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Radiation of an electric charge in the field of a magnetic monopole
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We consider the radiation of photons from quarks scattering on color-magnetic monopoles in the quark-
gluon plasma. We consider a temperature regime 7 = 27, where monopoles can be considered as static,
rare objects embedded into matter consisting mostly of the usual “electric” quasiparticles, quarks and
gluons. The calculation is performed in the classical, nonrelativistic approximation and results are
compared to photon emission from Coulomb scattering of quarks, known to provide a significant
contribution to the photon emission rates from quark-gluon plasma. The present study is a first step
towards understanding whether this scattering process can give a sizeable contribution to dilepton
production in heavy-ion collisions. Our results are encouraging: by comparing the magnitudes of the
photon emission rate for the two processes, we find a dominance in the case of quark-monopole scattering.
Our results display strong sensitivity to finite densities of quarks and monopoles.
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I. INTRODUCTION

Creating and studying quark-gluon plasma (QGP), the
deconfined phase of QCD, in the laboratory has been the
goal of experiments at CERN Super Proton Synchrotron
and at the Relativistic Heavy Ion Collider (RHIC) facility
in Brookhaven National Laboratory, soon to be continued
by ALICE (and, to a smaller extent, by the two other
collaborations) at the Large Hadron Collider (LHC).
Dileptons and photons are a particularly interesting ob-
servable from heavy-ion collisions, since electromagnetic
probes do not interact with the medium after their produc-
tion, thus carrying information about all stages of the
evolution [1]. Discussion of dilepton production in
heavy-ion collision experiments at CERN Super Proton
Synchrotron [2,3] and at RHIC [4] and their comparison
to theory can be found in [5-7]; for a recent review see also
e.g. [8] and references therein. The main contributions to
the production rates considered so far are hadronic decays
in the mixed and hadronic phases of the collision (the so-
called hadronic cocktail), and quark-antiquark annihilation
in the QGP phase. After a long history of experimental
studies of dileptons produced by charm decay, NA50/60
experiments finally concluded [9] that they do see QGP
radiation, at intermediate dilepton mass range 1-3 GeV, as
predicted in [1,10].

However, the experimentally observed excess in dilep-
ton production at small p, and small invariant dilepton
mass (below m, =~ 0.77 GeV) remains a puzzle: the sum
of all known contributions fails to explain the data by a
large margin. Motivated by this, we search for additional,
unexplored mechanisms which might contribute to the
dilepton production rate. In particular, we will focus here
on the role played by color-magnetic monopoles: we want
to estimate the contribution to dilepton production from
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quarks which scatter on them. This methodological paper
is our initial step towards an exploration of the subject: by
no means we claim any resolution of the puzzle.

The so-called ““magnetic scenario” for QGP [11] sug-
gested that the near-T,. region is dominated by monopoles.
More specifically, the authors of [11] suggested to look at
the magnetic sector as a (magnetic) Coulomb plasma of
monopoles in its liquid form. A line of lattice-based results
has led to a very similar conclusion [12]. This scenario has
met with initial success by providing an explanation of the
low viscosity observed at RHIC [11,13] due to the large
transport cross section induced by scattering on
monopoles.

Lattice monopoles are defined by the procedure [14]
which locates the ends of singular Dirac strings by calcu-
lating the total magnetic flux through the boundary of
elementary three-dimensional boxes. Since this depends
on a certain gauge fixing, for decades sceptics kept the
viewpoint that those objects are just unphysical UV gauge
noise. Yet many specific observables—e.g. monopole den-
sity—produced very reasonable and consistent results, ap-
parently independent of the particular lattice parameters
[12,15]. More recent results on monopole correlations [15]
quantitatively support the Coulomb plasma picture of
Ref. [11], providing further reasons to think that mono-
poles are not artifacts but meaningful physical objects,
present in the QGP as a source of a Coulomb-like magnetic
field on which charged particles (quarks) can scatter. We
work under the same assumption in the present paper. We
are not advocating this magnetic scenario, but rather use it
to estimate the contribution of radiation on monopoles. We
will not need any assumption about monopole coupling,
internal structure or correlations, only their density.

Although we were motivated by the dilepton puzzle and
will eventually aim at solving it as a final goal, we start
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from the simpler problem of soft photon radiation during
the collision process. The emission of real photons is a
process which is closely related to dilepton production: the
latter takes place through the emission of a virtual photon.
In the QGP phase, the leading perturbative diagram is the
Compton-like process (g — ¢y and the crossing diagram
qq — vyg), while perturbatively subleading bremsstrah-
lung diagrams (gqg — ¢ggvy) and Landau-Pomeranchuck-
Migdal-type resummed effects are in fact equally impor-
tant [16].

The classical trajectory of a particle with electric
charge' e in the field of an infinitely heavy monopole
with magnetic charge g takes place on the surface of a
cone. The static monopole approximation is valid for a
regime of temperatures 7' = 27, where they can be con-
sidered heavy, rare objects embedded into matter consist-
ing mostly of the usual electric quasiparticles, quarks and
gluons. The Lorentz force acting on the electric charge is
proportional to the product of both couplings (eg). Thanks
to the Dirac charge quantization condition, eg = 1 and
thus it is not a small parameter and it is 7-independent.

As a first step towards the solution of the problem, in the
present paper we compute the radiation from a nonrelativ-
istic electrically charged particle moving in the field of a
monopole along the classical trajectory, ignoring backre-
action. A full quantum and relativistic study is postponed
for future investigation. Below we will discuss the appli-
cability limits of our approximation. Therefore, our present
calculation cannot address the actual phenomenological
questions yet, but we can get an insight into how sizeable
the effect of monopoles can be. To this purpose, we will
compare our results with the parallel computation of pho-
ton emission rate in the process of Coulomb scattering of
quarks, in the same approximations, regarding the
Coulomb problem as a benchmark for comparison.

Let us start with a “naive estimate” for the ratio of
emission rates of quark-monopole vs Coulomb scattering
of quarks:

™M (eg)*v® pony
iz et mn,’

(1)
q
First, the emission amplitude from monopoles is sup-
pressed by the velocity v of the incoming electric particle,
because the underlying scattering happens due to Lorentz
rather than Coulomb force. Second, it obviously contains
the density of monopoles n, ~ T3/In3(T), which is
smaller than the quark density n, ~ T°.

