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We show that a TeV scale inverse seesaw model for neutrino masses can be realized within the

framework of a supersymmetric SOð10Þ model consistent with gauge coupling unification and observed

neutrino masses and mixing. We present our expectations for nonunitarity effects in the leptonic mixing

matrix, some of which are observable at future neutrino factories as well as the next generation searches

for lepton flavor violating processes such as � ! eþ �. The model has TeV scale WR and Z0 bosons
which are accessible at the Large Hadron Collider.
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I. INTRODUCTION

A precise understanding of the origin of observed neu-
trino masses and mixing is one of the major goals of
particle physics right now. A simple paradigm for under-
standing the smallness of the masses is the seesaw mecha-
nism [1], where one introduces three standard model (SM)
singlet right-handed (RH) neutrinos with Majorana masses
MN , which mix with left-handed (LH) ones via the Yukawa
coupling �LHN. The resulting formula for light neutrino
masses is given byM� ¼ �MDM

�1
N MT

D, whereMD is the
Dirac neutrino mass. Since the SM does not restrict the
Majorana massMN , we could choose this to be much larger
than the weak scale, thereby providing a natural way to
understand the tiny neutrino masses. This is called the
type I seesaw mechanism. There are several variations of
this mechanism where one replaces the RH neutrino by
either a SM triplet Higgs field (type II seesaw mechanism)
[2] or a SM triplet of fermions (called type III seesaw
mechanism) [3]. A great deal of attention has been devoted
to testing these ideas. As far as the type I seesaw mecha-
nism is concerned, the prospects of testing this depends on
the scale MN as well as any associated physics that comes
with it at that scale. It can be accessible to current and
future collider experiments if the scale is not far above a
TeV. A different way to test the type I seesaw mechanism
follows from the observation that this mechanism involves
the mixing of the LH neutrinos with SM singlet heavy
neutrinos, as a result of which there would, in general, be
violation of unitarity of the Pontecorvo-Maki-Nakagawa-
Sakata (PMNS) mixing matrix that describes only the
mixing of the three light neutrinos. One could contemplate
searching for such effects in oscillation experiments [4].
However, in the type I seesaw case, the resulting mixing
effects are of order m�

MN
, and since neutrino masses are in the

sub-eV range, such nonunitarity effects are too small to be
observable for generic high scale seesaw models. This
would also be true with TeV mass RH neutrinos unless
there are cancellations to get small neutrino masses from
large Dirac masses using symmetries (see, for example,
cases in [5]). We note that the nonunitarity effects also

exist in the type III seesaw case but not in the type II case
even though they have other interesting effects such as
lepton flavor violation (LFV) processes [6].
Since the testability of the seesaw mechanism is inti-

mately related to the magnitude of the seesaw scale, a key
question of interest is whether there could be any theoreti-
cal guidelines for the seesaw scale. In such a case, the
searches for seesaw effects in experiments could then be
used to test the nature of physics beyond the standard
model. It is well known that [7] the simplest grand unified
theory (GUT) realizations of the seesaw mechanism are
based on the SOð10Þ group which automatically predicts
the existence of the RH neutrinos (along with the SM
fermions) required by the seesaw mechanism. An advan-
tage of GUT embedding of the seesaw mechanism is that
the constraints of GUT symmetry tends to relate the Dirac
neutrino mass MD to the charged fermion masses, thereby
making a prediction for the seesaw scale MN from obser-
vations. For type I seesaw GUT embedding, typical values
for the MN are very high (in the range of 1010–1014 GeV).
This makes both the collider and nonunitarity probes of the
seesaw mechanism impossible. The key feature that leads
to such restrictions in the type I seesaw case is the close
link between the B� L-breaking RH neutrino mass and
the smallness of the LH neutrino masses.
A completely different realization of the seesaw mecha-

nism is the so-called inverse seesaw mechanism [8], where
instead of one set of three SM singlet fermions, one in-
troduces two sets of them, Ni, Si (i ¼ 1, 2, 3). In the
context of SOð10Þ models, since one of the two sets can
be identified with the SM singlet neutrino in the SOð10Þ 16
representation containing matter, the other would have to
be a separate set of three SOð10Þ singlet fermions. Because
of the existence of the second set of singlet fermions [and
perhaps additional gauge symmetries, e.g., SOð10Þ], the
neutrino mass formula in these models has the form

m� ’ MDM
�1
N �ðMT

NÞ�1MT
D � F�FT (1)

where � breaks the lepton number. Because of the pres-
ence of this new mass scale in this theory, the seesaw scale
MN can be very close to a TeV even for ‘‘large’’ Dirac
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masses. This makes the tests of this possibility in colliders
much more feasible. In fact, it has recently been argued
that [9] the inverse seesaw scenario can also lead to non-
negligible nonunitarity effects which can be accessible at
the future long-baseline neutrino oscillation experiments.
There are also significant LFV effects in these models, as
noted many years ago in Ref. [10]. These possibilities have
generated a great deal of interest in the inverse seesaw
models in recent days [11]. Our effort in this paper focuses
on possible grand unification of inverse seesaw models.
Similar unification studies have been performed in
Ref. [12], but the nonunitarity issues have not been
addressed.

An interesting question is whether such models are
necessarily compatible with grand unification when the
seesaw scale is in the TeV range, and if so, what kind of
nonunitarity effects they predict. We find that it is indeed
possible to embed the TeV scale inverse seesaw models
within a simple SOð10Þ framework consistent with gauge
coupling unification and realistic fermion masses. The
SOð10Þ symmetry helps to reduce the number of parame-
ters in the inverse seesaw matrix, once we require degen-
eracy of the TeV scale RH neutrinos to have successful
resonant leptogenesis. Within this set of assumptions, we
present our expectations for the nonunitarity effects as well
as consequences for lepton flavor violation, which are in
the testable range in future experiments.

This paper is organized as follows: In Sec. II, we de-
scribe the general framework of the inverse seesaw model
and its embedding into a generic supersymmetric SOð10Þ
theory. In Sec. III, we analyze the nonunitarity predictions
of the inverse seesaw model. In Sec. IV, we investigate a
specific SOð10Þ-breaking chain and obtain the gauge cou-
pling unification with TeV scale left-right symmetry with a
unification scale consistent with proton decay bounds. In
Sec. V, we analyze the renormalization group (RG) evolu-
tion of the Yukawa couplings and obtain the running
masses for quarks and leptons at the unification scale to
check that our model leads to realistic fermion masses. In
Sec. VI, we determine the Dirac neutrino mass matrix
using the results of Sec. V. In Sec. VII, we study the
implication of our model on nonunitarity effects and its
phenomenological consequences. A brief summary of the
results is presented in Sec. VIII. In Appendix A, we have
given the expressions for the masses of the SOð10Þ Higgs
multiplets in our model, and in Appendix B, we have
derived the RG equations for the quark and lepton masses
and the Cabibbo-Kobayashi-Maskawa (CKM) mixing ele-
ments in the context of a supersymmetric left-right model.

II. THE INVERSE SEESAW MODEL

The inverse seesaw scheme was originally suggested [8]
for theories which lack the representation required to im-
plement the canonical seesaw mechanism, such as the
superstring models. As noted in the Introduction, the im-

plementation of the inverse seesaw mechanism requires the
addition of three extra SM gauge singlets Si coupled to the
RH neutrinos Ni through the lepton number conserving
couplings of the type �NS, while the traditional RH neutrino
Majorana mass term is forbidden by extra symmetries. The
lepton number is broken only by the self-coupling term
�S2. The mass part of the neutrino sector Lagrangian in the
flavor basis is given by

L mass ¼ ð ��MDN þ �NMNSþ H:c:Þ þ S�S; (2)

where � is a complex symmetric 3� 3 matrix (with
dimension of mass), and MD and MN are generic 3� 3
complex matrices representing the Dirac mass terms in the
�-N and N-S sectors, respectively. In the basis f�;N; Sg,
the 9� 9 neutrino mass matrix becomes

M � ¼
0 MD 0
MT

D 0 MN

0 MT
N �

0
@

1
A: (3)

The LH neutrinos can be made very light (sub-eV scale), as
required by the oscillation data, even for a low MN , much
smaller than the unification scale (MN � MG), provided�
is sufficiently small, � � MN , as the lepton-number-
breaking scale � is decoupled from the RH neutrino
mass scale. Assuming � � MD

� � MN (with MN �
TeV), the structure of the light neutrino Majorana mass
term at the leading order in MDM

�1
N is given by Eq. (1),

where F ¼ MDM
�1
N is a complex 3� 3 matrix. We note

that in the limit� ! 0, which corresponds to the unbroken
lepton number, we have massless LH neutrinos as in the
SM. In reality, a small nonvanishing � can be viewed as a
slight breaking of a global Uð1Þ symmetry; hence, the
smallness of � is natural, in the ’t Hooft sense [13], even
though there is no dynamical understanding of this
smallness.
The generic form of the inverse seesaw matrix in Eq. (3)

has more parameters than the usual type I seesaw mecha-
nism. However, if we embed this theory into a grand
unified theory such as SOð10Þ, that will help in reducing
the parameters as we show below. In order to embed the
inverse seesaw mechanism into a generic SOð10Þ theory,
we have to break the B� L symmetry by using a 16 � 16

pair rather than the 126 � 126 pair of the Higgs represen-
tation. All the SM fermions are accommodated in a single
16F representation of SOð10Þ, and we use three copies of
16iF for three generations. For each of them, we add a
gauge singlet fermion 1iF to play the role of Si. We assume
more than one copy of 10H Higgs multiplets in order to
have a realistic fermionic spectrum.
The SOð10Þ invariant renormalizable Yukawa superpo-

tential is given by

WY ¼ haij16
i
F16

j
F10

a
H þ fijk16

i
F1

j
F16

k
H þ�ij1

i
F1

j
F: (4)

After the B� L symmetry breaking, we get the neutrino
mass matrix in Eq. (3) with MD ¼ hvu and MN ¼ f �vR,
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where vu is the vacuum expectation value (VEV) of one (or
a linear combination) of the 10H’s and �vR the VEVof the

16H. In a typical TeV scale scenario with vu � 100 GeV
(electroweak scale) and �vR � TeV, assuming � � vu <
�vR, we find the lightest neutrino mass from Eq. (1) in a one
generation theory to be

m� ’ �

�
hvu

f �vR

�
2

(5)

and the two other heavy eigenstates with mass of order
f �vR. Thus, we can get sub-eV light neutrino mass for ��
keV. Since this is a supersymmetric theory, such small
values do not receive radiative corrections and keep the
model natural. In the following section, we consider three
generations which then result in the nonunitarity effect.

It is important to note that in our model, we do not need
to impose a discrete R parity to our matter fermions, unlike
the usual 16H SOð10Þ models discussed in the literature, in
order to prevent fast proton decay via dimension-4 opera-

tors of the type 1
M 16F16F16F16H because these operators

are already suppressed by a factor h16Hi
MPl

� 10�15 for a low-

scale B� L breaking with h16Hi � TeV.

