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Infinite statistics in which all representations of the symmetric group can occur is known as a special

case of quon theory. However, the validity of relativistic quon theories is still in doubt. In this paper we

prove that there exists a relativistic quantum field theory which allows interactions involving infinite

statistics particles. We also give some consistency analysis of this theory, such as conservation of statistics

and Feynman rules.
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I. INTRODUCTION

In conventional quantum theory the identical particles
always obey Bose-Einstein statistics or Fermi-Dirac statis-
tics, which are characterized by commutation or anticom-
mutation relations, respectively. This restriction in fact
requires a symmetrization postulate that all particles
should be in a symmetric state or an antisymmetric state
[1]. Without such a postulate, new approaches to particle
statistics with small violations of Bose or Fermi statistics
are allowed. One famous approach is called quon theory
[2] in which the annihilation and creation operators obey

the q-deformed commutation relation, aka
y
l � qayl ak ¼

�kl, �1 � q � 1. There exist three special cases in quon
theory, Bose statistics for q ¼ þ1, Fermi statistics for q ¼
�1, and infinite statistics [3] for q ¼ 0.

Infinite statistics with aka
y
l ¼ �kl involves no commu-

tation relation between two annihilation or creation opera-
tors. The quantum states are orthogonal under any
permutation of the identical particles, so it allows all
representations of the symmetric group to occur.
Furthermore, the loss of local commutativity also implies
violation of locality, which is an important character of
quantum gravity. By virtue of these properties, infinite
statistics has been applied to many subjects, such as black
hole statistics [4–6], dark energy quanta [7–11], large N
matrix theory [12–14], and holography principle [15,16].
Many of these applications involve discussions in the
relativistic case.

Unfortunately, the validity of relativistic theory obeying
infinite statistics is still in doubt. Greenberg has showed
that the infinite statistics theory is valid in the nonrelativ-
istic case. This theory can also have relativistic kinematics.
Cluster decomposition and the CPT theorem still hold for
free fields [2]. However, there are two difficulties for
infinite statistics to have a consistent relativistic theory.
First, the physical observables do not commute at spacelike
separation. This is bad news for a relativistic theory which

requires Lorentz invariance for any physical scattering
process (the time ordering of the operator product in the
S matrix is not Lorentz invariant). Second, by requiring
that the energies of systems that are widely spacelike
separated should be additive, Greenberg shows that the
conservation of statistics in a relativistic theory limits
that q ¼ �1, which means it must be a Bose or Fermi
case [17]. The q ¼ 0 case for infinite statistics has been
excluded.
In this paper we prove the existence of interacting

relativistic field theory obeying infinite statistics by solving
the two difficulties above. First, we directly analyze the
Lorentz invariance of the S matrix from the infinitesimal
Lorentz transformations on S. The loss of local commuta-
tivity does not destroy the invariance. In fact we find that
the infinite statistics theory obeys a much weaker locality
condition which is also sufficient for Lorentz invariance of
the S matrix. Second, we show that this field theory obeys
conservation of statistics rule by requiring some special
form of the interaction Hamiltonian. In addition, we expect
that the characteristic feature of conventional Feynman
rules still hold in this new theory.
This paper is organized as follows. In Sec. II, we in-

troduce the elementary ingredients of infinite statistics in
nonrelativistic case. In Sec. III, we prove the Lorentz
invariance of the S matrix. In Sec. IV, we discuss the
condition that the energies are additive for product states,
and show that the conservation of statistics still holds.
Section V discusses the Feynman rules and provides
some simple examples. General conclusions are given in
Sec. VI.

II. INFINITE STATISTICS

The basic algebra of infinite statistics is

aka
y
l ¼ �kl; (1)

where the operator ak annihilates the vacuum

akj0i ¼ 0: (2)

This relation determines a Fock-state representation in a
linear vector space. The m-particle state is constructed as
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j�mi ¼ ðayk1Þm1ðayk2Þm2 . . . ðaykjÞmj j0i (3)

with m1 þm2 þ . . .þmj ¼ m, where we have ayki �
aykiþ1

. Such states have positive norms and the normaliza-

tion factor equals one. Since there is no commutation
relation between two annihilation or creation operators,
the states created by any permutations of creation operators
are orthogonal. That’s why it is also called quantum
Boltzmann statistics.

One can define a set of number operators n̂i such that

n̂ ij�mi ¼ mij�mi; ½n̂i; aj� ¼ ��ijaj: (4)

Then the total number operator is N ¼ P
in̂i, and the

energy operator is given by E ¼ P
i�in̂i, where �i is the

single particle energy. The explicit form of n̂i was given by
Greenberg [3]

n̂ i ¼ ayi ai þ
X
k

ayk a
y
i aiak þ

X
k1;k2

ayk1a
y
k2
ayi aiak2ak1 þ � � �

þ X
k1;k2;...;ks

ayk1a
y
k2
� � �ayksayi aiaks � � �ak2ak1 þ � � � ;

(5)

which is obviously a nonlocal operator. One can easily
check that this definition obeys Eq. (4).

