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Computation of the p% order chiral Lagrangian coefficients
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We present results of computing the p® order low energy constants in the normal part of chiral
Lagrangian both for two and three flavor pseudoscalar mesons. This is a generalization of our previous
work on calculating the p* order coefficients of the chiral Lagrangian in terms of the quark self-energy
E(pz). We show that most of our results are consistent with those we can find in the literature.
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I. INTRODUCTION

The chiral Lagrangian for low lying pseudoscalar me-
sons [1,2] as the most successful effective field theory is
now widely used in various strong, weak, and electromag-
netic processes. To match the increasing demand for higher
precision in a low energy description of QCD, the appli-
cations of the low energy expansion of the chiral
Lagrangian are extended from early time discussions on
the leading p? and next to leading p* orders to present p®
order. For the latest review, see Ref. [3]. In the chiral
Lagrangian, there are many unknown phenomenological
low energy constants (LECs) which appear in front of each
Goldstone field dependent operator and the number of the
LECs increases rapidly when we go to the higher orders of
the low energy expansion. For example for the three flavor
case, the p? and p* order chiral Lagrangians have two and
ten LECs respectively, while the normal part of the p®
order chiral Lagrangian has 90 LECs. Such a large number
of LECs is very difficult to fix from the experiment data.
This badly reduces the predictive power of the chiral
Lagrangian and blurs the check of its convergence. The
area of estimating p® order LECs is where most improve-
ment is needed in the future of higher order chiral
Lagrangian calculations.

A way to increase the precision of the low energy
expansion and improve the present embarrassed situation
is studying the relation between the chiral Lagrangian and
the fundamental principles of QCD. We expect that this
relation will be helpful for understanding the origin of
these LECs and further offer us their values. In a previous
paper [4], based on an earlier study of deriving the chiral
Lagrangian from the first principles of QCD [5] in which
LECs are defined in terms of certain Green’s functions in
QCD, we have developed techniques and calculated the p?
and p* order LECs. Our simple approach involves the
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approximations of taking the large-N, limit, the leading
order in dynamical perturbation theory, and the improved
ladder approximation, thereby the relevant Green’s func-
tions related to LECs are expressed in terms of the quark
self-energy 2(p?). The resulting chiral Lagrangian in
terms of the quark self-energy is proved equivalent to a
gauge invariant, nonlocal, dynamical (GND) quark model
[6]. By solving the Schwinger-Dyson equation (SDE) for
3.(p?), we obtain the approximate LECs which are con-
sistent with the experimental values. With these results,
generalization of the calculations to p® order LECs be-
comes the next natural step. Considering that the algebraic
derivations for those formulas to express LECs in terms of
the quark self-energy at p* order are lengthy (they need at
least several months of handwork), it is almost impossible
to achieve the similar works for the p® order calculations
just by hand. Therefore, to realize the calculations for the
p® order LECs, we need to computerize the original cal-
culations and this is a very hard task. The key difficulty
comes from the fact that the formulation developed in
Ref. [7] and exploited in Ref. [4] does not automatically
keep the local chiral covariance of the theory, and one has
to adjust the calculation procedure by hand to realize the
covariance of the results. To match with the computer
program, we need to change the original formulation to a
chiral covariant one. In Refs. [8-10], we have built and
developed such a formulation, followed by next several
year’s efforts, we now successfully encode the formulation
into computer programs. With the help of these computer
codes we can reproduce analytical results on the computer
originally derived by hand in Ref. [4] within 15 minutes
now. This not only confirms the reliability of the program
itself, but also checks the correctness of our original for-
mulas. Based on this progress, in this paper we generalize
our previous works on calculating the p* order LECs to
computing the p® order LECs of chiral Lagrangian both for
two and three flavor pseudoscalar mesons. This general-
ization not only produces new numerical predictions for
the p® order LECs, but also forces us to reexamine our
original formulation from a new angle in dealing with p?
and p* order LECs.
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This paper is organized as follows: In Sec. II, we review
our previous calculations on the p? and p* order LECs.
Then, in Sec. III, based on the technique developed in
Ref. [8], we reformulate the original low energy expansion
used in Ref. [4] into a chiral covariant one suitable for
computer derivation. In Sec. IV, from the present p® order
viewpoint, we reexamine the formulation we had taken
before and show that if we sum all higher order anomaly
part contribution terms together, their total contributions to
the normal part of the chiral Lagrangian vanish. This leads
to a change in the role of finite p* order anomaly part
contributions which originally are subtracted in the chiral
Lagrangian in Ref. [4] and now must be used to cancel
divergent higher order anomaly part contributions. We
reexhibit the numerical result of the p* order LECs without
subtraction of p* order anomaly part contributions. In
Sec. V, we present the general p% order chiral Lagrangian
in terms of rotated sources and express the p® order LECs
in terms of the quark self-energy. Section VI is where we
give numerical results for p® order LECs in the normal part
of the chiral Lagrangian both for two and three flavor
pseudoscalar mesons. In Sec. VII, we apply and compare
with our results to those of some individuals and combi-
nations of LECs proposed and estimated in the literature,
checking the correctness of our numerical predictions.
Section VIII is a summary. In the Appendices, we list
some necessary relations among our symbols and those
used in the literature.

II. REVIEW OF THE CALCULATIONS ON THE p?
AND p* ORDER LECS

Theoretically, the action of the chiral Lagrangian at the
large N, limit derived from the first principle of QCD takes
the form [5]

~iN Trinfiff + Jo — o] + iN, Trin[if + Jq]
— iN,Trin[if + J] + N, Tr[®q 11}, ]

_ n—1
+NCZjd4 e dtx ’—l) (N'g)
n.

Sett =

~O Oy, /.. /
X GP]"'p,, (xl: Xl, » Xno xn)

1
X R a)) - @G )+ O(3) (D)
in which Jg, is the external source J including currents and
densities after Goldstone field dependent chiral rotation ):
Jo =[QP + QTP [T + iflQP; + QTP ]
= Yo +davys —sa +ipays
J=yY+ dys—s+ipys U=Q0>% ()

D, and Il are two point rotated quark Green’s func-
tions and the interaction part of two point rotated quark
vertices in the presence of external sources, respectively;
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D, is defined by

D) = - PREHO)

= —i[(if +Jo — o)~ PP7(y, x)
o) =[Qx)P, + QT (x)PRl(x) (3)

with subscript . denoting the classical field and ¢ (x) being
light quark fields. Gp'. 0" (xy, x}, - -, x,, x},) is the effec-
tive gluon n-point Green’s function and g, is the coupling
constant of QCD. It can be shown that the term in the third
to fifth lines and the last term in the second line of the right-
hand side (rhs) of Eq. (1) are independent of pseudoscalar
meson field U or ) and therefore are just irrelevant con-
stants in the effective action, while the second term in the
first line and the first term in the second line of the rhs of
Eq. (1) are anomaly part contributions, since they represent
the variations of the path integral measure for light quark
fields . The remaining first term is called normal part
contribution which relies on IIg.. The ® . and II,. are
related by the first equation of (3) and determined by

[Dg, + E]7° + Z [d4x1d4xl d*x,d*x),
n=1
_A\n+l1 N n
wam oy X 1 5L)
- 1
X QG 1) - O e t) = Oy ). @

1

where = is a Lagrangian multiplier which ensures the
constraint tr;[ys®{, (x, x)] = 0. Equation (4) is the SDE
in the presence of the rotated external source. In Ref. [4],
we have assumed the solution of (4) approximately by

Mge(x y) = [2(VD]7P8*(x — y)

) , 5)
V& = gt — lvg(x),
where 3, is the quark self-energy which satisfies SDE (4)
with vanishing rotated external source. Under the ladder
approximation, this SDE in Euclidean space-time is re-
duced to the standard form of

d* as (p — q)* 3(q%)
(p?) — 3C2(R)[ 1 [p q;IQ ] 2+ gz(q2) =Y
(6)

where C,(R) is the second order Casimir operator of the
quark representation R, in our case, quark is belonging to
the SU(N,) fundamental representation, therefore C,(R) =
(N? — 1)/2N, and in the large N, limit, we will neglect the
second term of it. a;(p?) is the running coupling constant
of QCD which depends on N, and quark flavor. With these
strong and not everywhere justified approximations, the
resulting action (1) of the chiral Lagrangian becomes the
GND model introduced in Ref. [6],
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1
Setr = Senp T O<N—)

Senp = —iN, Trin[if + Jo — 3(V?)]