III. NONUNITARITY EFFECTS

The 3� 3 light neutrino mass matrix in Eq. (1) can be
diagonalized by a unitary transformation:

Uym�U
� ¼ m̂� ¼ diagðm1; m2; m3Þ; (6)

where U is the standard PMNS matrix. Since the above
diagonalization of m� does not diagonalize the matrices
MN and �, there will be off-diagonal mixing between the
different light neutrinos even after diagonalization of m�

due to their mixing with the heavy neutrinos. In other
words, in the basis where the charged-lepton mass matrix
is diagonal, U is only a part of the full mixing matrix
responsible for neutrino oscillations. We have to examine
the full 9� 9 unitary matrix V which diagonalizes the
mass matrix M� given by Eq. (3):

VyM�V
� ¼ M̂� ¼ diagðmi;mNj

; m ~Nk
Þ

ði; j; k ¼ 1; 2; 3Þ: (7)

We can decompose V into the blocks

V ¼ V3�3 V3�6

V6�3 V6�6

� �
: (8)

Then the upper-left sub-block V3�3 will represent the full
(nonunitary) PMNS mixing matrix. For a TeV scale MN

and a reasonably small �, it is sufficient to consider only
up to the leading order in F. Then the new PMNS matrix
becomes [14]

N � V3�3 ’ ð1� 1
2FF

yÞU: (9)

In the commonly used parametrization [15], N ¼ ð1�

�ÞU, and hence, all the nonunitarity effects are determined
by the Hermitian matrix � ’ 1

2FF
y which depends only on

the mass ratio F ¼ MDM
�1
N and not on the parametrization

of the PMNS matrix.
The LH neutrinos entering the charged-current interac-

tions of the SM now become superpositions of the nine
mass eigenstates ð�̂i; Ni; ~NiÞ, and at the leading order in F,

� ’ N �̂þKP; (10)

where K � V3�6 ’ ð0; FÞV6�6 and P ¼ ðN1; N2; N3; ~N1;
~N2; ~N3Þ. Then the charged-current Lagrangian in the mass
basis is given by

L CC ¼ � gffiffiffi
2

p �lL�
��W�

� þ H:c:

’ � gffiffiffi
2

p �lL�
�ðN �̂þKPÞW�

� þ H:c: (11)

This mixing between the doublet and singlet components
in the charged-current sector has several important phe-
nomenological consequences, as listed below:
(1) The flavor and mass eigenstates of the LH neutrinos

are now connected by a nonunitary mixing matrix
N ¼ ð1� �ÞU, where the nonunitarity effects en-
tering different neutrino oscillation channels are
measured by the parameter �. In particular, the
CP-violating effects in the leptonic sector will
now be governed by the PMNS matrix N instead
of U through the Jarlskog invariant [16]

Jij�� ¼ ImðN �iN �jN �
�jN

�
�iÞ; (12)

where the indices � � � run over e,�, and �, while
i � j can be 1, 2, and 3. In the standard PMNS
parametrization of U by the three mixing angles
�ij and the Dirac CP phase 	, one can expand

Eq. (12) up to second order in ��� and s13 �
sin�13 (assuming those to be small) to obtain

Jij�� ’ J þ �Jij��; (13)

where the first term governs the CP-violating effects
in the unitary limit and the second term gives the
contribution coming from the nonunitarity effect:

J ¼ c12c
2
13c23s12s13s23 sin	; (14)

�Jij�� ’ � X
�¼e;�;�

Imð���U�iU�jU
�
�jU

�
�i

þ ���U�iU�jU
�
�jU

�
�i

þ ��
��U�iU�jU

�
�jU

�
�i

þ ��
��U�iU�jU

�
�jU

�
�iÞ: (15)

Note that the unitary term J vanishes if either s13 !
0 or 	 ! 0. However, �Jij�� depends on the off-

diagonal elements of � (generally complex) and
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does not necessarily vanish even if both s13 and 	
are zero; in fact, it might even dominate the
CP-violating effects in the leptonic sector.

(2) The heavy neutrinosNi and ~Ni entering the charged-
current sector can also mediate the rare lepton de-
cays, l�� ! l���. Hence, unlike in the canonical see-
saw model where this contribution is suppressed by
the light neutrino masses [17], in this case it is
constrained mainly by the ratio F ¼ MDM

�1
N . The

LFV decays mediated by these heavy neutrinos have
branching ratios [10]

BRðl� ! l��Þ ’
�3
Ws

2
Wm

5
l�

256
2M4
W��

�
��������X

6

i¼1

K�iK�
�iI

�m2
Ni

M2
W

���������2

; (16)

where �� is the total decay width of l� and the
function IðxÞ is defined by

IðxÞ ¼ � 2x3 þ 5x2 � x

4ð1� xÞ3 � 3x3 lnx

2ð1� xÞ4 : (17)

For degenerate RH neutrino masses, a reasonable
assumption inspired by resonant leptogenesis [18],
the amplitude is proportional to ðKKyÞ�� �
ðFFyÞ��, and hence, for sizable F and a TeV scale

RH sector, one could expect appreciable rates in
the LFV channels. On the other hand, in the con-
ventional type I seesaw model, one has approxi-
mately KKy ¼ Oðm�M

�1
R Þ, and therefore, the

branching ratio BRðl� ! l��Þ / Oðm2
�Þ is strongly

suppressed.
(3) The heavy neutrinos Ni and ~Ni also couple to the

gauge sector of the SM and can be produced on
shell, if kinematically accessible, at hadron colliders
via the gauge boson exchange diagrams. Because of
their pseudo-Dirac nature, the striking lepton num-
ber violating LHC signature of the fine-tuned type I
and type III scenarios, namely pp ! l�� l�� þ jets,

will be suppressed for heavy Majorana states due to
cancellation between the graphs with internal lines
of the N and ~N types which have opposite
CP-quantum numbers. However, the LFV processes
are insensitive to this effect and one can expect to
get observable signals at the LHC. The most dis-
tinctive signature would be the observation of LFV
processes involving three charged leptons in the
final state plus missing energy, i.e. pp !
l�� l�� l

	
� �ð ��Þ þ jets [19].

Thus we see that the phenomenology of the inverse
seesaw mechanism depends crucially on the mass ratio
F ¼ MDM

�1
N . As noted earlier, we can choose the RH

neutrino masses to be degenerate (with eigenvalue mN),
inspired by resonant leptogenesis. So we are left with a

single mass parameter mN , together with the Dirac mass
matrix MD and the arbitrary small mass parameter �. In
what follows, we explicitly determine the form of MD in
the context of a realistic supersymmetric SOð10Þ model
and then use the present experimental bounds on the ele-
ments of the nonunitary parameter j�j to get a lower bound
on the RH neutrino mass scale mN . Finally, we fit the
observed LH neutrino mass and mixing parameters by
the inverse seesaw formula to determine the structure of
�. We then study the phenomenological consequences of
our results.

IV. EMBEDDING THE INVERSE SEESAW
MECHANISM IN REALISTIC SOð10Þ GUT

As we have mentioned earlier, in order to embed the
inverse seesaw mechanism into a supersymmetric SOð10Þ
theory, we have to break the B� L symmetry by using a

16 � 16 pair rather than a 126 � 126 pair of the Higgs
representation. In this context, there are two symmetry-
breaking chains that are particularly interesting:

(i) SOð10Þ���!MG
3c2L2R1B�L ���!MR

3c2L1YðMSSMÞ ���!MSUSY

3c2L1YðSMÞ���!MZ
3c1Q [20],

(ii) SOð10Þ���!MG
3c2L2R1B�L ���!VR

3c2L1I3R1B�L ���!vR

3c2L1YðMSSMÞ ���!MSUSY
3c2L1YðSMÞ���!MZ

3c1Q [21],

where, as an example of our notation, 3c means SUð3Þc. In
this paper, we consider only the former (and simpler) case
of the SOð10Þ-breaking chain. It was shown in Ref. [20]
that it is possible to obtain the gauge coupling unification
in this model with a low-energy (TeV scale) SUð2ÞR
symmetry-breaking scale MR. However, they considered
only one 10H Higgs field which contains only a single
bidoublet [corresponding to the (1, 2, 2, 0) representation
of 3c2L2R1B�L]. Getting a realistic fermion mass spectrum
in this model is difficult (see, however, some recent ideas
[22] on how this could be done). Instead, we consider a
model with two 10H at the TeV scale. This requires that we
reexamine the unification issue with two Higgs bidoublets.
We show that we not only obtain the gauge coupling
unification at a scale consistent with the proton decay
bounds, but also successfully reproduce the observed fer-
mion masses and mixing.
To study the running of the gauge couplings and the

possibility of their unification at a scale MG � 1016 GeV,
we divide the whole energy range ðMZ;MGÞ into three
parts, according to the above-mentioned symmetry-
breaking chain:
(i) First, we have the well-known SM from the weak

scaleMZ to the SUSY-breaking scaleMSUSY (which,
for practical purposes, we assume to be a little higher
than MZ).

(ii) Then we have the minimal supersymmetric standard
model (MSSM) from MSUSY to the B� L-breaking
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scale MR (which is assumed to be of order TeV, so
that it is of interest for colliders).

(iii) Finally, we have the supersymmetric left-right
(SUSYLR) model from MR to the unification scale
MG (expected to be around 1016 GeV).

The running of the gauge couplings at one-loop level is
determined by the RG equation

d�i

d ln ~�
¼ bi

2

�2
i or ��1

i ð ~�1Þ ¼ ��1
i ð ~�2Þ þ bi

2

ln

�
~�2

~�1

�
;

(18)

where �i � g2i
4
 , ~� is the energy scale, and the bi’s are the

coefficients of the one-loop � functions. The SM and
MSSM � functions are well known [23]:

bSMi ¼
�
41

10
;� 19

6
;�7

�
and bMSSM

i ¼
�
33

5
; 1;�3

�
;

(19)

where i stands for 1Y , 2L, and 3c, respectively. Before
calculating the � functions for the SUSYLR model, let
us first discuss the particle content of this model.

A. Particle content of the SUSYLR model

Herewe consider only the doublet implementation of the
SUSYLR model [24]; i.e. we use SUð2Þ doublets of the
16H Higgs field to break the B� L symmetry. In order to
keep the model general, we allow for an arbitrary number
of these doublet fields, to be denoted by nL and nR,
respectively, for SUð2ÞL and SUð2ÞR doublets. Likewise,
we have n10 bidoublets of the 10H Higgs field which, on
acquiring VEVs, give masses to the fermions through
Yukawa couplings. We also allow for an arbitrary number
nS of singlet fields S�. This is the minimal set of particles
in a generic SUSYLR model.

However, it turns out that, with this minimal set of
particles, it is not possible to obtain the gauge coupling
unification at a scale higher than �1015 GeV as required
from current bounds on the proton decay lifetime, �p *

1034 yr [25]. As we show later in Sec. IVB, unification is
possible only after adding the contribution from the color
triplets ½ð3; 1; 43Þ þ c:c:
, which come from the 45H repre-

sentation of the Higgs at the unification scale MG. It is
justified in Appendix A that it is indeed possible to have
these color triplets at the TeV scale, while all the other
Higgs multiplets are still naturally heavy at the GUT scale.

