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Magnetic flux, Wilson line, and orbifold
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We study torus/orbifold models with magnetic flux and Wilson line backgrounds. The number of zero
modes and their profiles depend on those backgrounds. That has interesting implications from the

viewpoint of particle phenomenology.
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L. INTRODUCTION

Extra-dimensional field theories and the string theory
with magnetic fluxes can lead to interesting models [1-9].
A chiral theory can be realized as the four-dimensional
effective field theory, because of the magnetic flux back-
ground. The number of zero modes, that is, the generation
number, is determined by the magnitude of magnetic flux.
Their zero-mode profiles are nontrivially quasilocalized.
Such a behavior of zero-mode wave functions can lead to
suppressed couplings when zero modes are quasilocalized
far away each other. That would be useful to realize, e.g.
suppressed Yukawa couplings for light quarks and leptons.
On the other hand, when their localized points are close to
each other, their couplings would be of O(1) and that
would be useful to explain, e.g. the top Yukawa coupling.
Furthermore, those localizing points on the torus back-
ground have a certain symmetry and it would become an
origin of non-Abelian discrete flavor symmetries [10].!
Furthermore, certain moduli can be stabilized by introduc-
ing magnetic fluxes [14]. Thus, magnetized brane models
have phenomenologically several interesting aspects.

Indeed, magnetized D-brane models are T-duals of in-
tersecting D-brane models [4-6,15-17]. (For a review see
[18] and references therein.) Within the framework of
intersecting D-brane models, many interesting models
have been constructed so far.

From the magnetic backgrounds associated with orbi-
folds [19,20] and Wilson lines, one can also derive several
interesting aspects and some of them have been studied.”
Effects of Wilson lines on the torus with magnetic fluxes
are gauge symmetry breaking and the shift of wave func-
tion profiles. Orbifolding is another way to realize a chiral
theory. For the same magnetic flux, the numbers of chiral
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zero modes between the torus compactification and the
orbifold compactification are different from each other
and zero-mode profiles are different [19,20]. Adjoint mat-
ter fields remain massless on the torus with magnetic
fluxes, but those are projected out on the orbifold.” These
differences lead to phenomenologically interesting aspects
[20]. However, effects due to Wilson lines have not studied
on the orbifold with the magnetic flux background. Our
purpose in this paper is to study more about these back-
grounds such as consistency conditions, zero-mode profiles
and phenomenological aspects of four-dimensional effec-
tive theory.

This paper is organized as follows: In Sec. II, we study
four-dimensional effective theories derived from the torus
compactification with magnetic flux and Wilson line back-
grounds. Most of them are already known results. (See, e.g.
[7].) However, we reconsider phenomenological implica-
tions of Wilson lines on magnetized torus models. In
Sec. III, we study the orbifold background with magnetic
fluxes and Wilson lines. We study zero modes under such a
background and their phenomenological aspects.
Section IV is devoted to a conclusion and discussions.

II. MAGNETIZED TORUS MODELS WITH
WILSON LINES

A. T? models

Here, let us study a six-dimensional field theory with
magnetic fluxes and Wilson lines. The two extra dimen-
sions are compactified on T2, whose area and complex
structure are denoted by A and 7. We use the coordinates
Y, (m=4,5) for T2, while Xy (u =20, ---,3) denote the
four-dimensional ~ uncompactified  space-time, R>!.
Furthermore, we often use the complex coordinate, z =
y4 + Tys. The boundary conditions on 72 are represented
byz~z+landz~z+ 7.

First, let us study U(1) theory. We consider the fermion
field A(x, z) with the U(1) charge, ¢, and it satisfies the

3Within the framework of intersecting D-brane models, analo-
gous results have been obtained by considering D6-branes
wrapping rigid 3-cycles [24].
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Dirac equation
TMDyA(x, z) =

M9y — igAp)A(x,2) =0, (1)

with M =0, - - -, 5, where I'™ denote the six-dimensional
gamma matrices and A,; denote U(1) gauge vectors. The

fermion field A and the vector fields A,; (M = (u, m)) are
decomposed as
Mx, 7) = an ® i,(),
A5 = T A, (1) ® by, (0), o
An(x,2) = D 00n() ® ¢y, (2),

with m = 4, 5, where A, ,(x) and ¢, ,(x) correspond to
four-dimensional vector fields and scalar fields, respec-
tively. Here, the modes with n = 0 correspond to zero
modes, while the others correspond to massive modes.
Since we concentrate on zero modes, we omit the subscript
corresponding to n = 0 hereafter.