+iN, TrIn[if + Jo] — iN. Trln[if +J].  (7)

in which the third term on the rhs of (7) is independent of
pseudoscalar field U; therefore it only affects the contact
term of the chiral Lagrangian. In fact, for the contact term
part, we can take ) = 1 in (7), then

Sefflcontact = _iNc Tr ln{iﬂ +J - 2[(6 - iv)z)]}

o)

For the noncontact terms concerned in this paper, we can
|

®)
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ignore the third term on the rhs of (7) and the next key
element is to compute term Trin[if + Jo — 3(V?)]. The
remaining term Trin[i# + Jq] in our previous work is
obtained by further taking the limit X — 0 in
Trin[if + Jo — 2(V?)]." Since anomaly terms are at least
the p* order and at this order, anomaly is the well-known
Wess-Zumino terms which have no unknown LECs (In
Ref. [11], we have derived such terms from Sgyp). All
unknown LECs at p? and p* orders are in the normal part
of the chiral Lagrangian, so to calculate the p* and p* order
LECs, we only need to discuss the normal part of the chiral
Lagrangian which is in fact the real part of Trln(- - -). With
the help of the Schwinger proper time method [7], this real
part in Euclidean space-time® with metric tensor gt =
diag(1, 1, 1, 1) can be written as

) 1 _
ReTrin[# — i — idoys — so + ipays + 2(=V)] = 3 Trin[[# — i¥o — idays — sa + ipays + 2(=VI)]T

X [f — ibg — idoys — sq +ipays + 2(=V)]]

1
—— lim

o _ -
[ a /d“xtr(xl exp[—71[E — (V — iag)?
2A—>oo ]/A2 T

+ 32(=V?) + 1o 3(=V?) + 3(=VH)Ig — d3(=VH)]]Ix)

—— lim

d*k

odr /d“x[
/A2 T Qm)*

2 A—oo

X trexp[—7[E + (k + iV, + ag)? + 32((k + iV,)?)
+ 103k +iV,)?) + S((k + iV ) — d3((k + iV ))]],

in which

€))

g . . . .
E= 1[7’" Yo IREY + vy, d*(sq — ipays) + iyulagys(sa — ipays) + (sa — ipays)agys)

+ 55 + rg — [sa. palivs

d*O = 90 — i[vf), O] (O = any operator)
VQ,;U/ = i[v;u vv] vg = ot — IUS(X)
Io = —idoys — so + ipaYys

R#Y = VEY —ilaf, a1 + (dFa} — d”a()ys
Ig=
A3 (=V?) = y,a*3 (= V).

—idoys — sq — ipaYs

In (9), a cutoff A is introduced into the theory to regularize the possible ultraviolet divergences. In practical calculations,
we treat it as the physical cutoff of the theory. Taking the low energy expansion for (9), we can finally express TrIn[if +
Jo — 2(V?)] in terms of power expansion of external sources with coefficients being 3 dependent functions. Further
vanishing 3, we obtain Trln[i# + Jq]. Then the rhs of (7) is expressed in terms of power expansion of rotated external
sources; compare the result with the parametrization of the effective action without applying the equations of motion for

pseudoscalar mesons,

'This will cause some confusion and we are going to discuss them in Sec. IV.
2Our extension from Minkovski space to Euclidean space takes x°|,, — —ix*|z, x|y — X1y Y0l — ¥*es ¥y — i¥lE, with
i = 1,2, 3 being space indices and there y}; are Hermitian. v{,, af; transform as x*. ysly — ¥slg, sly — —slg, ply — —ple.
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Setf = [ci“)ctrf[cmzQ + F3Bysq — Z]C(norm o #))[dﬂ LP - J(gnorm’n“"#o)(d“a;’) —d’ag)d a0, — d,aqg,,)

+ K(norm HQC?ﬁO)[ 2 ]2 + :K:(norm M. #0)

aQaQaQ Mdn v + :](:

(norm, IT . #0) a2 trf[an]

+ :K-(Gnorm,l_lm;EO)aSag2 trf[aQ Laq, 1/] + K(norm,HQC;éO)sz + K(norm,HQC#: )SQ trf[sﬂ] + :K-(gnorm,HQC;EO)p?)

+ K(lrz)orm,HQC#O)pQ trf[pQ] + :K-(norm HQC;EO)S aQ K(norm Hgﬁﬁ())s trf[a?l] _ K(lr:liorm,HQ[#O)VgVVQ‘MV
+ i.’K(]Trm'H““#))ngagyﬂaﬂy,, + Kﬂ‘gorm’nﬂ‘#o)pgd#ag] + O(p®) + U-independent source terms. (10)

We can read out F3, Bj, and georm Iac£0) g —

., 15 as functions of 3. .’K(mrmln“‘#o) relate to the
conventional p* order LECs through (25) of Ref. [4]. A
superscript ™ Ta:#0) on each of K; denotes the property
that when Il = 3 = 0, all K, vanish, i.e.

:](gnorm, Ho.#0) _ Kgnorm)

Kgnorm) 2:0 :]('E_norm, I1o.=0)

_ K(_norm,HQCZO)
i=1,...,15 (11

where K™ and — Ko™ H0=9 are the contributions to
the effective action from the first and second terms and the
third terms in the rhs of (7), respectively. Replacing super-
script oM Mac#0) with (o) jn the rhs of (10), we obtain
term —iN, Trin[if + Jo — 2(V?)]. Replacing superscript
(morm, Mo #0) yyjth (ormTa=0) and vanishing F3 in the rhs
of (10), we obtain term —iN,Trln[if + Jo]+
iN. Trin[if + J]. The resulting formulas for F3B,, F3,
and K™™ expressed in terms of 3 are explicitly given
in (34), (35), and (36) in Ref. [4].

With the analytical formulas for LECs of F3, By, and
KEnorm,HQﬁéO) fori =1,...,15 as functions of X, we can
suitably choose running coupling constant a,(p?), solve
SDE (6) numerically obtaining quark self-energy 3., then
calculate the numerical values of all p? and p* order LECs.
To obtain the final numerical result in Ref. [4], we have
assumed Fy, = f,. = 93 MeV as input3 to fix the dimen-
sional parameter Agcp appearing in running coupling
constant a,(p?) and taken cutoff parameter A appearing in
(9) equal to infinity and 1 GeV, respectively. The final
obtained values are consistent with those fixed
phenomenologically.

III. CHIRAL COVARIANT LOW ENERGY
EXPANSION

Equation (9) is the starting point of our reformulation in
this section. In Ref. [4], we expand (9) up to the p* order
and obtain the analytical result. This expansion is not

*Later we will use a changed value F, = 87 for the two-flavor
case. For detail, see the discussion of Eq. (58).

explicitly chiral covariant, since the operator V# which
appears in the formula is not always covariant under the
local chiral symmetry transformations. For example, when
V# acts on a constant number 1, it gives V#1 = —ivp (x)
which is not covariant since vg(x) itself behaves as the
gauge field in the local chiral symmetry transformations.
Only when they combined into commutators, such as
[VE VY] or [V, a$ (x)], the covariance recovers back.
Therefore in the detailed calculation, we need to confirm
that all V4§ appearing in the result can be arranged into
some commutators. This is a conjecture. In the original
work of Ref. [4], we have found that this conjecture is valid
up to some terms with coefficients being expressed as
integration over some total derivatives, i.e. form of
[d*k=2: = g(k). If we ignore these total derivative terms,
up to order of p*, we can explicitly prove the conjecture. At
the stage of our earlier works, we did not question the
reason why we can drop out those total derivative terms [In
fact, in Eq. (74) of Ref. [5], we have shown that in order to
obtain the well-known Pagels-Stokar formula, a total de-
rivative term must be dropped out.] This leads to further
discussions on the role of total derivative terms in the
quantum field theory [10]. Later in this section, we will
give the correct reason for dropping out those total deriva-
tive terms. Arranging various V¥ into commutators is a
very tricky and complex task which is very hard to be
achieved by computer. In order to computerize the calcu-
lation, we need to find a way which can automatically
arrange all @ff into some commutators. This leads the
developments given in Refs. [§—10], where we have intro-
duced

k# + iVE = eiV«'ﬁ/c’*k<kﬂ + FM(V, %))e—fv«'ﬂ/f’k, (12)

in which
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F#(V ik) = —eAdHva*/f’k)(F[Ad(iv )] fo))
9
1
8
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AP BB G W S S V7S V) LS P99 W) S A
=—(v —=(Av - vi) ————— + —(opAv
2 kT 3 ik T 8 P e artak T 30 TP Gkrake ok ok
65
+ —(SopAv + 0(p7),
144( TPAV) S s a0
©  _n—1
4
Fz)=) = [Ad(B)]"(C) = [B,[B,---,[B,C]---]]
= ! - —
2 n times
(Bntn—1 - popy) = [VE [V - [VE2 V] 1) (13)
|
where the default set of Lorentz indices for  ReTrIn[f — igg — idqys — sq + ipays + 2(—V?)]
(p My mopmy) is the superscripts. In some cases,

we need subscripts. We will use w to denote the corre-
sponding subscript for . Note that in the present notation
for (,pp_1 "+ mopm), we do not explicitly write V., but
only their Greek superscripts for short. If we use other
symbols, such as s which appeared in (usq) and ag) in
(may,), then we take the definition that (usqg) = [VY, sq ]
and (Mag) = [vx’ ag]
Substitute (12) into (9); we change (9) to

ReTrln[ff — ido — idoys —sa +ipays +2(—=V?)]
| AL
/A2 T 2m)*

Xexp{—7[E+ (k+F)*+a,ys(k* + F*)
+ (k* + F*)a, ys + @ + 22 ((k+ F)?) + T2((k+ F)?)

=——1lim
2 A—co

+3((k+ FPR =y, [VE S+ BPDI 1 (14)
with tilde operation defined as
b=0-i00)" — Lo+ 1m0
— v - 14 e — — 14
ak” 2 ook 6 F
93 1 9%
X4 (gpavO)— T
seariare 23 PO
85
—(8opAvO + 0(p"),
120( TpAvO) s iarraiiare T 0P
(15)
where = (E J K, a*, a* 6#)T and 0=

(E 11 af, a}, V“)T Note that for finite cutoff A, the
value of parameter 7 must be real and larger than zero;
the term e~ "% in (14) then provides a natural suppression
factor for the momentum integration and this leads the
convergence of the integration. For a converged integra-
iVi-0/9k in front of the
since the difference

tion, we can replace the term e
integration kernel in (14) by 1,
(eiVid/9%k — 1)... is some momentum total derivative
terms which vanish as long as we have nontrivial suppres-
sion factor e~ % With these considerations, (14) becomes

=——11

B .
-1,
2 Ao [1/A2 T / f(2 )t tre

(16)

B=—1[E+ (k+F)?+a,ysk* +Fr) + (k¥ + F*)a,ys
B+ 32((k+ F)2) + TS ((k+ F)?)