On the other hand, this rate is enhanced by the ratio of
coupling constants. The numerator includes the product of

"Here and below we call e the strong interaction coupling
constant, using QED-like field normalization of the fields and 47
for consistency with the textbook material we use: note that > =
a,. The name g is reserved to color-magnetic coupling, while the
electromagnetic coupling will be denoted as e, again with

eem = aem'
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the electric gauge coupling constant ¢ and the magnetic
one g: in the units we are using, the Dirac quantization
condition implies eg = 1 (actually #), while the electric
Coulomb scattering is proportional to e> = a, ~
1/In(T) < 1. The In*(T) in the numerator to a significant
extent compensates the smallness of the monopole density
ny ~ 1/In(T). Although formally still decreasing at large
T, as is the corresponding ratio of the contributions to
viscosity [13], large angle and even backward scattering
induced by monopoles may make this ratio numerically
enhanced. The reduced mass u = m/2 enters the Coulomb
scattering problem, whereas, in the limit of infinite mono-
pole mass, the quark mass m appears in Newton law. There
is an additional relative enhancement in favor of mono-
poles, which is due to the Casimirs of the gg and ¢g
potentials. We will work out these factors in the following;
they roughly bring a factor 1/4 compared to the g — M
scattering. For typical (thermal) velocity of 0.7, oy = 0.8,
and the ratio of densities 0.2, we end up with a relative
effect of order 1/2. This is obviously a good start, suggest-
ing it is worth examining the problem in more detail.

We will see below that the above crude estimate is
indeed correct when the velocity of quarks is sufficiently
close to 1 (we will still be using the nonrelativistic ap-
proximation); it is also correct in the ultrarelativistic limit.
There is, however, a very important effect, which notice-
ably enhances the relative contribution of monopoles. The
above estimate holds for a fixed impact parameter. For soft
radiation, only emission from large impact parameters is
relevant (and this is the only region where our approxima-
tions are in fact valid). However, finite densities of quarks
and monopoles in the plasma provide natural cutoffs for
maximal impact parameters. Moreover, since the density of
monopoles in our temperature regime is much smaller than
the density of quarks, the relevant upper cutoff on the
impact parameter for the Coulomb problem is much
smaller and it leads to a significant suppression of the
Coulomb-induced emission rate relative to the rate due to
scattering on monopoles.

Our final results are very encouraging. We find that the
soft photon emission rate from quark-monopole scattering
could be as large as the mechanisms previously accounted
for. Therefore, the problem calls for further and more
detailed investigation at the full quantum level, which
will be our next step in this project.

The paper is organized as follows. In Sec. II we provide
a brief overview of the classical motion of an electric
charge in a Coulomb magnetic field: even if these results
are well-known, a short summary is useful, since we will
make large use of them in the following. In Sec. III we
compute the photon radiation rate for an electric particle
moving in the field of a static monopole. This section can
be regarded as an extra chapter for Ref. [17], in which
radiation rates for several trajectories were computed. In
Sec. IV we present an estimate of our effect in the case of
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quarks scattering on monopoles in the QGP: we use pa-
rameter estimates which are typical of the QGP produced
at RHIC. We compare our results with those obtained in the
Coulomb problem, and discuss the validity of our approx-
imations. We draw our conclusions in the last section, V,
where we also indicate future improvements. Appendix A
supplements Sec. III by providing details of analytical
computations for the emission rate. Appendix B presents
a calculation of the quark density in the Polyakov-loop
extended Nambu Jona-Lasinio (PNJL) model, a result
which is needed when we apply our calculations to QGP.

II. CLASSICAL QUARK-MONOPOLE
SCATTERING

We consider the classical, nonrelativistic motion of a
charge in an external field [18-20]. A pointlike magnetic
charge g is the source of a Coulomb-like magnetic field

B=g )

|

The equation of motion of an electrically charged particle e
in such a field is

=N

2—)
Ir ixB=8 5 3)

mar dt
the static monopole is located at the origin and the vector 7
defines the position of the electric charge (see Fig. 1). In
the following, we set ¢ = 1 for simplicity. We also use the
convention e’ = a, and therefore eg = 1.
In this process, the kinetic energy of the electric charge
s a constant,

eg d
3

2
= % = const, 4

as is the absolute value of the velocity vector v. There is no
closed orbit in the charge-monopole system: the electric
charge is falling down from infinitely far away onto the
monopole, approaching a minimal distance b and being

FIG. 1. The motion of an electric charge in the field of a
magnetic monopole.
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reflected back to infinity. This is evident from the trajectory

r=vv 2 + b 5)

A special feature of such a motion is that the conserved
angular momentum is different from the ordinary case: the
absolute value of the ordinary angular momentum is con-
served, but its direction is not constant. The generalized
angular momentum

>

.7=[?><m17]—eg; (6)
is an integral of motion. The trajectory of the electric
charge does not lie in the plane of scattering orthogonal
to the angular momentum; the angle between the vectors J
and 7 is a constant and the electric charge is moving on the
surface of a cone whose axis is directed along —J with the

cone angle 6 defined as

. mvb
sinf = T )2,
b)* +
V(mv )e eg 7
8
cosf = .
V(mvb)® + (eg)’
The velocity of the electrically charged particle is
dr 1 2
5= [FxF+
t  mr
1[J><*]+—v F=10,XF+uv,p
=— F F=v F+ v, 7,
mr? V1 + (b/vt)? ¢
®)

where the angular and radial components of the velocity
vector are

J v

Uy, =—3, v, = ©))
o omr? JI+ (b/vi)?
asymptotically we have
v(plt:too = 0’ vrlt:too = (10)
while at the turning point of the path we have
V(mvb)® + (eg)”
U(plt:0 = b2 ) V,li=o = 0. (11)

The azimuthal angle ¢ as a function of time can be
obtained by integrating the angular velocity:

1 ) vt (12)
= —— arctan—.
¢ sinf b

An example of trajectory is shown in Fig. 2.