The particle content and their representations under the
3c2L2R1B�L gauge group are summarized in Table I.
Following the notation of Ref. [24], the SUð2Þ doublets
and bidoublets are represented as

Q ¼ u
d

� �
; Qc ¼ dc

�uc

� �
; �a ¼ �0

ad �þ
au

��
ad �0

au

 !
:

Other doublet pairs can be written in a similar way as the
ðQ;QcÞ pair. The charges of the fields must obey the

relation

Q ¼ I3L þ I3R þ
B� L

2
: (20)

B. Gauge coupling unification

The � function for a general supersymmetric model is
given by [23]

bSUSYN ¼ 2ng � 3N þ TðSNÞ (21)

for ng generations of fermions, the gauge group SUðNÞ,
and the complex Higgs representation parametrized by
TðSNÞ. For the Uð1Þ gauge group, N ¼ 0 in Eq. (21) and
the gauge coupling is normalized as usual. For the particle
content given by Table I, the Higgs contributions in our
SUSYLR model are explicitly given by

T2L ¼ n10 þ nL; T2R ¼ n10 þ nR;

T3c ¼ 1; and TB�L ¼ 4þ 3
2ðnL þ nRÞ:

(22)

Hence for three fermion generations, we find the � func-
tions for our SUSYLR model to be

bSUSYLRi ¼ ð10þ 3
2nL þ 3

2nR; n10 þ nL; n10 þ nR;�2Þ;
(23)

where i stands for 1B�L, 2L, 2R, and 3c, respectively. Using
these � functions, we can now obtain the running of gauge
couplings up to the scaleMG, knowing the initial values at
~� ¼ MZ [26],

�1YðMZÞ ¼ 0:016 829� 0:000 017;

�2LðMZÞ ¼ 0:033 493þ0:000 042
�0:000 038;

�3cðMZÞ ¼ 0:118� 0:003;

TABLE I. The representations of the particles under the
3c2L2R1B�L gauge group in the doublet SUSYLR model. Here
a ¼ 1; . . . ; n10, p ¼ 1; . . . ; nL, q ¼ 1; . . . ; nR, and � ¼
1; . . . ; nS. The B� L quantum numbers given here are not

GUT renormalized; to do so, we multiply by a factor of
ffiffi
3
2

q
(not

ffiffi
3
8

q
as mentioned in Ref. [24]).

Multiplet SUð3Þc SUð2ÞL SUð2ÞR Uð1ÞB�L

Q 3 2 1 þ1=3
Qc 3 1 2 �1=3
L 1 2 1 �1
Lc 1 1 2 þ1
�p 1 2 1 þ1
�c
q 1 1 2 �1
��p 1 2 1 �1
��c
q 1 1 2 þ1

�a 1 2 2 0

S� 1 1 1 0

	 3 1 1 þ4=3
�	 �3 1 1 �4=3
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and the matching condition [27] at ~� ¼ MR where the
Uð1ÞY-gauge coupling gets merged into SUð2ÞR �
Uð1ÞB�L:

��1
1Y ðMRÞ ¼ 3

5�
�1
2R ðMRÞ þ 2

5�
�1
B�LðMRÞ: (24)

For numerical purposes, we assume MSUSY ¼ 300 GeV
and MR ¼ 1 TeV. Also, we take the number of Higgs
bidoublets, n10 ¼ 2. However, the number of Higgs dou-
blets can be arbitrary, and we vary these parameters to get
the unification. As shown in Fig. 1, we achieve the gauge
unification for nL ¼ 0 and nR ¼ 2, with the unification
scale parameters

MG ’ 4� 1016 GeV and ��1
U ðMGÞ ’ 20:3: (25)

Note the asymmetry between nL and nR. We show in
Appendix A that since the VEVof the 45H Higgs breaks D
parity and decouples it from the SUð2ÞR-breaking scale
[28], it is possible to have only the right-handed doublets
and no left-handed ones below the GUT scale. This leads to
the asymmetry between �2L and �2R, with

�2L

�2R
’ 1:3 in our

case.

V. RG EVOLUTION OF THE FERMION MASSES
AND MIXING

The RG evolution of the fermion masses and mixing has
been extensively studied for both the SM and the MSSM
cases [29], but not for the SUSYLRmodel, even though the
analytical expressions for the Yukawa couplings have al-

ready been derived in Ref. [24]. Here we present a detailed
RG analysis in our SUSYLR model and obtain the quark
and lepton masses and the CKM matrix elements at the
unification scale MG.
The superpotential relevant for the RG evolution of the

Yukawa couplings in the SUSYLR model is given by [24]

W � ihaQ
T�2�aQ

c þ ih0aLT�2�aL
c þ i
apq�

T
p�2�a�

c
q

þ i �
apq ��
T
p�2�a ��

c
q þ��

�abS
� Trð�T

a�2�b�2Þ
þ i�L

�pS
�LT�2�p þ i�Lc

�qS
�LcT�2�

c
q; (26)

where we have suppressed the generational and SUð2Þ
indices. Also, we have ignored all nonrenormalizable
terms in the superpotential, as their contributions to the
renormalization group equations (RGEs) are suppressed by
MR=MG. We note that the superpotential given by Eq. (26)
has two additional terms of the form SL� and SLc�c (as
required by the inverse seesaw model) as compared to that
given in Ref. [24]. Also, note that since the 	, �	 fields do
not couple to any of the matter fields, they do not affect the
renormalization group running except through their effect
on the color gauge coupling evolution.
We have seen from the previous section that the gauge

coupling unification requires that we take two SUð2ÞR
doublets and no SUð2ÞL doublets from the Higgs fields.
Hence, dropping the �, �� terms from the superpotential of
Eq. (26), we have

W � ihaQ
T�2�aQ

c þ ih0aLT�2�aL
c þ i�Lc

�qS
�LcT�2�

c
q

þ��
�abS

� Trð�T
a�2�b�2Þ; (27)

where a ¼ 1, 2; q ¼ 1, 2; and � ¼ 1, 2, 3, corresponding
to the two bidoublets, two RH doublets, and three fermion
singlets, respectively.
The RGEs for the Yukawa couplings ha and h0a in

Eq. (27) are given by (with t ¼ ln ~�)

16
2 dha
dt

¼ ha

�
2hybhb �

16

3
g23 � 3g22L � 3g22R

� 1

6
g2B�L

�
þ hb½Trð3hybha þ h0yb h

0
aÞ

þ 2hybha þ 4ð��y
� ��

� Þba
; (28)

16
2 dh
0
a

dt
¼ h0a

�
2h0yb h

0
b � 3g22L � 3g22R � 3

2
g2B�L

�
þ h0b½Trð3hybha þ h0yb h

0
aÞ þ 2h0yb h

0
a

þ 4ð��y
� ��

� Þba þ ð�LcÞy�q�Lc

�q	ba
; (29)

where the repeated indices are summed over and a, b ¼ 1,
2; q ¼ 1, 2; and � ¼ 1, 2, 3, corresponding to the two
Higgs bidoublets, two SUð2ÞR doublets, and three fermion
singlets, respectively. Note that we have an additional
contribution to the RGE of the lepton Yukawa coupling
h0a as compared to those given in Ref. [24] which comes
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FIG. 1 (color online). Gauge coupling unification in the
SUSYLR model. We have used n10 ¼ 2, nL ¼ 0, nR ¼ 2,
MSUSY ¼ 300 GeV, and MR ¼ 1 TeV. As the running behavior
is mostly controlled by the SUSYLR sector, the values ofMSUSY

and MR can be relaxed a little bit, still preserving unification.
However, it should be emphasized that the choice of the number
of bidoublets and doublets is the only possible choice consistent
with both gauge coupling unification and realistic fermion
masses. Increasing n10 or nL, or changing nR in either way,
will spoil the unification, and as already noted, reducing n10 will
not give us a realistic fermion mass spectrum.
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from the S�cLc term in the superpotential. Note also the
presence of the hb terms in the second line in both the
Yukawa runnings even for a � b, which are characteristic
of left-right models and are absent in the case of the
MSSM, arising from the Higgs self-energy effects.

The fermion masses arise through the Yukawa couplings
ha and h0a when the two Higgs bidoublets �1;2 acquire

VEVs. In general, a linear combination of h1 and h2 will
give masses to the up-type quarks, and similarly different
linear combinations for the other masses. The dynamics of
the superpotential can be chosen in such a way that the
bidoublets acquire VEVs in the following simple manner:

h�1i ¼ 1ffiffiffi
2

p vd 0
0 0

� �
; h�2i ¼ 1ffiffiffi

2
p 0 0

0 vu

� �
; (30)

and we identify the ratio vu=vd � tan� (MSSM) withffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2
u þ v2

d

q
¼ 246 GeV. For numerical purposes, we use

tan�ðMSSMÞ ¼ 10. To obtain the RGEs for the mass
matrices, we choose the most frequently used renormal-
ization scheme [29], where the Yukawa couplings and the
Higgs VEVs run separately. The RGEs for the Higgs VEVs
are obtained from the gauge and scalar self-energy contri-
butions:

16
2 dvu

dt
¼ vu

�
3

2
g22L þ 3

2
g22R � Trð3hy2h2 þ h0y2 h

0
2Þ

� 4ð��y
� ��

� Þ22
�
; (31)

16
2 dvd

dt
¼ vd

�
3

2
g22L þ 3

2
g22R � Trð3hy1h1 þ h0y1 h

0
1Þ

� 4ð��y
� ��

� Þ11
�
: (32)

Using Eqs. (28) and (29) for _ha, _h0a and Eqs. (31) and (32)
for _vu, _vd, we have derived the RGEs for the physical
fermion masses and the quark mixing in our SUSYLR
model in Appendix B. Using the initial values for the
mass and mixing parameters at ~� ¼ MZ [26],

muðMZÞ ¼ 2:33þ0:42
�0:45 MeV;

mcðMZÞ ¼ 677þ56
�61 MeV;

mtðMZÞ ¼ 181� 13 GeV;

mdðMZÞ ¼ 4:69þ0:60
�0:66 MeV;

msðMZÞ ¼ 93:4þ11:8
�13:0 MeV;

mbðMZÞ ¼ 3:00� 0:11 GeV;

meðMZÞ ¼ 0:486 847 27� 0:000 000 14 MeV;

m�ðMZÞ ¼ 102:751 38� 0:000 33 MeV;

m�ðMZÞ ¼ 1:746 69þ0:000 30
�0:000 27 GeV;

and with the quark-sector mixing parameters
�12 ¼ 13:04 � � 0:05 �, �13 ¼ 0:201 � � 0:011 �, �23 ¼
2:38 � � 0:06 �, and 	13 ¼ 1:20� 0:08,

VCKMðMZÞ ¼
c12c13 s12c13 s13e

�i	13

�s12c23 � c12s23s13e
i	13 c12c23 � s12s23s13e

i	13 s23c13
s12s23 � c12c23s13e

i	13 �c12s23 � s12c23s13e
i	13 c23c13

0
B@

1
CA

¼
0:9742 0:2256 0:0013� 0:0033i

�0:2255� 0:0001i 0:9734 0:0415
0:0081� 0:0032i �0:0407� 0:0007i 0:9991

0
@

1
A;

and the SM and MSSM Yukawa RGEs [29], we numerically solve the SUSYLR RGEs given in Appendix B to obtain the
running quark and lepton masses and the CKM matrix elements at the unification scale MG:

muðMGÞ ¼ 0:0017 GeV; mcðMGÞ ¼ 0:1910 GeV; mtðMGÞ ¼ 77:8035 GeV; mdðMGÞ ¼ 0:0013 GeV;

msðMGÞ ¼ 0:0263 GeV; mbðMGÞ ¼ 1:7092 GeV; meðMGÞ ¼ 0:0004 GeV; m�ðMGÞ ¼ 0:0911 GeV;

m�ðMGÞ ¼ 1:7096 GeV VCKMðMGÞ ¼
0:9793 0:2023þ 0:0018i 0:0005� 0:0057i

�0:2023þ 0:0016i 0:9791 0:0240

0:0044� 0:0056i �0:0236� 0:0013i 0:9997

0
BB@

1
CCA: (33)

We also have a mild running for tan� with tan�ðMGÞ ¼ 7
from tan�ðMRÞ ¼ 10.