+3((k+ PR — y,[VE S((k+ FP)]] (17)

From (17), we see that all V# in (16) appear as commuta-
tors, therefore (16) and (17) offer a covariant formulation
which matches the general result that the real part of
Trln- - - should be invariant under local chiral transforma-
tions. The price is that we need to handle many momentum
derivatives on the exponential and the resulting computa-
tions become extremely lengthy. But as long as our refor-
mulation is suitable to computerize, it is worth paying such
a price. To deal with the next problem of derivatives on the
exponential, we first take the low energy expansion on B,
1 1 1 1

1
B=BO+BI+§BQ+§B3+4TB4+§BS+536

" (18)

where % B, is the p" order part of B. We further introduce a
parameter ¢ dependent B(z) as

+ ..

t2 £ t* r
B(t)=By+tB; +—B,+—By+—-B,+—B
(t) 0 1Ty By T By T Ba T o Bs
/6
o Be
B = B(1)|,-. (19)
Then take Taylor expansion of ¢#®) at point t = 0,
eB = eB(t)lt:1
— b0 + [ﬁ eB(z)] l[d_ B(r)]
dt —o  2'Ldr =0
3 4
+ — [d (t)] +i|:d_ B(t):l + o (20)
3‘ dt3 =0 4 dl'4 =0

With the help of identities
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[er]es = raamn(3)

=1 z |z
fla) = TEY

21

One can explicitly work out L[4 ¢B(0)]_,, for several

lowest orders

| dt"

d
EeB(’)h:o = B f[Ad(—By)1(B)), (22)
dz B(z) d B(1)

g li=o = li=ofTAd(=By)](B))

L oo %[m(—m))]l,zowo

+ B fTAd(—By)1(B,), (23)

where

[e o]

df[Ad( B(1))] Z

iy g A BT

(24)

For the more higher orders needed in our computations, to
save space we do not write them down in the present paper;
the results of 4 L B0 . & 4 B0 . £ & ¢BO| _ . and
tﬁ eB(’)I, o can be found in Appendix A of Ref. [12].

With the help of (22), (23), and (A1)—(A4) of Ref. [12],
as long as the By, By, B,, B3, By, Bs, Bg are known, (20) is
known and we can substitute it back into (16) to calculate
the real part of —iN, Trin[if + Jo — 2(V?)] order by
orders up to the p® order in the low energy expansion. To
obtain B;, (17) tells us that the difficulty is the low energy
expansion for 2((k + F)?). To achieve it, we expand the
argument of 3((k + F)?) as

1 1 1 1

. 1
k+ F? =k +-A+—Ay+ —Ay + —As + —A
( ) 272 7673 T 4™t T 1207 T 72070
+ 0(p5’6)|traceless + 0(]97), (25)
in which
A = —2(ur)k, = (26)
= — vV -_—,
2 KPR u ghew
82
Ay = 41(’“1}/\)](’/8/0”’8/()‘ + 2i(pupr) — aky, 27
03 a2
Ay =6(uvAp)ky——— + 6 A
4 (LvAp)ky K Ik kP (,U«V)(,U« )ak”ak’\
2 62
+3 A +3 A)———, 28
(nvy )akﬂakA (wvp )akvak” (28)
As =0, (29)
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4

kM Ik 9kP Ok
84

Akt kA kP 9k

Ag = —90(nvAp)(Ao)

— 80(urA)(pro) (30)

Since we are only interested in the terms not higher than
p®, we find that those traceless terms of p> and p® orders
will not make contributions to the final result. So to save
space and simplify the computations, we do not explicitly
write down the detailed structure of them, just represent
these terms with symbol O(p>®)|yaceless and remove the
traceless term in A5 and Ag. We further introduce A(r) as

A(t)sk2+fA +5A +—4A +iA +iA
272 67 T4 T 12077 72070
+ 0(p5’6)|traceless + 0(p7)
Al — {"2 =0 (1)
k+F)? t=1.

Then
S((k + FP) = S(02) + [i E[A(t)]]
Ird
o [ i L slaG )]] o+ §[W2[A“)]],zo

Now, we need to know [47 3[A(1)]],—, using the following
formula:

S[A(N] = 3[s + AD)]l,= = L/ 3I5 (5)e A0/
= eA(t)[a/aS]z(s)lx=0’ (33)

then
[dn’ S[A(r )]] - [j%em)[a/m]

Therefore to compute [4% 3[A(1)]],—p. we only need to
calculate [4; eA9/95],_5(s)|,—o which is just equivalent
to replacing B; —>Al% in (22), (23), and (A1)-(A4) of
Ref. [12], followed by multiplying an extra factor X(s) at
the rhs and vanishing parameter s after finishing all differ-
ential operations. Following this calculation road map, the
detailed calculation gives

_ eAd{Ao[a/as]}( f[ Ad(_ A i) ] Al)
as

X El(S + AO)|S=0 = O, (35)

()]0 (34

t=0

[4stam ]
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1 d

1T d? .
] [W E[A(r)]] =3 eAd{Ao[a/as]}[(e /01 £ MO0/ _y ¢
—
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(o)) i)+ o))

t=0

o) oo

’ k ’
(Iu’ V) Ek ok

(36)

where 3, = 2(k?). For more higher orders, we list the results of[ ~STAD =, [dt4 2[A(D)]]=os [dﬁ 3[A(1)]],=¢, and
[L <5 2[A(1)]],=o in Appendix A of Ref. [12]. With these results, we ﬁnally obtain the low energy expansion of B:
By = —7(k* + 2}), (37)
By =27(—agk, + iagy,20)7s, (38)
B, = —2a}7 + (uv)y v, — anagl v volr — l(d"aQ —d"ag) Y YyysT T 4sqr3 + 2uv)rhk, — ak”
d
+4(pag)y, stk 2 + 4(#“9)')’1/)’572k p+ 2i(pao,)yst + dilnag)ysth, o0

Jd
+ 4i(uv)y, 7k, %) + 4(,U,V)TkMEkE§CW.

We list B3, By, Bs, and B in Appendix A of Ref. [12]. With
these explicit expressions for By, By, B,, B3, B4, Bs, Bg,
using (22), (23), and (A1)—-(A4) of Ref. [12], we get (20)
and further substitute (20) back into (16); we can obtain the
real part of —iN, Trin[if + Jo — 2(V?)] order by orders
up to the p® order in the low energy expansion. The
analytical results of p? and p* orders are the same as those
given by (34), (35), and (36) in Ref. [4], except some total
derivative terms which, as we mentioned before, can be
ignored as long as we take finite cutoff A.

IV. AMBIGUITIES IN THE ANOMALY PART
CONTRIBUTIONS TO THE CHIRAL
LAGRANGIAN

In the last section, we introduced a chiral covariant
method to calculate Trin[if + Jo — 3(V?)] which is al-
ready computerized now. With the help of the computer,
for the p? and p* order analytical formulas in the low
energy expansion, we can get results within 15 minutes,
while for the p® order terms, we need roughly 13 hours to
output all expansion results. From our general result (7),
the term —iN, Trln[if + Jo — 3(V?)] is the normal part.
To get the full result of the chiral Lagrangian, we need to
calculate the remaining anomaly part contributions
iN,Trln[if + Jo] — iN,. Trln[ig + J]. As the discussion
of Ref. [13], in the 1980s there was a class of works (see
Ref. [14]) identifying this part as the full chiral Lagrangian,
and in Ref. [13] we refer to them as the anomaly approach
of calculating LECs. In our previous work [4], we pointed
out that these anomaly part contributions are completely
canceled by the normal part contribution, left nontrivial
pure 3 dependent terms contribute to the chiral
Lagrangian.

(39)

|

For the anomaly part contributions, the key is to calcu-
late the U field dependent term Trln[i# + Jqo] which, as
we mentioned before, can be obtained by vanishing 3 in
Trin[if + Jo — 2(V?)]. In practice, the limit was taken by
first assuming 3 as a constant mass m and then letting m —
0. For p? order, this operation gives a null result, while for
p* order, it gives the result originally presented in the
anomaly approach. Now in this work, naively what we
need to do is to generalize the calculation to p® order.
But to our surprise, we get many terms with divergent
coefficients. Checking the calculation carefully, we find
that the reason for appearance of infinities is due to the fact
that most of the coefficients in front of the p® order
operators have dimension of 1/m? which goes to infinity
when we take the limit 3, = m — 0. Note that the p® terms
may also have coefficients of 1/A? which are finite in the
limit of m — 0, although they vanish when we take A —
oo. These terms are irrelevant to our discussion on the
divergence of p® order terms and therefore we do not
need to care about them. Applying the argument on 1/m?
dependence of the p® order coefficients back to the p? and
p* order results we discussed before, coefficients in front
of p? order operators have dimension of m? which goes to
zero; this explains the phenomena that anomaly approach
cannot produce p? order terms. For p* order, the coeffi-
cients in front of operators are dimensionless and therefore
the m dependence is at most logarithmic of the form
Inm/ A which implies existence of a logarithmic ultraviolet
divergence. Since we know that in the large N, limit, the p*
order LECs (noncontact coefficients) are not divergent, the
Inm/A term then cannot appear in the final expression of
these LECs, therefore in p* order, anomaly approach leads
finite result LECs. In general for a p?" order operator, the
corresponding  coefficient should have dimension
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1/m?"=2)_This implies that the infinity in the anomaly part
contributions will be a general phenomena, when we go to
the higher orders of the low energy expansion, since the
higher the order is, the more negative powers of m depen-
dence the coefficient will have and these negative powers
of m will result in infinities as we take limit % = m — 0.