The acceleration of the electric charge, a = %, follows
from Eqgs. (3) and (8):
i=-S8ixi=8(G,xHxi (3
mr- mr-
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FIG. 2 (color online). Example of electric charge trajectory in the field of a magnetic monopole. (a) x and z axes: the trajectories of
the incoming particle (from ¢t = —oo to t = 0) and the outgoing particle (from # = 0 to t = +00) overlap in this case. (b) y and z axes.
Solid line: incoming particle (from t = —oo to t = (). Dashed line: outgoing particle (from r = 0 to t = +0). (c) Three-dimensional

trajectory. For all plots we use v = 0.5; b =1 GeV ™!, m = 0.3 GeV.

We recall that v, is directed along the z axis (the cone axis)
so that

- ekRo  fioo R
A, = f e D(1)e! @1 RT0) gy, (18)

RO —00
- _ €8 () (P42 We work in the dipole approximation; namely, we ne-
a 3 Iyl ryrz’ (rx + y)] . . . . . .

m r glect retardation effects. This approximation is valid pro-
_eg m - vided that v << c¢. In this case, the field can be considered
TR (mvb)* + (eg)” sin as a plane wave, and therefore in determining the field it is

X cosf] — cose, — sing, — tanf]. (14) sufﬁcjent to ca.llc.ulat«.a the vector potential. The intensity of

the dipole radiation is
. (eema)2 )
TII. RADIATION dl = —,——sin“0d(), (19)

Following Ref. [17] we define the intensity dI of radia-
tion into the element of solid angle d() as the amount of
energy passing in unit time through the element df =
R%dQ of the spherical surface with center at the origin
and radius Rj. This quantity is equal to the energy flux

density (S = f—;ﬁ) multiplied by df:

where d is the acceleration of the electric charge.
Replacing dQ) = 27rsinfd6 and integrating over 6 from
0 to 7r, we find the total radiation:

I = 3eemd)™. (20)

The quantity d€, of energy radiated throughout the time of
the collision in the form of waves with frequencies in the

2
dl = H- R2dQ). (15)  interval dw /27 is obtained from Eq. (20) by replacing d by
4m its Fourier component d,, and multiplying by 2:
The energy d€;,,, radiated into the element of solid angle 4 . Ldo
d€) in the form of waves with frequencies in the interval dé, = 3 (eemd) 2 (2D

dw /21, is obtained from Eq. (15) by replacing the square
of the field by the square modulus of its Fourier compo-
nents and multiplying by 2:

H,|?
A€y = =
nw 277_

dw
R2dQ)—, 16
0 2ar (16)
where
H,=ikxA, (17)

and

In a standard planar collision, the total radiation dk, in a
given frequency interval dw can be obtained by multi-
plying the radiation d&, from a single particle (with given
impact parameter p) by the measure 27 pdp and integrat-
ing over p from p i, t0 Prax- In our case, the motion of the
electric particle takes place on the surface of a cone; there-
fore we have to find the corresponding measure for our
process.

If we project the conical motion of the electric particle
on a plane orthogonal to J, it is possible to define the
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standard impact parameter p for the planar motion [20].
We can define a position vector R,

IX(FxD) 1
cosé

R=

[F—J@F- )] (22)

cosf
which is the projection of 7 onto the plane perpendicular to
J, times a factor 1/ cos chosen so that R and 7 have the
same length. At = —oo0 we have

. 1 . . -

R-w=—70—-J@- J)] (23)
cosf

The mechanical angular momentum of the projected mo-

tion is the same as the conserved total angular momentum

of the motion in the monopole field:

F=mRxR, 17| =mplR 24)
From the above equation we get
J(muvb)? + (eg)?
p= £ (25)

mv

from which it is easy to obtain that pdp = bdb: the
measure over which we need to integrate d&,, turns out
to be equal to bdb for the conical motion. Therefore, we
can identify b as the real impact parameter for the process
that we are considering (b is actually the minimal distance
between the electric particle and the monopole, which is
reached at t = 0):

hmax
dry _ f 2bdp e
dw

do (26)

bimin
The limits of integration for b are related to the specific
scattering process we are dealing with. For example, if we
consider a single quark scattering on a single monopole,
we have b, — o0, while b, can be identified with the
size of the monopole core. In the problem we are consid-
ering, in which there is a finite density of monopoles, b,
turns out to be finite, as we will see in the next section.
We start by calculating the total radiation throughout the
time of the collision following Eq. (20):
0 2 0
I - [ Hodr =5 f jawldr, @7
— 00 — 00
the acceleration components in the coordinate space are
given in Eq. (14). We obtain

2 2 2b2 2 2 2b2
(1) = —O‘em(eg;—va = —aem% (28)
3 m?r(t) 3 m*(v°t* + b?)
so that
2 (eg)*v foo dr T (eg)*v
3 m*b’ Jow (2 + 1) 4 m*b3
(29)

the total radiation can be obtained in the following way:
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Binax w? (eg)’v( 1 1
K= j;mm 27bdb] = 7aem—m2 (bmin - )

b max

(30)

We now proceed by calculating the Fourier transform of
the acceleration a in the case of quark-monopole scatter-

ing:

(@), — — (eg)? 00 dr expli@t] cos[ £ arctant]

ay)w m2b2vé*; o (IZ + 1)3/2 ,
(3D

_ (eg)? o expli@t]sin[ £ arctans]
(ay) = mercry ) BN TR , (32)
_ (eg)?* [ . explior]
(@)o==" 0 ] . EE (33)
where
\/ﬁ )
R R Y S
muvb v

For positive w we obtain (see Appendix A)
B (eg)? e m&\['1 /1 B
(@) = oo fexp=a)eos(T) ;156 - )

— £+3
X U(l (&-1), -1, 2@) +M

2 &1
S (—a)* k=2
. S klp—RTEE —p+k+ 1)2
X F(p - %)U(p - % k—1, 2@)]},

(35)

(ay)y = — né%z);:{iexp(—d))cos(%f)[%l"(% (& - 1))

_ApTp + 55
£-1

2k72

x U(%(f 1) -, 2@)
)4 (_(D)k

X —
imok!(p == —p+k+1)