Figure 2 shows the running of the quark and charged-
lepton masses up to the unification scaleMG. Note that we
are able to generate the fermion mass spectrum at the GUT
scale with

m0
b

m0
�

’ 1;
m0

�

m0
s

’ 3;
m0

e

m0
d

’ 1

3
: (34)

Figure 3 shows the running of the CKM elements involving
the third generation. Note that in addition to the significant
running for the third-generation CKM elements Vub;cb;td;ts,
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we have a relatively milder running for the other elements
as well [cf. Eq. (33)], even in the third-generation domi-
nance approximation. This is a characteristic of the left-
right model, in contrast to the MSSM case where in the
third-generation dominance, the first- and second-
generation elements do not run at the one-loop level.

VI. THE DIRAC MASS FOR NEUTRINOS IN A
SPECIFIC SOð10Þ MODEL

As discussed in Sec. II, in order to implement the inverse
seesaw mechanism, we have to use the class of SOð10Þ
models in which the B� L subgroup is broken by a 16H �
16H pair. We also need at least two 10H and a 45H to have a
realistic fermion spectrum. With this minimum set of

Higgs multiplets f10H; 16H; 16H; 45Hg, several SOð10Þ
models have been constructed [30]. All these models re-
quire various dimension-5 operators to get the right fer-
mion masses: In principle, they are also present in our

model. However, most of them, e.g.
hij
M 16i16j16H16H, are

suppressed by the factor MR

MPl
� 10�15, as the 16H Higgs

acquires only TeV scale VEVs. The only other dimension-
5 operator that can make a significant contribution to

fermion masses is
h0ij
M 16i16j10H45H; we assume its effects

to be small in our model and keep the dimension-6 operator

fij

M2
16i16j10H45H45H: (35)

This operator is suppressed only by ðMG

MPl
Þ2 � 10�4, as the

45H acquires a VEVat the scaleMG and plays an important
role in the fermion mass fitting given below.
The fermion mass splitting is obtained by the completely

antisymmetric combination of the operator given by the
expression (35), i.e. in the notation of Ref. [31],

hc �þjB½�i�j�k�l�m
AijAkl�mjcþi (36)

with B ¼ Q
�¼odd�� and ½. . .
 denoting the completely

antisymmetric combination. Here � and A denote the
10H and 45H fields, respectively. When the following
VEVs are nonzero:

h�9;10i � 0; hA12;34;56i � 0; (37)

this antisymmetric combination acts as an effective 126H
operator which gives the mass relation me ¼ �3md and
m� ¼ �3mu due to the VEVs hAiji, while mu and md are

split in the usual manner by the two 10H VEVs, h�9;10i.
To obtain a realistic fermion mass spectrum, we construct
the following model using the Higgs multiplets
f10H; 45H; 54Hg. The SOð10Þ symmetry breaking to
3c2L2R1B�L is obtained by a combination of the 45H and
54H, with the following VEVs in an SUð5Þ basis:
h45i / diagða; a; a; 0; 0Þ;
h54i / diagð2a; 2a; 2a; 2a; 2a; 2a;�3a;�3a;�3a;�3aÞ:

(38)

In this model, the fermion mass matrices at the GUT scale
have the following form:

Mu ¼ ~hu þ ~f; Md ¼ ~hd þ ~f;

Me ¼ ~hd � 3~f; MD ¼ ~hu � 3~f;
(39)

where the hu;d matrices come from the usual Yukawa terms

hij16i16j10Hð100HÞ and the f matrix comes from the 45H
contribution given by the expression (35), where we have
assumed the same coupling for both the 10H fields. The
tildes denote the normalized couplings with mass dimen-
sions where the VEVs have been absorbed. We know the
nine eigenvalues of the quark and charged-lepton mass
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matrices at the scale MG from our RG analysis in Sec. V;
however, we have 18 unknowns (for three Hermitian ma-
trices) to fit into Eq. (39). Hence a unique fit is not possible;
we just give here one sample fit that is consistent with all
the masses and mixing at the GUT scale obtained from the
RGEs.

We work in a basis in which the charged-lepton mass
matrix is diagonal, i.e.

Me ¼
meðMGÞ 0 0

0 m�ðMGÞ 0
0 0 m�ðMGÞ

0
@

1
A

¼
0:0004 0 0

0 0:0911 0
0 0 1:7096

0
@

1
A GeV:

This immediately implies from Eq. (39) that

~h d;ij ¼ 3~fij; 8 i � j: (40)

For simplicity, let us choose the ~f matrix to be diagonal.

Then Eq. (40) implies that ~hd is also a diagonal matrix. We
also have the following relations:

~h d;�� þ ~f�� ¼ m�; ~hd;�� � 3~f�� ¼ m�; (41)

where m� ¼ ðmd;ms;mbÞ are the eigenvalues of Md and
m� ¼ ðme;m�;m�Þ the eigenvalues ofMe. These six equa-

tions (41) now fix the hd and f matrices completely:

~f ¼
1
4 ðmd �meÞ 0 0

0 1
4 ðms �m�Þ 0

0 0 1
4 ðmb �m�Þ

0
BB@

1
CCA

¼
2:25� 10�4 0 0

0 �0:0162 0

0 0 �0:0001

0
BB@

1
CCA GeV;

~hd ¼
1
4 ð3md þmeÞ 0 0

0 1
4 ð3ms þm�Þ 0

0 0 1
4 ð3mb þm�Þ

0
BB@

1
CCA

¼
0:0011 0 0

0 0:0425 0

0 0 1:7093

0
BB@

1
CCA GeV: (42)

The ~hu matrix can now be determined by fitting to Mu,
which, in this basis, is given by

Mu ¼ VCKMM
diag
u Vy

CKM ¼
0:0120 0:0384� 0:0103i 0:038� 0:4433i

0:0384þ 0:0103i 0:2280 1:8623þ 0:0002i
0:038þ 0:4433i 1:8623� 0:0002i 77:7569

0
@

1
A GeV: (43)

Then from Eq. (39) the ~hu matrix is given by

~h u ¼
0:0118 0:0384� 0:0103i 0:038� 0:4433i

0:0384þ 0:0103i 0:2442 1:8623þ 0:0002i
0:038þ 0:4433i 1:8623� 0:0002i 77:757

0
@

1
A GeV: (44)

Hence the Dirac neutrino mass matrix is given by

MD ¼
0:0111 0:0384� 0:0103i 0:038� 0:4433i

0:0384þ 0:0103i 0:2928 1:8623þ 0:0002i
0:038þ 0:4433i 1:8623� 0:0002i 77:7573

0
@

1
A GeV: (45)

It may be noted here that even though the specific form of
the Dirac neutrino mass matrix may depend on the choice
of the particular basis we have chosen, the individual
values of the matrix elements are more or less fixed by
the up-type quark mass values, due to the mass relation
(39), and hence, do not depend on the basis so much.
Therefore, all the predictions of the model that follow
from the form ofMD given by Eq. (45) will be independent
of the initial choice of our basis, up to a few percent.

VII. NONUNITARITY EFFECTS IN THE LEPTON
MIXING MATRIX

In this section we obtain the nonunitarity parameter �
using the structure of the Dirac neutrino mass matrix

obtained in Eq. (45) and discuss the phenomenological
consequences of our results.

A. Bounds on j�j
As discussed in Sec. III, the nonunitarity parameter is

given by

� ’ 1
2FF

y with F ¼ MDM
�1
N : (46)

For simplicity, choosingMN to be diagonal, and motivated
by resonant leptogenesis, assuming degenerate eigenvalues
for MN equal to mN, we have

� ’ 1

2m2
N

MDM
y
D: (47)
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With the form ofMD derived in the last section after extrapolation to the weak scale, we can readily calculate the elements
of �:

� ’ 1 GeV2

m2
N

0:1 0:0412� 0:4144i 1:5134� 17:247i
0:0412þ 0:4144i 1:78 72:6794� 0:0005i
1:5134þ 17:247i 72:6794þ 0:0005i 3024:93

0
@

1
A: (48)

This is to be compared with the present bounds on j�ijj (at
the 90% C.L.) [32]:

j�j<
2:0� 10�3 3:5� 10�5 8:0� 10�3

3:5� 10�5 8:0� 10�4 5:1� 10�3

8:0� 10�3 5:1� 10�3 2:7� 10�3

0
B@

1
CA: (49)

This gives a lower bound on the mass of the RH neutrino:

mN * 1:06 TeV; (50)

which should be kinematically accessible at the LHC to be
produced on shell. Note that the right-handed neutrinos are
pseudo-Dirac fermions in our model (with a small
Majorana component), which is distinct from the type I
seesaw models where they are pure Majorana. As a result,
the like-sign dilepton final states which are the ‘‘smoking
gun’’ collider signals of the type I seesaw mechanism are
suppressed in our model; however, the trilepton signals can
be used in this case for testing these models [19].

With this lower bound on mN , we get the following
improved bounds on j���j:

j�eej< 8:9� 10�8; j�e�j< 3:7� 10�7;

j�e�j< 1:5� 10�5; j���j< 1:6� 10�6;

j���j< 6:5� 10�5:

(51)

At least one of these bounds, namely j�e�j, is reachable at
future neutrino factories from the improved branching ratio
of � ! e� down to 10�18 [33]. Similar sensitivities are
also reachable in the PRISM/PRIME project [34]. We note
that relaxing the condition of degenerate RH neutrinos but
fitting the neutrino masses affects the values of ���; we

present these results in Table II. It appears that j�e�j values
are all accessible to the future � ! eþ � searches. The
largest value of j���j in this table may also be accessible to

neutrino oscillation experiments, preferably with short
baselines (L & 100 km).

B. Fitting the neutrino oscillation data

The structure of the small mass parameter � can be
obtained using the inverse seesaw formula, Eq. (1):

� ¼ F�1m�ðFTÞ�1; (52)

where m� is diagonalized by the new PMNS matrix N ¼
ð1� �ÞU instead of U in Eq. (6):

m� ¼ N m̂�N T: (53)

The form of U is obtained from the standard PMNS
parametrization using the 2� results from neutrino oscil-
lation data [35]:

�m2
 ¼ 7:67ð1þ0:044
�0:047Þ � 10�5 eV2;

�m2
atm ¼ 2:39ð1þ0:113

�0:084Þ � 10�3 eV2;

sin2�12 ¼ 0:312ð1þ0:128
�0:109Þ;

sin2�23 ¼ 0:466ð1þ0:292
�0:215Þ:

(54)

Here we assume �13 ¼ 0. Now using the form of � ob-
tained in Eq. (48) and taking mN ¼ 1:1 TeV for its lower
bound value, we get the new PMNS matrix N ¼ ð1�
�ÞU. For illustration, let us assume normal hierarchy for
neutrino masses withm1 ¼ 10�3 eV. Then we obtain from
Eq. (52)

� ’
�1:5934þ 0:0283i 0:2244� 0:0063i �0:0044þ 0:0092i
0:2244� 0:0063i �0:0322þ 0:0012i 0:0006� 0:0013i
�0:0044þ 0:0092i 0:0006� 0:0013i 4:0� 10�5 þ 5:1� 10�5i

0
@

1
A GeV: (55)

TABLE II. Predictions for the nonunitarity parameter j���j for the above choice of parameters
in the model including RH neutrino masses (given in GeVs).

mN1
mN2

mN3
j�e�j j�e�j j���j

1100 1100 1100 3:7� 10�7 1:5� 10�5 6:5� 10�5

100 100 1100 7:9� 10�7 1:6� 10�5 8:9� 10�5

50 50 1200 2:5� 10�6 2:2� 10�5 1:6� 10�4

30 30 2100 6:7� 10�6 4:4� 10�5 3:2� 10�4
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C. CP-violation effects

The CP-violation effects due to nonunitarity are mea-

sured by the Jarlskog invariant �Jij�� given by Eq. (13).