We assume the following form of magnetic flux on 72

F=""(dz A d3), 3)
Im~r

where m is an integer [25]. Such a magnetic flux can be
obtained from the vector potential

Az) = % Im(zdz). (4)

This form of the vector potential satisfies the following
relations:

Az+ 1) = AR) + 2™ Im(dz), 5)
Im~

Az + 7) = AR + M m(7dy). (6)
Im7

Furthermore, these can be represented as the following
gauge transformations:

Az + 1) = A(z) +dy,, Az + 1) = A(z) + dx»,

(N

where

mm mm
=—1 = — Im(7z).

X1 Imr m(z), X2 Imr m(7z) (8)

Then, the internal part ¢ (z) of the fermion zero mode with

the charge ¢ must satisfy

Pz +1)=eMOy(z),  Pz+7)=er@y(z).

()]

Here and hereafter, we use the U(1) charge normalization
such that all charges of matter fields are integers and the
minimum charge is equal to |¢g| = 1. The internal part ¢ is
a two-component spinor
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and we choose the gamma matrix for 72,

~ 0 1 ~ 0 —i
1 2 _
e () o
in terms of the real coordinates y,,. Then, the Dirac equa-
tions for zero modes become

(74 syt =0 1

When gm > 0, the component ¢, has M = gm inde-
pendent zero modes and their wave functions are written as

(7]
@],M(Z) — NMeiWMZ Im(z)/Im(T)ﬁl: J/(fw ](MZ, MT), (14)

where N,, is a normalization factor, j denotes the flavor
index, i.e. j=0,---,M — 1 and

ﬁl: Z :|(V, W) = Zexp[m’(n + a)’u
2wt + )+ B, (15)

that is, the Jacobi theta function. Note that @%M(z) =
®MM(z). They satisfy the orthonormal condition

fd22®i’M(z)(®/'M(z))* =4, (16)

Furthermore, for gm > 0, the other component ¢/ _ has no
zero modes. As a result, we can realize a chiral spectrum.

On the other hand, when gm < 0, the component ¢ _
has |¢gm| independent zero modes, but the other component
¢+ has no zero modes.

One of the important properties of zero-mode wave
functions is that we can decompose a product of two
zero-mode wave functions as follows: [26,27],

N
QM (7)@iM:(7) = M

2 ®i+j+M1m,Ml +M2(Z)
NM My €y sy

Myi—M,j+M Mym
X 19|: MMy (M, +M,) ]
0
X (0, TdMlMZ(Ml + Mz)) (17)
Now, let us introduce Wilson lines. The Dirac equations

of the zero modes are modified by the Wilson line back-
ground, C = C; + 7C; as

-, 7q o
(a s nz + c))w(z, D=0 (8
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mq oA _
J0——— +C _(z,2) =0, 19
( S Tm(7) (mz ))¢ (z.2) (19)

where C; and C, are real constants. That is, we can
introduce the Wilson line background, C = C; + 7C, by
replacing y; in (8) as [7]

X = T Im(mz + C), X2 = T Im(7(mz + C)).
Im~ Im~
(20)

Because of this Wilson line, the number of zero modes
does not change, but their wave functions are replaced as

OM(z7) = OM(z + C/m). 2D

In general, Yukawa couplings are computed by the over-
lap integral of three zero-mode profiles, i;(z), ¢ ;(z), and

(2),

v = ¢ [ @200, (22)
where g denotes the corresponding coupling in the higher
dimensional theory. Concretely, when Wilson lines are
vanishing, the overlap integral of O"Mi(z)@/M:(z) X

(OFMs(2))* for My = M, + M, is given [7,28]*

[ 2O (2) @M (7)(OKMs (1))

Ny Ny Myi—M,j+M Mym
= Nl—z D> Sivjemme X ﬁl: Moy ]
M; mEZM3 0
X (0, TM M, M), (23)

where the gauge invariance requires the third wave func-
tion must not be @%M:(z) but (@FM3(z))* with the magnetic
flux M3 = M, + M,. Here. we have used the product rule
(17) and the orthogonality (16). When we introduce non-
vanishing Wilson lines, the overlap integral is obtained as

f P20 (z + C/M,)OM(z + C' /M)
X (@FMs(z + C"/M3))*

_ Ny, Ny, 5
N i+j+Mymk
My m€Zy,

X @im(CIm(C/M\)+C' Im(C'/Mp)+C" Im(C"/M3))/Im=
MyizM, j+M,Mym
y 19|: M, M, M, :I((MZC — M, C"), TM, M, M),
0

(24)

where the gauge invariance requires C” = C + C'.
Furthermore, by repeating the above procedure we can
compute higher order couplings [30].

