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We construct a topological charge of gauge field configurations on a fuzzy S2 � S2 by using a Dirac

operator satisfying the Ginsparg-Wilson relation. The topological charge defined on the fuzzy S2 � S2 can

be interpreted as a noncommutative (or matrix) generalization of the 2nd Chern character on S2 � S2. We

further calculate the number of chiral zero modes of the Dirac operator in topologically nontrivial gauge

configurations. Generalizations of our formulation to fuzzy ðS2Þk are also discussed.

DOI: 10.1103/PhysRevD.80.125006 PACS numbers: 11.10.Nx, 11.15.Ha, 11.30.Rd

I. INTRODUCTION

Noncommutative geometry [1] appears naturally in
string theory [2–4], and is also encoded in the matrix model
formulations of the string theory [5,6]. In the superstring
theory, the size of six dimensions is expected to become
tiny and the ten-dimensional spacetime becomes compac-
tified to four dimensions. Then the number of massless
fermions, in particular, the number of generations in the
four-dimensional spacetime is given by the topology of the
six-dimensional compactified space. Then, if the size of the
compactified space is as small as the Planck scale, its
coordinates may become noncommutative and we will
need to generalize the notion of topology to noncommuta-
tive spaces.

In ordinary spaces, the topological charge of gauge field
configurations can be provided by the index of the Dirac
operator, i.e., the difference of the numbers of chiral zero
modes, via the index theorem [7]. Generalizations of the
index theorem to noncommutative spaces are, however,
mostly formulated in spaces with an infinite size, and it
is widely believed that topological charges cannot be de-
fined in a system with finite degrees of freedom.

The situation is similar to the lattice gauge theories,
where the theory is defined on a finite number of lattice
points and the total degrees of freedom are finite. There a
problem to properly define the chiral symmetry and the
index theorem arises due to the doubling problem [8]. The
problem has been solved successfully by introducing Dirac
operators satisfying a Ginsparg-Wilson (GW) relation [9].
While all the gauge field configurations are continuously
connected and there seems to be no room for defining
separate topological sectors in such systems with finite
degrees of freedom, the configuration space becomes dis-
connected by introducing the admissibility condition, and
the various topological sectors can then be realized [10].

In a previous paper [11], we have proposed to use the
GW relation to define a topological charge and to classify
the gauge field configurations in noncommutative spaces
with finite degrees of freedom. We have provided a general
prescription to construct a GW Dirac operator with a
coupling to background gauge fields. As a concrete ex-
ample, a GW Dirac operator on the fuzzy S2 was given.
(See also [12] for an earlier construction of the GW Dirac
operator on fuzzy S2 without the background gauge field.)1

In this paper, we further apply the proposal in Ref. [11]
to fuzzy S2 � S2. We first construct a GW Dirac operator
on fuzzy S2 � S2.2 Owing to the GW relation, the topo-
logical charge is given by the index of the Dirac operator.
We then study the commutative limit of the topological
charge. It becomes a sum of the 2nd Chern character on
S2 � S2 and the 1st Chern character. We also investigate
the chiral zero modes of the Dirac operator for some
specific gauge field backgrounds and confirm that the index
of the Dirac operator takes the consistent values. We finally
generalize our formulation to fuzzy ðS2Þk.
The paper is organized as follows. After briefly review-

ing the GW relation on fuzzy S2 in Sec. II, we construct a
GWDirac operator on fuzzy S2 � S2 in Sec. III. In Sec. IV,
we calculate the commutative limit of the topological
charge. We then study the chiral zero modes of the Dirac
operator for the free case in Sec. VA, and for the monopole
backgrounds in Sec. VB. Here we also introduce a pro-
jected topological charge that gives correct values for
topologically nontrivial gauge field configurations.

*haoki@cc.saga-u.ac.jp
†hirayama@tenor.ocn.ne.jp
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1In the case of noncommutative tori, the gauge fields are
represented by unitary matrices of Wilson lines and a GW
Dirac operator can be constructed similarly to the lattice gauge
theory. It was given in [13] and analyzed in [14]. For construc-
tions of the GW Dirac operators in gauge field backgrounds with
nontrivial topology, see [15,16] for fuzzy S2 and [17] for non-
commutative tori.

2A Dirac operator on fuzzy S2 � S2 without the GW relation
was given in [18]. Dynamics of gauge theory on fuzzy S2 � S2

was studied in [19].

PHYSICAL REVIEW D 80, 125006 (2009)

1550-7998=2009=80(12)=125006(14) 125006-1 � 2009 The American Physical Society

http://dx.doi.org/10.1103/PhysRevD.80.125006


Generalizations of our formulation to fuzzy ðS2Þk are given
in Sec. VI. Section VII is devoted to conclusions and
discussions. In Appendices A and B, we give detailed
calculations of the commutative limit. In Appendix C, a
full spectrum of the Dirac operator for the free case is
obtained. A calculation of the topological charge for a
modified Dirac operator is given in Appendix D.

