resonance part dres has the form (9)
and the background part is

dB ¼ exp

�
�i

X3
n¼1

kn
mn

ð	n þ i
nÞ
�
; (15)

with

TABLE IV. Pole clusters distributed on sheets II–VIII for the case with five resonances of the � family.
ffiffiffiffiffi
sr

p ¼ Er � i�r=2 in MeV is
given.

Sheet II III IV V VI VII VIII

�ð770Þ Er 766:35� 0:3 766:35� 0:3 766:35� 0:3 766:35� 0:3
�r=2 72:43� 0:28 72:43� 0:28 72:43� 0:28 72:43� 0:28

�ð1250Þ Er 1265:6� 32:6 1265:6� 32:6 1286:0� 1:0 1190:3� 1:1 1375:8� 32:6 1375:8� 32:6
�r=2 134:2� 11:8 152:2� 11:8 137:9� 2:45 139:5� 2:2 152:2� 11:8 134:2� 11:8

�ð1450Þ Er 1425:1� 26:3 1425:1� 26:3 1480:3� 26:3 1480:3� 26:3
�r=2 103:6� 24:3 116:2� 24:3 116:2� 24:3 103:6� 24:3

�ð1600Þ Er 1594:0� 5:4 1594:0� 5:4 1594:0� 5:4 1594:0� 5:4
�r=2 40:45� 3:9 64:25� 3:9 40:45� 3:9 64:25� 3:9

�ð1800Þ Er 1784:4� 13:7 1784:4� 13:7 1784:4� 13:7 1784:4� 13:7
�r=2 177:9� 16:2 120:9� 16:2 41:7� 16:2 98:7� 16:2
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FIG. 2. The phase shift � of amplitude and module � of the
S-matrix element for the P-wave �� scattering. The data are
from Refs. [65] (circle), [66] (plus), and [67] (square).

3Note that there are alternative data, e.g., one of the solutions
of the phase analysis in Ref. [75] and the recent phase analysis in
Ref. [76] which are in accordance with each other, but which
differ from those used here, especially in the energy region of
f0ð980Þ. Analysis with these data should be performed sepa-
rately. This work is in progress.
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	n ¼ an1 þ an�
s� s�
s�

�ðs� s�Þ þ anv
s� sv
sv

�ðs� svÞ;
(16)


n ¼ bn1 þ bn�
s� s�
s�

�ðs� s�Þ þ bnv
s� sv
sv

�ðs� svÞ;
(17)

where s� is the �� threshold and sv is a combined thresh-
old of many opened channels in the vicinity of 1.5 GeV
(e.g., ��0, ��, and !!). These thresholds are determined
in the analysis.

In variant II, the terms

a0n�
s� 4m2

�

4m2
�

�ðs� 4m2
�Þ and

b0n�
s� 4m2

�

4m2
�

�ðs� 4m2
�Þ

(18)

should be added to	0
n and


0
n to account for an influence of

the �� channel (here and in the following, the quantities
related to variant II are primed).

When analyzing the data in the scalar sector, we in-
cluded all the five resonances discussed below 1.9 GeV
in the PDG issue [1] including the f0ð1370Þ. As to the
latter, we said already in the Introduction that there are
definite doubts if it exists or not as a single resonance
[7,33]. However, Bugg [34] gave serious arguments in
favor of its existence. In this paper we take a more standard
point of view that this state exists [1], the more so, as it was
shown [10,32]; the f0ð1370Þ (if it exists) should have the
dominant s�s component and might be put to a nonet with
the f0ð600Þ, the isovector a0ð980Þ, and the isodoublet
K�

0ð900Þ.
In the analysis we got a satisfactory description in both

variants; moreover, due to the combined consideration of
several processes, we removed an arbitrariness in the rep-
resentation of multichannel resonances, which is demon-
strated in the previous section as to the vector mesons.

Therefore, the results, obtained here for scalar mesons, are
rather decisive.
In variant I, we have the following description: for the

�� scattering, �2=NDF � 1:25; for �� ! K �K,
�2=NDF � 1:68; for �� ! ��, �2=N: exp :points �
0:78. The total �2=NDF is 325:924=ð301� 39Þ � 1:24.
From possible resonance representations by pole clusters,
the analysis selects the following one: the f0ð600Þ is de-
scribed by the cluster of type (a); f0ð1370Þ, type (c);
f0ð1500Þ, type (g); f0ð1710Þ, type (c); and the f0ð980Þ is
represented only by the pole on sheet II and shifted pole on
sheet III in both variants. In Table V we indicate the
obtained pole clusters for resonances on the eight sheets
of the Riemann surface on which the 3-channel S matrix is
determined. The poles on sheets IV, VI, VIII, and V,
corresponding to the f0ð1500Þ, are of the 2nd and 3rd
orders, respectively (this is an approximation). The back-
ground parameters are a11 ¼ 0:2071, a1� ¼ 0:0088, a1v ¼
0, b11 ¼ b1� ¼ 0, b1v ¼ 0:0495, a21 ¼ �0:2722, a2� ¼
�0:9137, a2v ¼ �5:64, b21 ¼ 0:0969, b2� ¼ 0, b2v ¼
7:075, b31 ¼ 0:711, b3� ¼ 0:574, and b3v ¼ 0; s� ¼
1:638 GeV2, sv ¼ 2:084 GeV2. When calculating �2, the
following experimental points have been omitted as giving
the anomalously large contribution to �2: from the ��
scattering data the points at 525, 730, and 990 MeV for the
phase shift �11 and the points at 990, 1650, and 1850 MeV
for �11 ¼ jS11j, from the �� ! K �K data the points at
1073, 1082, and 1387 MeV for the phase shift �12, and
the points at 1002, 1208.9, and 1235.7 MeV for the �12 ¼
jS12j. The obtained zero positions, on the w plane, of the
resonances are as follows:
for f0ð600Þ:

w1 ¼ 1:215 56þ 4:348 551 5i;

w2 ¼ �0:057 805 8þ 0:213 175 8i;

w3 ¼ �0:993 171 4� 4:498 227 8i;

w4 ¼ 0:048 382 8� 0:212 194 6i;

TABLE V. The pole clusters for the f0 resonances in variant I.
ffiffiffiffiffi
sr

p ¼ Er � i�r=2 in MeV is given.