III. THE LORENTZ INVARIANCE OF THE
S MATRIX

It is not difficult to construct infinite statistics fields that
transform irreducibly under the Lorentz group. In momen-
tum space, the annihilation field cþ

l ðxÞ and creation field

c�
l ðxÞ with mass M are

cþðnÞ
l ðxÞ ¼ X

�n

ð2�Þ�3=2
Z

d3puðnÞl ðp; �Þeip�xaðnÞp ð�Þ; (6)

c�ðnÞ
l ðxÞ ¼ X

�n

ð2�Þ�3=2
Z

d3pvðnÞ
l ðp; �Þe�ip�xayðnÞp ð�Þ;

(7)

where p� denotes four-momentum (here we use the con-

ventional notation from [18] that p� ¼ ðp0;pÞ and p0 �ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þM2

p
), � labels spin z components (or helicity for

massless particles), and the superscript ðnÞ labels particle
species aðnÞp ð�ÞayðmÞ

p0 ð�0Þ ¼ �ðnmÞ�ð��0Þ�3ðp� p0Þ. With

these fields we will be able to construct the interaction
density as [19]

H ðxÞ ¼ X
N;M

X
n0
1
���n0N

X
n1���nM

X
l0
1
���l0N

X
l1���lM

g
ðn0

1
���n0N;n1���nMÞ

l01���l0N;l1���lM

� c
�ðn0

1
Þ

l0
1

ðxÞ � � �c�ðn0NÞ
l0N

ðxÞcþðn1Þ
l1

ðxÞ � � �cþðnMÞ
lM

ðxÞ:
(8)

In conventional local quantum field theory (LQFT), we
usually construct H ðxÞ out of a linear combination
c ðxÞ ¼ �cþðxÞ þ �c�cðxÞ, where c denotes the antipar-
ticle. By the requirement of relativistic microcausality
(½c ðxÞ; c yðyÞ�� ¼ 0 for spacelike x� y), we always
have � ¼ �. However, in a theory based on infinite statis-
tics this local commutativity does not hold. So we cannot
determine the relationship between � and �, and the basic
field in this theory should be cþðxÞ and c�ðxÞ. Moreover,
from Eq. (5) and other operator definitions such as charge
operators one may guess that a general operator formula-
tion is defined as [3]

AðOÞ ¼ X1

m¼0

X
n1;...;nm;

X3

�1;:::;�m;

Z
d3k1 � � � d3kmayðn1Þk1

ð�1Þ

� � � � ayðnmÞkm
ð�mÞOaðnmÞkm

ð�mÞ � � � aðn1Þk1
ð�1Þ: (9)

We will see that this definition is important in the next
section’s discussion.
With above operator definitions, we can see the Lorentz

invariance of the Smatrix. One traditional condition comes
from the Dyson series for the S operator

S ¼ T

�
exp

�
�i

Z 1

�1
dtVðtÞ

��

¼ 1þ X1

N¼1

ð�iÞN
N!

�
Z

d4x1 � � � d4xNTfH ðx1Þ � � �H ðxNÞg; (10)

where VðtÞ is the interaction term H ¼ H0 þ V and Tfg
denotes the time-ordered product. Since the time ordering
of two spacetime points x1, x2 is invariant unless x1 � x2 is
spacelike, the standard sufficient condition that makes S
Lorentz invariant is that the H ðxÞ all commute at space-
like separations

½H ðxÞ;H ðx0Þ� ¼ 0 for ðx� x0Þ2 	 0: (11)

Now we compute ½H ðxÞ;H ðx0Þ� under infinite statis-
tics [20]. First, we write the interaction Hamiltonian den-
sity as a polynomial H ðxÞ ¼ P

ig	H 	ðxÞ; each term
H 	 is a product of definite numbers of annihilation fields
and creation fields. Then we have

½H ðxÞ;H ðx0Þ� ¼ X
	

g2	½H 	ðxÞ;H 	ðx0Þ�

þ X
	<


g	g
ð½H 	ðxÞ;H 
ðx0Þ�

� ½H 	ðx0Þ;H 
ðxÞ�Þ: (12)

By using Eqs. (6)–(8), we have
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½H 	ðxÞ;H 	ðx0Þ� 

Z

d3p1 � � �d3pjd
3p0

1 � � � d3p0
j½� � ��ayp1

� � � aypi
ðapiþ1

� � � apj
ay
p0

1
� � � ay

p0
i
Þ

� ap0
iþ1

� � �ap0
j
½ei½�ðp1þ���þpiÞþðpiþ1þ���þpjÞ�xþi½�ðp0

1
þ���þp0

iÞþðp0
iþ1

þ���þp0
jÞ�x0 � ðx $ x0Þ�; (13)