The appearance of these high order infinities provides
more evidence that the anomaly approach is not a correct
formulation in calculating LECs, at least not for the p® and
more higher order LECs. Since the high order divergence
term is an additional part of our general result (7), we
cannot avoid them in our computations. How should we
deal with these high order infinities from negative powers
of m? There exists an alternative way, not relying on the
low energy expansion, to examine these anomaly part
contributions in which we must exploit the first equation of
(2) and we find

Trin[if + Jo] — Trin[ig + J]
= InDet[if + Jo] — InDet[if + J]
= InDet[[Q P + Q1P [J + if ][ QP + Q1 P, ]]
— InDet[if + J]
= InDet[[Q Py + QT P, [QPx
= Trin[[QP; + Q1P [Q P,

+ QtpP, ]
+ Q*PL]]. 40)

For our interests, we are only interested in the real part of it,
then

Re Trin[if + Jo] — Re Trn[if + J]
= ITrIn[[QP; + QTP OP; + Q1P ]T]
+1Trin[[QPg + QTP I QP + QTP ]T]
= ITrIn[[QP; + QTP J[OQP; + Q1P ]]
+3Trin[[QTPg + QP QTP + QP ]]
Trin[[Pg + P, ][Pg + P, ]]=1Trnl =0, (41)

1
2

which shows that the compact form of anomaly part con-
tributions to the normal part of the chiral Lagrangian is
zZero.

How can this null result be consistent with another
divergent result obtained from the low energy expansion?
The only possible explanation is that the p* order finite
term plus all those higher order infinities results a zero ! Is
it possible? A well-known positive example is the expan-
sion 1/(1+x)=1—-x+x2—-x+x*—x+x0—---
goes to zero when x is very large, which implies that the
summation of series x — x>+ x3 —x* +x° —x0+ .-

PHYSICAL REVIEW D 81, 014001 (2010)

converges to 1 when x is very large and each individual
term in the series diverges. In the following we take a more
realistic but simplified example to show that this really
happens in our formulation. Our example starts from (9)
for the case of % equal to a constant mass m:

Re Trin[f — i¥o — idays — sa + ipays + m]

. o dT
= —— lim —
2 A—oo /A2 T
d*k S b 4
X a4 f tre 7K Tkb'+m +bm+C), 42
b =2iV¥ + 24"  b=1Iy+1,
Q (43)

C=E+(iV, + ag)

For simplicity, we ignore the contributions from b’ which
does not change the key result of our discussion. Then our
example becomes investigating the following integration:

I = /‘oo ﬂ /00 kdeZe*TszTmzfrbm*TC (44)
/A2 T Jo

with b and C not commuting each other. We will show that
high order terms in the low energy expansion of the above
integration / will go to infinity when we take m — 0, but if
summing all the expansion terms together, we get a finite
result which corresponds to the previous null result of
summing all higher order terms of anomaly part contribu-
tions into a compact form. We use three different methods
to finish the above integration and explain our point. The
first method is to vanish m first and then to finish the
integration, i.e.,

Ilm 0= [ de K2dk2e *TkZ*TC_'[OO d_;.e*TC
1/A2 /A2 T

_ C/A2 A2 = Ce —C/A\* _ 2C2El( C)

2 2 A2
(45)
where
Ei(—x) = —f”e du
x U
=y + Inx + i(_l)nx" |x] < oo. (46)
“~ nln

The second method is first finishing the integration and
then vanishing m,
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I = /‘oo ﬂ OokdeZe—T(kz-%—mzw‘—bm+C) —
1

PHYSICAL REVIEW D 81, 014001 (2010)

[00 dT —T(m2+bn1+C)
1

/AT /A? 73
— /\;e(m”bmw)z/A2 _ Al +2bm T O o romrcp/n %(m2 + bm + C)2Ei<_ " +/l;}2n - C)
m—0 A4 _ 2 A2 _ 2 1 C
= 7 e C/A* _ 7 Ce C/A C2E1< A2> (47)

We obtain the same result as that obtained in the first method, therefore interchanging the order of integration and the

m — 0 limit does not change the result.

The third method is first taking Taylor expansion in terms of the power of b and C which corresponds to performing the
low energy expansion and then finishing integration, finally vanishing m,

I=joo / K2dk2e Tk —m? Z—( Tbm — 7C)" —[m dre
1/A2 T 1/A?

bm — C)"

= 1
—rm? § n—3(_
n!T (
n=0

A4 2 A2 2 1 m A WL2
— 4 —m2/A% _ -m2/A? _ " wif — _ 34 2 —m?/A? 4 ( ))
m (2m4e 57¢ 2El< A2>) (bm> + Cm )(m Ei A2
0o _ )n+3 2
_ + 2 + 4 +
(bm 0) El( AZ) nzzoi(” sy F(n 1, Az)
m—>0A4 2 0 2 ad n! b C n+3 4 —m2/A2 /L 1 m2 k
=v Z + " (2= m?/A — (=
LS E‘( AZ) 2 3)!( m mz) mte NS g (AZ) o (45)

We see that there are negative powers of m terms which
will cause divergence when we take limit m — 0. This is
just what has happened for the high order terms in the
anomaly part contributions. So if we calculate term by
terms in above expansion, we will meet infinities which
seems to contradict with results obtained in the first two
methods. The only way left to escape this contradiction is
to sum all these divergences together; to see what will
happen after the summation, we introduce a series,

00 ¥ k

srey=Y M ey (49)
Znt3) &k

in which ¢ = m?/A? and x = — 2 — 2, which will go to

negatlve infinity when m — 0. With ‘the help of relation

El( X) —Tx and boundary condition g”(0,c) =
J

A* 1
Ilm:0 = rlﬂlil})[? - CA2

m

2 2 A?

m—0

. m —m2/A2
- ECZEl( A2) + mte /A g(—

A?* 1 2
1m{-—aﬁ——@E< )+ wm+c+m%{ (

I
g'(0,¢) = g(0,¢) = 0, we find

g ) =

g"(x,c) = e‘[—Ei(cx — ¢) + Ei(—0)],

g'(x,c) = (x — 1)e‘[—Ei(cx — ¢) + Ei(—c)]
1
)
C
2(x, ) = %(x 1P [—Eilex — ¢) + Ei(=c)]

x—1 1 1 X
+ Fh—+—(eF—1)—=. (50
2¢ ¢ 2¢  2c (e ) c (50)

Then (48) becomes

b_C m_2>]
m  m? A2

bm — C — m? m?
) e )]

+ %AQ(_bm —C - ’,n2)e(—bm—C—m2)/A2 + E‘A2n12€—m2/1\2 + EA/Xél(e(—l;m—C—mz)/A2 _ e—mz/Az) + AZ(bm + C)]

1
=——@E(
2

C 1 e 1 a2
A2) - EAZCe C/A* 4 §A4e C/A,
It is the same as the results obtained from the first two
methods, i.e. summing all those infinities together, we
obtain a correct finite result.

With the above discussion, our result now is that the
total anomaly part contributions to the normal part of the

(D

|

chiral Lagrangian vanish. Just taking several individual
terms cannot reflect the true result of the full action. In fact,
finite result of the p* order plays a role to cancel the
summations of all higher order terms. Finally, it gets the
total summation zero. In this sense, in order to make sense
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for the p® and more higher order divergent terms, we must
sum them together and then we get the p* order result with
an extra minus sign. To avoid the appearance of divergen-
ces in p® and higher orders terms, what we need to do is to
drop out all anomaly part contributions, since divergences
from high order terms are finally canceled by p* order
terms. In this view, our general result (7) must be changed
to

Sefflnormal part > —iN.ReTr ln[iﬁ +Jo — E(Vz)] (52)
In fact in Ref. [11], we already show that including the total

effective action in the anomalous part takes the form [see
Eq. (21) in Ref. [11]]

Senp = —iN, Trin[if + Jo — 2(V?)]

+ Wess-Zumino terms. (53)

With this new viewpoint on all anomaly part contribu-
tions, we need to modify our original numerical results on
p* order LECs, since it takes into account the finite values
of anomaly part contributions, and now we know that these
nontrivial values must be used to cancel the infinities
coming from all higher order terms. In Table I, we list
our modified p* order LECs for cutoff A =
10007199 MeV. The 10% variation of the cutoff is consid-
ered in our calculation to examine the effects of cutoff
dependence and the result change can be treated as the
error of our calculations. The result LECs are taken the
values at A = 1 GeV. The superscript is the LEC’s differ-
ence caused at A = 1.1 GeV and the subscript is the
difference caused at A = 0.9 GeV, i.e.,

L |LA=1,1 Gev ~LA#1 Gev
A=1 GeVILy_4o Gev—La=1 Gev

Ia=11 Gev—IA=1 Gev
or  Ix=1 Gev IA=09 Gev—IA=1 Gev’

(54)

Z_A LG V|{1\=1.1 Gev ~la=1 Gev
TPV 09 Gev—Ia-1 Gev

In obtaining the result, we have taken the running cou-
pling constant as model A given by (40) of Ref. [4] and the

TABLE 1.