Note that �ij
�� is nonzero in our case, as � is a complex

matrix (the phases arising from the Dirac neutrino sector).
Using the values of �ij obtained from neutrino oscillation

data given by Eqs. (54) and the structure of� determined in
Eq. (48) with mN ¼ 1:1 TeV, we obtain the following

values for �Jij��:

�J12e� ’ �2:4� 10�6; (56)

�J23e� ’ �2:7� 10�6; (57)

�J23�� ’ 2:7� 10�6; (58)

�J31�� ’ 2:7� 10�6; (59)

�J12�e ’ 7:1� 10�6; (60)

and �J23e� ¼ �J31e� ¼ ��J12�� ¼ �J23�e ¼ �J31�e. Note that

these values are just 1 order of magnitude smaller than
the quark-sector value, JCKM ¼ ð3:05þ0:19

�0:20Þ � 10�5 [26],

and can be the dominant source of CP violation in the
leptonic sector for vanishing �13, thus leading to distinctive
CP-violating effects in neutrino oscillations [36,37]. For
instance, the transition probability for the ‘‘golden chan-
nel’’ �� ! �� with nonunitarity effects is given by [36]

P�� ’ 4j���j2 þ 4s223c
2
23sin

2

�
�m2

31L

4E

�

� 4j���j sin	��s23c23 sin

�
�m2

31L

2E

�
; (61)

where the last term is CP odd due to the phase 	�� of

the element ��� which, in our model, is �7� 10�6

[cf. Eq. (48)]. Hence, the CP-violating effects should be
pronounced for long-baseline neutrino factories.

D. LFV decay rates

Lepton flavor violating decays such as � ! e�, � !
e�, and � ! �� are often a signature of seesaw models for
neutrino masses. In this model, they can arise from the
nonunitarity effects and can be obtained using Eq. (16)
which, for degenerate RH neutrinos, becomes

BR ðl� ! l��Þ ’
�3
Ws

2
Wm

5
l�

256
2M4
W��

��������ðKKyÞ��I
�
m2

N

M2
W

���������2

;

(62)

with K ¼ V3�6 and IðxÞ defined in Eq. (17). Now that we
know all the three 3� 3mass matrices entering the inverse
seesaw formula given by Eq. (3), we can easily determine
the structure of the full unitary matrix V by diagonalizing

the 9� 9 neutrino mass matrix M�, and hence, we obtain
V3�6.
The total decay width �� entering Eq. (62) is given by

@=��, where the mean lifetimes for � and � are, respec-
tively [26],

�� ¼ ð2:197 019� 0:000 021Þ � 10�6 sec;

�� ¼ ð290:6� 1:0Þ � 10�15 sec :

Using these values, we obtain the following branching
ratios for the rare LFV decays:

BR ð� ! e�Þ ’ 3:5� 10�16; (63)

BR ð� ! e�Þ ’ 1:1� 10�13; (64)

BR ð� ! ��Þ ’ 2:0� 10�12: (65)

We have estimated the contribution to the � ! eþ �
branching ratio from the off-diagonal Dirac Yukawa cou-
pling contribution to slepton masses and have found that
for universal scalar mass of 500 GeV and tan� ’ 5, it is
comparable to this value or less. Such values for the � !
e� branching ratio are accessible to future experiments
[33,34] capable of reaching sensitivities down to 10�18.
They can be used to test the model.
In our model we assume that squark and slepton masses

are above a TeV so that their contribution to the flavor
changing neutral current effects are negligible. The pre-
dictions for � ! 3e and � ! e conversion [38] for a TeV
scale slepton mass, as in our model, are much smaller than
what can be probed in planned experiments.

VIII. SUMMARY

In conclusion, we have presented a TeV scale realistic
inverse seesaw scenario that arises from a supersymmetric
SOð10Þ model consistent with gauge coupling unification
and a fermion mass spectrum. This required us to carry out
an extrapolation of quark masses and mixing to the GUT
scale with a TeV scale SUSYLR rather than a MSSM. This
appears to be the first time that such an extrapolation has
been carried out. Implementation of the inverse seesaw
mechanism within the SOð10Þ helps to reduce the number
of parameters, making the model predictive. We present
our expectations for the nonunitarity of the PMNS leptonic
mixing matrix with the choice of parameters and its other
phenomenological consequences. The heavy RH neutrinos
which are pseudo-Dirac fermions have TeV scale mass and
can be produced in colliders, thus giving rise to distinctive
signatures. We also give our predictions (with our choice of
parameters) for the nonunitarity contribution to the branch-
ing ratios for the rare LFV decays of muons and taus. The
model can also be tested by the production of WR and Z0
bosons which are at the TeV scale. Of these, the branching
ratio � ! eþ � could be testable in future experiments.
Some of the elements of the nonunitarity matrix j�j pre-
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dicted by our model may be accessible to the next-
generation neutrino factories too.
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APPENDIX A: MASSES OF THE SOð10Þ HIGGS
MULTIPLETS

As discussed in Sec. IVB, we obtain the gauge coupling
unification at an acceptable scale only after including the
contribution from the color triplets 	ð3; 1; 1;þ 4

3Þ,
�	ð�3; 1; 1;� 4

3Þ. This pair of Higgs fields is contained in

the 45 representation of the Higgs in a generic SOð10Þ
model. However, in principle, there could be other light
gauge multiplets of 45 and/or 54 that might contribute to
the gauge coupling running as well. Here we argue that in a
generic SOð10Þ model with only 45H and 54H representa-
tions of the Higgs (apart from the essential 10H and 16H), it
is possible to have only the 	’s as light states (TeV scale),
whereas all the other states are very heavy at the GUT scale
and, hence, do not contribute to the RG running. It turns out
that we need to have at least two 45H’s in our model in
order to have these light color triplets.

The most general Higgs superpotential with two
A � 45’s and an E � 54 Higgs field is given by

WH ¼ 1
2m1A

2 þ 1
2m

0
1A

02 þ 1
2m2E

2 þ 
1E
3 þ 
2EA

2

þ 
0
2EA

02 þ 
3EAA0; (A1)

where we have absorbed the AA0 term by a redefinition of
the fields. The Higgs fields A, A0, and E contain three
directions of singlets (with A and A0 VEVs parallel) under
the SM subgroup 3c2L1Y [39]. The corresponding VEVs
are defined by

hAi ¼ X2
i¼1

AiÂi; hA0i ¼ X2
i¼1

A0
iÂ

0
i; hEi ¼ EÊ;

(A2)

where in the notation of Ref. [39], the unit directions Âi

and Ê in the Y-diagonal basis are given by

Â1 ¼ Âð1;1;0Þ
ð1;1;3Þ ¼

i

2
½78þ 90
 ¼ Â0

1;

Â2 ¼ Âð1;1;0Þ
ð15;1;1Þ ¼

iffiffiffi
6

p ½12þ 34þ 56
 ¼ Â0
2;

Ê ¼ Êð1;1;0Þ
ð1;1;1Þ ¼

1ffiffiffiffiffiffi
60

p ð�2� ½12þ 34þ 56


þ 3� ½78þ 90
Þ; (A3)

where the upper and lower indices denote the 3c2L1Y and
4c2L2R quantum numbers, respectively. The unit directions

in Eq. (A2) satisfy the orthonormality relations

Â i � Âj ¼ 	ij and Ê � Ê ¼ 1: (A4)

The superpotential of Eq. (A1) calculated at the VEVs in
Eq. (A2) is given by

hWHi ¼ 1

2
m1hAi2 þ 1

2
m0

1hA0i2 þ 1

2
m2hEi2 þ 
1hEi3

þ 
2hEihAi2 þ 
0
2hEihA0i2 þ 
3hEihAihA0i

¼ 1

2
m1ðA2

1 þ A2
2Þ þ

1

2
m0

1ðA02
1 þ A02

2 Þ þ
1

2
m2E

2

þ 
1

2
ffiffiffiffiffiffi
15

p E3 þ E

2
ffiffiffiffiffiffi
15

p ½
2ð3A2
1 � 2A2

2Þ

þ 
0
2ð3A02

1 � 2A02
2 Þ þ 
3ð3A1A

0
1 � 2A2A

0
2Þ
 (A5)

using the definitions in Eqs. (A3) and the orthonormality
relations given by Eqs. (A4). The VEVs are determined by
the minimization of the superpotential with respect to the
fields: �

@

@A1

;
@

@A2

;
@

@A0
1

;
@

@A0
2

;
@

@E

	
hWHi ¼ 0: (A6)

This yields a set of five equations for A1, A2, A
0
1, A

0
2, and E:

0 ¼ m1A1 þ 3ffiffiffiffiffiffi
15

p 
2EA1 þ 3

2
ffiffiffiffiffiffi
15

p 
3EA
0
1;

0 ¼ m1A2 � 2ffiffiffiffiffiffi
15

p 
2EA2 � 2

2
ffiffiffiffiffiffi
15

p 
3EA
0
2;

0 ¼ m0
1A

0
1 þ

3ffiffiffiffiffiffi
15

p 
0
2EA

0
1 þ

3

2
ffiffiffiffiffiffi
15

p 
3EA1;

0 ¼ m0
1A

0
2 �

2ffiffiffiffiffiffi
15

p 
0
2EA

0
2 �

2

2
ffiffiffiffiffiffi
15

p 
3EA2;

0 ¼ m2Eþ 1

2
ffiffiffiffiffiffi
15

p ½3
1E
2 þ 
2ð3A2

1 � 2A2
2Þ

þ 
0
2ð3A02

1 � 2A02
2 Þ þ 
3ð3A1A

0
1 � 2A2A

0
2Þ
: (A7)

As in our model, the SOð10Þ symmetry is broken by the 45
and 54 VEVs to the 3c2L2R1B�L gauge group at the scale
MG, and we are interested in the 3c2L2R1B�L symmetry
solutions [39]

A1 ¼ A0
1 ¼ 0; A2 � 0; A0

2 � 0; E � 0:

Hence it follows from Eqs. (A7) that

m1 � 2
2Effiffiffiffiffiffi
15

p ¼ 
3Effiffiffiffiffiffi
15

p A0
2

A2

; m0
1 �

2
0
2Effiffiffiffiffiffi
15

p ¼ 
3Effiffiffiffiffiffi
15

p A2

A0
2

:

(A8)

In order to study the mass matrices, it is convenient to
decompose the Higgs representations under the SM gauge
group 3c2L1Y . In Table III we present the explicit decom-
positions of all the Higgs representations under the chain of
subgroups
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4 c2L2R � 3c2L2R1B�L � 3c2L1Y:

Using the Clebsch-Gordan coefficients given in Ref. [39],
we obtain the masses of these multiplets as follows. The
basis designating columns (c) of the mass matrices is given
in the same way as in Table III, while rows (r) are desig-
nated by the corresponding complex conjugated 3c2L1Y
multiplets.