4See also [29].
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In Egs. (23) and (24), the subscript of the Kronecker
delta is defined modulo M3, and the Kronecker delta leads
to the selection rule for allowed couplings as

where €, m are integers. When gcd(M |, M,, M5) = g, the
above constraint becomes

i+j=k (modg). (26)

That implies that we can define Z, charge for zero modes,
and the allowed couplings are controlled by such a Z,
symmetry [10,30]. This Z, transformation can be written
as [10]

Z= p , 27)

ps!
where p = €27/¢. Furthermore, four-dimensional effec-
tive theory has a cyclic permutation symmetry

@i,Ml — @H—mnl,M] @j,Mz — ®j+mn2,M2

@k,M3 . ®k+mn3,M3, (28)

where n; = M;/g and m is a universal integer, that is,
another Z, symmetry. This Z, transformation can be writ-
ten as [10]

c= | (29)
1000 -0

These two Z, symmetries are noncommutable and lead to
non-Abelian flavor symmetry, (Zg X Zg)><|Zg [10]. Its di-
agonal elements are written as Z"™(Z')", where

P
7 = S | (30)

p

These symmetries are also available for higher order cou-
plings. Furthermore, when we consider vanishing Wilson
lines, the Z, twist symmetry is enhanced by the symmetry,

@i,M — @M—i,M’ (31)

and such Z, can be written as

>See for the same selection rule in intersecting D-brane models

[31,32].
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1 0
0O -+ - 1

P=|0 -~ 0 1 0} (32)
0O 1 0 -+ 0

Then, the permutation symmetry is enhanced from Z, to
D,, and the total symmetry becomes (Z, X Z,)xD,. For
example, when g = 3, we can realize (Z; X Z3)xZ; =
A(27) and (Z3 X Z3)xDs = A(54).

It would be useful to consider U(1), X U(1), theory
from the phenomenological viewpoint. We consider the
fermion field A(x,z) with U(1), X U(1), charges,
(ga» g5)- We assume the following form of U(1), magnetic
flux on 72

Fi=—""m, 33)
m7

where m,, is integer, but there is no magnetic flux in U(1),.
On top of that, we introduce Wilson lines C* and C? for
U(1), and U(1),, respectively. The zero-mode equations
are written as

(qulmaz + C9) + qbcb>)¢+(z, H=0,
(34)

(5 * 2112(7)

(qu(maz + %) + qbéb))w_(z, =0,
(35)

(- 2

Then, the number of zero modes is obtained as M = ¢,m,
and their wave functions are written as

O'M(z + C/m,), (36)

where C = C% + Cq,/q,. Here, we give a few com-
ments. All of modes with ¢, = 0 become massive and
there do not appear zero modes with ¢, = 0. For ¢, # 0,
zero modes with g, = 0 appear and the number of zero
modes is independent of g,,. Obviously, when we introduce
Wilson lines C* and/or C? without magnetic flux F¢, zero
modes do not appear. The shift of wave functions depends
on 1/m, and the charge g,. Note that although F” = 0,
Wilson lines C, and charges ¢, for U(1), are also
important.6

The above aspects of magnetic fluxes and Wilson lines
are phenomenologically interesting. We consider six-
dimensional super Yang-Mills theory with non-Abelian
gauge group G. We introduce a magnetic flux F¢ along a
Cartan direction of G. Then, the gauge group breaks to
G’ X U(1), without reducing the rank. Furthermore, there
appear the massless fermion fields A’, which correspond to

*Wilson lines C, and charges ¢;, for U(1), are in a sense more
important than Wilson lines C, and charges ¢, for U(1l),,
because the shift of wave functions (36) depends on ¢,.
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the gaugino fields for the broken gauge group part in the
fundamental representation of G’ with a nonvanishing
U(1), charge. Furthermore, we introduce a Wilson line
along a Cartan direction of G’. Then, the gauge group is
broken to G" X U(1), X U(1), without reducing the rank.
The gaugino fields corresponding to the broken gauge part
in G’ do not remain as massless modes, but they gain
masses due to the Wilson line U(1),,. However, the fermion
fields A’ remain still massless with the same degeneracy.