PHYSICAL REVIEW D 81, 014001 (2010)

low energy value of this «; is already chosen well above
the critical value to trigger the SySB of the theory. It
should be noted that «; depends on the number of quark
flavors, so does for % from SDE. In fixing the Agcp, we
have taken input Fy = 87 MeV. The reason for taking this
value is that if the final F, is around the value of 93 MeV,
then our formula shows F, must be located around
87 MeV. In Sec. VI, we will exhibit this phenomena
explicitly.

V. p® ORDER OF CHIRAL LAGRANGIAN:
NORMAL PART

The general form of the p® order chiral Lagrangian was
first introduced in Ref. [15] and then discussed in Ref. [16].
Now we can express the normal part of it in terms of our
rotated sources as we have done in (10) for the p* order
terms. Considering that our computation is done under the
large N,. limit, within this approximation, terms in the
chiral Lagrangian with two and more traces vanish when
we do not apply the equation of motion. To avoid unnec-
essary complicities, in this paper we only write down those
terms with one trace,

94 _ 1
SefflpG,normal = fd4x|:nzl Zn trf[On] + O(E)]! (55)

with O, being the p® order operator we could get in our
calculation and Z, being the corresponding coefficient;
O(Ni) consist of most multitrace terms. Our computations

then give the explicit expressions of Z,, in terms of quark
self-energy. The detailed expressions are given in (B1) of
Ref. [12]. The definitions of operators O, for n =
1,2,...,94 are given in Table II, where some operators
have i in front of them to ensure their coefficients being
real. In Ref. [16], the p® order operator was denoted by Y;
for the case of n flavor with coefficient K; [17], O; for the
case of three flavor with coefficient C;, and P, for the case
of two flavors with coefficient c;,

The obtained values of the p* coefficients L, ..., L, for three flavor quarks and [; ..., I, I; for two flavor quarks where

i =5yl + ln’;’i—g’) fori=1,...,7, u = 770 MeV, and v; are given in Ref. [2]. Since y; = 0, we calculate /; instead of ;. We

collect the experimental values given in Ref. [2] and our old result given in Ref. [4] for comparisons. Agcp, and A and —{(h )3 are

in units of MeV, and L, ..., Lo, [; are in units of 1073,
Agep =)' L, L, L L, Ls Lg L, Lg Ly Ly
A = 10007100 45378, 260.5 1.2370%3 2467007 —6.85700 0.0700  1.48700)  0.0700  —0.51700  1.027005 8.867033 —7.40,03]
Ref. [4]: 484 296 0403 0805  —347 0 1.47 0 -0.792 1.83 2.28 —4.08
Experiment 250 09*031.7x07 —44*250%=05 22*x05 0*03 —04=*01511+0374=07 —60=07
Ager =)' ) E B Is ls Ly
A = 10002190 46526, 2278 —4.77.54 8.01109 1977022 4347000 17.351033  19.98104 —8.187939
Experiment 250 —23#+3760*13 29+2443+09139*+13 165=*1.1 0(5)
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112
_ 4
Sefflpﬁ,normal - fd X

We list down the relations among symbols used in the
present paper and those in Ref. [16] in Table XV of
Appendix A. Consider that our parametrization of the p®
order chiral Lagrangian (55) is general to the case of n
flavor quarks; there exist some relations among our coef-
ficients and n flavor coefficients given in (56). With the
help of computer derivations, we have worked out these
relations and list them in Appendix B of Ref. [12]. As a
check, we vanish the quark self-energy X in the codes
which correspond to taking m = 0 before other further
calculations and find the null p® result. This verifies the
analytical result discussed in Sec. IV that the anomaly part
contributions do not contribute to the normal part of the
chiral Lagrangian. Another consistency check is done for
those operators which have two terms combined together

i—1 Ki;Y; + 3 contact terms
2, C;0; + 4 contact terms three flavors
323, ¢;P; + 4 contact terms

PHYSICAL REVIEW D 81, 014001 (2010)

n flavors
(56)

two flavors.

by C and P symmetry requirements. For the n flavor case,
such operators are Og, Oy, 012, O14, 017, O15, O19, Oy,
QZS’ 0_29’ O§2’ 03_4’ 035’ 037_’ 0381 039’_040’ _0449 _045a 0_46a
047’ 048’ 049? 073’ 076’ 0777 078’ 080? 082’ 084? 085'
Since in each of these operators there are two terms, we can
compute the coefficients in front of each term and check if
they are the same. We have done the checks for all of these
operators and all obtain the same analytical expressions for
the two terms in the same operator. This partly verifies the
correctness of our result given in (B1) of Ref. [12]. From n
flavors to three flavors, there are some extra constraints
[see (B1) in Ref. [16]] which make some operators de-
pending on others. Further from three flavors to two fla-
vors, there are also some extra constraints [see (B3) in
Ref. [16] ] which make some more operators depending on

TABLE II.  p® order operators.
n 0, n 0, n 0,
1 (a3)’ 33 agagan,d,po 65 d*atyd,po
2 apapadag,an, 34 agap(dyan,po + pad,an,) 65 d“d"ag,d,po
3 ayahahag, 35 agap(d,ag,po + padyaq,) 67 dtsqad,sq
4 apapag,ahag,aqn 36 appada,d’ag, 68 d*pod,pq
5 agapapag,an,an) 37 agpaaf(d,ag, +d,ag,) 69 ingVQM)\VQVA
6 ay(d’aq,)? 38 ag(d,afd,sg + d’sod,ag,) 70 Ve Vaunag
7 apd’apd,aq, 39 ag(diag,d,sq + d’sqd,ag,) 71 Vo Vo, aa,ann
8 a%)d,,af‘ld,\ag,, 40 dé(d”anyd”é‘n + dﬂs()d”aﬂ,,) 72 Vg"VQ#AaQ,\aQV
9 apap(d,ag,d*ag) +d agyd,ag,) 41 (ag,)*sa 73 V§(aauVa, aor — ahVauraa,)
10 apabd,apd,an), 42 agagan,an,so 74 Ve adVaunaan
11 agaf(d,apdyag, + drag,d,ag)) 43 apahao,so 75 Ve Vaursa
12 agaf(dyag,dtagy + dragyd,ag,) 44 iag(d,ald Vo, +d'V M, ag,) 76 vy (agud,po + d,paaq,)
13 apapd,ald,a) 45 iap(d”ag,d*Vo,, + d"Vy, rdyag,) 17 iV*(pad,ag, —d,an,po)
14 agaf(d,apdyaq, + drag,d,ag)) 46 ial(d"aq,d"Vo,, —d"'Vo,,dag)) 78  iVy'(dyag,d*ag, — d*ag,d,ag,)
15 agaﬁd}‘agﬂd)\ag,, 47 iag(d”agdﬂVﬂw\ - dMV{)’\d,,am) 79 iV(’;Vd#afld,,aQ)\
16 agapdtag,dyaq, 48 iaf(d’apd, Vo, — d”VQM)‘d,,aQ)\) 80 iVy'(dyaddyag, + drag,d,an,)
17 aj(dyapag, +d ag,ag,)d*ag, 49 iaf(d ahd\Va,, — d”VQ”Ad,\aQ,,) 81 vy dtag,dyag,
18 ag(d,abald,ag, + d’apag,dyag,) 50 d”VQ#”d)‘VQ,,A 82 Ve (aguaa,s0 + saaq,an,)
19 afi(d,afapdyag, +d'apag,d,ag)) 51 drVErd Vo, 83 Ve aosaaa,
20 ag(d ag,afd,agy + dapag,d,ag, 52 d*VErd, Vo ua 84 iV (aguag,af + afag,an,)
21 agd’aqg,aq,d"ag, 53 d*ad,d*aq, 85 iVH (aguadag,any + ahag,a0,a0,)
22 aﬁd”af‘)aﬂﬂd,,aﬂ)‘ 54 dzaéd)‘d,,ag,\ 86 iVS”aQMa?)aQV
23 agd”a?}agﬂd)‘an,, 55 dzaadzaﬂ,, 87 iVS”a?)aQ”aQ,,am\
24 agsg 56 d"d”aﬂﬂd,,d’\am 88 s?l
25 a?lpfl 57 d*’“d”aﬂﬂd)‘d,,am 89 501’?2
26 aﬁSQaQMSQ 58 a“d”agyd#d’\am\ 90 sapodtag,
27 appadauPo 59 d*d’atyd,d,aqy 91 sod*aqg,pa
28 ag(sad,po +d,pasa) 60 d*d"atd,dyaq, 92 sod*agd,aqg,
29 ag(padysq +d,sapa) 61 drd"apyd,d,aq), 93 sodtajd,aqg,
30 and”ag,po 62 d*d"apyd,dyag, 94 so(d*tag,)?
31 d%)’p()'dyag,, 63 d”d”aﬁd)\d,,a(m
32 apabd,po +agapd,po 64 drd’agq,d,pQ
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others. The sequence number for n flavors, three flavors,
and two flavors are different; their comparisons are listed in
Table 2 in Ref. [16].

VL. NUMERICAL VALUES OF p® ORDER LECS:
NORMAL PART

With all above preparations in the previous sections, we
now come to the stage of giving numerical values to the p®

TABLE III.