X F(p - %)U(p - %, k—1, 26))]},
(36)
(@), = — 2};5? K\(®), (37)

where p is the smallest integer number larger than (£ +
3)/2. p — 2 is the number of full rotations around the z
axis. U(a, b, z) is the confluent hypergeometric function
with integral representation,
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Ula, b, z) = ﬁ /:o e ¥ 11 + nbmemlgr,  (38)

and K,(z) is the modified Bessel function of the second
kind:

K,(z) =

T'(n +5)(22)" [°° costdt 39

\/'7; 0 (t2+12)n+l/2'

Equations (35) and (36) are strictly valid for @ = 0 and for
any value of &, except odd, integer numbers. When £ is an
odd-integer number, the above formulas vanish identically,
and the integral is given by Eq. (A14) (see Appendix A).
The behavior of (a,),,, (a,), and (a,), as functions of w
and b is shown in the two panels of Fig. 3. The component
(ay), is purely imaginary and vanishes at w = 0. The
values of the acceleration components at w = 0 are

(ax)w:() = 2;} COSI:7;§], (ay)w=0 = 0;
(40)
_ (eg)
(a)w=0 = m_b.f

The subleading small @ asymptotic behavior can be found
in Appendix A. The photon emission rate is finite as w —
0. It is of course how it should be: the corresponding
number of photons dN,, = dI,/hw would show standard
logarithmic IR divergence.

IV. APPLICATION TO QGP

In this section we give a rough estimate of the effect that
we are describing, in the case in which the electric charge
is a quark g (or an antiquark §), scattering on a color-
magnetic monopole in a deconfined medium. The medium
contains a finite density of quarks and monopoles. We will
compare our result to the radiation produced from
Coulomb scattering of gg, ¢ ¢ and gq pairs. We consider
a regime of temperatures = 27, where, according to the
magnetic scenario proposed in [11], monopoles can be
considered as heavy, static particles.

@

== (@)w
2 — Iml(@)] ]
------ (@)
-3

FIG. 3 (color online).
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FIG. 4 (color online). Integrand 27bd€E,,/dw as a function of
o and b. In this figure, m = 0.3 GeV and v = 0.7.

A quark moving in a deconfined medium acquires a
thermal mass due to its interaction with the other particles
of the medium. Lattice results for this quantity are avail-
able for three values of the temperature [21,22]. At T =
1.5T. and T = 3T, they find m = 0.87, while at T =
1.25T, they obtain m = 0.77T. At T = 2T, we therefore
assume a value of m = 0.87, namely, m =~ 0.3 GeV. For
temperatures 7 = 27, we can assume that quarks move
with an average velocity v ~ 0.5-0.7.

In Fig. 4 we show the integrand for the total radiation in
a given frequency interval, namely, 27bd€,/dw, as a
function of w and b. We need to integrate this quantity
over the impact parameter. There is no upper limit on b in
the case of scattering of one quark on one monopole.
However, in matter there is a finite density of monopoles,
so the scattering issue should be reconsidered. A sketch of
the setting, assuming strong correlation of monopoles into
a crystal-like structure, is shown in Fig. 5. A “‘sphere of
influence of one monopole” (the dotted circle) gives the

(b) 05
’ N
0.0 FaiAA N TN
LAY % \\I/// S .
< —05 Ny
—- (@)
-10¢ —Iml(ay)]
@
_q5 ‘
0.0 0.5 1.0 15 20
b[GeV™']

(a) Fourier components of the acceleration as functions of , for m = 0.3 GeV, b =1GeV~!, v =0.7.

(b) Fourier components of the acceleration as functions of b, for m = 0.3 GeV, w = 0.1 GeV, v = 0.7.
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FIG. 5. A charge scattering on a two-dimensional array of
correlated monopoles (open points) and antimonopoles (closed
points). The dotted circle indicates a region of impact parameters
for which scattering on a single monopole is a reasonable
approximation.

maximal impact parameter to be used:
Dnax = /2. (1)

The same is true for the quark-quark and quark-
antiquark Coulomb scattering to which we will compare
our results. The monopole density as a function of the
temperature for SU(2) gauge theory has been evaluated
on the lattice [15]. In order to account for the transition
from the SU(2) to SU(3) gauge group, we scale these
results by a factor 2: in SU(2) there is in fact one monopole
species, while in SU(3) there are two, identified by two
different U(1) subgroups. The monopole density at T =
2T, is ny, =~ 0.02 GeV?, which gives b, ~ 1.8 GeV~!.
The lattice also gives us information about the monopole
size [23]: they turn out to be very small objects, having a
radius 7y, = 0.15 fm = 0.78 GeV~!. This is the b, that
we will use in our integration.

We therefore obtain, for the total energy radiated in unit
volume throughout the time of the collision in a given
frequency interval,

3 _ 2dk, 2 2 j Doax

e 227 2 bla,|*db,

do 9 da) ny = 9 ngn aem ™ - |aw|
(42)

where the factor 2 = l 4 + + 9) comes from the different

electric charges for u, d and s quarks (the density of quarks
ng, is the sum of the densities of u, d and s quarks).

A. Comparison with Coulomb scattering

In this section we give an estimate of the radiation
produced in the scattering of gg, gG and g g pairs in the
plasma. In the case of an attractive interaction between
particles (namely, in the singlet channel for the ¢g scatter-
ing and the antitriplet channel for the gq and g g scatter-
ings), the formula for d€,,/dw reads [17]

PHYSICAL REVIEW D 81, 014008 (2010)

dgw o 2ma’ w? (eem)l B (eem)z 2 (1)
o, 2 ( ) {[H (ive)]

m my
ez —1 .
+ T|1L1§,‘)(we)|2}, (43)
where
2p24

B S L

yIxy o my + my
(44)

and H, (1 )(zve) is the Hankel function of the first kind:
HP(2) = J,(2) + iY,,(2). (45)

In Eq. (43), (eem)i> m; and (eqy),, my are the electric
charge and mass of the two colliding particles, while a =
CRa, is the strong coupling constant multiplied by the
corresponding Casimir factor C® for the channel under
study:

=4/3; C'=1/6; C6=2/3; C>=1/3.