II. BRIEF REVIEW OF GW RELATION
ON FUZZY S2

We first briefly review the Ginsparg-Wilson (GW) rela-
tion on a fuzzy S2, following the prescription given in
Ref. [11].

Noncommutative coordinates of fuzzy S2 are given by
xi ¼ �Li, where� is a noncommutative parameter, and Li

is the n-dimensional irreducible representation matrix of
the SUð2Þ algebra. Then we have the relation ðxiÞ2 ¼
�2 n2�1

4 1n ¼ �21n, where � ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðn2 � 1Þ=4p

expresses

the radius of the S2. The commutative limit is taken by
� ! 0, n ! 1 with � fixed.

In our formulation of the GW relation, we first define
two chirality operators as

�X ¼ að�iL
R
i � 1

2ÞX; (2.1)

�̂ X ¼ HXffiffiffiffiffiffiffi
H2

X

q ; HX ¼ a

�
�iAi þ 1

2

�
X
; (2.2)

with covariant coordinates

ðAiÞX ¼ ðLi þ �aiÞX: (2.3)

The subscript X ¼ 1; 2 will be used for labeling each S2 of
S2 � S2 in the following sections, and it can be ignored in
the present section. The superscript R in LR

i means that this
operator acts from the right on matrices, while the other
operators without the superscript R act from the left. The
number a ¼ 2=n serves as a noncommutative analog of the
lattice spacing, and �i is the Pauli matrix. The matrices ai
in (2.3) represent the gauge field, and the gauge trans-
formation for the covariant coordinate is given by Ai !
UAiU

y. The fermionic fields c on which these chiral
operators act are in the fundamental representation of the
gauge group, and the gauge transformation is given by

c ! Uc : Hence, both �Xc and �̂Xc transform cova-

riantly as �Xc ! U�Xc and �̂Xc ! U�̂Xc . UðnÞ gauge
symmetry can be realized by taking Li ¼ Li � 1 and ai ¼
aai T

a, where Ta’s are the generators of UðnÞ and aai ’s are
functions of the coordinates Li.

From the definitions (2.1) and (2.2), the chirality opera-
tors satisfy the relations

ð�XÞy ¼ �X; ð�̂XÞy ¼ �̂X; ð�XÞ2 ¼ ð�̂XÞ2 ¼ 1:

(2.4)

One can also show that in the commutative limit, both �X

and �̂X become the same chirality operator �X ¼ ðni�iÞX
on a commutative S2, where ðniÞX ¼ ðxiÞX=� is a unit
vector on S2.
We next define a GW Dirac operator by

ðDGWÞX ¼ �a�1ð�� �̂ÞX: (2.5)

It satisfies the GW relation

ð�DGW þDGW�̂ÞX ¼ 0: (2.6)

Hence, the index, i.e., the difference of the numbers of the
chiral zero modes, is given by the trace of the chirality
operators as

index ððDGWÞXÞ ¼ 1
2T r½�þ �̂�X: (2.7)

Here T r is the trace in the whole configuration space, that
is, over the spinorial index, the gauge group index, and the
matrix space representing the coordinates. Since the defi-

nition of �̂X depends on the gauge field backgrounds, the
right-hand side (rhs) of (2.7) gives a noncommutative gen-
eralization of the topological charge. Thus, Eq. (2.7) gives
an index theorem on fuzzy S2.
In the commutative limit, the Dirac operator (2.5) be-

comes

ðDGWÞX ! D0
X ¼ ð�iðLi þ �PijajÞ þ 1ÞX; (2.8)

where Li ¼ �i�ijkxj@k’s are the derivative operators

along the Killing vectors on S2, and Pij ¼ �ij � ninj is

the projection operator on the tangential directions on S2.
The tangential components of the gauge field ai represent
the gauge field on S2 while the normal component becomes
a scalar field � ¼ niai. Because of the GW relation, the
Dirac operator is not coupled to the scalar field, since such
a coupling would violate the chiral symmetry on S2 and
contradict with the GW relation.
The commutative limit of the topological charge, the rhs

of (2.7), is shown to become [11,20]

1

2
T r½�þ �̂�X ! �2

�Z d�

4�
trð�ijknkFijÞ

�
X
; (2.9)

where tr is the trace over the gauge group. The field
strength Fij is defined as Fij ¼ @ia

0
j � @ja

0
i � i½a0i; a0j�,

where a0i is the tangential components of the gauge field,
given as a0i ¼ �ijknjak. This is the integral of the 1st Chern

character on a commutative S2.
In order to construct topologically nontrivial configura-

tions, we need a bit more modification [15,16,20,21].
Consider, for instance, Uð2Þ gauge theory on the fuzzy
S2. Then some gauge field configurations ai break the
Uð2Þ gauge symmetry to Uð1Þ �Uð1Þ. They correspond
to nontrivial elements of �2ðSUð2Þ=Uð1ÞÞ and physically
to the ’t Hooft-Polyakov–type monopoles. A topological
charge can be also constructed by modifying the index
theorem (by inserting a projection operator), and it cor-
rectly reproduces the topological charge of such configu-
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rations. This issue is discussed later in Sec. VB for the case
of fuzzy S2 � S2.