Sheet II III IV V VI VII VIII

f0ð600Þ Er 596:1� 13 583:9� 14 503:9� 13 516:1� 14
�r=2 494� 18 494� 18 494� 18 494� 18

f0ð980Þ Er 1009� 4 974:5� 9
�r=2 34:3� 4:9 57:3� 6

f0ð1370Þ Er 1398:3� 16 1398:3� 16 1398:3� 16 1398:3� 16
�r=2 287:5� 17 270:5� 17 155:1� 17 172:1� 17

f0ð1500Þ Er 1502:6� 16 1479:6� 13 1502:6� 16 1496:7� 15 1500� 16 1502� 12 1502:6� 16
�r=2 357:2� 18 135:5� 12 238:8� 18 140:2� 13 190:7� 15 87:7� 11 356:6� 18

f0ð1710Þ Er 1708� 13 1708� 13 1708� 13 1708� 13
�r=2 138:6� 14 113:2� 14 86� 14 111:4� 14
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for f0ð980Þ:
~w1 ¼ 0:691 689 8þ 1:214 342 3i;

~w2 ¼ �0:209 760 1þ 0:518 978 7i;

for f0ð1370Þ:
w9 ¼ �4:113 826 4� 1:650 733 3i;

w10 ¼ 4:132 813 7� 1:746 201 6i;

w11 ¼ �0:232 326 7� 0:062 298 1i;

w12 ¼ 0:235 934 6� 0:057 427 8i;

for f0ð1500Þ:
w29 ¼ 4:767 463 7þ 2:018 836 6i;

w30 ¼ 0:196 978 6þ 0:058 143 1i;

w31 ¼ w32 ¼ �0:216 554þ 0:038 948i;

w33 ¼ w34 ¼ w35 ¼ �4:622 36� 1:110 35i;

w36 ¼ w37 ¼ 4:575 409 1� 0:823 079i;

w38 ¼ �0:177 959 8� 0:075 249 6i;

w39 ¼ w40 ¼ 0:215 419 2� 0:024 234 6i;

for f0ð1710Þ:
~w9 ¼ �5:734 040 2� 0:604 359 8i;

~w10 ¼ 5:739 894 8� 0:739 202 3i;

~w11 ¼ �0:172 551 6� 0:017 899 8i;

~w12 ¼ 0:173 433 9� 0:013 911 9i:

In variant II, we get the following description: for the
�� scattering �2=NDF � 1:0; for �� ! K �K, �2=NDF �
1:64; for �� ! ��0, �2=N: exp :points � 0:35. The total
�2=NDF is 283:782=ð293� 38Þ � 1:11. When calculating
�2, the following experimental points have been omitted as
giving the anomalously big contribution to �2: from the
�� scattering data the same points as in variant I, from the

�� ! K �K data the points at 1073, 1383, and 1387 MeV
for the phase shift �12 and the points at 1002, 1264.9, and
1286.9 MeV for the �12. In this case, the f0ð600Þ is
described by the cluster of type (a0); f0ð1370Þ, type (b0);
f0ð1500Þ, type (d0); and f0ð1710Þ, type (c0). In Table VI we
indicate the obtained pole clusters for resonances on the
eight sheets of the Riemann surface. The poles on sheets IV
and V, corresponding to the f0ð1500Þ, are of 2nd order (this
is an approximation). The background parameters are
a011 ¼ 0:0124, a01� ¼ �0:0606, a01� ¼ 0, a01v ¼ 0:1004,

b011 ¼ b01� ¼ b01� ¼ 0, b01v ¼ 0:0469, a021 ¼ �3:4335,

a02� ¼ �0:5008, a02� ¼ 1:7364, a02v ¼ �5:366, b021 ¼ 0,

b02� ¼ �0:7383, b02� ¼ 2:6772, b02v ¼ 1:903, b031 ¼
0:5511, s� ¼ 1:638 GeV2, and sv ¼ 2:126 GeV2. The ob-
tained zero positions, on thew0 plane, of the resonances are
as follows:
for f0ð600Þ:

w0
1 ¼ 0:498 958 7þ 2:206 977 9i;

w0
2 ¼ �0:098 655 5þ 0:431 242 8i;

w0
3 ¼ �0:481 454 9� 2:218 535 9i;

w0
4 ¼ 0:092 263 7� 0:430 293 4i;

for f0ð980Þ:

~w0
1 ¼ 0:238 743 6þ 1:098 388 7i;

~w0
2 ¼ �0:160 039 2þ 0:786 601 8i;

for f0ð1370Þ:

w0
5 ¼ 0:496 496 8þ 0:374 192 2i;

w0
6 ¼ �0:512 511 8þ 0:378 453 3i;

w0
7 ¼ �1:301 409 8� 0:908 727 5i;

w0
8 ¼ 1:323 011 6� 0:945 256 9i;

TABLE VI. The pole clusters for the f0 resonances in variant II.
ffiffiffiffiffi
s0r

p ¼ E0
r � i�0

r=2 in MeV is given.

Sheet II III IV V VI VII VIII

f0ð600Þ E0
r 616:5� 8 621:8� 10 598:3� 8 593� 10

�0
r=2 554� 11 554� 11 554� 11 554� 11

f0ð980Þ E0
r 1009:2� 3:5 985:8� 5:7

�0
r=2 31:3� 4:7 58� 5:5

f0ð1370Þ E0
r 1394:4� 9 1394:4� 9 1412:8� 9 1412:8� 9

�0
r=2 227:4� 10 244:6� 10 244:6� 10 227:4� 10

f0ð1500Þ E0
r 1498:3� 11 1502:4� 13 1498:3� 11 1498:3� 11 1494:6� 10 1498:3� 11

�0
r=2 198:8� 12 236:8� 15 193� 12 198:8� 12 194� 8 193� 12

f0ð1710Þ E0
r 1726:1� 11 1726:1� 11 1726:1� 11 1726:1� 11

�0
r=2 140:2� 9 111:6� 9 84:2� 9 112:8� 9
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for f0ð1500Þ:

w0
13 ¼ 1:460 306þ 0:735 458 3i;

w0
14 ¼ 0:552 139 7þ 0:274 032 2i;

w0
15 ¼ w0

16 ¼ �0:510 115 5þ 0:276 865 1i;

w0
17 ¼ w0

18 ¼ �1:445 342 2� 0:728 275 2i;

w0
19 ¼ 1:460 306� 0:735 458 3i;

w0
20 ¼ 0:552 139 7� 0:274 032 2i;

for f0ð1710Þ:

w0
9 ¼ �1:445 342 2� 0:728 275 2i;

w0
10 ¼ 2:022 293� 0:392 918 9i;

w0
11 ¼ �0:484 890 2� 0:076 796 3i;

w0
12 ¼ 0:492 258 5� 0:058 868 1i:

In Figs. 3–5, we show the results of fitting to the experi-
mental data in both variants. The fact that in variant II we
obtain a better description of the processes�� ! ��, K �K
than in variant I tells of an importance of taking into
account explicitly the ��0 threshold. However, in
variant II, we encounter elements of some pseudoback-
ground: these are the negative values of coefficients b’s
related to an inelastic part of the background. This means
the increasing inelastic part of the background that implies
a necessity to consider explicitly some physical phenome-
non, e.g., the additional resonances or representation of
resonances by other pole clusters and the consideration in
the uniformizing variable of the other-channel thresholds.
The latter is the case here: the negative sign of the quantity
b02� ¼ �0:7383 implies necessity of the explicit consid-

eration of the ��-threshold branch point. Therefore, as to
resonances lying below 1500 MeV, the more adequate
description is variant I, whereas for the ones above
1500 MeV variant II.
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FIG. 3. The phase shift and module of the S-matrix element in
the S-wave �� scattering. The solid and dashed curves corre-
spond to variants I and II, respectively. The data are from
Refs. [65–68].
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spond to variants I and II, respectively. The data are from
Ref. [69].
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Note also a benefit of comparison of results in both
variants. As to the representation of the f0ð600Þ and
f0ð980Þ, both variants completely agree. Notice a surpris-
ing result obtained for the f0ð980Þ. This state lies slightly
above the K �K threshold and is described by the pole on
sheet II and by the shifted pole on sheet III under the ��
threshold without the corresponding poles on sheets VI and
VII, as it was expected for standard clusters. This may
suggest that the f0ð980Þ can be interpreted as the bound��
state in accordance with the test discussed in Sec. II.

The f0ð1370Þ is described by the cluster of type (c) in
variant I and of type (b0) in variant II; this is reasonable

taking into account the quark contents of the K �K and ��
channels and the nearness of their thresholds and also if the
representation of the f0ð1370Þ by the (c) cluster in variant I
did not presuppose a strong coupling of this state with
some channel opening above the �� one. Therefore, we
tell about a dominant s�s component of the f0ð1370Þ.
The f0ð1500Þ is described by the cluster of type (g) in

variant I and of type (d0) in variant II. The former indicates
the approximately equal coupling constants of this state
with the��,K �K, and�� systems, which apparently could
point up to its glueball nature. The latter tells of the
approximately equal coupling of this state with the ��
and K �K channels, whereas the coupling with the ��0
channel is suppressed; these facts also point up to its
glueball nature [19]. Therefore, we tell about a dominant
glueball component in the wave function of the f0ð1500Þ.
Finally, the f0ð1710Þ is described by the cluster of

type (c) in variant I and of type (c0) in variant II. Taking
into account the quark contents of the ��0 system, this
could point up to the dominant s�s component of this state.
Masses and total widths of states should be calculated

from the pole positions, using the resonance part of ampli-
tude in the form (13). Moreover, for resonances of
types (a), (d), and (g), one ought to take the poles on
sheets II, IV, and VIII, respectively [see a discussion of
this point in Sec. III before Eq. (13)]. The obtained values
of masses and total widths of the f0 resonances are pre-
sented in Table VII.
Here let us note once more that multichannel states are

most adequately represented by the pole clusters, i.e., by
the poles on all corresponding sheets of the Riemann
surface of the S matrix. The pole clusters give the main
effect of resonances. The pole positions are rather stable
characteristics for various models and they give an energy
behavior of observed quantities, whereas masses and
widths are very model dependent for wide resonances
(see the discussion of this question in Refs. [7,57]).
However, since at present in spectroscopy and in theoreti-
cal calculations the masses and total widths are used, we
propose to apply the form (13) to the resonance part of
amplitude (more accurately, the denominator of this ex-
pression) for determining masses and total widths from the
pole positions. This form but with an additional form factor
was used, e.g., in Ref. [77] at analyzing the �� scattering
in the isoscalar-scalar sector, though this form is inade-
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FIG. 5. The squared modules of the �� ! �� (a) and
�� ! ��0 (b) S-wave matrix elements. The data are from
Refs. [43] (a) and from [44] (b).

TABLE VII. The masses and total widths of the f0 resonances (all in MeV).

Variant I Variant II

State mres �tot m0
res �0

tot

f0ð600Þ 774:2� 15:2 988� 36 828:8� 9:5 1108� 22
f0ð980Þ 1009:6� 4 68:6� 9:8 1009:7� 3:5 62:6� 9:4
f0ð1370Þ 1408:8� 16 344:2� 34 1415:7� 9 489:2� 20
f0ð1500Þ 1544:5� 16:1 714:4� 36 1511:4� 11 397:6� 24
f0ð1710Þ 1711:6� 13 222:8� 28 1729:8� 11 225:6� 18
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quate already at the combined description of processes
�� ! ��, K �K above approximately 1200 MeV where a
violation of the 2-channel unitarity becomes remarkable.
In Ref. [78] one also used a similar formula at analyzing
this sector and, in some analogy with introducing the form
factor in Ref. [77], approximated the background S matrix
by a ratio of polynomials of the second order.

V. ANALYSIS OF ISOSCALAR-TENSOR SECTOR

In analysis of the processes�� ! ��,K �K, and��, we
considered explicitly also the channel ð2�Þð2�Þ. Here it is
impossible to use the uniformizing-variable method.
Therefore, using the Le Couteur–Newton relations, we
generate the resonance poles by some 4-channel Breit-
Wigner forms. The dðk1; k2; k3; k4Þ function is taken as d ¼
dBdres, where the resonance part is

dresðsÞ ¼
Y
r

�
M2

r � s� i
X4
j¼1

�5
rjRrjf

2
rj�ðs� 4m2

j Þ
�
;

(19)

with �rj ¼ 2kj=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

r � 4m2
j

q
and f2rj=Mr the partial width,

j ¼ 1, 2, 3, and 4 denotes the ��, ð2�Þð2�Þ, K �K, and ��
channels, respectively. The Blatt-Weisskopf barrier factor
for a tensor particle is

Rrj ¼
9þ 3

4 ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

r � 4m2
j

q
rrjÞ2 þ 1

16 ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

r � 4m2
j

q
rrjÞ4

9þ 3
4 ð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s� 4m2

j

q
rrjÞ2 þ 1

16 ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s� 4m2

j

q
rrjÞ4

;

(20)

with radii of 0.943 fm for all resonances in all channels,
except for f2ð1270Þ and f2ð1960Þ for which they are as
follows: for f2ð1270Þ, 1.498, 0.708, and 0.606 fm in the
channels ��, K �K, and ��, respectively; for f2ð1960Þ,
0.296 fm in the channel K �K, as a result of our analysis.