When the interaction is repulsive (namely, in the octet
channel for the ¢g scattering, and in the sextet channel
for the gg and g g scatterings), Eq. (43) gets modified as
follows:

&g, 27’ w? ((eem)l

dw 3v*

B (eem)2>2{[H,(-,1,)/(iVE)]2

my m;
€ T a0 exel—
——|H;,/(ive)|*t exp[ —2mv]. (46)
€

We consider quark matter with three equal mass light
flavors, namely, m; = m, = m; u = m/2. The total den-
sity of quarks and antiquarks can be obtained, for example,
from the PNJL model (see Appendix B).

n, = 2.87% = 0.12 GeV>,

The total energy radiated in unit volume throughout the
time of the collision in the case of Coulomb scattering can
be obtained from the following formula:

a3, 477 Aoy 0> n

do 31 nT [( ) Gas)
( )( )exp[—Zﬂ'vas/6]
#3(Ga)i(Ge) < o) o(5e)
x exp[—2771/ozx/3]i|bdb, @7)
where
N vl @)

fla) = [HY (ive)? +
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Equation (47) is the total radiated energy; it takes into
account all possible color channels for gg, gg and G g
scatterings, and all possible flavor combinations. b,
can be estimated directly from the quark density: in our
temperature regime, it turns out that b, =~ 1 GeV~!. Our
results for the ratio of the total energy radiated throughout
the collision time in the case of quark-quark and quark-
monopole scattering are shown in Fig. 6. The left panels
show this ratio for b,,, — ©c0, while in the right panels b,
is finite and fixed by the corresponding densities. This is
useful to understand how strongly a finite b,,,, influences
our results: it turns out that the cutoff dependence of
d%/dw is dramatic. Without cutoff, this quantity is much
larger in the case of a Coulomb scattering, while the
opposite is true in the case of a finite b,,,. This effect is

70
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(d2/dw)gq/(AZ/dw)qp
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A
Z
3
=
A
=
0 I I I
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=
=
3
2
A
2
3
2
A
S
© gt ]
0 I I I
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w [GeV]

PHYSICAL REVIEW D 81, 014008 (2010)

qualitatively true for all values of v that we have consid-
ered, but obviously the relative magnitude for gg and gM
scatterings depends on the specific value of v that we
choose.

B. Validity of our approximations

Our results are obtained through a series of approxima-
tions:

(i) Nonrelativistic approximation. This is obviously
valid if the velocity v of quarks is not too large
compared to the speed of light, namely, v < 1.
Dipole approximation vs retarded emission. It is
valid if the radiation wavelength is large. The retar-
dation effects can be neglected in cases where the
distribution of charge changes little during the time

(i)

z
3
<
J
S
3
2
J
)
0.0 - - -
0.00 0.05 0.10 0.15
w [GeV]
z
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s
S|
S
3
=2
S o02f
0.0 - - -
0.00 0.05 0.10 0.15
w [GeV]
1.0
()
s 08f
3
3
3 06 ]
° \/
3 04r ]
=
S o02f
0‘0 1 1 1
0.00 0.05 0.10 0.15
w [GeV]

FIG. 6. Left column: ratio of d2/dw for Coulomb and quark-monopole scattering. In both cases, the integral over b is taken up to co.
For these plots we use ay, = 0.8, m = 0.3 GeV and (a) v = 0.3, (¢) v = 0.5, (¢) v = 0.7. Right column: same as in the left column,
but the integral over b is taken up to the corresponding b,,,,. For these plots we use a; = 0.8, m = 0.3 GeV and (b) v = 0.3,

(d)v=05, ) v=07.
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(iii)

(iv)

a/c, where a is the order of magnitude of the di-
mensions of the system. This is true if v < 1, which
coincides with the condition for the nonrelativistic
approximation.

Classical trajectory is used, without backreaction of
radiation. In all our formulas, we assume that the
particle moves along a trajectory which is the solu-
tion of the classical equations of motion. This means
that the energy lost by the particle through the ra-
diation process is negligible. This approximation is
valid in the limit @ < m/e>.

Classical approximation. Naively, the emission of
soft photons can be described classically for

ho < E; = uv?/2 = mv?/4.

Within the same approximation we can ignore the
recoil effect (energy-momentum conservation).

The full quantum treatment of the radiation should
include the backreaction of the radiation. One has to
evaluate the nondiagonal matrix element of the di-
pole moment between the initial and final scattering
states, with different energies. Such quantum states
for the quark-monopole problem were found in [24]
and recently for the gluon-monopole problem in
[13]. However, the matrix elements have not been
computed yet. Since it was done for quantum
Coulomb scattering, by A. Sommerfield in 1931,
we can use those results in order to have at least
some qualitative estimate for the accuracy of classi-
cal description.

We compare the total radiation dk, in a given
frequency interval dw, in the case of scattering on
a single particle; namely, we integrate over the im-
pact parameter b from 0 to o. In the classical case
we have

de, 32mMwagal . .
o o OIS 1 i) ) 49)

which is to be compared to the quantum expression
[25],

dr(w) _ , 6417 QI 1
do T3 pp-p)
% 1
(1 — e 278" (27 — 1)
d
X =—=IF(OI) 50
(- Fr) (50)
where
B=—, B'=—, mv = 2p,
v v
mv' = 2p/, pl=+p?— mow

and

FIG. 7 (color online).
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30
25 — classic ]
20 ——— quantum

dk,/dw [GeV72]

0.02 0.03 0.04

w [GeV]

0.00

Comparison between classic and quan-

tum result for dk,/dw as a function of w, with o, = 0.8, v =
0.7, m = 0.3 GeV.

)

(vi)

/

_ 4rp
(p—p)
,F,(a, b;c;d) is the hypergeometric function. The
two curves corresponding to classical and quantum
scatterings are shown in Fig. 7. It is thus evident that
within the energy region plotted the classical result is
a very good approximation of the quantum one. Note
that there is a maximum w, which is equal to the
energy of the incoming particle beyond which due to
energy conservation the quantum formula is not

applicable.