III. GW RELATION ON FUZZY S2 � S2

We now construct a GW Dirac operator and the corre-
sponding topological charge on fuzzy S2 � S2.

As in fuzzy S2, we first define two chirality operators as

� ¼ �1�2; (3.1)

�̂ ¼ f�̂1; �̂2gffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f�̂1; �̂2g2

q ; (3.2)

where �X and �̂X with X ¼ 1; 2 are the chirality operators
on each fuzzy S2 labeled by X. They are given in (2.1) and
(2.2). For simplicity, we take the radii of the two spheres
equal. Note that while the index i of the gauge field ðaiÞX
refers to each S2 labeled by X, the gauge field depends on
the coordinates of both S2’s, ðLiÞ1 and ðLiÞ2.

From (2.1) and (2.2), one has

½�1;�2� ¼ ½�1; �̂2� ¼ ½�̂1;�2� ¼ 0: (3.3)

One can also show from (2.4) that

f�̂1; �̂2g2 ¼ 4þ ½�̂1; �̂2�2; (3.4)

where the second term is of order Oðn�4Þ, as is shown
below (A8).

From the relation of the chirality operator (2.4) on each
sphere, the chirality operators (3.1) and (3.2) on S2 � S2

also satisfy the same relations

ð�Þy ¼ �; ð�̂Þy ¼ �̂; ð�Þ2 ¼ ð�̂Þ2 ¼ 1: (3.5)

One can also show that in the commutative limit, both

operators, � and �̂, become the same chirality operator
� ¼ �1�2 on a commutative S2 � S2. The second term of
(3.4) does not contribute to the commutative limit of (3.2)
because of the Oðn�4Þ behavior. It should be, however,
noted that this term is relevant in calculating the commu-
tative limit of the topological charge.

We then define a GW Dirac operator as

DGW ¼ �a�1ð�� �̂Þ; (3.6)

which satisfies the GW relation

�DGW þDGW�̂ ¼ 0 (3.7)

and the index theorem

index ðDGWÞ ¼ 1
2T r½�þ �̂�; (3.8)

where T r is the trace over the whole configuration space,
that is, over the spinorial indices of both spheres, the gauge
group index, and the matrix space spanned by polynomials
of the coordinates ðLiÞ1 and ðLiÞ2.

The commutative limit of the Dirac operator can be
similarly obtained. Using the relation

�1�2 � �̂1�̂2 ¼ 1
2½ð�1 � �̂1Þð�2 þ �̂2Þ
þ ð�1 þ �̂1Þð�2 � �̂2Þ�; (3.9)

and (2.8), one can show that in the commutative limit the
GW Dirac operator (3.6) becomes

DGW ! D0
1�2 þ �1D

0
2; (3.10)

whereD0
X and �X are Dirac and chirality operators on each

S2. This is not exactly the same as the ordinary Dirac
operator on a commutative S2 � S2,3 but we will show
later that the Dirac operator (3.6) suffices to define a
topological charge on fuzzy S2 � S2.
Our formulation has the following nice properties. First,

it is manifestly covariant under the gauge transformation

ðAiÞX ! UðAiÞXUy (3.11)

for both X ¼ 1; 2 with a common U, which is a general
unitary matrix depending on the coordinates of both
spheres, ðLiÞ1 and ðLiÞ2. Second, the GW relation assures
the topological property of the index and the topological
charge. Finally, the formulation has manifest SOð3Þ �
SOð3Þ Poincaré invariance on S2 � S2. Because of these
properties, the commutative limit of the topological charge
we have defined should become a sum of the 1st and the
2nd Chern characters on S2 � S2. This is what we will
show in the next section.

IV. COMMUTATIVE LIMIT OF THE
TOPOLOGICAL CHARGE

In this section, we calculate the commutative limit of the
topological charge defined in the rhs of (3.8). As we dis-
cussed at the end of the previous section, the result should
be a linear combination of a constant, the 1st Chern char-
acter and the 2nd Chern character.
T r½�� is easily calculated as

T r½�� ¼ 4n2 trð1Þ; (4.1)

where tr is the trace over the gauge group space.