½H 	ðxÞ;H 
ðx0Þ� � ½H 	ðx0Þ;H 
ðxÞ�



Z
d3p1 � � �d3pjd

3p0
1 � � �d3p0

l½� � ��ayp1
� � � aypi

ðapiþ1
� � � apj

ay
p0

1
� � � ay

p0
k
Þ

� ap0
kþ1

� � �ap0
l
½ei½�ðp1þ���þpiÞþðpiþ1þ���þpjÞ�xþi½�ðp0

1þ���þp0
k
Þþðp0

kþ1
þ���þp0

l
Þ�x0 � ðx $ x0Þ�

þ
Z

d3p1 � � �d3pld
3p0

1 � � �d3p0
j½� � ��ayp1

� � � aypk
ðapkþ1

� � � apl
ay
p0

1
� � � ay

p0
i
Þ

� ap0
iþ1

� � � ap0
j
½ei½�ðp1þ���þpkÞþðpkþ1þ���þplÞ�xþi½�ðp0

1þ���þp0
iÞþðp0

iþ1þ���þp0
jÞ�x0 � ðx $ x0Þ�; (14)

where ½� � �� denotes the product of u, v, and � factors; j, l
denote the total numbers of fields in H 	, H 
; while i, k
denote the numbers of creation fields. Since the elements
of the S matrix are the matrix elements of the S operator
between free-particle states

Sp0
1
p0

2
���;p1p2��� ¼ h0j � � � ap0

2
ap0

1
ðSÞayp1

ayp2
� � � j0i; (15)

the condition Eq. (11) becomes

0 ¼ h
j
Z

d4x1 � � �d4xi�1d
4xiþ2 � � �d4xn

� TfH ðx1Þ � � � ½H ðxiÞ;H ðxiþ1Þ� � � �H ðxnÞgj	i;
(16)

for ðxi � xiþ1Þ2 	 0, where h
j; j	i denote the final state
and the initial state. Those annihilation and creation op-
erators in Eqs. (13) and (14) should contract with a’s and
ay’s in the initial states, final states, and other H s (except
H ðxiÞ and H ðxiþ1Þ) in Eq. (16), or they will directly
annihilate the vacuum state and get zero. One should
note that the S matrix involves a four-momentum conser-
vation relation S
	 
 �4ðp
 � p	Þ (see Chapter 3 in [18]
for details). So after those annihilation and creation opera-
tors in Eqs. (13) and (14) are totally contracted, we find the
commutation relation ½H ðxÞ;H ðx0Þ� is constituted by
terms of the form



Z Y

d3kfðkÞ½eið
P

pþP kÞðx�x0Þ � e�iðP pþP kÞðx�x0Þ�;

(17)

where the terms including k come from self-contractions
(contractions do not involve the initial states or final states,
such as contractions in apiþ1

� � � apj
ay
p0

1
� � �ay

p0
i
), whileP

p is a sum of some particle momenta in the initial or
final states, which is, more explicitly, the sum of momen-
tum in Eqs. (13) and (14), (� ðp1 þ � � � þ piÞ þ ðpiþ1 þ
pjÞ or �ðp1 þ � � � þ pkÞ þ ðpkþ1 þ plÞ) minus the self-
contracted momenta. One can easily see that Eq. (17) is
nonzero. As a result, the interaction densityH ðxÞ will not

commute with H ðx0Þ at spacelike separations x� x0,
which means that this theory cannot be local.
However, the failure of the above commutation in Tfg of

Eq. (16) does not prohibit the existence of a relativistic
field theory. There exists a less restrictive sufficient condi-
tion for Lorentz invariance of the S matrix, which directly
comes from the infinitesimal Lorentz transformations of S
operator (see Chapter 3, page 145 in [18]). This condition
is

0 ¼
Z

d3x
Z

d3yx½H ðx; 0Þ;H ðy; 0Þ�: (18)

We can also put this condition together with the initial
states and the final states [21]. According to our analysis
presented above, this condition becomes

0 ¼
Z

d3xx
Z

d3y
Z Y

d3kfðkÞ

� ½eið
P

pþP kÞðx�yÞ � e�iðP pþP kÞðx�yÞ�
¼

Z
d3xx

Z Y
d3kfðkÞ�3ðXpþX

kÞ

� ½eið
P

pþP kÞx � e�iðP pþP kÞx�: (19)

By integrating over y, we can get a Dirac delta function
�3ðP pþP

kÞ. By integrating over k, it requires
P

pþP
k ¼ 0, and then Eq. (19) must always hold because e0 �

e�0 ¼ 0. More specifically, it follows from the presented
derivation that a stronger condition is valid, namely,

0 ¼
Z

d3yx½H ðx; 0Þ;H ðy; 0Þ�; (20)

which ensures that the integral in Eq. (19) vanishes. So we
conclude that the interacting field theory based on infinite
statistics is Lorentz invariant.
A similar analysis can be applied to the commutation

relation ½AðH ðxÞÞ;AðH ðx0ÞÞ� ¼ AðOðx; x0ÞÞ (see the
Appendix for details), in which the interaction density
AðH Þ is defined in Eq. (9). This commutation can be
decomposed into a sum of terms that are similar to
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Eqs. (13) and (14). Noting that the momenta of a’s and
ay’s summed over in these terms [such as pi inR
d3pia

y
pi
� � �Oðx; x0Þ � � � api

terms] have no contribution

to the momentum conservation relation in O, the final
terms after total contraction are still as the form (17).
Then by using condition Eq. (18), we conclude that the
theory with interaction density of the form AðH ðxÞÞ is
also Lorentz invariant.