First, we obtain the masses of the multiplet ½ð3; 1; 43Þ þ
c:c:
 in the basis

c : Âð3;1;4=3Þ
ð15;1;1Þ ; Â

0ð3;1;4=3Þ
ð15;1;1Þ ; r: Âð�3;1;�4=3Þ

ð15;1;1Þ ; Â0ð�3;1;�4=3Þ
ð15;1;1Þ ;

Mð3;1;4=3Þ
	 ¼

m1 � 2
2Effiffiffiffi
15

p � 
3Effiffiffiffi
15

p

� 
3Effiffiffiffi
15

p m0
1 � 2
0

2
Effiffiffiffi

15
p

0
@

1
A

¼ 
3Effiffiffiffiffiffi
15

p
A0
2

A2
�1

�1 A2

A0
2

0
@

1
A

(A9)

using Eq. (A8). It is obvious that detðM	Þ ¼ 0, and hence,
one of the two eigenvalues is zero while the other eigen-
value is given by

Tr ðM	Þ ¼ 
3Effiffiffiffiffiffi
15

p
�
A0
2

A2

þ A2

A0
2

�
: (A10)

The zero eigenvalues (six in total) are easily identified as
the longitudinal Nambu-Goldstone modes as the SUð4Þc
gauge group breaks to SUð3Þc �Uð1ÞB�L and they acquire
mass of order MG by the usual Higgs mechanism once the
45H gets VEVs at the GUT scale. We keep the other six
eigenvalues given by Eq. (A10) at the TeV scale by fine-
tuning the coupling 
3. In what follows, we explicitly
calculate the mass eigenvalues for all the other multiplets

given by Table III and show that it is possible to have only
the above six massive 	’s at the TeV scale while all the
other states of 45 and 54 are heavy at the GUT scale.
We note that once we assume 
3 to be small, the effect of

the second 45H multiplet becomes negligible and we can
drop the primed terms in the superpotential as well. For
simplicity, we also assume that A2 ¼ E�MG. Then the
VEV conditions given by Eqs. (A7) yield

m1 ’ 2
2Effiffiffiffiffiffi
15

p ; m2 ’ Effiffiffiffiffiffi
15

p
�

2 � 3

2

1

�
: (A11)

We list below the mass eigenvalues for all the multiplets
given in Table III.
(i) (1, 1, 0): We have three such states, and the mass

matrix is given by

c : Âð1;1;0Þ
ð1;1;3Þ; Â

ð1;1;0Þ
ð15;1;1Þ; Ê

ð1;1;0Þ
ð1;1;1Þ;

r: Âð1;1;0Þ
ð1;1;3Þ; Â

ð1;1;0Þ
ð15;1;1Þ; Ê

ð1;1;0Þ
ð1;1;1Þ;

m1 þ 3
2Effiffiffiffi
15

p 0 3
2A1ffiffiffiffi
15

p

0 m1 � 2
2Effiffiffiffi
15

p � 2
2A2ffiffiffiffi
15

p
3
2A1ffiffiffiffi

15
p � 2
2A2ffiffiffiffi

15
p m2 þ 3
1Effiffiffiffi

15
p

0
BB@

1
CCA

¼ Effiffiffiffiffiffi
15

p
5
2 0 0
0 0 �2
2

0 �2
2 
2 þ 3
2
1

0
B@

1
CA:

So the mass eigenvalues are

TABLE III. Decomposition of the 10, 16, 45, and 54 Higgs representations under the chain of subgroups 4c2L2R � 3c2L2R1B�L �
3c2L1Y .

SOð10Þ 4c, 2L, 2R 3c, 2L, 2R, 1B�L 3c, 2L, 1Y

10 (1, 2, 2) (1, 2, 2, 0) ð1; 2;�1Þ
(6, 1, 1) ð3; 1; 1;� 2

3Þ ð�3; 1; 1; 23Þ ð3; 1;� 2
3Þ ð�3; 1; 23Þ

16 (4, 2, 1) ð3; 2; 1; 13Þ ð1; 2; 1;�1Þ ð3; 2; 13Þ ð1; 2;�1Þ
ð�4; 1; 2Þ ð�3; 1; 2;� 1

3Þ ð�3; 1; 23Þ ð�3; 1;� 4
3Þ

(1, 1, 2, 1) (1, 1, 2) (1, 1, 0)

45 (1, 1, 3) (1, 1, 3, 0) (1, 1, 2) (1, 1, 0) ð1; 1;�2Þ
(1, 3, 1) (1, 3, 1, 0) (1, 3, 0)

(6, 2, 2) ð3; 2; 2;� 2
3Þ ð3; 2;� 1

3Þ ð3; 2;� 5
3Þ

ð�3; 2; 2; 23Þ ð�3; 2; 53Þ ð�3; 2;� 1
3Þ

(15, 1, 1) (1, 1, 1, 0) ð3; 1; 1; 43Þ ð�3; 1; 1;� 4
3Þ (8, 1, 1, 0) (1, 1, 0) ð3; 1; 43Þ ð�3; 1;� 4

3Þ (8, 1, 0)
54 (1, 1, 1) (1, 1, 1, 0) (1, 1, 0)

(1, 3, 3) (1, 3, 3, 0) (1, 3, 2) (1, 3, 0) ð1; 3;�2Þ
(6, 2, 2) ð3; 2; 2;� 2

3Þ ð3; 2; 13Þ ð3; 2;� 5
3Þ

ð�3; 2; 2; 23Þ ð�3; 2; 53Þ ð�3; 2;� 1
3Þ

ð200; 1; 1Þ ð6; 1; 1;� 4
3Þ ð�6; 1; 1; 43Þ (8, 1, 1, 0) ð6; 1;� 4

3Þ ð�6; 1; 43Þ (8, 1, 0)
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Mð1;1;0Þ
1 ¼ 5Effiffiffiffiffiffi

15
p 
2 � 0;

Mð1;1;0Þ
2 ¼ E

2
ffiffiffiffiffiffi
15

p
��


2 þ 3

2

1

�

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�

2 þ 3

2

1

�
2 þ 16
2

2

s �
� 0;

Mð1;1;0Þ
3 ¼ E

2
ffiffiffiffiffiffi
15

p
��


2 þ 3

2

1

�

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�

2 þ 3

2

1

�
2 þ 16
2

2

s �
� 0: (A12)

(ii) ½ð1; 1; 2Þ þ c:c:
: There is only one such multiplet,
and its mass is

c : Âð1;1;2Þ
ð1;1;3Þ; r: Âð1;1;�2Þ

ð1;1;3Þ ;

Mð1;1;2Þ ¼ m1 þ 3ffiffiffiffiffiffi
15

p 
2E ¼ 5Effiffiffiffiffiffi
15

p 
2 � 0:
(A13)

(iii) ½ð3; 2;� 5
3Þ þ c:c:
: There are two such multiplets,

and the mass matrix is

c : Â
ð3;2;�5

3Þ
ð6;2;2Þ ; Ê

ð3;2;�5
3Þ

ð6;2;2Þ ; r: Â
ð�3;2;53Þ
ð6;2;2Þ; Ê

ð�3;2;53Þ
ð6;2;2Þ;

m1 þ 
2E

2
ffiffiffiffi
15

p � 
2A1

2 � 
2A2ffiffi
6

p

� 
2A1

2 � 
2A2ffiffi
6

p m2 þ 3
1E

2
ffiffiffiffi
15

p

0
@

1
A

¼ 
2Effiffiffiffiffiffi
15

p 3 �
ffiffi
5
2

q
�

ffiffi
5
2

q
1

0
B@

1
CA

with the eigenvalues

Mð3;2;�5=3Þ
1;2 ¼ E
2

2
ffiffiffiffiffiffi
15

p ½4� ffiffiffiffiffiffi
14

p 
 � 0: (A14)

(iv) ½ð3; 2; 13Þ þ c:c:
: There are two of them, and the

mass matrix is

c : Âð3;2;1=3Þ
ð6;2;2Þ ; Êð3;2;1=3Þ

ð6;2;2Þ ; r: Âð�3;2;�1=3Þ
ð6;2;2Þ ; Êð�3;2;�1=3Þ

ð6;2;2Þ ;

m1 þ 
2E

2
ffiffiffiffi
15

p 
2A1

2 � 
2A2ffiffi
6

p

2A1

2 � 
2A2ffiffi
6

p m2 þ 3
1E

2
ffiffiffiffi
15

p

0
@

1
A

¼ 
2Effiffiffiffiffiffi
15

p 3 �
ffiffi
5
2

q
�

ffiffi
5
2

q
1

0
B@

1
CA

with the same eigenvalues as the previous one:

Mð3;2;ð1=3ÞÞ
1;2 ¼ E
2

2
ffiffiffiffiffiffi
15

p ½4� ffiffiffiffiffiffi
14

p 
 � 0: (A15)

(v) (1, 3, 0): There are also two of them, and the mass
matrix is

c : Âð1;3;0Þ
ð1;3;1Þ; Ê

ð1;3;0Þ
ð1;3;3Þ; r: Âð1;3;0Þ

ð1;3;1Þ; Ê
ð1;3;0Þ
ð1;3;3Þ;

m1 þ 3
2Effiffiffiffi
15

p 
2A1


2A1 m2 þ 9
1Effiffiffiffi
15

p

0
@

1
A

¼ Effiffiffiffiffiffi
15

p 5
2 0
0 
2 þ 15

2 
1

� �
:

So the mass eigenvalues are

Mð1;3;0Þ
1 ¼ 5Effiffiffiffiffiffi

15
p 
2 � 0;

Mð1;3;0Þ
2 ¼ Effiffiffiffiffiffi

15
p

�

2 þ 15

2

1

�
� 0:

(A16)

(vi) ½ð1; 3; 2Þ þ c:c:
: There is only one such multiplet
whose eigenvalue is given by

c: Êð1;3;2Þ
ð1;3;3Þ; r: Êð1;3;�2Þ

ð1;3;3Þ ;

Mð1;3;2Þ ¼m2 þ 9ffiffiffiffiffiffi
15

p 
1E¼ Effiffiffiffiffiffi
15

p
�

2 þ 15

2

1

�
� 0:

(A17)

(vii) ½ð6; 1;� 4
3Þ þ c:c:
: Its eigenvalue is

c: Êð6;1;�4=3Þ
ð200;1;1Þ ; r: Êð6;1;4=3Þ

ð200;1;1Þ ;

Mð6;1;�4=3Þ ¼ m2 � 6ffiffiffiffiffiffi
15

p 
1E

¼ Effiffiffiffiffiffi
15

p
�

2 � 15

2

1

�
� 0 (A18)

unless 
2 ¼ 15
2 
1 (which we assume not to be the

case).
(viii) (8, 1, 0): There are two of them, and the mass

matrix is

c : Âð8;1;0Þ
ð15;1;1Þ; Ê

ð8;1;0Þ
ð200;1;1Þ; r: Âð8;1;0Þ

ð15;1;1Þ; Ê
ð8;1;0Þ
ð200;1;1Þ;

m1 � 2
2Effiffiffiffi
15

p
ffiffi
2
3

q

2A2ffiffi

2
3

q

2A2 m2 � 6
1Effiffiffiffi

15
p

0
B@

1
CA

¼ Effiffiffiffiffiffi
15

p 0
ffiffiffiffi
45
2

q

2ffiffiffiffi

45
2

q

2 
2 � 15

2 
1

0
B@

1
CA

with the mass eigenvalues
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Mð8;1;0Þ
1;2 ¼ E

2
ffiffiffiffiffiffi
15

p
��


2 � 15

2

1

�
2

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�

2 � 15

2

1

�
2 þ 90
2

2

s �
� 0:

(A19)

Thus we see that all the other multiplets have nonzero
masses, and moreover, all these masses are of order E�
MG. Hence, none of these multiplets will contribute to the
running of the gauge coupling up to the unification scale
MG except the color triplets since these color triplets have
masses of order of the SUSY-breaking scale.