On the contrary, the evaluation of T r½�̂� is more in-
volved. As we show in Appendix A, by expanding it in the
gauge fields, it becomes a sum of five terms if we take
terms up to order n�4:

3Taking the planar limit at the north pole ðniÞX¼1 ¼ ðniÞX¼2 ¼
�i;3, the four-dimensional gamma matrices become �1 ¼ð�1ÞX¼1ð�3ÞX¼2, �2 ¼ ð�2ÞX¼1ð�3ÞX¼2, �3 ¼ ð�3ÞX¼1ð�1ÞX¼2,
�4 ¼ ð�3ÞX¼1ð�2ÞX¼2, and they do not satisfy the SOð4Þ Clifford
algebra. However, if one multiplies the GW Dirac operator (3.6)
by �1 from the left in the definition, for instance, then in the
commutative limit, the gamma matrices are multiplied by
ð�3ÞX¼1 from the left, giving ~�1 ¼ ið�2ÞX¼1ð�3ÞX¼2, ~�2 ¼�ið�1ÞX¼1ð�3ÞX¼2, ~�3 ¼ ð�1ÞX¼2, ~�4 ¼ ð�2ÞX¼2, which satisfy
SOð2; 2Þ Clifford algebra.
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T r½�̂� ¼ T r

�X5
i¼1

Gi þOðn�5Þ
�
: (4.2)

The terms of order Oðn�5Þ vanish in the commutative
limit, since the trace T r gives a contribution of order n4.
Each term is given by

G1 ¼ 	1	2; (4.3)

G2 ¼ 1
2ðf	1; 


ð1Þ
2 þ 
 ð2Þ2 g þ f	2; 


ð1Þ
1 þ 
 ð2Þ1 gÞ; (4.4)

G3 ¼ 1
2ðf	1; 


ð3Þ
2 g þ f	2; 


ð3Þ
1 gÞ; (4.5)

G4 ¼ 1
2ðf
 ð1Þ1 þ 
 ð2Þ1 ; 
 ð1Þ2 þ 
 ð2Þ2 gÞ; (4.6)

G5 ¼ �1
8	1	2ð½	1; 


ð1Þ
2 � � ½	2; 


ð1Þ
1 � þ ½
 ð1Þ1 ; 
 ð1Þ2 �Þ2;

(4.7)

where 	X and 
 ðiÞX are zeroth and ith order in the gauge field
ðaiÞX, and are defined by (A2) and (A4)–(A6). The last
term G5 comes from the denominator of (3.2). Contrary to
the commutative limit of the chirality operators or the
Dirac operator, we should take care of the order Oðn�4Þ
term from the denominator.

The first term T r½G1� becomes a constant

T r½G1� ¼ 4n2 trð1Þ: (4.8)

It is the same as (4.1). The commutative limit of T r½G2�
can be calculated as in (2.9) for the fuzzy S2, and gives
terms proportional to the 1st Chern character on each
sphere:

T r½G2� ! 2n � 2�2
Z d�1

4�

d�2

4�
trð�abcncFab

þ �ijknkFijÞ: (4.9)

The indices a, b, and c refer to the first S2, while the indices
i, j, and k refer to the second S2. Note, however, that the
field strength, Fabð�1;�2Þ and Fijð�1;�2Þ, can depend

on the coordinates of both S2. In this sense, (4.9) represents
a generalized 1st Chern character defined on a commuta-
tive S2 � S2. Since (4.9) is of order n, the subleading order
terms in n�1 in G2 give a finite contribution. The commu-
tative limit of T r½G3� also gives a finite contribution.
Since these terms vanish for the configurations that will
be discussed later, we do not write these terms explicitly in
this paper. We will study topological charges for more
general configurations in a separate paper.

The commutative limit ofT r½G4� can also be calculated
as in (2.9) and becomes

T r½G4� ! ð2�2Þ2
Z d�1

4�

d�2

4�
trð�abcncFab�ijknkFijÞ:

(4.10)

Remarkably, as we show in Appendix B, the commutative
limit of T r½G5� becomes

T r½G5� ! �8�4
Z d�1

4�

d�2

4�
trð�abcnc�ijknkFaiFbjÞ:

(4.11)

Note that the field strengths with indices from different
spheres, Fai and Fbj, arise here. Combining these two

terms we obtain

T r½G4 þG5� ! 4�4
Z d�1

4�

d�2

4�
�abcnc�ijknk

� trðFabFij � FaiFbj þ FajFbiÞ: (4.12)

This gives an integral of the 2nd Chern character on a
commutative S2 � S2.
To summarize, the commutative limit of the topological

charge on S2 � S2 becomes

1

2
T r½�þ �̂�!4n2 trð1Þþ2n�2

Z d�1

4�

d�2

4�
trð�abcncFab

þ�ijknkFijÞþ2�4
Z d�1

4�

d�2

4�
�abcnc�ijknk

� trðFabFij�FaiFbjþFajFbiÞ: (4.13)

In the differential forms, it is rewritten as

1

ð2�Þ2
Z

tr

�
n2d�1d�2 þ nðd�1F2 þ d�2F1Þ

þ 2
1

2!
ðF2Þ12

�
; (4.14)

with

FX ¼ 1
2�

2ðd��ijknkFijÞX; (4.15)

ðF2ÞXY ¼ 2!