PHYSICAL REVIEW D 81, 014001 (2010)

order LECs in the normal part of the chiral Lagrangian.
Note that the necessary input and process of the present
computations for the p® order LECs are the same as those
for the p? and p* order LECs given in the end of Sec. IV,
we list the numerical results in Table III. As done in
Table I, the result LECs are taken for the values at A =
1 GeV with superscript the difference caused at A =
1.1 GeV and subscript the difference caused at A =
0.9 GeV,

The obtained values of the p® order LECs C; ..., Cy for three flavors and c ..., cs53 for two flavors. The LECs are in

units of 1073 GeV 2. The resulting LECs are taken as the values at A = 1 GeV with the superscript the difference caused at A =
1.1 GeV and the subscript the difference caused at A = 0.9 GeV. The value = 0 means that the constants vanish at the large N, limit.

i Ci J Cj i Ci J Cj i Ci ] Cj

1 3.797519 1 3.587592 31 —0.6379% 17 —1.107%12 61 2.88032 34 2.847022
2 =0 32 0.1875% 18 0.43.59 62 =0

3 —0.055%9! 2 —0.0359! 33 0.09:5% 19 0417095 63 2.9970%4

4 3.107592 3 2.89709% 34 159519 20 1.56:919 64 =0

5 —1.0175%8 4 1.21.0%7 35 0.17:212 21 0.29, 1% 65  —2.437013 35 3.39.03
6 =0 36 =0 66 1.71539 36 1.577598
7 =0 37 —0.56759 67 =0

8 2.31;0148 38 0.41,008 22 —1.3275%8 68 =0

9 =0 39 =0 23 0.86912 69  —0.86,00¢ 38 —0.68,0%
10 —1.05%2% 5  —0.98%907 40 —6.35.018 24 —4.84701% 70 1737008 39 1.81;008
11 =0 41 =0 71 =0

12 —0.34%0% 6 —0.33750 42 0.6075:99 72 —3.3059% 40 —3.1780%
13 =0 43 =0 73 0.5070% 41 0.30"043
14 —0.83%212 7 —1729% 44 6.327920 25 6.037519 74 —5.07.018 42 —474700
15 =0 8  0.86,212 45 =0 75 =0

16 =0 46 —0.60,0% 26 —1.1470% 76 —1.4470% 43 —1.290%
17 0.01-59! 9 —0.847512 47 0.0875:90 77 =0

18 —0.5610% 48 3.4130% 78 17.5111% 44 1616793
19 —0.4870% 10 —0.37+0%7 49 =0 79 —0.56.0% 45 0.26,03%
20 0.18,0:03 11 =0 50 8.71°078 27 135718 80 0.87,0% 46 0.85,0%3
21 —0.0699! 51 —11.49%008 28 0.937098 81 =0

22 0.27+0.12 12 0.15+21% 52 —5.04708 82  —7.135% 47 —6.7370%
23 =0 53 —11.9979% 29 —11.01;95 83 0.075%9 48 —0.22%018
24 1.62+904 54 =0 84 =0

25 —5.98.0% 13 —5.39.04 55 16.79%998 30 15.7279%9 85  —0.8270% 49  —0.7870:53
26 3.35792 14 417039 56 19.347932 31 17.57%98 86 =0

27 —1.54%013 15 —271%93L 57 7.92*1 3 32 718712 87 757708 50 718703
28 0.305901 58 =0 88  —5.47.0%3 51 —4.85708
29 —3.0879%8 16 —2.22.0%2 59  —22.49.121 33 —21.197}12 89  34.74%18 52 32.191}4¢
30 0.6055%2 60 =0 90 2447938 53 2.5179%7
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Ca=11 Gev—CA=1 Gev

Ca=1 GeVlCA:(w Gev—Ca=1 Gev

c |CA:1.1 GeV T CA=1 GeV
A=1 GeVIcr=09 Gev ~CA=1 Gev *

We further list results of the p® order LECs at A = o in
Table I'V. Consider that in the limit of A = oo, dropping out
momentum total derivative terms in Eq. (14) is problem-
atic, we only take resulting LECs at A = o as a reference.
Since the terms of three flavors and two flavors may have
different sequence numbers, as done in Ref. [16], we put
them in the same line in our table. Since the number of
independent operators in the two flavors is smaller than
that in the three flavors, there are some operators in three
flavors being independent operators, but being dependent
in two flavors. Then these operators will not have their two
flavor counterparts in our table, these leave the rhs some
empty blanks in the corresponding two flavor columns. For
the two flavor case, Ref. [18] further proposes a new
relation among operators,

PHYSICAL REVIEW D 81, 014001 (2010)
0 =8P, — 2P, + 6P; — 12P,; + 8P, — 3P;5s — 2P 4
— 20P,, + 8Pys + 12Pyg — 12Py; — 28Pag + 8P
— 8Py, — 8P39 + 2Py + 8P, — 8P4, — 6P
+ 4Py, (57)

which implies that one of the operators appearing in the
above formula should be a further dependent operator.
Because of ignorance of the values of the coefficients in
front of these operators, Ref. [18] arbitrarily chooses this
operator being P,;. Now our computations show that ¢,; #
0, so the original choice is not suitable. Considering that
c37 = 0 in our computation, we instead now take P3; as
that dependent operator. P3; now is a dependent operator;
its name then is deleted in our Table III.

To verify our choice of F, = 87 MeV really results in
the experimental value of F,, we exploit the relation
between Fj, and F, given in Ref. [19]:

TABLE IV. p® order LECs the same as the result given in Table III, but at A = o C; ..., Cy
are for three flavor and ¢, ..., cs3 are for two flavors in units of 1073 GeV~2. The value = 0
means that the constants vanish at the large N, limit.

i C,‘ ] Cj i C,‘ _] Cj i C,‘ ] Cj
1 3.61 1 3.39 31 —022 17 —0.22 61 1.36 34 1.45
2 =0 32 0.02 18 0.09 62 =

3 —0.01 2 0.00 33 0.08 19 0.09 63 1.41

4 2.98 3 2.77 34 1.03 20 0.97 64 =

5 —0.51 4 0.66 35 —0.40 21  —0.46 65 —1.28 35 1.56
6 =0 36 =0 66 1.73 36 1.58
7 =0 37 —0.06 67 =

8 1.16 38 —0.01 22 —0.25 68 =

9 =0 39 =0 23 0.20 69 —0.90 38 —0.71
10 —-0.49 5 —0.49 40 —6.10 24 —4.70 70 091 39 1.08
11 =0 41 =0 71 =

12 —0.19 6 —0.20 42 0.49 72 =243 40 —2.37
13 =0 43 =0 73 247 41 2.08
14  —-0.26 7 —0.42 44 6.17 25 5.86 74 —4.96 42  —4.61
15 =0 8 0.20 45 =0 75 =0

16 =0 46 —0.58 26 —1.11 76 —2.33 43 —2.08
17  —=0.15 9 —0.29 47 0.08 77 =

18  —0.06 48 3.13 78 1897 44 1741
19 —0.08 10 —0.09 49 =0 79 —1.81 45 —-0.89
20 0.02 11 = 50 10.73 27 17.28 80 0.49 46 0.52
21 —0.01 51 —8.65 28 4.93 81 =0

22 1.11 12 091 52 —7.24 82 —17.27 47 —6.83
23 = 53 —13.65 29 —12.49 83 0.96 48 0.59
24 1.55 54 =0 84 =

25 —-17.21 13 —6.46 55  18.10 30 16.83 85 —0.47 49 —-0.49
26 3.93 14 4.68 56  17.99 31 16.33 86 =0

27  —0.60 15 —1.42 57 12.69 32 1145 87 7.83 50 7.39
28 0.29 58 =0 88 —7.83 51 —6.96
29 —3.81 16 —2.78 59 —23.88 33 —22.35 89  35.69 52 3293
30 0.58 60 =0 90 0.25 53 0.51
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F, . 1 1. .29
A x(l, — L) + X%I:—167T2<__ll -5+ —L)

0 2 12
13 1 7
e ——— N S} [ I (A &
192 (16722 471 "2 734 (13)
5
M? 1 M?
7 =" pZT k.= (41’ — v.L)L
X2 quT 167T2 nMZ i ( i Yi )
i = (8¢ + 16cg + 8cq)F2, (59)

in which r}, is from Ref. [17] and [} and y; fori=1,2,...,7
are defined in Ref. [2]. Scale u is taken to be p mass pu =
M, =770 MeV. Numerical calculations show that for A =
1000715 MeV, the contributions up to order of p* [ignor-
ing x3 terms in (58)] give result F,, = 92.997-0% MeV and
the contributions up to the order of p® [ignoring x% terms in
(58)] give result F,=92.97"MeV with rih=
—5.03670730 X 1075, We see that the p® order contribu-

PHYSICAL REVIEW D 81, 014001 (2010)

VII. COMPARISONS WITH EXPERIMENT AND
MODEL RESULTS

As we have mentioned in the Introduction of this paper,
present experiment data is far enough to fix the p® order
LECs. But there do exist some combinations of the LECs
which already have their experiment or model calculation
values. Usually, these LECs are labeled by dimensionless
parameters with convention* of C} = C;F} or ¢} = ¢;F3.
In this section, we collect those combinations of LECs in
the literature which have their experiment or model calcu-
lation values and compare them with our numerical results
obtained in the last section with finite cutoff’ as the check
of our computations.