Note that the 10H-Higgs field also has a color triplet pair
½ð3; 1;� 2

3Þ þ c:c:
 under the SM gauge group, apart from

the TeV scale bidoublet fields �1;2 used in the SUSYLR

model in Sec. IV which reduce to ð1; 2;�1Þ under the SM
gauge group. At the GUT scale, the H � 10H field inter-
acts with the E � 54H field by the following term in the
superpotential:

W10 ¼ 1
2m3H

2 þ 
3EH
2: (A20)

After the 54H acquires a VEV, this gives rise to the color
triplet mass

c : Ĥð3;1;�2=3Þ
ð6;1;1Þ ; r: Ĥð�3;1;2=3Þ

ð6;1;1Þ ;

Mð3;1;2=3Þ ¼ m3 � 2
3Effiffiffiffiffiffi
15

p ;
(A21)

while the doublet mass is

c : Ĥð1;2;1Þ
ð1;2;2Þ; r: Ĥð1;2;�1Þ

ð1;2;2Þ ; Mð1;2;1Þ ¼ m3 þ
ffiffi
3
5

q

3E:

(A22)

We see that the ð1; 2;�1Þ field can be made light by fine-

tuning m3 þ
ffiffi
3
5

q

3E� TeV, which still leaves the ð3; 1; 23Þ

field heavy (of order MG).
Finally, let us discuss how only the right-handed doublet

fields ð�c; ��cÞ from 16H-Higgs fields (c H) remain mass-
less at the GUT scale. Note that in the left-right language,
the fields in 16 are QHð3; 2; 1; 13Þ �Qc

Hð�3; 1; 2;� 1
3Þ and

�ð1; 2; 1;�1Þ � �cð1; 1; 2;þ1Þ, and similarly for the

16H � �c H field. The superpotential involving these fields
is

W16 ¼ M16
�c Hc H þ 
 �c HAc H: (A23)

The second coupling has been worked out explicitly in
Ref. [40]. On substituting the VEV of the 45-Higgs field
(A), we get the following masses for the QHð3; 2; 1; 13Þ �
Qc

Hð�3; 1; 2;� 1
3Þ and �ð1; 2; 1;�1Þ � �cð1; 1; 2;þ1Þ fields:

MQH� �QH
¼ M16 þ 
A2; MQc

H� �Qc
H
¼ M16 � 
A2;

M�� �� ¼ M16 � 3
A2; M�c� ��c ¼ M16 þ 3
A2:

(A24)

From this we see that to get only the �c fields light, we
have to fine-tune M16 þ 3
A2 � TeV. With this assump-
tion, all other fields remain heavy at the GUT scale.

APPENDIX B: RGES FOR FERMIONMASSES AND
MIXING

Given the form of the bidoublet VEVs as in Eq. (30), it
immediately follows from the first two terms of the super-
potential Eq. (27) that the fermion mass matrices can be
written as

Mu ¼ 1ffiffiffi
2

p vuh2; Md ¼ 1ffiffiffi
2

p vdh1;

Me ¼ 1ffiffiffi
2

p vdh
0
1; and MD ¼ 1ffiffiffi

2
p vuh

0
2:

(B1)

Henceforth, for clarity, we will denote the Yukawa cou-
plings as

hU � h2; hD � h1; hE � h01; hN � h02:

Then using Eqs. (28), (29), (31), and (32), the RGEs for the
fermion mass matrices can be written as

16
2 dMu

dt
¼ Mu

�
4hyUhU þ 2hyDhD �X

i

~CðqÞ
i g2i

�

þMd tan�½Trð3hyDhU þ hyEhNÞ þ 2hyDhU
þ C�

12
; (B2)

16
2 dMd

dt
¼ Md

�
4hyDhD þ 2hyUhU �X

i

~CðqÞ
i g2i

�
þ Mu

tan�

�½Trð3hyUhD þ hyNhEÞ þ 2hyUhD þ C�
21
;
(B3)

16
2 dMe

dt
¼ Me

�
4hyEhE þ 2hyNhN þ C� �X

i

~CðlÞ
i g2i

�

þ MD

tan�
½Trð3hyUhD þ hyNhEÞ þ 2hyNhE

þ C�
21
; (B4)
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16
2 dMD

dt
¼ MD

�
4hyNhN þ 2hyEhE þ C� �X

i

~CðlÞ
i g2i

�

þMe tan�½Trð3hyDhU þ hyEhNÞ þ 2hyEhN
þ C�

12
; (B5)

whereC�
ab ¼ 4ð��y

� ��
� Þab,C� ¼ ð�LcÞy�q�Lc

�q, and for i ¼
3c, 2L, 2R, 1B�L,

~C
ðqÞ
i ¼

�
16

3
;
3

2
;
3

2
;
1

6

�
; ~CðlÞ

i ¼
�
0;
3

2
;
3

2
;
3

2

�
: (B6)

Note that the second line in Eq. (B3) and the second and
third lines in Eqs. (B2), (B4), and (B5) are characteristic of
the left-right models, and do not appear in the MSSM.

Not all the parameters of the Yukawa matrices are
physical. Under an arbitrary unitary transformation on
the left (right)-handed fermion fields, F LðRÞ !
LðRÞfF LðRÞ (where F ¼ U, D, E, N), the Yukawa matri-

ces undergo a bi-unitary transformation, hf ! LfhfR
y
f ,

and the charged current becomes off-diagonal, with the

CKM mixing matrix LUL
y
D. We will also have a leptonic

counterpart of the CKM matrix that represents the mixing
between the charged lepton and the Dirac neutrino sector.
However, as the running of lepton masses is very mild and
we are working only to the one-loop order, we can safely
ignore this mixing in the leptonic sector. Moreover, if we
assume the CP phase in the Higgs VEV to be zero, then the
mass matrices are Hermitian and Lf ¼ Rf (manifest left-

right). Thus we may perform scale-dependent unitary
transformations Lfð�Þ on the fermion bases so as to di-

agonalize the Yukawa matrices, and hence the mass ma-
trices, at each scale:

ĥfð�Þ ¼ Lfð�Þhfð�ÞLy
f ð�Þ and

M̂f ¼ Lfð�ÞMfð�ÞLy
f ð�Þ; (B7)

where ĥf and M̂f denote the diagonalized Yukawa and

mass matrices, respectively.
The RGEs for the physically relevant quantities,

namely, the mass eigenvalues M̂fð�Þ and the scale-

dependent CKM matrix VCKMð�Þ ¼ LUð�ÞLy
Dð�Þ, are

both contained in the RGEs of M̂2
fð�Þ ¼

Ly
f ð�ÞMfð�ÞMy

f ð�ÞLfð�Þ:

d

dt
ðM̂2

uÞ ¼ ½ _LUL
y
U; M̂

2
u
 þ 1

16
2

�
4ĥ2U þ 2ĥ2D �X

i

~CðqÞ
i g2i

�
2M̂2

u

þ 1

16
2
tan�½fTrð3VCKMĥDV

y
CKMĥUÞ þ C�

12gðVCKMM̂dV
y
CKMM̂uÞ þ 2VCKMM̂dĥDV

y
CKMĥUM̂u þ H:c:
; (B8)

d

dt
ðM̂2

dÞ ¼ ½ _LDL
y
D; M̂

2
d
 þ

1

16
2

�
4ĥ2D þ 2ĥ2U �X

i

~CðqÞ
i g2i

�
2M̂2

d

þ 1

16
2

1

tan�
½fTrð3VCKMĥDV

y
CKMĥUÞ þ C�

12gðM̂dV
y
CKMM̂uVCKMÞ þ 2M̂dĥDV

y
CKMĥUM̂uVCKM þ H:c:
; (B9)

d

dt
ðM̂2

eÞ ¼ ½ _LEL
y
E; M̂

2
e
 þ 1

16
2

�
4ĥ2E þ 2ĥ2N þ ReðC�Þ �X

i

~CðlÞ
i g2i

�
2M̂2

e; (B10)

d

dt
ðM̂2

DÞ ¼ ½ _LNL
y
N; M̂

2
D
 þ

1

16
2

�
4ĥ2N þ 2ĥ2E þ ReðC�Þ �X

i

~CðlÞ
i g2i

�
2M̂2

D; (B11)

where _L � dL
dt and ReðC�Þ denotes the real part of C�. The commutator [ _LfL

y
f , M̂

2
f] has vanishing diagonal elements

because M̂2
f is diagonal. Thus the RGEs for the mass eigenvalues m2

f follow immediately from the diagonal entries of
Eqs. (B8)–(B11). Using the dominance of Yukawa couplings of the third generation over the first two, i.e.

h2t � h2c � h2u; h2b � h2s � h2d; h2� � h2� � h2e; h2N3
� h2N2

� h2N1
;

we obtain the following RGEs for the mass eigenvalues of the fermions:
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16
2 dmu

dt
’
�
4h2u þ 2h2d �

X
i

~CðqÞ
i g2i

�
mu þ tan�½3jVtbj2hbht þ rq


X
j¼d;s;b

jVujj2mj;

16
2 dmc

dt
’
�
4h2c þ 2h2s �

X
i

~CðqÞ
i g2i

�
mc þ tan�½3jVtbj2hbht þ rq


X
j¼d;s;b

jVcjj2mj;

16
2 dmt

dt
’
�
4h2t þ 2h2b �

X
i

~CðqÞ
i g2i

�
mt þ tan�½ð3jVtbj2 þ 2Þhbht þ rq
jVtbj2mb;

16
2 dmd

dt
’
�
4h2d þ 2h2u �

X
i

~CðqÞ
i g2i

�
md þ 1

tan�
½3jVtbj2hbht þ rq


X
j¼u;c;t

jVjdj2mj;

16
2 dms

dt
’
�
4h2s þ 2h2c �

X
i

~CðqÞ
i g2i

�
ms þ 1

tan�
½3jVtbj2hbht þ rq


X
j¼u;c;t

jVjsj2mj;

16
2 dmb

dt
’
�
4h2b þ 2h2t �

X
i

~CðqÞ
i g2i

�
mb þ 1

tan�
½ð3jVtbj2 þ 2Þhbht þ rq
jVtbj2mt;

16
2 dme

dt
’
�
4h2e þ 2h2N1

þ rl �
X
i

~CðlÞ
i g2i

�
me;

16
2
dm�

dt
’
�
4h2� þ 2h2N2

þ rl �
X
i

~CðlÞ
i g2i

�
m�;

16
2 dm�

dt
’
�
4h2� þ 2h2N3

þ rl �
X
i

~CðlÞ
i g2i

�
m�;

16
2
dmN1

dt
’
�
4h2N1

þ 2h2e þ rl �
X
i

~CðlÞ
i g2i

�
mN1

;

16
2
dmN2

dt
’
�
4h2N2

þ 2h2� þ rl �
X
i

~CðlÞ
i g2i

�
mN2

;

16
2
dmN3

dt
’
�
4h2N3

þ 2h2� þ rl �
X
i

~CðlÞ
i g2i

�
mN3

;

(B12)

where rq ¼ ReðC�
12Þ and rl ¼ ReðC�Þ.