IV. CONSERVATION OF STATISTICS

Here we try to impose the condition that the energy
should be additive for product states on the interaction
H ðxÞ. For subsystems that are widely spacelike separated,
the contribution to the energy should be additive if [1]

½H ðxÞ; c ðx0Þ� ! 0; as x� x0 ! 1 spacelike (21)

for all fields. One can check that this condition is equiva-
lent to

ðeiHAtc AÞ � ðeiHBtc BÞ ¼ eiðHAþHBÞtðc A � c BÞ; (22)

while subsystems A and B are widely spacelike separated.
By using Eq. (21), Greenberg expected that the
Hamiltonian operators should be effectively bosonic,
which leads to ‘‘conservation of statistics’’ and acquires
that q ¼ �1 [2,17]. However, we think this restriction is
too strong, and we provides a much less restrictive require-
ment on H ðxÞ, which also leads to conservation of
statistics.

In order to satisfy the energy additive condition with
q ¼ 0, we should replace the density H with AðH Þ.
Thus Eq. (21) becomes

½AðH ðxÞÞ; c ðx0Þ� ! 0; as x� x0 ! 1 spacelike:

(23)

Noting that the basic fields are c� here and ½AðOÞ; ap� ¼
�apO; ½AðOÞ; ayp� ¼ Oayp (see the Appendix for details),

we can get

½AðH ðxÞÞ; cþðx0Þ� ¼ �cþðx0ÞH ðxÞ;
½AðH ðxÞÞ; c�ðx0Þ� ¼ H ðxÞc�ðx0Þ: (24)

We note that in infinite statistics

cþðnÞðxÞc�ðmÞðx0Þ 
 ½� � ���ðnmÞ�þðx� x0Þ; (25)

where the coefficient ½� � �� may contain some derivative
times such as ��@� for spin 1

2 particles and @�@� for spin

one particles, while �þðx� x0Þ � 1
ð2�Þ3

R d3p
2p0 e

ipðx�x0Þ is a

standard function [22] in which p0 � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þM2

p
.

Moreover, for ðx� x0Þ2 	 0

�þðx� x0Þ ¼ M

4�2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðx� x0Þ2p K1ðM

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx� x0Þ2

q
Þ; (26)

in which K1ðzÞ is modified Bessel (Hankel) function of

order 1 possessing for complex z asymptotic K1ðzÞ �ffiffiffiffi
�
2z

q
e�z. So �þðx� x0Þ and its derivations are ! 0 as x�

x0 ! 1 spacelike. Then by using Eqs. (24) and (25), we
infer that the condition (23) is satisfied if the interaction
density H ðxÞ has the form Eq. (8) with N, M 	 1.
Moreover, in order to get condition (22) satisfied for
our new definition AðHÞ, we also need
½AðH ðxÞÞ;AðH ðx0ÞÞ� ! 0, as x� x0 ! 1 spacelike;
this proof is given in the Appendix. Here we just exclude
the terms in H which are products containing only anni-
hilation fields cþðxÞ [or creation fields c�ðxÞ]. As a result,
in a self-consistent relativistic field theory obeying infinite
statistics, AðH Þ plays the role of a Hamiltonian density
other than H . Since the operator definition AðH Þ is
quite normal in infinite statistics field theory [3], our
requirement is much looser than the condition that
Hamiltonian operator must be effectively bosonic.
Although the interaction density may not be bosonic,

conservation of statistics still holds in our theory. To see
this, let us consider the case that infinite statistics fields
couple to normal fields (we denote infinite statistics fields
by the subscript I and normal statistics fields by the sub-
script B). According to conventional fields theory and our
above discussion, all interactions must involve any number
of bosons, an even number of fermions (including zero), at
least one annihilation infinite statistics field, and at least
one creation infinite statistics field. These three kinds of
particles commute with each other, so AðOIO0

BÞ ¼
AðOIÞO0

B. Since we exclude the terms in H which are
products containing only annihilation fields (or creation
fields), then the term TfAðH ðx1ÞÞ � � �AðH ðxNÞÞg in the
S operator (10) must have both cþ

I and c�
I fields after

aðnÞIp ð�ÞayðmÞ
Ip0 ð�0Þ ¼ �ðnmÞ�ð��0Þ�3ðp� p0Þ contractions.

So there must be infinite statistics particles both in the
initial and final states, which forbids any process that the
in-state obeys infinite statistics (normal statistics) while the
out-state obeys normal statistics (infinite statistics).
Moreover, since the interaction vertices such as

Aðcþ
I c

þc
I Þc B and Aðcþ

I Þðc y
Bc BÞ do not exist, we

also exclude those virtual processes such as annihilation
of a pair of infinite (normal) statistics particles producing a
normal (infinite) statistics particle, which also break con-
servation of statistics. So we conclude that our theory
obeys the conservation of statistics. Some examples are
presented in the next section.