Two-body vs many body scattering. So far, we have
limited our analysis to two-body scattering, while
mimicking the effects of multiple interactions by
finite quark and monopole densities and the maximal
impact parameter. The strong dependence on the
maximal impact parameter cutoff observed in our
results reflects additional shortcomings of our ap-
proach. The origin of this problem is obvious: on the
one hand soft radiation is emitted from large dis-
tances; on the other hand, too large distances are
precisely governed by multiple scattering.
Uncertainty due to the density of monopoles. There
are no lattice data available for the monopole density
in SU(3) with dynamical quarks. We extrapolate the
available lattice data from SU(2) pure gauge [15] by
multiplying these data by a factor 2, based simply on
the structure of the two gauge groups. This approxi-
mation might be too crude since important factors
due to different dynamics and to dynamical quark
contributions might be neglected in this way.

F(¢) = ,F,(ip,iB: 1: ), &=

V. CONCLUSIONS AND OUTLOOK

The present paper is the first step towards understanding
whether the contribution of the quark-monopole scattering
process in QGP is or is not important for photon and
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dilepton production. Our purpose at present was pretty
modest: we wanted to evaluate the magnitude of soft
photon radiation from this process and compare it to the
one produced in Coulomb quark-quark scattering. A quali-
tative estimate outlined in the introduction said that while
the monopole density is small at high T, n,, ~ (1/In(7))?,
the square of «, in the electric scattering cross section
compensates two out of three such logarithms. So, para-
metrically, the process we consider is subleading at very
large In(7). On the other hand, the charge-monopole scat-
tering at large angles and small impact parameter tends to
be much larger than the charge-charge one: we found that
this enhances radiation, similarly to how it worked for
transport processes [13]. This represents an encouraging
starting point for future work.

We have calculated the photon radiation rate for quarks
scattering on monopoles in a thermal medium which con-
tains a finite density of both particles. We worked in the
classic, nonrelativistic approximation and neglected retar-
dation effects and backreaction. Therefore, our calculation
has a rather methodological status; it cannot address the
actual phenomenological questions, such as the experi-
mentally observed excess in dilepton production at small
p, and invariant mass below m,. We need to improve the
present paper in many directions: first of all, a full quantum
and relativistic calculation will be performed, also taking
into account backreaction of the radiation. This can in
principle be done using nondiagonal matrix elements, cal-
culated between quantum scattering states such as those
which were found in [13,24].

Then we need to take into account the fireball evolution,
in order to be able to quantitatively compare our results to
the experimental data. Dramatic expansion of the fireball
and long duration of the near-7, phase lead to the con-
clusion that soft dileptons currently constituting the puzzle
come from the end of the evolution of QGP, T ~ 1T,
rather than the beginning of it, in the temperature regime
we discussed above. Unfortunately, the near-7. region is
very complicated and quite challenging theoretically. In
this region monopoles become lighter and thus dynamical
and relativistic, and matter is no longer an electric near-
perturbative plasma with at least well-defined counting
rules, but a strongly coupled liquid made of all kind of
quasiparticles. We hope to address those issues elsewhere
in our future work.

ACKNOWLEDGMENTS

This work is partially supported by the DOE Grants
No. DE-FG02-88ER40388 and No. DE-FG03-97ER4014
and by the DFG Grant No. SFB-TR/55.

APPENDIX A

In this appendix we explicitly calculate the Fourier
transform of the @ components. We start from (a,):

PHYSICAL REVIEW D 81, 014008 (2010)

(eg)* [~ expli@t]cos[£ arctant]
m?b?vé J o (2 + 1)32

dt.

(ax)(l) = -
(AL)

Ifwesett = i + it, dt = idt. Both the square root and the
arctan have branch cut singularities from 7 = 0 to 7 = o0
and from 7 = —oo to 7 = —2. This is clear if we write the
relationship between arctan and log:

2+
arctan(i + i7) = iarctanh(1 + 7) = ilog(— T).
-
(A2)

We calculate the integral along the contour C shown in
Fig. 8. The integral can be split into four different contri-
butions:
(1) The small circle +y of radius e.
(i1)) The upper and lower segments around the branch
cut.

(iii) The big circle T'.

We have

/‘00 expli@t] cos[ £ arctant]
oo (2 + 1)%?

=iewl-alf [T+ [+ [T+ [}

y exp[—@7]cos[ £ arctan(i + i7)]
(=27 — 72)3/2

dr. (A3)

Along the upper segment, where 7 — 7 + i€, we have

(=27 — 7232 = —j(27 + 72)3/2,

247 2hr| (A%)
log<— ) = log +i,
T
while along the lower one we have
(=27 — 7232 = j(27 + 72)3/2,
( 2+ T) 24+71| . (AS)
log| — = log —iT.
T
Therefore we can write
r
r
1) Y
& T

FIG. 8. Integration contours in the complex ¢ and 7 planes.
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o0 €] exp[—a@7]cos[ £ arctan(i + iT)] o0 €] exp[—a@7]cos[ £ arctan(i + iT)]
{[ * [ } (=27 — 72)3/2 dr {f +[ } (=27 — 72)3/2 dr
o exp[—a7] cos["f (log| 22| + imr)] _ Em\ [ expl—a7T] [(2+ 7\~¢/2
-/ s+ 2P “ =ieo(5) [ ol ()
e expl— @] cos[ % (log| 27| — im)] + (20 (A8)
! fm iQr + 2 a ( ! ) ]

o i€ Jog| 227 ] The above integral contains two terms. The first one gives
—2i cos<§”) ] = expl —@r]cos[3 logl 1] - (in the limit € — 0)
2 ’

e Q27 + 7232 " 1008(5277) foo exp[—@7] (2+ r)‘f/ “dr

o @r+ 2P\ 7
where we used the relationship Err
— lcos< - ) [ (& 1)] ( -1, —1,2@). (A9)
cosa + cos = 7 cos? + B cost— B . (A7) The second term needs to be integrated bygarts p times,
2 2 where p is the smallest integer number > ‘fT All bound-
ary terms are either divergent or vanishing as € — 0. The
We therefore have divergent ones are exactly canceled by corresponding di-

vergent terms coming from the integral over the small
circle y. The finite part is