The background part has the form

dB ¼ exp

�
�i

X3
n¼1

�
2knffiffiffi
s

p
�
5ð	n þ i
nÞ

�
(21)

with

	1 ¼ a11 þ s� 4m2
K

s
a12�ðs� 4m2

KÞ

þ s� sv
s

a10�ðs� svÞ; (22)


n ¼ bn þ s� sv
s

cn�ðs� svÞ: (23)

sv � 2:274 GeV2 is a combined threshold of the channels
��0, ��, and !!.

The data for the �� scattering are taken from the
energy-independent analysis by Hyams et al. [67].
Moreover, the first six experimental points for the inelas-

ticity parameter � at 908, 930, 950, 970, 990, and
1010 MeV are excluded from our analysis because they
settle down so as if in the 1000-MeV region there is some
resonance. However, from general considerations, there
should be no tensor meson here and the analyses of other
processes also do not obtain any state of the f2 family in
this energetic region. Therefore, the �� scattering in the
tensor sector is assumed to be elastic from the threshold up
to about 1130 MeV.
The data for �� ! K �K, �� are taken from [70]. As the

result of our analysis, the K �K scattering is obtained to be
elastic from the threshold up to 1200 MeV; the �� scat-
tering is almost elastic to about 1450 MeV.
We obtained a satisfactory description with ten reso-

nances f2ð1270Þ, f2ð1430Þ, f02ð1525Þ, f2ð1580Þ, f2ð1730Þ,
f2ð1810Þ, f2ð1960Þ, f2ð2000Þ, f2ð2240Þ, and f2ð2410Þ [the
total �2=NDF ¼ 161:147=ð168� 65Þ � 1:56] and with 11
states adding one more resonance f2ð2020Þ which is
needed in the combined analysis of processes p �p ! ��,
��, and ��0 [64]. In our analysis, the description with 11
resonances is practically the same as that with ten reso-
nances: the total �2=NDF ¼ 156:617=ð168� 69Þ � 1:58.
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FIG. 6. The phase shift and module of the ��-scattering
D-wave S-matrix element. The data are from Ref. [67].
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In Figs. 6 and 7 we show results of fitting to the data. When
calculating �2 for the inelasticity parameter of the ��
scattering, three points of data [67] at 1070, 1310, and
1510 MeV have been omitted as giving the anomalously
big contribution to �2; when calculating �2 for the phase
shift �11, the points of data [67] at 970, 1544, and
1885 MeV have been omitted. By the same reason, when
calculating �2 for the squared S-matrix element of process
�� ! K �K, the points of data [70] at 1284, 1309, and
1653 MeV have been omitted.
The obtained resonance parameters are shown in

Table VIII for the cases of 10 and 11 states. The back-
ground parameters for ten resonances are as follows: a11 ¼
�0:078 05, a12 ¼ 0:034 45, a10 ¼ �0:2295, b1 ¼
�0:0715, c1 ¼ �0:041 65, b2 ¼ �0:981, c2 ¼ 0:736,
b3 ¼ �0:5309, c3 ¼ 0:8223; and for 11 resonances are
as follows: a11 ¼ �0:0755, a12 ¼ 0:0225, a10 ¼
�0:2344, b1 ¼ �0:0782, c1 ¼ �0:052 15, b2 ¼ �0:985,
c2 ¼ 0:7494, b3 ¼ �0:5162, and c3 ¼ 0:786.
We applied the Breit-Wigner forms (19) to generate the

resonance poles on the 16-sheeted Riemann surface on
which the 4-channel S matrix is determined. As we dis-
cussed in Sec. III, for determining parameters of reso-
nances one should use only the poles lying on those
sheets where the pole positions are at the same points of
the complex-energy plane, as the resonance zeros on the
physical sheet, i.e., they are not shifted due to the coupling
of channels. Here these are sheets II, IV, VIII, and XVI to

1000 1250 1500 1750 2000 2250

s
1/2

  [MeV]

0

0.05

0.1

0.15

0.2

0.25

0.
5 

|S
12

|2

(a) π  +  π −−−>  

1250 1500 1750 2000 2250 2500

s
1/2

  [MeV]

0

0.01

0.02

0.03

0.
5 

|S
13

|2

(b)

K  + K

FIG. 7. The squared modules of the �� ! K �K (a) and
�� ! �� (b) D-wave S-matrix elements. The data are from
Ref. [70].

TABLE VIII. The resonance parameters from the Breit-Wigner form (19) in the tensor sector for 10 and 11 states (in MeV).

State Mr fr1 fr2 fr3 fr4 � �tot

10 states

f2ð1270Þ 1275:3� 1:8 470:8� 5:4 22:4� 4:6 201:5� 11:4 90:4� 4:76 211:8� 4:5
f2ð1430Þ 1450:8� 18:7 128:3� 45:9 8:2� 65 562:3� 142 32:7� 18:4 230:4� 17:1
f02ð1525Þ 1535:0� 8:6 28:6� 8:3 41:6� 160 253:8� 78 92:6� 11:5 49:5� 20:7
f2ð1565Þ 1601:4� 27:5 75:5� 19:4 127� 199 315� 48:6 388:9� 27:7 169:7� 97:4
f2ð1730Þ 1723:4� 5:7 78:8� 43 107:6� 76:7 289:5� 62:4 460:3� 54:6 181:6� 45:2
f2ð1810Þ 1761:8� 15:3 129:5� 14:4 90:3� 90 259� 30:7 469:7� 22:5 176:7� 48:2
f2ð1960Þ 1962:8� 29:3 132:6� 22:4 65:4� 94 333� 61:3 319� 42:6 119� 27:3
f2ð2000Þ 2017� 21:6 143:5� 23:3 450:4� 221 614� 92:6 58:8� 24 299:0� 48:7
f2ð2240Þ 2207� 44:8 136:4� 32:2 166:8� 104 551� 149 375� 114 221:8� 68:8
f2ð2410Þ 2429� 31:6 177� 47:2 460:8� 209 411� 196:9 4:5� 70:8 169:5� 77:3