V. FEYNMAN RULES AND EXAMPLES

In order to derive Feynman rules, first we see ‘‘Wick’s
theorem’’ for infinite statistics fields; by using the relation

aðnÞIp ð�ÞayðmÞ
Ip0 ð�0Þ ¼ �ðnmÞ�ð��0Þ�3ðp� p0Þ, any product

of a set of infinite statistics operators can be finally ex-
pressed as a normal product. This looks a bit different from
conventional field theory, in which contractions can arise
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between any creator and annihilator pairs by permuting the
operators, while in our theorem contractions can only arise
between the neighboring operators. However, by inducing
AðH Þ, we can also realize some permutations. For
example, in order to get contraction between a final
particle h0j � � � a and a creation field c�ðyÞ in
h0j � � � aðAðc�ðxÞcþðxÞÞAðc�ðyÞcþðyÞÞ � � � j0i, we

can use
R
d3paypðc�ðxÞcþðxÞÞapðc�ðyÞcþðyÞÞ ¼

c�ðyÞðc�ðxÞcþðxÞÞcþðyÞ to move c�ðyÞ to the left. So
by using the operator definition (9), we can get ‘‘Wick’s
theorem’’ for infinite statistics fields.

Since the operators cannot be moved arbitrarily, there
will be some limits on the Feynman rules. In fact, the step
functions �ðxÞ do not just appear in propagators, but also
affect the external lines. To see this, let us take the
Hamiltonian density AðH Þ in which H ¼
c�c�cþ þ c�cþcþ, for example. Then the S opera-
tor contains a term �ðx� yÞðc�ðxÞc�ðxÞcþðxÞÞ�
ðc�ðyÞcþðyÞcþðyÞÞ þ �ðy � xÞðc�ðyÞc�ðyÞcþðyÞÞ �
ðc�ðxÞcþðxÞcþðxÞÞ, in which c�ðxÞc�ðxÞ and
cþðyÞcþðyÞ are unexchangeable. If the final state is

ayp10a
y
p20 j0i and the initial state is ayp1

ayp2
j0i, such term

will be a sum of two subgraphs: One has two external lines
carrying momenta p10 , p20 at x point, two external lines
carrying momenta p1, p2 at y point, and one internal line
�ðx� yÞ. While the other has two external lines carrying
momenta p10 , p20 at y point, two external lines carrying
momenta p1, p2 at x point, and one internal line �ðy� xÞ.
The propagator �ðx� yÞ is defined as

�lmðx� yÞ � i�ðx� yÞðcþ
l ðxÞc�

mðyÞÞ
¼ ð2�Þ�4

Z
d4q

� �PðLÞ
lm ðqÞeiqðx�yÞ

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 þM2

p ðq0 � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 þM2

p þ i�Þ
; (27)

in which PðLÞ
lm is defined in Chapter 6.2 in [18]. Noting that

the position related term eiqðx�yÞ is still the same as in the
conventional propagator, we can infer that the Feynman
rules for external lines in momentum space (after integrat-
ing over the spacetime position x, y) are the same as before.

So the contribution of the external lines to the S matrix are

the same in the two subgraphs. If we denote �ðqÞ ¼
ð2�Þ�4ð�PðLÞ

lm ðqÞÞ=ð2 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 þM2

p ðq0 � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 þM2

p þ i�ÞÞ as
the internal line contribution in momentum space, then the
total S matrix for this 12 ! 1020 progress contains
ðexternal line termsÞ � ð�ðqÞ þ �ð�qÞÞ ¼ ðexternal line
termsÞ � �FðqÞ. Especially for spin-0 and spin-1 fields

�FðqÞ ¼ ð2�Þ�4 PðLÞ
lm ðqÞ

q2 þM2 � i�
(28)

is just the conventional propagator in momentum space. So
we expect that the Feynman rules for our new theory are
similar to conventional rules. This allows us to apply some
traditional methods such as renormalization analysis.
Here we give two explicit examples for infinite statistics

field interactions. For simple, we take the interaction den-
sityAðH Þ in whichH is trilinear in a set of scalar fields
and consider only tree-level graphs. In this case one basic
scattering process type should be 12 ! 1020, i.e. the initial
state is ay

p1a
y
p2 j0i, while the final state is ayp10a

y
p20 j0i.