Let us explain more on this aspect. Suppose that we
introduce magnetic fluxes in a model with a larger group G
such that they break G to a grand unified theory (GUT)
group like SU(5), and this model includes three families of
matter fields like 10 and 5. Their Yukawa couplings are
computed by the overlap integral of three zero-mode pro-
files as Eq. (22). We obtain the GUT relation among
Yukawa coupling matrices when wave function profiles
of matter fields in 10 (5) are degenerate like Eq. (23).
Then, we introduce a Wilson line along U(1)y, which
breaks SU(5) to SU(3) X SU(2) X U(1)y. Because of
Wilson lines, SU(5) gauge bosons except the SU(3) X
SU(2) X U(1)y gauge bosons become massive, and the
corresponding gaugino fields become massive. However,
three families of 10 and 5 matter fields remain massless.
Importantly, this Wilson line resolves the degeneracy of
wave function profiles of left-handed quarks, right-handed
up-sector quarks and right-handed charged leptons in 10
and right-handed down-sector quarks and left-handed
charged leptons in 5 as Fig. 1. That is, the GUT relation
among Yukawa coupling matrices is deformed. As an
illustrating model, we study the Pati-Salam model in the
next subsection.

Here, we comment on some effects due to discrete
values of continuous Wilson lines such as C = k7 with k =
integer. We find

@j,M(Z + kT/M) = ik Im(fz)/lm(r)®j+k,M(Z)_ (37)

Thus, the effect of such Wilson lines C = k7 is to replace
the j-th zero mode by the (j + k)-th zero mode up to
emikIm(72)/Im(7) " However, when we consider 3-point and
higher order couplings, the gauge invariance requires that
the sum of Wilson lines of matter fields should vanish, that
is, 3 ;k; = 0 for allowed n-point couplings. Thus, the part
emikIm(72)/Im(7) s jrrelevant to four-dimensional effective
theory and the resultant four-dimensional effective theory
is the equivalent even when we introduce C = k7.

10 Qe u

FIG. 1 (color online). Wave function splitting by Wilson lines.
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Similarly, introducing the Wilson lines C = k with k =
integer leads to the equivalent four-dimensional effective
theory.

B. Pati-Salam model

As an illustrating model, we consider the Pati-Salam
model. We start with ten-dimensional N = 1 U(8) super
Yang-Mills theory with the Lagrangian

1 _
L=- 402 Tr(FMNFyy) + Lz Tr(AIMDy ), (38)
g 28

where M, N=0,---,9. We compactify the extra six
dimensions on 77 X T3 X T2, and we denote the complex
coordinate for the d-th 73 by z¢, where d = 1, 2, 3. Then,
we introduce the following form of magnetic fluxes:

. m(ld)]l4
Fy=—2 @1
Zdzd Ide m2 2 (39)
mgd)]lz
d=1273

in the gauge space, where 1, are the unit matrices of rank
N, mgd) are integers. We assume that the above background
preserves four-dimensional N = 1 supersymmetry. Here,
we denote Ml(;i) = mgd) - mﬁd) and M;; = ME})MI(AJZA)MI(A;).
This magnetic flux breaks the gauge group U(8) to U(4) X
U(2); X U(2)g, that is the Pati-Salam gauge group up to
U(1) factors. The gauge sector corresponds to four-
dimensional N = 4 supersymmetry vector multiplet, that
is, there are U(4) X U(2), X U(2)p N = 1 vector multi-
plet and three adjoint chiral multiplets. In addition, there
appear bifundamental matter fields like A5 1), A3 ;2 and
A(1,2,2), and their numbers of zero modes are equal to M,
M3y, and M,3. When M;; is negative, that implies their
conjugate matter fields appear with the degeneracy |M;]|.
The fields A1) and A ») correspond to left-handed and
right-handed matter fields, respectively, while A ;) cor-
responds to up and down Higgs (Higgsino) fields. For
example, we can realize three families by M (1? =(31,1)
and M) = (3,1, 1). That leads to | M| = 0 or 24. At any
rate, the flavor structure is determined by the first T12 n
such a model. Explicitly, the zero-mode wave functions of
both Ay, 1y and A ) ,) are obtained as

0/3(z")O ()0 (). (40)

Their Yukawa matrices are constrained by the Pati-Salam
gauge symmetry, that is, up-sector quarks, down-sector
quarks, charged leptons and neutrinos have the same
Yukawa matrices with Higgs fields. Even with such a
constraint, one could derive realistic quark/lepton masses
and mixing angles, because this model has many Higgs
fields and their vacuum expectation values generically
break the up-down symmetry.