[remtenie s o e o s ()"
7(é+3)/2 S kl(p — k)'F(‘f 3 p+k+1)

€

" f " exp(— @2 + r]EI 2~ (e I2 g
0

(_(D)k k—2 _§+1
ok!(p—k)zr(%—pwﬂ)z r(” 2 )

_ A2 = p)p!
Ry
J’_

X U(p — Skl 25)). (A10)

M~

—_

The above contribution vanishes for odd, integer values of £. The contribution coming from I" vanishes identically, while
we get a nonvanishing contribution from the integral over the small circle y. This contribution is divergent for noninteger
or even &, exactly canceling the divergent contribution coming from the segments along the branch cut. When ¢ is an odd-
integer number we get a finite contribution. We redefine t = i + ieexp(if), dt = —eexp(if)d0 and get

do

j‘ exp[—@7]cos[ £ arctan(i + i7)] - [277 eie€@¢" cos[ £ arctan(i + i€ exp(if))]
dr = —€e™®
y (=27 — 72)3/2 0 (—2eexp(if) — €2 exp(2i6))3/?

o fz,n. i6 ,—eme” [fl ( eeiﬁ ) »
= —€e ® cos| = log| ——
0 (—2eexp(if) — € exp(2i0))*/? 2 B\ 2 e ]

o [277 e i0/2g—cae” [(_ e’ )5/2 N (_ ee’’ )ﬂf/z]dﬁ
2(—6)1/2 0 (2 + €exp(i0))3/2 2+ Eei0 2+ Eeiﬁ .

(Al1)

For € — 0, the first term in the parenthesis gives a finite contribution only for & = 1, a value which is never reached in
practical cases, as we will see. For ¢ > 1 its contribution vanishes identically. The second term gives
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e ? / 2ﬂe—m/ze‘”'ew( ee? )’6/2 g f 2me e (2071 + )2
2

. - . de
2(—6)1/2 0 (2 + 66“9)3/2 2 + eelf (_6)(§+1)/2

e—c?) Dar 00 n( 6)" inf
= - —2i6
2(_6)(§+1)/2 0 dfe Z

(£-3)/2 (ze—ie)ke(gﬂ)/z—k(%)!

k=0 k(552 — k!
S R i ex
2 Jo & (k+2)! K(E2 - k)
) (£€-3)/2 wkt? (_1)1(—(5—3)/221((%)!
) , Al12
20T & kDl kel (A2
|
where we have taken into account the fact that the finite  for any value of ¢ other than odd-integer, and
contribution from the sum over n comes from n = k + 2.
The final result for (a,),, is therefore (eg)? e @ Q7 Hh+2
2 1 /1 (ay)e = S5 - 5 -7 ANy
(ay), = 7(261;%) g{exp(—@)cos<%§)[zr<§(§ - 1)) mbvg 2 = (ke 2)
m=b-v _
1 4pIT(—p + £23) K (CDTETIRAE) (A14)
U(—(g— 1),—1,2@)+% KES — k).
Y
% ﬁ: (@) k=2 for odd-integer ¢.
=ok!(p — k)!l“(% —-p+k+1) The component (a,),, slightly differs from (a,),,: the sin
E+1 £+1 integration gives a purely imaginary contribution. The
X F(P T Ulp— T k=12 )]} second term in Eq. (A13) has a minus sign.

The first terms of the components expansion around

(A13) o = 0 have the following asymptotic behavior:

(ay) oo = 2; cos [77;] + aﬂ%@jl) cos[%f:l{— ﬁ + %[—Harmonicnumber (p — #)

— Harmonicnumber(?) + %(—3 —2p? —2p(€ —2) —29(&% — 1) + £(4 — £(—3 + Ind))

e b L ApiT- p+§+3] 2 (— 1)k (k — 3)!
+ In4 — 2(¢ l)lnv a))] +6(p —3) . ,;k'(p OIS — p+k+ 1]}
_ £ (eg)v breg(—1 + 2y + 2Inw + 21In(L))
o = 2ibcos| =2 |w, Do = — 2 27| Al5
()0 =2 COS[ 2 ]w ()0 J(eg)? + (mvb)? - [ 2u4/(eg)? + (mub)? ] (A1>)

I
where Harmonicnumber(z) = W(z + 1) + y and vy is the  related to the Polyakov loop. The Euclidean action of the
Euler’s constant and W(z) is the logarithmic derivative of  three-flavor PNJL model is
the I function.

t _ p=1/T [ 3 1

APPENDIX B Sely 4. ¢) j o P

In this appendix we briefly recall some aspects of the + Hp, yt, $)] — _’U(d;, 7). (B1)
PNIJL model [26], which we will then use to calculate the T
density of quarks in the medium. This model successfully
describes QCD thermodynamics in the temperature regime
we are interested in, by coupling quarks to the chiral RIS +
condensate and to a temporal background gauge field H = =it (@-V+ ymg = ¢)p + Vi, ¢h), (B2)

Here H is the fermionic Hamiltonian density given by
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where ¢ is the N, = 3 quark field, @ = y,y and y, = iy,
in terms of the standard Dirac y matrices and mgy =
diag(my,, mog, mys) is the current quark mass matrix.
V (i, ) contains two parts: a four-fermion interaction
acting in the pseudoscalar-isovector/scalar-isoscalar
quark-antiquark channel, and a six-fermion interaction
which breaks U, (1) symmetry explicitly:

Vg, yt) = _g Z [(frpp)* + (hriysTips)?]

f=ud,s
K -
+ E[qf}‘,t(lﬁi(l + vs)))

+ (%s_t(‘_pi(l —vs) ;)] (B3)

Quarks move in a background color gauge field ¢ =
Ay = Ay, where Ay = 8 ,0g Al 1* with the SU(3), gauge
fields A% and the generators 1 = A%/2. The matrix val-
ued, constant field ¢ relates to the (traced) Polyakov loop
as follows:

1 B 1 )
d = N Tr[fPexp(if dTA4)] =3 Trei¢/T,

c 0

(B4)

The thermodynamic potential of the system is

2 2
Uu,d + 4 K
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FIG. 9. Total quark density as a function of the temperature
(PNJL model result).

where
o; =2G( ), Hp= —Hp,
[~ 5 K
Ep,f: p2+m]2c, mi:mOi_O'i_er(TjU'k.