First, for the pure infinite statistics interaction, we take
H ¼ �����þ þ���þ�þ, the Feynman diagrams are
presented in Fig. 1. Figure 1(a) describes the term �ðx�
yÞð��ðxÞ��ðxÞ�þðxÞÞð��ðyÞ�þðyÞ�þðyÞÞ þ �ðy� xÞ�
ð��ðyÞ��ðyÞ�þðyÞÞð��ðxÞ�þðxÞ�þðxÞÞ. The internal
propagator comes from the contraction between the neigh-
boring �þ and ��, while the external line terms come
from the contractions between the initial (final) states and
fields ��. The S-matrix element is given by

Sð1aÞp10p20 ;p1p2

 u
ðp20 Þu
ðp10 Þuðp2Þuðp1Þ

�
Z

d4x
Z

d4ye�ip20xe�ip10xeip2yeip1y�ðx� yÞ
þ u
ðp20 Þu
ðp10 Þuðp2Þuðp1Þ
�

Z
d4x

Z
d4ye�ip20ye�ip10yeip2xeip1x�ðy� xÞ: (29)

Substitute the �ðx� yÞ definition (27) into Eq. (29) to
obtain

Sð1aÞp10p20 ;p1p2

 u
ðp20 Þu
ðp10 Þuðp2Þuðp1Þ

Z
d4q�4ðp1 þ p2 � qÞ�4ðp10 þ p20 � qÞ

� 1

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 þM2

p ½ðq0 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 þM2

q
þ i�Þ�1 þ ð�q0 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 þM2

q
þ i�Þ�1�


 u
ðp20 Þu
ðp 10 Þuðp2Þuðp1Þ
Z

d4q�4ðp1 þ p2 � qÞ�4ðp10 þ p20 � qÞ � �FðqÞ 
 u
ðp20 Þu
ðp10 Þuðp2Þuðp1Þ
� �4ðp1 þ p2 � p10 � p20 Þ�Fðp1 þ p2Þ: (30)

Figure 1(b) describes the term �ðx� yÞR d3k�
½ð��ðxÞ�þðxÞ�þðxÞÞayk ð��ðyÞ��ðyÞ�þðyÞÞak þ ayk �
ð��ðxÞ�þðxÞ�þðxÞÞakð��ðyÞ��ðyÞ�þðyÞÞ� þ x $ y. By

using Eq. (1) this term is just �ðx� yÞ½ð��ðxÞ�þðxÞÞ�
ð��ðyÞ��ðyÞ�þðyÞ�þðxÞÞþð��ðyÞ��ðxÞ�þðxÞ�þðxÞÞ�
ð��ðyÞ�þðyÞÞ� þ x $ y. After a similar calculation, we
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can get

Sð1bÞp 10p20 ;p1p2

 u
ðp20 Þu
ðp10 Þuðp2Þuðp1Þ

� �4ðp1 þ p2 � p10 � p20 Þ�Fðp1 � p0
1Þ:
(31)

Second, for the case that infinite statistics fields couple
to a bosonic field, we take H ¼ ��

I �
þ
I �B (we denote

infinite statistics fields by the subscript I and bosonic fields
by the subscript B), the Feynman diagrams are presented in
Fig. 2. Figure 2(a) and 2(b) describe the term �ðx� yÞ�
ð�BðxÞ��

I ðxÞ�þ
I ðxÞÞð��

I ðyÞ�þ
I ðyÞ�BðyÞÞ þ x $ y. The

propagator comes from the contraction between infinite
statistics fields�þ

I and��
I . Take particles 1, 1

0 the bosonic
particles, we get

Sð2a;2bÞp10p20 ;p1p2

 u
I ðp20 Þu
Bðp10 ÞuIðp2ÞuBðp1Þ

� �4ðp1 þ p2 � p10 � p20 Þ�FIðp1 þ p2Þ
þ u
I ðp20 Þu
Bðp10 ÞuIðp2ÞuBðp1Þ
� �4ðp1 þ p2 � p10 � p20 Þ�FIðp1 � p20 Þ:

(32)

Figure 2(c) describes the term �ðx� yÞ �
½�þ

B ðxÞ;��
B ðyÞ�

R
d3k½ayIkð��

I ðxÞ�þ
I ðxÞÞaIkð��

I ðyÞ�þ
I ðyÞÞþ

ð��
I ðxÞ�þ

I ðxÞÞayIkð��
I ðyÞ�þ

I ðyÞÞaIk� þ x $ y, i.e. the

term �ðx� yÞ½�þ
B ðxÞ; ��

B ðyÞ�½��
I ðyÞ��

I ðxÞ�þ
I ðxÞ�þ

I ðyÞ þ
��

I ðxÞ��
I ðyÞ�þ

I ðyÞ�þ
I ðxÞ� þ x $ y. The propagator

comes from the contraction between bosonic fields �BðxÞ
and �BðyÞ. In this case

Sð2cÞp10p20 ;p1p2

 u
I ðp20 Þu
I ðp10 ÞuIðp2ÞuIðp1Þ

� �4ðp1 þ p2 � p10 � p20 Þ�FBðp1 � p0
1Þ:
(33)

The graphs in Fig. 1 fully describe the tree-level scat-
tering amplitudes 12 ! 1020 involving pure infinite statis-
tics fields. Fig. 2 describes 12 ! 1020 involving both
infinite statistics fields and bosonic fields. We see that those
processes breaking the conservation of statistics as pre-
sented in Fig. 3 are excluded, as we have shown in Sec. IV.
Although the Feynman rules for our new theory seem

similar to those conventional rules. The real (physical)
processes are a bit different, this is due to the nonlocal
property of infinite statistics. For example, let us take the
interaction density H is trilinear in a set of scalar
fields, and consider tree-level process 512 ! 51020. In
standard LQFT, the particles 12 and 1020 are connected
by scattering interaction. While the particle 5 propagates
free. So the process 512 ! 51020 is totally the same as
12 ! 1020 and is trivial. However in the theory based on
infinite statistics, the interaction densityAðH Þ has a form
(9) with infinite terms. So all the basic terms T in Fig. 1

and 2 have infinite copies such as T ,
R
d3kaykT ak; � � � .