PHYSICAL REVIEW D 80, 126006 (2009)

We introduce Wilson lines in U(4) and U(2) such that
U(4) breaks to U(1) X U(3) and U(2)g breaks U(1) X
U(1). Then, the gauge group becomes the standard gauge
group up to U(1) factors. Furthermore, the profiles of left-
handed quarks and leptons in Ay, ;) shift differently be-
cause of Wilson lines. Similarly, right-handed up-sector
quarks, down-sector quarks, charged leptons and neutrinos
in Ag ) shift differently. The flavor structure is deter-
mined by the first 77. Thus, when we introduce Wilson
lines in the second or third torus, the resultant Yukawa
matrices are still constrained by the SU(4) X SU(2); X
SU(2)g. For example, we introduce Wilson lines on 73.
Then, zero-mode profiles of quarks, (Q, u, d) and leptons
(L, e, v) split as

0: 0i3(zHOM (2 + C1)@L(F),
L: @3(zH)0L (2 — 3¢)0 (%),

ue: @3 ()0 (2 — ¢ + OV (Z),
de: @i3(z)@V (2 — v — )OI (),
S @i3(z)OL1(2 + 3¢ — Ch)OLI(F),
pe @3 (N0 (2 + 3¢ + )OI (),

(41)

3N
)

where C* and C” are the Wilson lines to break U(4) —
UBB)X U() and UQR)g— U(1) X U(1), respectively.
Those Wilson lines just change the overall factors of
Yukawa matrices, but ratios among elements in each
Yukawa matrix do not change. Also we can introduce
Wilson lines along the same U(1) directions as the mag-
netic fluxes (39), but they do not deform the up-down
symmetry of Yukawa matrices, either.

On the other hand, when we introduce Wilson lines on
the first le, the zero-mode wave functions split as

Q: O3(c! +C/3)01 ()01 (2),

L: @j‘3(21 — C“)®1‘1(22)®1‘1(Z3),

ut: @93(z1 — Ca/3 + C/3)01 (2O (F),
d: O3z — C/3 = C"/3)0"1 ()0 (),
D@3z + Cca — ¢t /3)0M(2)011 (),
e @j,B(Zl + Ce + Cb/3)®l,l(z2)®l,l(z3)_

42)

3N
)

In this case, the flavor structure is deviated from the
SU(4) X SU2);, X SU(2)x relation, that is, mass ratios
and mixing angles can change. Also we can introduce
Wilson lines C“ to T3 and C? to T7. Then we realize
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0: ©3(2)OL1(2 + C1)OL (),
L: O73(zHOL (2 —3CH)0L(F),
u: O3z + Ct/3)0V (2 — c)OL1(F),
de: 073 (z0 — ct/3)0t (22 — CH)OV (P,
e O3 (71 — b /3)ON1 (22 + 3¢ OV (),
v @53z 4+ C?/3)0 (2 + 3¢90 1(Z).

o

(43)

3]

Indeed, this behavior is well known in the intersecting
D-brane models, which are T-duals of magnetized D-brane
models. In the intersecting D-brane side, the introduction
of Wilson lines corresponds to a split of D-branes. By
splitting D-branes, the gauge group breaks as U(M +
N) — U(M) X U(N), but the number of massless bifunda-
mental modes does not change, although they are decom-
posed because of the gauge symmetry breaking.

II1. ORBIFOLD MODELS

Here, we study orbifold models with magnetic fluxes.
The T?/Z, orbifold is constructed by identifying z ~ —z
on T2. We also embed the Z, twist into the gauge space as
P. Note that under the Z, twist, magnetic flux background
is invariant. That is, we have no constraint on magnetic
fluxes due to orbifolding. Furthermore, zero-mode wave
functions satisfy

Q/M(—z) = @M=IM(Z), (44)

Note that ®%M(z) = ®MM(z). Hence, the Z, eigenstates
are written as [19]

0" (z) = %(@j’M(z) * MM (z)) (45)

for j # 0, M/2, M. The wave functions ®/¥(z) for j = 0,
M2 are the Z, eigenstates with the Z, even parity. Either
of ®M(z) and ®:M(z) is projected out by the orbifold
projection. Odd wave functions can also correspond to
massless modes in the magnetic flux background, unlike
the orbifold without magnetic flux, where any odd modes
correspond to not massless modes, but massive modes.
Before orbifolding, the number of zero modes is equal to
the magnetic flux M. For example, we have to choose M =
3 in order to realize the three families. On the other hand,
the number of zero modes on the orbifold also depends on
the boundary conditions under the Z, twist, i.e. even or odd
functions. For M = even, the number of zero modes with
even (odd) functions are equal to M/2 + 1 (M /2 — 1). For
M = odd, the number of zero modes with even and odd
functions are equal to (M + 1)/2 and (M — 1)/2, respec-
tively. These results are shown in Table I. For example,
when we choose even (odd) functions, the three families
can be realized for M = 4 and 5 (7 and 8). Thus, we can
obtain various three-family models in magnetized orbifold
models, and those have a richer flavor structure than torus
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TABLE I. The numbers of zero modes for even and odd wave
functions.