11 states

f2ð1270Þ 1276:3� 1:8 468:9� 5:5 7:2� 4:6 201:6� 11:6 89:9� 4:79 210:5� 4:4
f2ð1430Þ 1450:5� 18:8 128:3� 45:9 8:2� 63 562:3� 144 32:7� 18:6 230:1� 17:1
f02ð1525Þ 1534:7� 8:6 28:5� 8:5 51:6� 155 253:9� 79 89:5� 12:5 49:5� 19:3
f2ð1565Þ 1601:5� 27:9 75:5� 19:6 127� 190 315� 50:6 388:9� 28:6 170:0� 93:4
f2ð1730Þ 1719:8� 6:2 78:8� 43 108:6� 76:0 289:5� 62:6 460:3� 54:5 182:4� 45:5
f2ð1810Þ 1760� 17:6 129:5� 14:8 90:3� 89:5 259� 32:0 469:7� 25:2 177:6� 48:5
f2ð1960Þ 1962:2� 29:8 132:6� 23:3 62:4� 91:3 331� 61:5 319� 42:8 118:6� 33:4
f2ð2000Þ 2006� 22:7 155:7� 24:4 574:8� 211 169:5� 95:3 60:4� 26:7 192:9� 56:4
f2ð2020Þ 2027� 25:6 50:4� 24:8 128� 190 441� 196:7 58� 50:8 106:9� 35:0
f2ð2240Þ 2202� 45:4 133:4� 32:6 168:8� 103 545� 150:4 381� 116 221:8� 71:7
f2ð2410Þ 2387� 33:3 175� 48:3 462:8� 211 395� 197:7 24:5� 68:5 168:2� 80:4
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which correspond the following signs of analytic continu-
ations of the quantities Im

ffiffiffiffiffiffiffiffiffiffiffiffiffi
s� s1

p
, Im

ffiffiffiffiffiffiffiffiffiffiffiffiffi
s� s2

p
, Im

ffiffiffiffiffiffiffiffiffiffiffiffiffi
s� s3

p
,

and Im
ffiffiffiffiffiffiffiffiffiffiffiffiffi
s� s4

p
: �þþþ , þ�þþ , þþ�þ , and

þþþ� , respectively, if one prolongs the numeration
of sheets taken in Sec. II. In Table IX, the obtained poles on
these sheets in the complex-energy plane

ffiffiffi
s

p
are shown for

the case of 11 resonances. Errors of the pole positions are
estimated using a Monte Carlo method. In the method, the
parameters Mr and frj are randomly generated using a

normal distribution (Gaussian) with the width given by
the parameter error in Table VIII. Having generated the
parameters, distributions (histograms for deviations of the
pole positions) for the real and imaginary parts of the pole
positions are evaluated and the standard deviations, which
characterize ‘‘widths’’ of the distributions for the pole
position, are calculated.

Finally, in Table X specified values of the masses mres

and total widths �tot of states are given calculated from the
pole positions using the resonance part of amplitude in the
form (13). It is clear that the values of these quantities,
calculated from the pole positions on various sheets,
slightly differ from each other; for the f2ð2240Þ and
f2ð2410Þ, lying in the energy region where data are very
scanty, even considerably. In Table X, there are shown only
the values which match best the corresponding values Mr

and an estimation of �tot in Table VIII. The sheets on which
the poles, used in calculation of these quantities, lie are

also indicated. In those cases when two sheets are indi-
cated, the pole positions on these sheets do not differ more
than 1–1.5 MeV; however, the pole position on the first
indicated sheet is shown.

VI. DISCUSSION AND CONCLUSIONS

First, let us emphasize an importance of the notion of the
pole clusters (poles and zeros on the Riemann surface) as
characteristics of multichannel states in the model-
independent approach. This means that a multichannel
resonance (depending on its nature) is represented by one
of the types of pole clusters: 3 types in the 2-channel
consideration and 7 types in the 3-channel one.
It is also shown in the example of the analysis of the

isovector P wave of �� scattering that it is impossible to
obtain a reliable information on the multichannel reso-
nances analyzing only the one process (see Tables I and
III) though, looking over all possibilities of the resonance
representations by the relevant pole clusters, one can ex-
tract a part of reliable information. But, in general, a
combined analysis of data on the number of coupled pro-
cesses is needed.
In the combined model-independent analysis of data

on the �� ! ��, K �K, ��, and ��0 processes in the
channel with IGJPC ¼ 0þ0þþ, an additional confirmation
of the � meson with mass 774� 15 MeV and width

TABLE IX. The resonance poles on sheets II, IV, VIII, and XVI for 11 states.
ffiffiffiffiffi
sr

p ¼ Er � i�r=2 in MeV is given.

II IV VIII XVI

State Er �r=2 Er �r=2 Er �r=2 Er �r=2

f2ð1270Þ 1282:1� 2:6 67:5� 4:2 1256:9� 3:5 99:6� 3:1 1276:8� 2:9 73:4� 3:9 1264:2� 3:4 98:0� 3:5
f2ð1430Þ 1425:1� 48:0 98:8� 54:0 1421:3� 49:2 109:3� 52:7 1425:5� 47:5 98:2� 55:2 1421:7� 49:3 108:8� 52:3
f02ð1525Þ 1533:6� 13:4 24:2� 28:0 1533:7� 12:6 23:0� 29:0 1534:2� 12:6 17:3� 29:0 1534:1� 13:2 19:5� 28:0
f2ð1565Þ 1590:3� 44:3 80:5� 34:3 1591:6� 41:3 74:1� 34:4 1600:4� 41:0 23:0� 34:7 1601:1� 39:8 9:4� 35:0
f2ð1730Þ 1710:0� 11:5 87:0� 26:9 1710:6� 11:2 83:8� 26:8 1717:3� 9:6 42:4� 27:2 1718:1� 9:3 31:9� 27:3
f2ð1810Þ 1752:4� 25:7 78:9� 14:7 1751:8� 25:6 83:8� 14:7 1756:9� 25:2 50:6� 14:9 1758:0� 25:0 36:5� 14:8
f2ð1960Þ 1958:0� 42:9 50:0� 18:6 1957:2� 42:9 56:8� 18:5 1962:3� 42:2 3:5� 19:0 1961:9� 42:3 7:4� 19:1
f2ð2000Þ 2002:6� 35:9 84:3� 61:6 2004:0� 34:9 68:2� 64:1 2003:1� 35:3 82:1� 63:8 2001:8� 36:2 94:6� 61:6
f2ð2020Þ 2025:3� 39:0 52:2� 51:1 2025:6� 38:1 45:4� 56:9 2025:8� 37:9 42:5� 57:1 2025:3� 38:8 51:8� 51:3
f2ð2240Þ 2196:4� 62:3 102:8� 54:5 2196:9� 62:1 97:9� 55:4 2201:7� 61:3 24:0� 56:7 2201:1� 61:4 45:0� 56:5
f2ð2410Þ 2385:1� 48:5 71:3� 58:3 2387:0� 47:3 5:6� 60:6 2387:0� 47:8 18:7� 60:4 2384:5� 48:7 83:8� 58:5