22
�4d�Xd�Yð�abcnc�ijknkðFabFij � FaiFbj

þ FajFbiÞÞXY: (4.16)

Here d�X is the volume form on each S2. In the flat limit,
F and F2 become familiar forms on each S2 and S2 � S2,
respectively:

FX ! 1
2ðF��dx� ^ dx�ÞX; (4.17)

ðF2ÞXY ! 1

22
ðF��F��dx� ^ dx� ^ dx� ^ dx�ÞXY: (4.18)

The first and the second terms in (4.13) and (4.14) are
proportional to n2 and n, respectively, and they diverge in
the commutative (large n) limit. The third term is also
twice the 2nd Chern character, and the topological charge
we have defined by the GW Dirac operator is different
from the index of the ordinary Dirac operator on S2 � S2.
This is because the Dirac operator is different from the
ordinary one as we discussed below (3.10). We will discuss
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origins of each term in (4.13) and (4.14) by investigating
the chiral zero modes in the following sections.

While the topological charge defined this way contains
various topological invariants, we can, nevertheless, ex-
tract the 2nd Chern character. In order to define a non-
commutative analog of the 2nd Chern character on
S2 � S2, we subtract the extra pieces as follows:

1

4
T r½�þ �̂� � 1

4n
T r½�1 þ �̂1� � 1

4n
T r½�2 þ �̂2�

� 1

2n2
T r½1�: (4.19)

Each term is a topological invariant on fuzzy S2 � S2 and
is well defined on it.

V. CHIRAL ZERO MODES

In this section, we explicitly calculate the number of
chiral zero modes in some specific configurations and
compare it with the topological charge in the commutative
limit, (4.13) or (4.14). Especially we discuss why the index
explicitly depends on the size n of the matrices.

A. Chiral zero modes for the free case

We first investigate the chiral zero modes of the GW
Dirac operator for the free case where the gauge field
vanishes. Even in the absence of the gauge field, there exist
chiral zero modes of the GW Dirac operator and they give
the first term of (4.13) or (4.14). We here consider Uð1Þ
gauge group, for simplicity.

In the free case, we have a simple relation ½�̂1; �̂2� ¼ 0,

and the chirality operator (3.2) can be simplified as �̂ ¼
�̂1�̂2. Using the relation (3.9), the GW Dirac operator (3.6)
is also simplified as

DGW ¼ D1 þD2; (5.1)

where

D1 ¼ �1
2a

�1ð�1 � �̂1Þð�2 þ �̂2Þ;
D2 ¼ �1

2a
�1ð�1 þ �̂1Þð�2 � �̂2Þ:

(5.2)

Using (3.3), ½�̂1; �̂2� ¼ 0, and (2.4), one can easily show
the following GW relations for each Da:

�D1 þD1�̂ ¼ 0; �D2 þD2�̂ ¼ 0; (5.3)

where � and �̂ are the chirality operators on the fuzzy S2 �
S2 defined in (3.1) and (3.2). One can also show

½D1; D2� ¼ 0: (5.4)

Now consider states with zero eigenvalues of the Dirac
operator DGW. The chirality operators can also be diago-
nalized in this space owing to the GW relation (3.7).
Hence, we consider a state jc i satisfying

DGWjc i ¼ 0; �jc i ¼ �̂jc i ¼ �jc i: (5.5)

Then from (5.3) and (5.4), we have

DGWDajc i ¼ 0; �Dajc i ¼ �̂Dajc i ¼ �Dajc i;
(5.6)

for a ¼ 1; 2. Therefore, if either D1jc i � 0 or D2jc i � 0
is satisfied, the contributions to the index of DGW cancel
each other by jc i and Dajc i. Thus a chiral zero mode that
can contribute to the index must satisfy D1jc i ¼ 0 and
D2jc i ¼ 0. From (5.2), a zero mode of D1 is given by a

zero mode of �1 � �̂1 or a zero mode of �2 þ �̂2, owing to

½�1 � �̂1;�2 þ �̂2� ¼ 0. Similarly, a zero mode of D2 is

given by that of �1 þ �̂1 or �2 � �̂2.
We then study each fuzzy S2 separately in order to find

zero modes of the operators (�X � �̂X). Our formulation
has SOð3Þ Poincaré invariance on each S2, whose gener-
ators are written as

ðMiÞX ¼
�
Li � LR

i þ �i

2

�
X
: (5.7)