A. rar and 7K scattering

From the investigation of 777 scattering amplitudes, one
can work out the values of some combinations of p® order
LECs. Reference [17] introduces the following combina-
tions:

tions to F, are very small and Fy=87MeV is directly

related to F, =93 MeV. |

ry = 64c] — 64c) + 32c¢) — 32¢5 + 32¢y — 64c; — 128¢5 — 64cy + 96¢7, + 192¢, — 64ci, + 64cly + 96¢]; + 192c],
ry = —96c¢] + 96c¢5 + 32¢5 — 32¢) + 32¢L — 64cf + 32¢h + 64cg + 32¢h — 32¢i; + 32¢], — 64ci,

ry =48c| — 48ch —40c; + 8c) — 4cs + 8¢y — 8¢, +20c); 1y = —8ci +4cy — 8cg + 8¢, —4ci;

rs = —8ci + 10c5 + 14c] re = 6c5 +2c5 (60)

and gives the values of them by two theoretical methods of the resonance-saturation (RS) [20] and pure dimensional
analysis (ND) which only accounts for the order of magnitude and in Table V. We see that all coefficients obtained from our
calculations are consistent with those more precise RS results given in Ref. [17]. With our predictions for p* and p® order
LECs, we can directly calculate the scattering lengths a/ and slope parameters b! which relate to p* and p® order LECs
through formulas given in Appendices C and D of Ref. [20]. We list experimental and our results in Table VI. In our results,
as done in Table III, we take w =770 MeV, but to match the result given in Ref. [20] where w is taken at u =1GeV, we
also take u = 1000 MeV for comparison. We take two options, one only includes p* order contributions and the other com-
bines in p® order contributions. For p® order contributions, for comparison, we consider the cases of without and with r/
coefficients. We see that the contributions from p® order LECs are rather small and only change the third digit of the result.
Further, Ref. [22] introduces coefficients in 7K scattering:

cop = 32my. (—C] + 2C5 + 2C), Cyp = 6my+(—Ch +2C5 + 2CY),

cfy = 8m2.(3C] + 6C} — 2C}), 3 = A=7Cr —32C5 + 2C5 + 10CY),

cgi = 16mz.m> (Cy + Cg + Ciy + 2C]; — 2C, — 2Cl5 + 2C%, + 4Chy)
+ 16my., (C5 + 2C; + Ciy + 4C — 2C1, — 4CY5 + 2C%, + 4Chy),

Cro = 8my-m? (—4C} — Cy — C + Cy + 2C}, = 2C}, — 6C)y + 2C4, — 2Chs)
+ 8m3 . (—4C}, — C5 — 2C; + Cl + 4C] — 2CY, — 12C75 + 2C, — 2C%s),

3o = m>.(12C} + 48C5 — 8C} + C% + 10C;, + 8Ch + 4Cy + Ch + 4C}, — 2C, — 4C)y + 2Ch, — 4Chy + 4C55)
+m?2, (12C7 + 48C5 — 8C) + 4C5 + 5C; + 8C) + C + Cfy + 27, — 2C1, — 10C}; + 2C5, — 4Chs + 4C%s).

(61)

4An alternative convention is that C’ and ¢/ are used to denote the renormalized LECs in some literature.

°If the LECs at finite cutoff are replaced with those at A = o0, we have checked that qualitative feature of the comparison results of
this section will not change.
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TABLE V. The obtained values for the combinations of the p® order LECs from 777 scattering
and our work. The coefficients in the table are in units of 1074,

PHYSICAL REVIEW D 81, 014001 (2010)

i ry ry ry rs e
RS in Ref. [17]  —0.6 1.3 —1.7 ~1.0 11 03
ND in Ref. [17] 80 40 20 3 6 2
Ours —9.32,3%  8.93%312 306,051 —0.12%33 087709 0.4270%2

TABLE VI. The obtained values for a! and b in 777 scattering from experimental values given by Ref. [21] and our work.
al by —10a3 —-1063  10a] 10%b} 10%a3 103a3
Ref. [21] 0.26 = 0.05 0.25+0.03 0.28 =0.12 0.82 = 0.08 0.38 =+ 0.02 0.17 = 0.03 0.13 = 0.30
p* u=10° MeV 0.2107099 0.26073999  0.40670%1  0.66270992 0.405+0901  0.772+0015 0.26470092  (.19579:0%
p* u =770 MeV 0.20475.900 0.24870:000  0.41175901 0.685,0002  0.40173:00)  0.77275915 0.23575:992 0.07630%
pS =10 MeV 7 #0 0.237:5000 0.307,0000 0.39470001  0.637. 0002 0.447%000%  1.255700%9  0.42170:593 0.339,001
po w =10 MeV ri =0 023770000 0.305-0:000 0.39270001  0.62970:00 0.44570002  1.217+3013  0.4097000¢ 0.337 0003
po w =710 MeV ri #0 0.228.0000 0.287.2000 0.40270%01  0.665.0002 0.43510002  1.1647003%  0.33610003 0.212,5912
P = TIOMeV rf =0 027:40% 0285-Gf) 0400101 0657400 0433GHE LISUG 03521408 02104

In the Table I of Ref. [23], in terms of ¢3y, ¢}, ¢39 Co1s
three constraints of p® order LECs are fixed from 7K
subthreshold parameters, 77 amplitude and a resonance
model. In the Table IT of Ref. [23], in terms of ¢, ¢g}, ¢1os
another three constraints of p® order LECs are fixed from
the dispersive calculations and a resonance model, In
which for the left-hand side (lhs) of Table VII, except
C,, all other LECs or combinations of LECs obtained by
us have the same signs and orders of magnitudes as those
from Ref. [23]. While for the rhs of Table VII, our results
are not consistent with those obtained from the dispersive
calculations.

B. Form factors

In Ref. [17], in dealing with the vector form factor of the
pion, r{,, and r{,, are introduced into theory which relate to
p® order LECs through

ry; = —16cg — 4cis — 8¢k, Fy, = —dcg — deks.
(62)

For the scalar form factor, people introduce rg, and ri,

TABLE VII.
in the lhs of the table are in units of 10™* GeV 2.

relating to p® order LECs by

ro, = 32cg + 16¢5 + 32¢ + 16¢y + 165,
(63)
re; = —8cg.

In Ref. [17], discussion of the decay of 7(p) — evy(q)
further introduces r; and r, relating to p® order LECs by

iy = 48cy — 16¢%, + 8cks — 8cly + 16¢),
— 16¢); + 8¢k,

rl, = 8ch, — 16¢k, + 4ck;. (64)
In Ref. [24], a naive estimation of C7, is made from scalar
meson dominance of the pion scalar form factor and
2C1, + €5, is estimated through A( in K;3 measurements
[see Eq. (8.11) in Ref. [24] ], while in Ref. [25], C}, and

1, T (%, are also estimated from the 7K form factors. In
Table VIII, we list the numerical results for the above
combinations of LECs given by our calculations based
on Table III in the last section and by Refs. [17,24,25],
from which we see that among ten parameters between our

The obtained values for the combinations of the p6 order LECs from 7K, 7 scattering, and our work. The coefficients

3

C, +4C; C, C,+3C; C)+4C; +2GC, ol i CrosF
Input ¢y, ¢f}, ¢3p 207 49 —92+4999+25  23+10.8
Input c;o, s Cop 28.1 249 =74+4921.0£25 134=*1038 Dispersive 0.024 £ 0.006 2.07 £ 0.10 0.31 £ 0.01
mrr amplitude 23.5*+23 188%x7.2
Resonance model 7.2 —=0.5 10.0 6.2 Resonance model 0.003 3.8 0.09
Ours 359413 0.0553 29.5*1] 359413 Ours 0.00679902  —0.15979133 0.02079937
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TABLE VIII. The obtained values for the combinations of the p® order LECs appear in vector
and scalar form factor of pion. The coefficients in the table are in units of 1074,

Ours Ref. [17] Ours Ref. [17] Ours Ref. [17]
rhy —213753) -2.5 re, 007708 —03 rhy o L1475900 0.5
rh, 2237010 26 rey 0205000 0.6 r, —0.38.05%¢ 1.1

Ours Ref. [24] Ours Ref. [25]

cj, —0.026:0001  —0.1 cj, —=0.02650%! (0.3 =5.4)x 1073
2C, + C4, 0.068799%  —0.10 £ 0.17 Ch, +Ch  0.094.007  (3.2+1.5) x 1072

predictions and values given in the literature, four of them
have the same orders of magnitudes and signs (r},, 7},
rs, and C7, + C5,), another one of them has different
orders of magnitudes but the same signs (Cj, in
Ref. [24]), the left five of them have opposite signs (r§,,
i1 Thas 2C1, + C3y, and CY, in Ref. [25]).

Further in Fig. 1, we compare the experimental data for
vector form factors collected in Figs. 4 and 5 of Ref. [19]
with our results. In obtaining our numerical predictions, we
have exploited the formula given by Eq. (3.16) in Ref. [19]
which especially depends on p® order LECs through rf,,,
r},, defined in (62) and we input the formula p* and p®
LECs obtained in Tables I and III of previous sections.

From Fig. 1, we see that p® order LECs explicitly
improve the p* and p? order chiral perturbation predic-
tions, making them more consistent with experimental
data.