M = even M = odd
Even zero modes M/2+1 M +1)/2
Odd zero modes M/2 -1 (M—1)/2

models with magnetic fluxes. Yukawa couplings among
@’;M‘ (z)@ji’M2 (z)(@lf_;M3 (z))* are computed by use of
Eq. (23).

Now, let us study the models with nontrivial orbifold
twists and Wilson lines. We consider U(1), X SU(2) the-
ory as the simplest example. Then we introduce magnetic
flux in U(1), like Eq. (33). In addition, we embed the Z,
twist P into the SU(2) gauge space. For example, we
consider the SU(2) doublet

At )
, 46
</\—1/2 (46)
with the U(1), charge ¢,. We embed the Z, twist P in the
gauge space as
0 1
P = < ) 0) a7

for the doublet. Obviously, we can diagonalize P as P’ =
diag(1, —1), if there is no Wilson line along another SU(2)
directions. However, later we will introduce a Wilson line
along the Cartan direction of SU(2) in the P basis. Thus,
we use the above basis for P. For the SU(2) gauge sector,
there is no effect due to the magnetic flux. Then, in this
sector the situation is the same as one on the orbifold
without magnetic flux. The SU(2) gauge group is broken
completely by nontrivial orbifold twists and Wilson lines,
that is, all of SU(2) vector multiplets become massive.

Before orbifolding, the SU(2) is not broken and both
Ay and Ay, have M = g,m, independent zero modes,
which we denote by @{%(z) and @’;};4/2(1), respectively.
Here, we have put the indices, 1/2 and —1/2 in order to
make it clear that they correspond to A/, and A_j),,
respectively, although the forms of wave functions are
the same, i.e. ®]1%(Z) = @J;];J/Z(z). When we impose the
orbifold boundary conditions with the above P in (47), the
zero modes on the orbifold without Wilson lines are written
as

1
\/_i

for j =0, -+, M — 1. Note that there are M independent
zero modes.’

(O71(2) + O 1M(2) 48)

It may be useful to explain remaining zero modes in the basis
for P’. Before orbifolding, both A} }» and A, have M = g,m,
independent zero modes in the basis for P'. T/hen by orbifolding
with P/, even modes ®’i‘M(z) corresponding to (45) remain for
Al /2, While AL, /, has only odd modes ®7M(z). Their total

number is equal to M.
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Then, we introduce the Wilson lines [33] along the
Cartan direction
1 0
(0 _1) (49)

in the P basis. The corresponding zero-mode wave func-
tions are shifted as

1
\/_5

forj=20,---,M — 1, where C? is a continuous parameter.
Note that A/, and A_;/, have opposite charges under the
SU(2) Cartan element. Then, their wave functions are
shifted to opposite directions by the same Wilson lines
C? as @fl%(z + C?/2M) and @’;Af/z(z — C"/2M) without
changing the number of zero modes. We can also consider
another Z, twist P in the doublet such that the following
wave function

O]+ Ct/2m) + 0¥ LMz — ¢ /am)) - (50)

1
2

remains.

The above aspect would be important to applications for
particle phenomenology. We compute Yukawa couplings
among two SU(2) doublet fields and a singlet field, i.e.
(/\i/z, AI_I/Z)T, ()\%/2, )tz_l/z)T and A3. We assume that two
SU(2) doublet fields have U(1), charges gl and g2, while
the singlet field has the U(1), charge ¢3. We introduce the
magnetic flux m, in U(1), and the same SU(2) Wilson line
as the above. Then, the zero-mode wave functions of two
SU(2) doublets and the singlet can be obtained on the
orbifold as

O]+ Ct/2m) — 0¥ LMz — ¢t /am)) - (51)

1

ﬁ(@i””' (z+ Cb/2My) + @M Mz — ¢t /aMy))

1/2 -1/2

)ll
from ( 11/2 )
AZi)

(O73:(c + C/205) + O} (c = € /2y)

/\2
from ( 21/2 )
Ay )

(05" (2) + O M (2)*  from A}, (52)