We then consider the eigenstates of the Casimir operatorP
iðMiÞ2X as X

i

ðMiÞ2XjJXi ¼ JXðJX þ 1ÞjJXi: (5.8)

One can show from the SUð2Þ algebra of (5.7) that the spin
JX takes values JX ¼ 1

2 ;
3
2 ; . . . ; n� 1

2 . There are some de-

generacies in the states jJXi. In addition to the (2JX þ 1)-
folded degeneracy associated with ðM3ÞX, the state jJXi has
a two-folded degeneracy for JX ¼ 1

2 ;
3
2 ; . . . ; n� 3

2 . The

highest spin state with JX ¼ n� 1
2 , however, does not

have this two-folded degeneracy. As we show in detail in

Appendix C, we can see that the Dirac operator ð�� �̂ÞX
on each S2 does not have a zero mode at all in the free case.

On the other hand, the operator ð�þ �̂ÞX does have zero
modes in the highest spin states with JX ¼ n� 1

2 . [See a

comment below (C9).] One can also show that �XjJX ¼
n� 1

2i ¼ ��̂XjJX ¼ n� 1
2i ¼ �jJX ¼ n� 1

2i.
Therefore, coming back to the fuzzy S2 � S2, the chiral

zero modes of the Dirac operator DGW are given by the
highest spin states with J1 ¼ J2 ¼ n� 1

2 . The chirality

defined by an eigenvalue of (3.1) and (3.2) is 1 for all of
these states. The degeneracy of these states is ð2J1 þ 1Þ�
ð2J2 þ 1Þ ¼ 4n2, which indeed gives the first term of
(4.13).

In the commutative limit, the operator ð�þ �̂ÞX be-
comes proportional to the chirality operator on each S2

and does not have zero modes. In the case of the fuzzy S2,
the highest spin states have nonzero eigenvalues of the GW
Dirac operator (2.5) and do not contribute to the index.4 In

4The highest spin states have zero eigenvalues of the Dirac
operator with exact chirality [22], but have nonzero eigenvalues
of the Dirac operator introduced in [23] and the GW Dirac
operator (2.5).
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fuzzy S2 � S2, however, as we have shown above, these
states become zero modes of the Dirac operator (5.1) since

it contains the operator ð�þ �̂ÞX. This is the reason why,
even for the free case, there is a nonvanishing term in the
topological charge defined by the Dirac operator.

B. Monopole configurations and chiral zero modes

In this section, we consider a monopole configuration as
topologically nontrivial gauge field configurations. We
also introduce a modified index theorem and a topological
charge that gives nonvanishing values for such configura-
tions. We then investigate the chiral zero modes of the GW
Dirac operator in these backgrounds.

In the case of the fuzzy S2, we constructed a ’t Hooft-
Polyakov monopole configuration where the gauge sym-
metry groupUð2Þ is spontaneously broken down toUð1Þ �
Uð1Þ [15,16,20,21]. Since the diagonal Uð1Þ is decoupled
in the commutative limit, we discuss only the SUð2Þ part of
the gauge group in the following. With the SUð2Þ gauge
group broken down to Uð1Þ, this configuration is inter-
preted as the ’t Hooft-Polyakov type monopole containing
both of the scalar field with a nonvanishing vev and the
monopole gauge field configuration on S2.

Analogously, we now consider Uð2Þ �Uð2Þ gauge the-
ory on fuzzy S2 � S2. In the presence of the monopole
configuration, the gauge symmetry is spontaneously bro-
ken from SUð2Þ � SUð2Þ to Uð1Þ �Uð1Þ. The monopole
configuration we will investigate is the following:

ðAaÞ1 ¼ La � 12 � 12 þ 1n � 
a
2
� 12

¼: Lðnþ1Þ
a

Lðn�1Þ
a

 !
� 12; (5.9)

ðAiÞ2 ¼ Li � 12 � 12 þ 1n � 12 � 
i
2
; (5.10)

where ðAaÞ1 and ðAiÞ2 are covariant coordinates of the first
and the second sphere. The second and the third factors in
the tensor product refer to spin 1=2 representation of each
SUð2Þ in the SUð2Þ � SUð2Þ gauge group, respectively.
The equality ¼: means a unitary equivalence, and we
have combined the first two spaces, i.e., matrix space
representing the coordinates and the first SUð2Þ space,
into a single matrix representation. ðAiÞ2 can be similarly
written. Each of the configurations describes the ’t Hooft-
Polyakov type monopole on each S2, and wraps around the
S2. The normal components of the gauge fields, which are
interpreted as two scalar fields on S2 � S2, have nonvan-
ishing vev’s and break the gauge symmetry.