TABLE X. The masses and total widths of the f2 resonances (all in MeV).

f2ð1270Þ f2ð1430Þ f02ð1525Þ f2ð1565Þ f2ð1730Þ f2ð1810Þ
mres 1268:0� 3:4 1425:5� 49:2 1533:8� 13:4 1592:3� 44:3 1712:2� 11:6 1753:8� 25:6
�tot 196:0� 7:0 218:6� 105:4 48:4� 56:0 161:0� 68:6 174:0� 53:8 167:6� 29:4
Sheet XVI IV, XVI II, IV II II IV

f2ð1960Þ f2ð2000Þ f2ð2020Þ f2ð2240Þ f2ð2410Þ
mres 1958:0� 42:9 2004:0� 36:3 2026:0� 39:0 2198:8� 62:3 2386:0� 48:7
�tot 113:6� 37:0 189:2� 123:2 104:4� 102:2 205:6� 109:0 167:6� 117:0
Sheet IV XVI II, XVI II XVI
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988� 36 MeV is obtained (the pole position on sheet II is
596� i494 MeV). These values of mass and width, calcu-
lated with help of Eq. (13) from the pole position on
sheet II, correspond the most to the Breit-Wigner values
of Ref. [4] (analysis of several processes with pseudoscalar
mesons) and [5] (GAMS Collaboration, analysis of the
reaction pp ! pp�0�0). Note that this mass value is in
remarkable accord with the prediction (m� � m�) on the

basis of mended symmetry by Weinberg [11]. As to the
obtained pole position on sheet II, the result of this analysis
generally confirms the one of our previous 2-channel
model-independent analysis [7] of data on processes
�� ! �� and K �K. Our value of the real part of the pole
is near the ones of many works (see [1] and from the recent
works, e.g., Ref. [79] [BES Collaboration, analysis of the
decay c ð2SÞ ! �þ��J=c ]. Our imaginary part of the
f0ð600Þ-pole position is about 2 times larger than the one
obtained in most indicated works. Note, however, that in
the coupled-channel analyses of data on processes �pp !
3�0, �0��, and �0�0� [47,48] (Crystal Barrel
Collaboration) and on processes �� ! ��, K �K [3], the
obtained pole position on sheet II might be considered to
be consistent with our one, especially with the imaginary
part. Finally, let us indicate the positions of the discussed
pole obtained in a straightforward calculation, based on the
Roy equation for the isoscalar S wave [80],

ffiffiffiffiffi
s�

p ¼
441þ16

�8 � i272þ18
�25 MeV, and in the recent dispersive

analysis of data on only the �� scattering [81]:
ffiffiffiffiffi
s�

p ¼
461þ14:5

�15:5 � i255� 16 MeV.
Some indication for f0ð980Þ (mres ¼ 1009:6 MeV,

�tot ¼ 68:6 MeV) is obtained to be the bound �� state.
However, one can see, considering the f0ð980Þ listing in
the PDG issue [1], that the mass of this state is obtained to
be above the K �K threshold in analyses of the �� scatter-
ing, of the multichannel �� scattering (�� ! ��, K �K,
��, and ��0) and of processes �ppðnÞ ! M1M2M3,
whereas below the K �K threshold in analyses of the decays
of Dþ, Bþ, J=c , and Z bosons, of processes eþe� !
M1M2�, �M1M2�, eþe�M1M2, M1M2X, and pp !
ppM1M2. Since the mass value below the K �K threshold
is important for a dynamical interpretation of the f0ð980Þ
as theK �K molecule [26–28], it seems that the nature of this
state is more complicated than the simply bound �� state
orK �K molecule. From the point of view of quark structure,
these two possibilities are the 4-quark states. It seems, this
is consistent somehow with arguments in favor of the 4-
quark nature of f0ð980Þ in [82].

In our analysis, the f0ð1370Þ and f0ð1710Þ have the
dominant s�s component. Conclusion about the f0ð1370Þ
agrees quite well with the one drawn by the Crystal Barrel
Collaboration [48], where the f0ð1370Þ is identified as ��
resonance in the �0�� final state of the �pp annihilation at
rest. Conclusion about the f0ð1710Þ is quite consistent with
the experimental facts that this state is observed in �� !
KS

�KS [83] and not observed in �� ! �þ�� [84].

As to the f0ð1500Þ (mres ¼ 1511:4 MeV, �tot ¼
397:6 MeV), we suppose that it is practically the eighth
component of the octet mixed with the glueball being
dominant in this state. Its biggest width among the enclos-
ing states tells also in favor of its glueball nature [54]. Note
that in the PDG issue on the f0ð1500Þ listing, the averaged
value of width 109� 7 MeV is cited. However, there one
indicates only the results of the analyses of mesons pro-
duction and decay processes. In those few cases when the
results of combined analyses of coupled processes are
cited, authors did not use the representations of the multi-
channel resonances by pole clusters (this is especially
important in the case of wide resonances), i.e., they did
not apply all aspects of the multichannel analysis. On the
other hand, one can see from data on the scattering pro-
cesses, both analyzed here [67] and the alternative (one of
the solutions of the phase analysis [75,76]), that energy
dependences of observed quantities do not demonstrate a
pronounced structure in the 1500-MeV region, which is
needed for the narrow resonance. Therefore, it is reason-
able to suggest that in this region there is a superposition of
two states, wide and narrow. The latter is observed just in
the processes of decay and the production of mesons.
We propose the following assignment of scalar mesons

lying below 1.9 GeV to lower nonets, excluding the
f0ð980Þ as the �� bound state. The lowest nonet: the
isovector a0ð980Þ, the isodoublet K�

0ð900Þ, and f0ð600Þ
and f0ð1370Þ as mixtures of the eighth component of octet
and the SU(3) singlet. Then the GMO formula