The VEV RGEs, Eqs. (31) and (32), for third-generation
dominance become

16
2 dvu

dt
’ vu

�
3

2
g22L þ 3

2
g22R � 3h2t � h2N3

� C�
22

�
;

(B13)

16
2 dvd

dt
’ vd

�
3

2
g22L þ 3

2
g22R � 3h2b � h2� � C�

11

�
:

(B14)

The RGE for the CKM matrix VCKM ¼ LUL
y
D is given

by

d

dt
VCKM ¼ _LUL

y
D þLU

_Ly
D ¼ _LUL

y
UVCKM �VCKM

_LDL
y
D

or
d

dt
V�� ¼ X

�¼u;c;t

ð _LUL
y
UÞ��V�� �

X
�¼d;s;b

V��ð _LDL
y
DÞ��:

(B15)

However, the diagonal elements of _LU;DL
y
U;D are not de-

termined by Eqs. (B8) and (B9). This is because Eq. (B7)
determines LU;D only up to right multiplication by a di-

agonal matrix of scale-dependent phases. These undeter-
mined phases contribute arbitrary imaginary functions to

the diagonal elements of _LU;DL
y
U;D. But the off-diagonal

elements are unambiguously determined because they re-
ceive no contribution from the phases. We can, neverthe-

less, make the diagonal entries of _LU;DL
y
U;D, which are

manifestly imaginary, vanish by an appropriate choice of
phases. With this choice of phases, we can then obtain the
RGEs for the CKM matrix elements using Eq. (B15):
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d

dt
V�� ¼ X

�¼u;c;t
���

ð _LUL
y
UÞ��V�� � X

�¼d;s;b
���

V��ð _LDL
y
DÞ��

¼ 1

16
2

� X
�¼u;c;t
���

�
tan�

m� �m�

fTrð3VĥDVyĥUÞ þ rqgðVM̂dV
yÞ�� þ 4

v2
d

m2
� þm2

�

m2
� �m2

�

ðVM̂2
dV

yÞ��
�
V��

� X
�¼d;s;b
���

V��

�
1

tan�ðm� �m�Þ fTrð3VĥDV
yĥUÞ þ rqgðVyM̂uVÞ�� þ 4

v2
u

m2
� þm2

�

m2
� �m2

�

ðVyM̂2
uVÞ��

��
: (B16)

As before, we use the third-generation dominance and get the following RGEs for V��:

16
2 d

dt
Vud ’ � tan�ð3jVtbj2hbht þ rqÞ

�ðVM̂dV
yÞucVcd

mc

þ ðVM̂dV
yÞutVtd

mt

�
� 4

v2
d

½ðVM̂2
dV

yÞucVcd þ ðVM̂2
dV

yÞutVtd


� 1

tan�
ð3jVtbj2hbht þ rqÞ

�
VusðVyM̂uVÞsd

ms

þ VubðVyM̂uVÞbd
mb

�
� 4

v2
u

½VusðVyM̂2
uVÞsd þ VubðVyM̂2

uVÞbd
;

16
2 d

dt
Vus ’ � tan�ð3jVtbj2hbht þ rqÞ

�ðVM̂dV
yÞucVcs

mc

þ ðVM̂dV
yÞutVts

mt

�
� 4

v2
d

½ðVM̂2
dV

yÞucVcs þ ðVM̂2
dV

yÞutVts


� 1

tan�
ð3jVtbj2hbht þ rqÞ

�
�VudðVyM̂uVÞds

ms

þ VubðVyM̂uVÞbs
mb

�

� 4

v2
u

½�VudðVyM̂2
uVÞds þ VubðVyM̂2

uVÞbs
;

16
2 d

dt
Vub ’� tan�ð3jVtbj2hbht þ rqÞ

�ðVM̂dV
yÞucVcb

mc

þðVM̂dV
yÞutVtb

mt

�
� 4

v2
d

½ðVM̂2
dV

yÞucVcb þðVM̂2
dV

yÞutVtb


þ 1

mb tan�
ð3jVtbj2hbht þ rqÞ½VudðVyM̂uVÞdb þVusðVyM̂uVÞsb
þ 4

v2
u

½VudðVyM̂2
uVÞdb þVusðVyM̂2

uVÞsb
;

16
2 d

dt
Vcd ’ � tan�ð3jVtbj2hbht þ rqÞ

�
�ðVM̂dV

yÞcuVud

mc

þ ðVM̂dV
yÞctVtd

mt

�
� 4

v2
d

½�ðVM̂2
dV

yÞcuVud þ ðVM̂2
dV

yÞctVtd


� 1

tan�
ð3jVtbj2hbht þ rqÞ

�
VcsðVyM̂uVÞsd

ms

þ VcbðVyM̂uVÞbd
mb

�
� 4

v2
u

½VcsðVyM̂2
uVÞsd þ VcbðVyM̂2

uVÞbd
;

16
2 d

dt
Vcs ’� tan�ð3jVtbj2hbht þ rqÞ

�
�ðVM̂dV

yÞcuVus

mc

þðVM̂dV
yÞctVts

mt

�
� 4

v2
d

½�ðVM̂2
dV

yÞcuVus þðVM̂2
dV

yÞctVts


� 1

tan�
ð3jVtbj2hbht þ rqÞ

�
�VcdðVyM̂uVÞds

ms

þVcbðVyM̂uVÞbs
mb

�
� 4

v2
u

½�VcdðVyM̂2
uVÞds þVcbðVyM̂2

uVÞbs
;

16
2 d

dt
Vcb ’ � tan�ð3jVtbj2hbht þ rqÞ

�
�ðVM̂dV

yÞcuVub

mc

þ ðVM̂dV
yÞctVtb

mt

�
� 4

v2
d

½�ðVM̂2
dV

yÞcuVub þ ðVM̂2
dV

yÞctVtb


þ 1

mb tan�
ð3jVtbj2hbht þ rqÞ½VcdðVyM̂uVÞdb þ VcsðVyM̂uVÞsb
 þ 4

v2
u

½VcdðVyM̂2
uVÞdb þ VcsðVyM̂2

uVÞsb
;

16
2 d

dt
Vtd ’ tan�

mt

ð3jVtbj2hbht þ rqÞ½ðVM̂dV
yÞtuVud þ ðVM̂dV

yÞtcVcd
 þ 4

v2
d

½ðVM̂2
dV

yÞtuVud þ ðVM̂2
dV

yÞtcVcd


� 1

tan�
ð3jVtbj2hbht þ rqÞ

�
VtsðVyM̂uVÞsd

ms

þ VtbðVyM̂uVÞbd
mb

�
� 4

v2
u

½VtsðVyM̂2
uVÞsd þ VtbðVyM̂2

uVÞbd
;
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16
2 d

dt
Vts ’ tan�

mt

ð3jVtbj2hbht þ rqÞ½ðVM̂dV
yÞtuVus þðVM̂dV

yÞtcVcs
þ 4

v2
d

½ðVM̂2
dV

yÞtuVus þðVM̂2
dV

yÞtcVcs


� 1

tan�
ð3jVtbj2hbht þ rqÞ

�
�VtdðVyM̂uVÞds

ms

þVtbðVyM̂uVÞbs
mb

�
� 4

v2
u

½�VtdðVyM̂2
uVÞds þVtbðVyM̂2

uVÞbs
;

16
2 d

dt
Vtb ’ tan�

mt

ð3jVtbj2hbht þ rqÞ½ðVM̂dV
yÞtuVub þ ðVM̂dV

yÞtcVcb
 þ 4

v2
d

½ðVM̂2
dV

yÞtuVub þ ðVM̂2
dV

yÞtcVcb


þ 1

mb tan�
ð3jVtbj2hbht þ rqÞ½VtdðVyM̂uVÞdb þ VtsðVyM̂uVÞsb
 þ 4

v2
u

½VtdðVyM̂2
uVÞdb þ VtsðVyM̂2

uVÞsb
:
(B17)

We have presented the results for these RGEs, even though
they look quite messy, because we believe this is the first
time such an analysis has been carried out in the SUSYLR
model, and these analytical results at the one-loop level
may be useful later for future work in this direction.

In order to solve these mass and mixing RGEs numeri-
cally, we need to know the initial values for all the 23
variables (12 masses, 9 CKM elements, and 2 VEVs). We
know the experimental values at ~� ¼ MZ for all of them
except for the Dirac neutrino masses mNi

. We fix these

values by iterations using the GUT scale predicted values,
mNi

ðMGÞ, which, in turn, are determined completely in

terms of the other fermion masses at the GUT scale in
SOð10Þ GUT models. Here we note that adjusting the GUT
scale values ofmNi

to fit the SOð10Þmodel prediction does

not change the other fermion masses at this scale signifi-
cantly, even though they are all coupled equations, because
of the mild running of the neutrino masses. Hence the mass
and mixing values given in Eqs. (33) can be considered as
generic and independent of the specific SOð10Þ model
chosen.

We also have the free parameters rq and rl correspond-

ing to the couplings ��
� and �Lc

�q. Assuming the couplings

�� to be the same, 8 � ¼ 1, 2, 3, we have

C�
ab ¼ 4ð��y

� ��
� Þab ¼ 12ð��y

��Þab ¼ 12
X2
c¼1

���
ca �

�
cb;

C� ¼ ð�LcÞy�q�Lc

�q ¼ 3½ð�LcÞ�q�Lc

q 
:

Further assuming ��
ab ¼ �� 8 a, b ¼ 1, 2 and �Lc

q ¼
�l 8 q ¼ 1, 2, we have

rq ¼ 24j��j2; rl ¼ 6j�lj2;

where �� and �l can take values between 0 and 1 (for the

theory to remain perturbative).
For the running behavior shown in Fig. 2, we have

chosen �� ¼ 0:01 and �l ¼ 0:46 (requiring b� � unifi-

cation) and the initial values of the Dirac neutrino masses

mN1
ðMRÞ ¼ 0:0031 GeV; mN2

ðMRÞ ¼ 0:2825 GeV;

mN3
¼ 71:86 GeV

such that the masses evaluated at the GUT scale,mNi
ðMGÞ,

agree with those predicted by the specific SOð10Þ model
described in Sec. VI. For a consistency check, we note that
the SOð10Þ model predicted eigenvalues of MD given by
Eq. (45),

m
predicted
Ni

¼ ð0:0028; 0:2538; 77:8046Þ GeV;

agree quite well with those obtained from the RGEs,

mRG
Ni

ðMGÞ ¼ ð0:0028; 0:2538; 77:8106Þ GeV:
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