More generally, we can consider the following type of
configurations:

ðAaÞ1 ¼ Lðnþm1Þ
a

Lðn�m1Þ
a

 !
� 12: (5.11)

A generalized ðAiÞ2 can be written similarly. For such
configurations, the relation ½ðAaÞ1; ðAiÞ2� ¼ 0 is satisfied.
Although they are the noncommutative analogs of topo-

logically nontrivial configurations, the topological charge
defined in (3.8) vanishes for these configurations. This can
be understood as follows: In the presence of the monopole
configurations, the gauge group is spontaneously broken
from SUð2Þ � SUð2Þ to Uð1Þ �Uð1Þ. A fermionic field in
the fundamental representation of each SUð2Þ is decom-
posed into two fermions with opposite electric charges
�1=2 of each of the unbroken Uð1Þ’s, and they cancel
the topological charge, or the index of the Dirac operator.
We thus have to modify the index theorem (3.8) to pick

up one of the fermions with �1=2 electric charges. As is
shown in Sec. II D of Ref. [15], we can prove the following
index theorem in the projected space:

indexðPðn�m1Þ
1 Pðn�m2Þ

2 DGWÞ
¼ 1

2T r½Pðn�m1Þ
1 Pðn�m2Þ

2 ð�þ �̂Þ�; (5.12)

where Pðn�mXÞ
X is the projection operator on the Hilbert

space with n�mX dimensions in (5.11). The projection
operator is written as

Pðn�mXÞ
X ¼ 1

2ð1� TXÞ; (5.13)

with

TX ¼ 2

nmX

�
ðAXÞ2 � n2 þm2

X � 1

4

�

¼
�
1nþmX �1n�mX

�
: (5.14)

Here we have left out the extra 12. The operator TX is
interpreted as an electric charge operator of the unbroken
Uð1Þ gauge group. Its commutative limit becomes the
normalized scalar field as

TX ! 2�0
X; (5.15)

where �0
X ¼ �0a

X

a

2 with
P

að�0a
X Þ2 ¼ 1. Without loss of

generality, we hereafter consider only the following pro-
jection:

PðnþmXÞ
X � PX (5.16)

with mX > 0.
Following the same calculation that led us to (4.13) in

Sec. IV, the commutative limit of the rhs of (5.12) becomes

1

2
T r½P1P2ð�þ �̂Þ�

! 4ðnþm1Þðnþm2Þ þ 2ðnþm1Þ�2

�
Z d�2

4�
�ijknk tr2ð�0

2FijÞ þ 2ðnþm2Þ�2

�
Z d�1

4�
�abcnc tr1ð�0

1FabÞ þ 2�4
Z d�1

4�

d�2

4�

� �abcnc�ijknk tr1ð�0
1FabÞ tr2ð�0

2FijÞ; (5.17)
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where the trX stands for the trace over the SUð2ÞX gauge
group. The monopole configuration (5.11) has the mono-
pole number (�mX), and its 1st Chern character on each
S2 becomes (�mX), as is shown below in (5.21). Then,
(5.17) becomes

4ðnþm1Þðnþm2Þ þ 2ðnþm1Þð�m2Þ
þ 2ðnþm2Þð�m1Þ þ 2ð�m1Þð�m2Þ

¼ 4n2 þ 2nðm1 þm2Þ þ 2m1m2: (5.18)

In the following, we will calculate the both-hand sides of
(5.12) at the matrix level, i.e., before taking the commuta-
tive limit, and check that the result agrees with (5.18). We
then investigate what kind of chiral zero modes contribute
to each term in (5.17).

We first calculate the rhs of (5.12). Because of the
relation ½ðAaÞ1; ðAiÞ2� ¼ 0, it can be written as

1
2 ðT r1½P1�1�T r2½P2�2� þT r1½P1�̂1�T r2½P2�̂2�Þ:

(5.19)

Each factor can be evaluated as

T rX½PX�X� ¼ �2ðnþmXÞ; T rX½PX�̂X� ¼ 2n:

(5.20)

The operator �X takes its eigenvalue �1 in n� 1 dimen-
sional representation space of the operator �LR

i þ �i=2.
By counting the total dimensions of the space, including
the space on which PAi acts, one obtains the first result.
The second result is similarly obtained. [See Eqs. (3.34)
and (3.36) in [20].] Then one can obtain the monopole
charge on each S2 as

1
2T r½PXð�X þ �̂XÞ� ¼ �mX: (5.21)

Substituting (5.20) into (5.19), we obtain

1
2 ðð�2ðnþm1ÞÞð�2ðnþm2ÞÞ þ ð2nÞ2Þ; (5.22)

which indeed agrees with the above calculation in the
commutative limit (5.18).