3m2
f8
¼ 4m2

K�
0
�m2

a0 ; (24)

gives mf8 ¼ 872 MeV (m� ¼ 774� 14 MeV). In the re-

lation for masses of nonet

m� þmf0ð1370Þ ¼ 2mK�
0
; (25)

the left-hand side is about 21% bigger than the right-hand
one.
The next nonet: a0ð1450Þ, K�

0ð1450Þ, and f0ð1500Þ and
f0ð1710Þ. From the GMO formula, we get mf8 �
1450 MeV. In the relation

mf0ð1500Þ þmf0ð1710Þ ¼ 2mK�
0
ð1450Þ; (26)

the left-hand side is about 12% bigger than the right-hand
one.
This assignment removes a number of questions, arisen

earlier, and does not add new ones. Above all, this is related
to the main one of them which consists of an impossibility
to explain combined the approximately equal masses of the
f0ð980Þ and a0ð980Þ and found s�s dominance in the wave
function of the f0ð980Þ. If these states are in the same
nonet, the f0ð980Þ must be heavier than a0ð980Þ for 240–
300 MeV, because the difference of masses of s and
u quarks is 120–150 MeV. We proposed our way to solve
this problem.
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The mass formulas indicate a nonsimple mixing scheme.
The breaking of relations (25) and (26) says that the ��
f0ð1370Þ and f0ð1500Þ � f0ð1710Þ systems get additional
contributions absent in the K�

0ð900Þ and K�
0ð1450Þ, respec-

tively. A search of the adequate mixing scheme is compli-
cated by the circumstance that there is also a remainder of
the chiral symmetry, though, on the other hand, this per-
mits one to predict correctly, e.g., the �-meson mass [11].

In the vector sector, we used also the model-independent
method. However, unlike our previous works [32,57]
where we analyzed the 2-channel �� scattering, in the
present work we considered the 3-channel �� scattering,
i.e., we take into account the threshold of the third effective
channel in the corresponding uniformizing variable. This
threshold is found to be at about 1512.35 MeV and inter-
preted by us as related to the �� channel. Since the
� meson provokes many questions up to now it is interest-
ing to observe the �� final state in the �-� collisions.

The values of mass (769:8� 0:3 MeV) and total width
(144:9� 0:6 MeV) for the �ð770Þ, obtained in this analy-
sis, are a little bit smaller than the corresponding averaged
values cited in the PDG tables [1], 775:49� 0:34 MeV and
149:4� 1:0 MeV, respectively. However, they also occur
in the analysis of some reactions (see the PDG tables).

The first �-like meson has the mass 1274:7� 32:4 MeV
and total width 304:3� 23:6 MeV. The indicated values of
mass differ significantly from the mass (1459� 11 MeV)
of the �ð1450Þ cited in the PDG issue as the first �-like
meson, the value of mass of this state (obtained in various
works) being indicated in the interval from 1250 to about
1580 MeV. As we discussed in the Introduction, the
�ð1250Þ, interpreted as the first radial excitation of the
�ð770Þ state, and the isodoublet K�ð1410Þ are well located
to the octet of the first radial excitations. The mass of the
latter should be by about 120–150 MeV larger than the
mass of the former. Then the GMO formula gives for the
mass of the eighth component of this octet the value of
about 1460 MeV, that is fairly compatible with the mass of
the first !-like meson !ð1420Þ, for which one obtains the
values in the range 1350–1460 MeV in various works (see
the PDG tables [1]).

Considering Tables I and III, one can see that the de-
scription with four resonances is a little better than that
with five resonances though an existence of the �ð1450Þ
[together with �ð1250Þ] does not contradict the data.
Therefore, taking into account that if the �ð1450Þ is con-
sidered as the 3D1 q �q state [32,57], the possible SU(3)

partners [the isodoublet K�ð1680Þ and the isoscalars
!ð1650Þ and �ð1680Þ] can be found, and we prefer the
five-resonance scenario for the description of data [65–67]
on the isovector Pwave of�� scattering below 1880MeV.
In our analysis this state has mres ¼ 1429:8� 26:3 MeV
and �tot ¼ 232:5� 48:6 MeV.

The third �-like meson (mres ¼ 1595:3� 5:4 MeV and
�tot ¼ 128:5� 7:7 MeV) corresponds well to the recent

observation [85] (BABAR Collaboration) of the �ð1570Þ
with mass 1570� 36� 62 MeV and width 144� 75�
43 MeV in the process eþe� ! ��0� (see also the PDG
tables [1]). It seems that it is possible to find the SU(3)
partners for this state in accessible analyses of various data,
e.g., in the PDG issue on the K�ð1680Þ listing, the LASS
Collaboration results of the observation of different reac-
tions K�p ! K��þn and K�p ! �K0�þ��n. In the first
case, the state was observed with the mass 1677� 10�
32 MeV and width 205� 16� 34 MeV and in the second
case, with the mass 1735� 10� 20 MeV and width
423� 18� 30 MeV. We see that resonance parameters
differ very noticeably. Are these parameters related to the
different resonances? When taking this, the mass value
1735 MeV is acceptable to put this isodoublet K�ð1735Þ
into the octet with the �ð1600Þ. Then from the GMO
formula, we would expect for the mass of the eighth
component of this octet the value 1779 MeV that quite
corresponds to the results of some works cited in the PDG
issue on the !ð1650Þ listing, where the mass values are
indicated from 1606 to 1840 MeV; the analysis [86] of data
[87] on eþe� ! K0

SK
��� gives even the mass value about

2100 MeV.
The fourth �-like state, observed in the �� scattering,

has mres ¼ 1787� 32:5 MeV and �tot ¼ 197:4�
13:7 MeV. These are consistent with the results of some
works cited in the PDG issue on the �ð1700Þ listing, e.g.,
with the parameters of the �-like state, observed in the
eþe� ! �� process [88]. Note that in the present analysis
of the 3-channel �� scattering, the mass value of the
fourth �-like state is diminished by about 100 MeV in
comparison with the analysis of the 2-channel
�� scattering [32,57].
In the tensor sector, we carried out two analyses—with-

out and with the f2ð2020Þ. We do not obtain f2ð1640Þ,
f2ð1910Þ, and f2ð2150Þ; however, we see f2ð1450Þ and
f2ð1730Þ which are related to the statistically valued ex-
perimental points.
Usually one assigns the states f2ð1270Þ and f02ð1525Þ to

the ground tensor nonet. To the second nonet, one could
assign the f2ð1600Þ and f2ð1760Þ though for now the
isodoublet member is not discovered. If the a2ð1730Þ is
the isovector of this octet and if the f2ð1600Þ is almost its
eighth component, then, from the GMO formula, we ex-
pect this isodoublet mass at about 1633 MeV. Then the
relation for masses of the nonet would be fulfilled with a
3% accuracy. Karnaukhov et al. [89] observed the strange
isodoublet with yet indefinite remaining quantum numbers
and with mass 1629� 7 MeV in the mode K0

s�
þ��. This

state might be the tensor isodoublet of the second nonet.
The states f2ð1963Þ and f2ð2207Þ together with the

isodoublet K�
2ð1980Þ could be put into the third nonet.