For example, the time product TfAðH ðxÞÞAðH ðyÞÞg
in the S matrix has a term �ðx�yÞRd3k1d3k2ayk1 �
ð��ðxÞ��ðxÞ�þðxÞÞak1ayk2ð��ðyÞ�þðyÞ�þðyÞÞak2 þx$
y, i.e. the term �ðx�yÞRd3kayk ð��ðxÞ��ðxÞ�þðxÞÞ �
ð��ðyÞ�þðyÞ�þðyÞÞakþx$y. We can see that this is

just the
R
d3kaykT ak copy of term T in Fig. 1(a). This

term corresponds to the process 512 ! 51020, in which the
particles 12 and 1020 are still connected by the local term
T , while the particles 5 in the initial state and the final state
also take part in the scattering process and they are con-
nected by the nonlocal operator ay, a in

R
ayT a. So we

show that the scattering processes � � � i � � � 512 !
� � � i � � � 51020 are nontrivial in infinite statistics theory.
However the S-matrix elements are still the same
S���pi���p5p10p20 ;���pi���p5p1p2

¼ Sp10p20 ;p1p2
. This is why we

say that the local scattering processes such as 12 ! 1020
are basic.

FIG. 2. Interactions between Bose and infinite statistics. The
solid lines represent infinite statistical particles, and the dashed
lines represent bosons.

FIG. 3. Interactions violating the conservation of statistics
rules. The solid lines represent infinite statistical particles, and
the dashed lines represent bosons.

FIG. 1. Pure infinite statistical interactions.
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VI. CONCLUSIONS

For a relativistic quantum field theory, the interaction
density H ðxÞ is always built out of both annihilation the
field cþðxÞ [Eq. (6)] and the creation field c�ðxÞ [Eq. (7)].
The space of both functions with complex aðnÞp , ayðnÞp shares
various unitary irreducible representations of the Poincaré

group. In standard quantum field theory the operators aðnÞp ,

ayðnÞp obey commutation relations ½aðnÞp ð�Þ; ayðmÞ
p0 ð�0Þ�� ¼

�ðnmÞ�ð��0Þ�3ðp� p0Þ, ½aðnÞp ; aðmÞ
p0 �� ¼ 0 and

½ayðnÞp ; ayðmÞ
p0 �� ¼ 0. These local commutativities lead to a

locality (causality) condition ½H ðxÞ;H ðx0Þ� ¼ 0 for ðx�
x0Þ2 	 0, which is sufficient for Lorentz invariance of the S
matrix.

While in quantum field theory of infinite statistics

fields, the basic algebra is aðnÞp ð�ÞayðmÞ
p 0 ð�0Þ ¼

�ðnmÞ�ð��0Þ�3ðp� p0Þ. In this paper, we have proved
that this relation also leads to a weaker locality condition
0 ¼ R

d3yx½H ðx; 0Þ;H ðy; 0Þ�. Since the weakest suffi-

cient condition for Lorentz invariance of the S matrix is
given in [18] that 0 ¼ R

d3x
R
d3yx½H ðx; 0Þ;H ðy; 0Þ�.

We conclude that the interaction field theory based on
infinite statistics is Lorentz invariant.

By applying the condition that the energies are additive
for product states, we also showed that this theory obeys
conservation of statistics with selected form of interaction
Hamiltonian [see AðH Þ defined in Eq. (9) in which H
has the form (8) withN,M 	 1]. For all the above reasons,
we conclude that the relativistic quantum field theory
can involve infinite statistics particles. Since we have

showed that the Feynman rules of infinite statistics field
are similar to conventional Feynman rules (although unlike
the standard LQFT, some physical processes such as
� � � i � � � 512 ! � � � i � � � 51020 are nontrivial due to the
nonlocal interaction form), some traditional methods
such as renormalization analysis can also be extended to
our theory.
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APPENDIX

In this Appendix, we first calculate the commutation
relation ½AðH ðxÞÞ;AðH ðx0ÞÞ�. Here we also con-
sider one single species of particle for simple. As we
have shown in Sec. III, this commutation can be decom-
posed into a sum of g	g
½AðH 	ðxÞÞ;AðH 
ðx0ÞÞ�, in
which H 	, H 
 are products of definite numbers of

annihilation fields and creation fields. Here we denote the
total numbers of fields in H 	, H 
 are j, l, while

the numbers of creation fields are i, k. Then we only

need to calculate the relation ½Aðayp1
� � � aypi

apiþ1
� � � apj

Þ;
Aðay

p0
1
� � � ay

p0
k
ap0

kþ1
� � � ap0

l
Þ�.