1
2

1
2

where M; = ¢’ m,. Note that the Wilson line C” has no
effect on the wave functions of the SU(2) singlet field /\(3)
because A} has no SU(2) charges. Here, we have taken the
same orbifold projection P as Eq. (47), but we can study
other orbifold projections. Then, their Yukawa couplings
are obtained by the following overlap integral:
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1 l- .
5 [ PO e+ €m0 e - 2y

X (OFM(z) + @M 7HMa (7))

+ ®{4i/‘;M1 (z — Cb/2M1)®{’j‘§2(z + C?/2M,)

X (05" (2) + 05" M ()} (53)

Note that the six-dimensional bulk Lagrangian includes
only the terms corresponding to Aj,A* ,Aj and

“12
AL A /2/\8. This integral is computed as

Myi+ M, j+M, Mym
MMM
Z (8izjrmymr + 5i—j+Mlm,—k)19|: 1 ]
mEZMg 0

X (C* (M + M,)/2, TM M, M5)
X (emcb ImC?(1/M,—1/M,)/(4 Im7)

+ imCl ImCP(1/My—=1/My)/(4 Imf)) (54)

up to the normalization factor N;N,/(2+/2N3), where the
Kronecker delta 6, 4 y,m « in the first term means i — j +
M{m = k modulo M; and others are defined similarly.
Obviously, the result depends nontrivially on the Wilson
line C”. Thus, the Wilson lines have important effects on
the Yukawa couplings.

For comparison, we study another dimensional repre-

sentation, e.g. a triplet
A
( Ao ) (55)
Ay

with the U(1), charge g,. Suppose that we embed the Z,
twist P in the three dimensional gauge space as

0 0 1
P = (0 1 O) (56)
1 00

for the triplet. Then, zero modes on the orbifold are written
as
O (z) + 0¥ M (y), O (2) + 0) M), (57
up to the normalization factor 1/ V2. The former corre-
sponds to A; and A_; and there are M zero modes. The
latter corresponds to Ay and there are (M/2 + 1) zero
modes and (M + 1)/2 zero modes when M is even and
odd, respectively. When we introduce the continuous
Wilson lines along the Cartan direction, the wave functions
of these zero modes shift as
OM(z + C,/M) + OM Mz —C, /M), )
05" (z) + 05 (),

up to the normalization factor 1/ V2.
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Similarly to the above, here let us compute the Yukawa
couplings among the triplet (A3, A3, A* ;)7 and the two
SU(2) doublets, whose zero modes are obtained in Eq.
(52). In particular, we compute the couplings including
A3 and A2 |, whose zero-mode wave functions are obtained
by

1 _
5@+ Co/My) + O = 6 M)
(39

with M5 = g>m, after orbifolding. Their Yukawa cou-
plings are obtained by the following overlap integral:

1 2 LM b JM: b
m[d HOMI (2 + C/2M,) O (2 + P J2M)

X (@M (7 — €,/ My))*

+ 0" MMz~ ct/amy)0M (2 — Cb/2My)

X (O7™(z + C,/M3))*). (60)

This integral is computed as

Myi=M, j+M,Mym
MMM
> 8i+j+M1m,k1~?|: e ]

mEZM3 0

X (CP(My — M,y)/2, TM M, M5)
% (ein'Cb ImC?(1/M,+1/M,—4/M3)/(4 ImT)

+ eiﬂ'C” ImC?(4/M5—1/M,—1/M,)/(4 Imr)) 61)

up to the normalization factor NyN,/(2+/2Ns). This result
is different from Eq. (54), in particular, from the viewpoint
of Wilson line dependence. Thus, the Wilson lines have
phenomenologically important effects, depending on the
directions of Wilson lines and the representations of matter
fields.

We can extend the above analysis to larger gauge groups.
Here, we show a rather simple example. We consider
U(1), X SU(3) theory with the magnetic flux in U(1),
like Eq. (33). Then, we consider the SU(3) triplet

Ao
USYZ B (62)
A

with the U(l), charge g¢,, where the subscripts

(0,1/2, —1/2) denote the U(1), charge along one of
SU(3) Cartan directions. Now, we embed the Z, twist P
in the gauge space as

1 00
P = (0 0 1) (63)
010

for the triplet. In addition, we introduce the Wilson line ct
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along the U(1), direction. The gauge group is broken as
SU(3) — U(1).® There are M zero modes for linear com-
binations of A;/, and A_;/, with the wave functions

OlpG+C/2m) + 05 M — C'/2m), - (64)

up to the normalization factor. Also, the zero modes for A
are written as

O;M(2) + Oy M (z), (65)

up to the normalization factor. The number of zero modes
is equal to (M/2 + 1) and (M + 1)/2 when M is even and
odd, respectively. Thus, the situation is almost the same as
the above SU(2) case with the triplet. Although the above
example is rather simple, we can consider various types of
breaking for larger groups. For example, when the gauge
group includes two or more SU(2) subgroups, we could
embed the Z, twist in two of SU(2)’s and introduce inde-
pendent Wilson lines along their Cartan directions.
Similarly, we can investigate such models and other types
of various embedding of P and Wilson lines.