(B6)

By minimizing the thermodynamic potential one can ob-
tain the behavior of the chiral condensates o; and of the
Polyakov loop @ as functions of the temperature and
chemical potential. After this procedure, one is able to

AT, p)="UD,T) + —= = —— 07, 0 evaluate many thermodynamic quantities. For example,
2? 4G 46 the quark density we are interested in is the sum of the
d’p —(E, — densities of quarks and antiquarks and can be obtained
=257 | —{In[1 + DeEps=r)/T q q
; ,[ )3 { nl ¢ through the following formula,
+ Do 2Ep —1)/T —ﬁe’3(E:Jy.r'*M/')/T] 7 a0 X 50 .
+ In[1 + e Ens AT + P~ 2E,~m)/T ng = m a—ﬁf’ (B7)
_ E
+ e 3En—A)IT] 4 3 2L (A2 — *2)}, (B5)
T and it has the following explicit form:
J
I Ny fl: 3explu/Tl(exp[2u/T] + ®exp[2E,/T] + 2P exp[(E, + u)/T])
w273 ) Lexp[3E,/T] + exp[3u/T] + 3® exp[(2E, + u)/T] + 3P exp[(E, + 2u)/T]
3(1 + ®exp[2(E, + u)/T] + 2P exp[(E, + u)/T]) 5
+ ] pdp. (B8)
1 +exp[3(E, + u)/T]+ 3Pexp[2(E, + u)/T]+ 3Pexp[(E, + n)/T]

We show the behavior of quark density in Fig. 9, for typical PNJL model parameters taken from the last paper of Ref. [26].

[1] E.V. Shuryak, Phys. Lett. B 78, 150 (1978) [Sov. J. Nucl.
Phys. 28, 408 (1978); Yad. Fiz. 28, 796 (1978)].

[2] G. Agakichiev et al. (CERES Collaboration), Eur. Phys. J.
C 41, 475 (2005).

014008-13



MICHAEL LUBLINSKY, CLAUDIA RATTI, AND EDWARD SHURYAK

(3]
(4]

G. Usai et al. (NA60 Collaboration), Eur. Phys. J. C 43,
415 (2005).

S. Afanasiev et al. (PHENIX Collaboration),
arXiv:0706.3034 [Phys. Rev. Lett. (to be published)]; A.
Adare et al. (PHENIX Collaboration), arXiv:0804.4168
[Phys. Rev. Lett. (to be published)].

K. Dusling and I. Zahed, Nucl. Phys. A825, 212 (2009).K.
Dusling, arXiv:0901.2027.

S. Turbide, C. Gale, E. Frodermann, and U. Heinz, Phys.
Rev. C 77, 024909 (2008).

R. Rapp, J. Wambach, and H. van Hees, arXiv:0901.3289;
H. van Hees and R. Rapp, Nucl. Phys. A827, 341c (2009).
K. O. Lapidus and V. M. Emelyanov, Phys. Part. Nucl. 40,
29 (2009).

R. Arnaldi et al. (NA60 Collaboration), Eur. Phys. J. C 59,
607 (2009).

R. Rapp and E. V. Shuryak, Phys. Lett. B 473, 13 (2000).
J. Liao and E. Shuryak, Phys. Rev. C 75, 054907 (2007).
M. N. Chernodub and V.I. Zakharov, Phys. Rev. Lett. 98,
082002 (2007).

C. Ratti and E. Shuryak, Phys. Rev. D 80, 034004 (2009);
C. Ratti, arXiv:0907.4353.

T. A. De Grand and D. Toussaint, Phys. Rev. D 22, 2478
(1980).

A. D’Alessandro and M. D’Elia, Nucl. Phys. B799, 241
(2008).

P. Aurenche, F. Gelis, R. Kobes, and H. Zaraket, Phys.
Rev. D 58, 085003 (1998); F. Gelis, Nucl. Phys. A698, 436

[17]

[18]

[19]
(20]

(21]
(22]

(23]

[24]

[25]

014008-14

PHYSICAL REVIEW D 81, 014008 (2010)

(2002); P. Aurenche, F. Gelis, G.D. Moore, and H.
Zaraket, J. High Energy Phys. 12 (2002) 006.

L.D. Landau and E. M. Lifshitz, The Classical Theory of
Fields, Textbook on Theoretical Physics, Vol. 2
(Butterworth-Heinemann, Oxford, 1980), 4th ed.

Y.M. Shnir, Magnetic Monopoles (Springer, Berlin,
Germany, 2005).

K. A. Milton, Rep. Prog. Phys. 69, 1637 (2006).

D. G. Boulware, L. S. Brown, R.N. Cahn, S.D. Ellis, and
C.k. Lee, Phys. Rev. D 14, 2708 (1976).

F. Karsch and M. Kitazawa, Phys. Lett. B 658, 45 (2007).
F. Karsch and M. Kitazawa, Phys. Rev. D 80, 056001
(2009).

E. M. Ilgenfritz, K. Koller, Y. Koma, G. Schierholz, T.
Streuer, V. Weinberg, and M. Quandt, Proc. Sci., LAT2007
(2007) 311 [arXiv:0710.2607].

Y. Kazama, C. N. Yang, and A. S. Goldhaber, Phys. Rev. D
15, 2287 (1977).

B. Berestetskii, L.P. Pitaevskii, and E.M. Lifshitz,
Quantum Electrodynamics, Textbook on Theoretical
Physics, Vol. 4 (Butterworth-Heinemann, Oxford, 1982),
2nd ed.

P.N. Meisinger, T. R. Miller, and M. C. Ogilvie, Phys. Rev.
D 65, 034009 (2002); P.N. Meisinger, M. C. Ogilvie, and
T.R. Miller, Phys. Lett. B 585, 149 (2004); K. Fukushima,
Phys. Lett. B 591, 277 (2004); C. Ratti, M. A. Thaler, and
W. Weise, Phys. Rev. D 73, 014019 (2006); S. Roessner,
C. Ratti, and W. Weise, Phys. Rev. D 75, 034007 (2007).