First, we write the product Aðayp1
� � � aypi

apiþ1
� � �apj

Þ �
Aðayp0

1
� � � ayp0

k
ap0

kþ1
� � � ap0

l
Þ as

Aðayp1
� � �aypi

apiþ1
� � �apj

Þ �Aðay
p0

1
� � � ay

p0
k
ap0

kþ1
� � � ap0

l
Þ

¼ O11 þO12 þO13 þ . . .þO1n þ . . .O21 þO22 þO23 þ . . .þO2n þ . . .O31 þO32 þO33 þ . . .þO3n

þ . . . ..
.
Om1 þOm2 þOm3 þ . . .þOmn þ . . . . . . ; (A1)

in which Omn is defined as the product of the m-th term in AðH 	Þ and the n-th term in AðH 
Þ
O mn �

�Z Y
d3qayq1 � � � ayqm�1

ðayp1
� � � aypi

apiþ1
� � � apj

Þaqm�1
� � � aq1

�

�
�Z Y

d3q0ay
q01

� � �ay
q0n�1

ðay
p0

1
� � � ay

p0
k
ap0

kþ1
� � � ap0

l
Þaq0n�1

� � � aq01
�
: (A2)

It Is not difficult to find that Omn has a recursion relation

O ðmþ1Þðnþ1Þ ¼
Z

d3qayqOmnaq: (A3)

Thus we can denoteOmn þOðmþ1Þðnþ1Þ þOðmþ2Þðnþ2Þ þ � � � þOðmþsÞðnþsÞ þ � � � byAðOmnÞ. Then the product (A1) can
be simplified as

Aðayp1
� � �aypi

apiþ1
� � �apj

Þ �Aðay
p0

1
� � � ay

p 0
k
ap0

kþ1
� � � ap0

l
Þ

¼ AðO11Þ þAðO12Þ þAðO13Þ þ � � � þAðO1nÞ þ � � �AðO21Þ þAðO31Þ þAðO41Þ þ � � � þAðOm1Þ þ � � � :
(A4)
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We can also defineO0
mn as the product of the m-th term inAðH 
Þ and the n-th term inAðH 	Þ. Then the commutation

becomes

½Aðayp1
� � �aypi

apiþ1
� � �apj

Þ;Aðay
p0

1
� � �ay

p0
k
ap0

kþ1
� � � ap0

l
Þ�

¼ AðO11Þ þAðO12Þ þAðO13Þ þ � � � þAðO1nÞ þ � � �AðO21Þ þAðO31Þ þAðO41Þ þ � � � þAðOm1Þ
þ � � � �AðO0

11Þ �AðO0
12Þ �AðO0

13Þ � � � � �AðO0
1nÞ � � � � �AðO0

21Þ �AðO0
31Þ

�AðO0
41Þ � � � � �AðO0

m1Þ � � � � ¼ AððO11 þ � � � þO1ðj�iþ1Þ þO21 þ � � � þOðkþ1Þ1Þ
� ðO0

11 þ � � � þO0
1ðl�kþ1Þ þO0

21 þ � � � þO0
ðiþ1Þ1ÞÞ: (A5)

All the other terms are canceled by the relation

A ðO1ðj�iþmÞÞ �AðO0
ðiþmÞ1Þ ¼ 0; AðOðkþmÞ1Þ �AðO0

1ðl�kþmÞÞ ¼ 0; m 	 1: (A6)

Omn (or O0
mn) in the remaining jþ lþ 2 terms are some permutations of ðayp1

� � � aypi
apiþ1

� � �apj
Þ �

ðay
p0

1
� � �ay

p0
k
ap0

kþ1
� � � ap0

l
Þ. Moreover, if the interaction density H ðxÞ is defined in Eq. (8) with N, M 	 1, then by using

Eq. (A5) each term in ½AðH ðxÞÞ;AðH ðx0ÞÞ� involves cþðxÞc�ðx0Þ [or cþðx0Þc�ðxÞ]. So ½AðH ðxÞÞ;AðH ðx0ÞÞ� !
0, as x� x0 ! 1 spacelike, which is a necessary condition for Eq. (22).

In order to get Eq. (24), we also have to calculate ½AðOÞ; ap� and ½AðOÞ; ayp�. Let us see these explicitly

½AðOÞ; ap� ¼ ½Oþ
Z

d3qayqOaq þ � � � ; ap�

¼ Oap þ
Z

d3qayqOaqap þ � � � � ðapOþOap þ
Z

d3qayqOaqap þ � � �Þ ¼ �apO; (A7)

½AðOÞ; ayp� ¼ ½Oþ
Z

d3qayqOaq þ � � � ; ayp�

¼ Oayp þ aypOþ ayp
Z

d3qayqOaq þ � � � � ðaypOþ ayp
Z

d3qayqOaq þ � � �Þ ¼ Oayp: (A8)
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