In Sec. II B, we have considered ten-dimensional theory
on T®. Also, we can consider the 7°/Z, orbifold, where the
Z, twist acts as

Zyi 71—~z 2=~ 73— 23 (66)

For 77 and T3, we can introduce the type of Wilson lines,
which we have considered in this section, while for T% we
can introduce the type of Wilson lines, which are consid-
ered in the previous section. Then, we have a richer struc-
ture of models on the 7°/Z, orbifold. Furthermore, we
could consider another independent Z), twist as

73— —23 (67)

on the 7%/(Z, X Z}) orbifold. In this case, we can consider
another independent embedding P’ of Z, twist on the
gauge space. Using these two Z, twist embedding and
Wilson lines, we could construct various types of models.
For example, when the gauge group includes two or more
SU(2) subgroups, we could embed P on one of SU(2) and
P’ on the other SU(2) and introduce independent Wilson
lines along their Cartan directions. Other various types of
model building would be possible. Thus, it would be
interesting to study such model building elsewhere.
Finally, we comment on the flavor symmetry. Yukawa
couplings as well as higher order couplings can be com-
puted by use of Eq. (24). The orbifolding without Wilson
lines is a procedure to choose eigenstates for 2 (32). Thus,
there remains the flavor symmetry, which commutes with
P. The Z, symmetry (30) is commutable. The Z, symme-
try (27) is not commutable for g = odd. However, when
g = even, the Z, symmetry, which is generated by Z5/2 is

Z/2: 21— — 21 2 — 2o,

8This remaining U(1) symmetry might be anomalous. If so,
the remaining U(1) would also be broken by the Green-Schwarz
mechanism.
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commutable with P and another Z, symmetry, which is
generated by C%?, is also commutable with P. For ex-
ample, when g = 4, the generators, Z/, Z*> and C* are
written as

7! = . ,Z2= -1 ,
: 1
i “1
001 0
oo o0
=110 0 o0 (68)
0100

Here, the Z? and C? generators also commute with each
other. Similarly, when g/2 = even, the unbroken flavor
symmetry would be obtained as Z, X Z, X Z, X Z,.” On
the other hand, when g/2 = 3, the generators, Z/, 73 and
C? are written as

P
7 = . ,
\ s
/1
-1
1
73 = 4 ,
1 (69)
\ -1
/00 01 00
000O0T10
cs_|000001
1 00 0O0OF
01 0000
\0 01 0 0O

where p = e™/3. Here, the Z> and C* generators do not
commute with each other. Thus, unbroken flavor symme-
tries are non-Abelian. Similarly, when g/2 = odd, non-
Abelian discrete flavor symmetries would remain.

°It is interesting to break non-Abelian flavor symmetries to
Abelian symmetries by orbifolding [34].

PHYSICAL REVIEW D 80, 126006 (2009)

When we introduce Wilson lines like (49), the SU(2)
gauge symmetry is broken at the same time as the Z,
symmetry breaking for (27). Thus, we may expect that
some nontrivial linear combinations of broken Z, and
SU(2) would remain. However, only the Z, symmetry,
which is already included above, seems to remain, e.g. in
the states (48). When we consider more complicated mod-
els, a new type of flavor symmetries, which are linear
combinations of broken flavor symmetries and gauge sym-
metries, may remain. Hence, it would be interesting to
investigate such models.

IV. CONCLUSION AND DISCUSSION

We have studied torus/orbifold models with magnetic
fluxes and Wilson lines. These backgrounds lead to various
different aspects for a particle phenomenology like the
number of zero modes, their profiles, breaking patterns of
flavor symmetries, etc. It would be quite interesting to
construct concrete models by use of these backgrounds.
We would study them elsewhere.

In addition to continuous Wilson lines studied in this
paper, we can introduce discrete Wilson lines on the orbi-
fold without magnetic fluxes, which break the gauge group
without reducing its rank. It is quite important to study the
possibility for introducing such discrete Wilson lines in the
magnetic background and study their phenomenological
implications. Furthermore, it is also important to analyze
(systematically) which types of backgrounds and boundary
conditions are possible in generic case.
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