Then in the relation for masses of nonet

mf2ð1963Þ þmf2ð2207Þ ¼ 2mK�
2ð1980Þ; (27)

the left-hand side is only 5.3% bigger than the right-hand
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one. If one considers f2ð1963Þ as the eighth component of
the octet, the GMO formula

m2
a2 ¼ 4m2

K�
2
ð1980Þ � 3m2

f2ð1963Þ (28)

gives ma2 ¼ 2030 MeV. This value coincides with the one

for the a2 meson obtained in [90]. This state is interpreted
as the second radial excitation of the 1�2þþ state on the
basis of consideration of the a2 trajectory on the ðn;m2Þ
plane (n is the radial quantum number of the q �q state) [64].

As to the f2ð2000Þ, the presence of the f2ð2020Þ in the
analysis with 11 resonances helps to interpret the f2ð2000Þ
as a glueball. In the case of ten resonances, the ratio of the
�� and �� widths is in the limits obtained in Ref. [64] for
the tensor glueball on the basis of the 1=Nc-expansion
rules. However, the K �K width is too large for the glueball.
At practically the same description of processes with the
consideration of 11 resonances as in the case of ten, their
parameters have varied a little, except for the f2ð2000Þ and
f2ð2410Þ. The mass of the latter has decreased by about
40 MeV. As to the f2ð2000Þ, its K �K width has changed
significantly. Now all the obtained ratios of the partial
widths are in the limits corresponding to the glueball.

The question of interpretation of the f2ð1450Þ, f2ð1730Þ,
f2ð2020Þ, and f2ð2410Þ is generally open. It could be
supposed that at least the first three states are of a
non-q �q nature. However, the first two states cannot be
either glueballs or q �qg hybrids. One can, therefore, think
that these states are the 4-quark ones. Then for the iso-
doublet mass of the corresponding nonet, we would expect

the value about 1570–1600 MeV. Unfortunately, for now
we do not know experimental indications for the tensor
isodoublet of that mass. However, note that in the known
experimental spectrum of the K�

2 family, there is a 500-

MeV unoccupied gap from 1470 to 1970 MeV [1], except
for the above work [89]. Note also that, as one can see in
the PDG tables on the a2ð1700Þ listing, the observed iso-
vector tensor states in the 1660–1775-MeV interval differ
in the width by about 2–3 times, i.e., possess various
properties. For example, the broad state, observed in the
process �pp ! ���0 [91] (FNAL E835) with mass
1702� 7 MeV and width 417� 19 MeV, might be the
isovector member of the corresponding 4-quark nonet. Of
course, the assumption of this 4-quark possibility presup-
poses an existence of the scalar 4-quark states at lower
energies which are not seen in the analysis. One can think
that these states are a part of the background due to their
very large widths.
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Nagy, Int. J. Mod. Phys. A 24, 586 (2009).
[33] P. Minkowski and W. Ochs, Eur. Phys. J. C 9, 283 (1999);

Nucl. Phys. B, Proc. Suppl. 121, 119 (2003); 121, 123
(2003).

[34] D. Bugg, Eur. Phys. J. C 52, 55 (2007); arXiv:0710.4452.
[35] C. Amsler et al., Phys. Lett. B 291, 347 (1992).
[36] A. Abele et al., Nucl. Phys. A609, 562 (1996).
[37] M. Ablikim et al., Phys. Lett. B 607, 243 (2005).
[38] D. Alde et al., Eur. Phys. J. A 3, 361 (1998).
[39] R. Molina, D. Nicmorus, and E. Oset, Phys. Rev. D 78,

114018 (2008).
[40] D. Krupa, V. A. Meshcheryakov, and Yu. S. Surovtsev,

Nuovo Cimento Soc. Ital. Fis. A 109, 281 (1996).
[41] V. V. Anisovich et al., Phys. At. Nucl. 63, 1410 (2000);

V. V. Anisovich, V.A. Nikonov, and A.V. Sarantsev, Phys.
At. Nucl. 65, 1545 (2002).

[42] D. Alde et al., Z. Phys. C 66, 375 (1995); Yu. D.
Prokoshkin, A.A. Kondashov, and S. A. Sadovsky, Dokl.
Akad. Nauk Ser. Fiz. 342, 473 (1995).

[43] F. G. Binon et al., Nuovo Cimento Soc. Ital. Fis. A 78, 313
(1983).

[44] F. Binon et al., Nuovo Cimento Soc. Ital. Fis. A 80, 363
(1984).

[45] S. J. Lindenbaum and R. S. Longacre, Phys. Lett. B 274,
492 (1992); A. Etkin et al., Phys. Rev. D 25, 1786 (1982).

[46] V. V. Anisovich et al., Phys. Lett. B 323, 233 (1994).
[47] C. Amsler et al., Phys. Lett. B 342, 433 (1995).
[48] C. Amsler et al., Phys. Lett. B 355, 425 (1995).
[49] F. E. Close and A. Kirk, Eur. Phys. J. C 21, 531 (2001).
[50] S. Narison, Nucl. Phys. B509, 312 (1998).
[51] A. V. Anisovich, V. V. Anisovich, and A.V. Sarantsev,

Phys. Rev. D 62, 051502(R) (2000).
[52] S. Godfrey and N. Isgur, Phys. Rev. D 32, 189 (1985).
[53] N. A. Törnqvist, arXiv:hep-ph/0204215.
[54] A. V. Anisovich, V. V. Anisovich, Yu. D. Prokoshkin, and

A.V. Sarantsev, Nucl. Phys. B, Proc. Suppl. 56, 270
(1997).

[55] F. E. Close and N.A. Törnqvist, J. Phys. G 28, R249
(2002).

[56] M.K. Volkov and V. L. Yudichev, Yad. Fiz. 65, 1701
(2002).

[57] Yu. S. Surovtsev and P. Bydžovský, Frascati Phys. Series
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