1.00 — , , ' | | | | - B
0.00 Lovrrrrrrrtt
o NA27 L
+ FNAL L /
0.80 - | j
. | :
P /,
PR .
P prirtl,
; ! jH }3 72
§ = { s .//
[=9 P
’ 2 I 4
= p*,1=0
0.50 - A A
7/
0.40 p //, - p6yc=0
- I s
; 0 p®c20
7 /‘
e
0. " ; 1 L L
2025 -0.20 0.15 20.10 -0.05 0.00
5 (GeV?)

FIG. 1 (color online).

C. Photon-photon collisions

In Ref. [26], discussion of the photon-photon collision
yy — 77" introduces a, a4, and b relating to p® order

LECs by

al = 40967*(—chy — ¢4y + chy)

ahy = 256m*(8chy + 8¢k, + ¢y + ¢k, +2¢5;)  (65)

b = —1287*(c, + %, + 2¢%y).

In Ref. [27], calculation of the photon-photon collision
yy — @ @~ introduces another type of af, a5, and b"
relating to p® order LECs by

4.0 T T

0 DM1

© CMD

& OLYA

v VEPP 2M
x NA7

3.0 * ALEPH

O 'Wasserman

Time like |F)|’

0.40 0.50
E,. (GeV)

The spacelike and timelike data for the vector form factor. The red solid curve corresponds to predictions from

chiral perturbation up to p® order with LECs obtained in Table III of this paper. The red dashed line is the result by vanishing p® order
LECs in corresponding red solid curve. The blue dot-dashed curve corresponds to predictions from chiral perturbation up to p* order
with LECs obtained in Table I of this paper. The blue dotted line is the result by vanishing p* order LECs in corresponding blue dot-
dashed curve. The black x axis with |FY|?> = 1.0 corresponds to predictions from p? order chiral perturbation.
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TABLE IX. The obtained values for the combinations of the p® order LECs appear in photon-

photon collisions.

Ours Ref. [26] Ours Ref. [27]
ar —5.65799) —14+5 ar —5.8670% -3.2
ab 3.797502 7+3 a, —0.98,27 0.7
b" 1.660:05 3=1 b" —-0.237:59 0.4
af = —40967*(6¢l + chy — chy — 3¢k + Chs + 2¢k E. Model calculations

— r r
4chy + cky),

ab = 2567*(8chy — 8chy + ¢y + ¢y — 2¢h,
+ 4cl, + 8cky — 4cky),
b = —1287*(ch; + %, — 255 — 4chy). (66)

In Table IX, we list the numerical results for the above
combinations of LECs given by our calculations based on
Table III in the last section and by Refs. [26,27], for which
we see that among six parameters between our predictions
and values given in the literature, except two have opposite
signs, the other four all have the same orders of magnitudes
and signs.

D. Radiative pion decay

In Ref. [28], through reanalysis of the radiative pion
decay, a group of p® order LECs is fixed. From Table X, we
find that all LECs and combinations of LECs from our
predictions have the same signs and orders of magnitudes
as those from experiment values.

Except the above phenomenological estimations on the
values of some LECs, there are model calculations for
some others of them and most of these analyses use a
(single) resonance approximation. In contrast, our calcu-
lations do not rely on the assumption of existence of
resonances. In this subsection, we list these calculation
values we can collect from the literature and compare
with our results.

Reference [29] estimates values of some LECs. The
comparison between their results and our results is given
in Table XI.

For C¢; and Ci,, Ref. [30] gives the value for their
combination 2Cj; — Cis = (1.8 £0.7) X 107>  which,
compared to our result of 6.367548 X 1073, is at the
same order of magnitude and has the same sign.

For Cg,, there are several works to estimate its values;
we list them in Table XII. Where Cg, given in Refs. [32,33]
are in the form of Cg; in units of GeV ™2, we have trans-
formed them into our expression of Cj; with Cy, = Cg;F3.

Further, Ref. [34] exploits resonance Lagrangian esti-
mates values of LECs C787 C82’ C873 ng, C89’ Cgo. From

TABLE X. The obtained values for the combinations of the p® order LECs from pion radiative
decay and our work. The coefficients in the table are in units of 1075,

Ci, Cis Csi Ceo 2Ce; — Cgs Cty
Ref. [28] —-0.6 =0.3 0x0.2 1.0 = 0.3 0=x0.2 1.8 £0.7 002
ours —-0.261201 0.0+99 2.187547 0.0%99 6.36,042 0.0%99

Cog Cyo G Cyy Cyy Cis
Ref. [28] 10.0 = 3.0 1.8 £0.4 0x0.2 —35*+1.0 3.6 1.0 —-35*1.0
Ours 13265077 0.66.00  0.0509  —539.03 573703 —414.0%
TABLE XI. The obtained values for the p® order LEC in Ref. [29] and our works. The
coefficients in the table are in units of 1073 GeV 2.

Cuy Cio Csg Ce1 Cso Cy7
Ref. [29] —4.3 —-2.8 1.2 1.9 1.9 7.6
Ours —0.837012  —0.48%99 041709 2887022  0.87.9%  7.57%0%

014001-17



SHAO-ZHOU et al. PHYSICAL REVIEW D 81, 014001 (2010)

TABLE XII.  The obtained values for the p® order LEC C};. The coefficients in the table are in
units of 107.

Ref. [31]
31 x1.1

Ref. [32]
43 *£04

Ref. [33]
370 = 0.14

Ours

5.737028

r
C87

TABLE XIII. The obtained values for the p® order LEC from
coefficients in the table are in units of 10’4/F(2).

resonance Lagrangian given by Ref. [34] and our work. The

Crs Cs) Cy7 Css Cso Cop
Lowest meson dominance 1.09 —0.36 0.40 —0.52 1.97 0.0
Resonance Lagrangian I 1.09 —0.29 0.47 —0.16 2.29 0.33
Resonance Lagrangian II 1.49 —0.39 0.65 —0.14 3.22 0.51
Ours 1.3263077 —0.539:5.92¢ 0.573+0:028 —0.414.5953 2.630*%122 0.18579:02

TABLE XIV. The obtained values for the p® order LEC from our work. The coefficients in the table are in units of 1073 GeV 2.

C20 - 3C21 C32

i
5Css

Coy 6Cog 3Cs

0.18.0% 0.18083 01849

0.028 433

1627004 1.8079.6 180305

Table XIII, we find that our results are consistent with
those obtained from the resonance Lagrangian.

Reference [35] estimates the value of C;g and gives
Cis = (2 £6) X 107° which is also consistent with our
result of C5g = 3.1,58 X 107,

In terms of resonance exchange, Ref. [36] proposes
some relations among different p® order LECs,

Cyp = —3Cyy = Cyp = {Css Cpy = 6Cy5 = 3Cy.
(67)

To check the validity of these relations for our results, in
Table XIV, we write corresponding values obtained in our
calculations We see that except Css, all the other LECs
satisfy the relations.

VIII. SUMMARY

In this paper, we revise our original formulation of
calculating LECs to a chiral covariant one suitable to
computerize. With the help of the computer, we success-
fully obtain the analytical expressions for all the p® order
LECs in the normal part of the chiral Lagrangian for
pseudoscalar mesons on the quark self-energy >(k?). The
ambiguities for the anomaly part contributions to the nor-
mal part of the chiral Lagrangian are clarified and we prove
that this part totally should vanish and therefore need not
be considered in our computations. Since our calculation is
done under the large N, limit, only operators of p® order
with one trace and some multitraces from the equation of
motion survive in our formulation. We set up relations

among the coefficients in front of these operators and
LECs defined in Ref. [16]. Then with input of Fj, =
87 MeV to fix the Agcp in the running coupling constant
of a (k%) appear in the kernel of SDE and choose cutoff of
the theory being A = 1000719 MeV and A = oo, we
calculate all p% order LECs numerically both for two flavor
and three flavor cases. Comparing our resulting LECs with
those combinations which we can find experimental or
model calculation values in the literature, we find that
except for a few of them havng wrong signs, most of our
predicted combinations of p® order LECs have the same
signs and orders of magnitudes with experiment or model
calculation values. This sets the solid basis for our p® order
computations. For those combinations with wrong signs or
wrong order of magnitudes with experiment values, we
need further investigation. Based on these obtained p°®
order LECs, we expect a very large number of predictions
for various pseudoscalar meson physics in the near future.

ACKNOWLEDGMENTS

This work was supported by National Science
Foundation of China (NSFC) under Grant No. 10875065.
We thank Professor Y. P. Kuang for the helpful discussions.

APPENDIX A: RELATIONS AMONG OUR
SYMBOLS AND THOSE USED IN REF. [16]

To help in understanding the mutual relation between
the definition of symbols in our formulation and those in
Ref. [16], in Table XV we give a comparison.
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TABLE XV. Comparisons between the symbols introduce in Ref. [16] (the first and third columns) and corresponding ones defined
in present paper (the second and fourth columns).

Ref. [16] Present paper Ref. [16] Present paper
gr Ve x* 4iByd* po — 4iBysqaly — 4iByagy so
8L VL Fig LR
u(p) Q i VR = 2i(agay, — afaf)
ut 2af VAfRY 2d vy = 2idMafy — afyal
u-u=utut 4a3, i —2(d*a}, — d"ap)
X X VA fry —2(d*d*a}y — d*d”apy)
X+ 4Bysq h#v 2(d*a}, + d”ag)
X'ﬂi 4Bod’uSQ + 4Bop9a6 + 4Boa6p9 V’u' da*
X- 4iBypq r» —ivp
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