We next calculate the left-hand side (lhs) of (5.12) by
counting the chiral zero modes of the GWDirac operator in

the monopole backgrounds. The commutativity ½�̂1; �̂2� ¼
0 holds because of the relation ½ðAaÞ1; ðAiÞ2� ¼ 0. Then, the

chirality operator (3.2) reduces to �̂ ¼ �̂1�̂2, and the GW
Dirac operator in the projected space becomes

P1P2DGW ¼ P1P2D1 þ P1P2D2 (5.23)

with D1 and D2 given in (5.2). The arguments we have
given in the free case can be applied to the present case,
and it is sufficient to investigate the zero modes of the

operators PXð�X � �̂XÞ and PXð�X þ �̂XÞ on each fuzzy
S2.

We then classify the states in terms of the Casimir
operator of the SOð3Þ Poincaré symmetry on each S2.
Generators of the SOð3Þ symmetry are given by

ðMiÞX ¼
�
PAi � LR

i þ �i

2

�
X
; (5.24)

where Ai’s are generalized monopole configurations (5.11).
We consider eigenstates of the Casimir operator

P
iðMiÞ2 as

in (5.8). As is shown in detail in Sec. III of Ref. [15], in
addition to the (2JX þ 1)-folded degeneracy, the state jJXi
has an extra two-folded degeneracy for JX ¼
mþ1
2 ; mþ3

2 ; . . . ; nþ m�3
2 , while the lowest spin sate with

JX ¼ m�1
2 and the highest spin state with JX ¼ nþ m�1

2

do not have such two-folded degeneracy. The lowest spin

states are shown to be zero modes of the operator PXð��
�̂ÞX, while the highest spin states are zero modes of the

operator PXð�þ �̂ÞX. The other states have nonzero eigen-
values for both of these operators. One can also show that

�XjJX ¼ m�1
2 i ¼ �̂XjJX ¼ m�1

2 i ¼ �jJX ¼ m�1
2 i and that

�XjJX ¼ nþ m�1
2 i ¼ ��̂XjJX ¼ nþ m�1

2 i ¼ �jJX ¼
nþ m�1

2 i.
Consequently, coming back to the fuzzy S2 � S2, the

chiral zero modes of the GW Dirac operator P1P2DGW in
the monopole background (5.11) are given by the lowest
spin states with J1 ¼ J2 ¼ m�1

2 and the highest spin states

with J1 ¼ J2 ¼ nþ m�1
2 . The chirality defined by an ei-

genvalue of (3.1) and (3.2) is 1 for all of these states. The
index of the Dirac operator P1P2DGW is, therefore, given
by counting the degeneracy of these states as

m1m2 þ ð2nþm1Þð2nþm2Þ: (5.25)

This again agrees with the topological charge in the com-
mutative limit (5.18). Incidentally, the states with J1 ¼
m�1
2 , J2 ¼ nþ m�1

2 have nonzero eigenvalues of the op-

erator P1P2D2, and hence do not give chiral zero modes of
the Dirac operator P1P2DGW. Neither do the states with
J1 ¼ nþ m�1

2 , J2 ¼ m�1
2 contribute to chiral zero modes of

the Dirac operator P1P2DGW.
Note that the lowest spin states are responsible for the

first term of (5.25). This is half of the last term in the rhs of
(5.18), and exactly matches with an integral of the 2nd
Chern character in the monopole background we are con-
sidering. This is reasonable since the lowest spin states
correspond to the chiral zero modes of the Dirac operator
in the commutative theory. All the other contributions to
the zero modes in (5.25), and hence in (5.18) and (5.17),
come from the highest spin states, which do not have
corresponding chiral zero modes in the commutative the-
ory. Going back to the formula (4.13), we can similarly
infer the origins of various terms.

VI. GENERALIZATION TO FUZZY ðS2Þk
In this section, we generalize our formulation to fuzzy

ðS2Þk. As in the fuzzy S2 � S2, we first define two chirality
operators as

� ¼ �1 � � ��k; (6.1)
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�̂ ¼ �̂1 � � � �̂k þ �̂k � � � �̂1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð�̂1 � � � �̂k þ �̂k � � � �̂1Þ2

q ; (6.2)

which satisfy (3.5). As in (3.4), the denominator is written
as

ð�̂1 � � � �̂k þ �̂k � � � �̂1Þ2 ¼ 4þ ð�̂1 � � � �̂k � �̂k � � � �̂1Þ2:
(6.3)

The second term is of order Oðn�4Þ, since ½�̂X; �̂Y� is of
order Oðn�2Þ as is shown below (A8). We then define a
GW Dirac operator as in (3.6). It satisfies the GW relation
(3.7) and the index theorem (3.8).

Analogously to (3.9), the following relation is satisfied:

�1 � � ��k � �̂1 � � � �̂k

¼ 1

2k�1

X
n1;���;nk¼0;1

1

2
ð1� ð�1Þ

P
k
X¼1

nX Þ

� Yk
X¼1

ð�X þ ð�1ÞnX �̂XÞ; (6.4)

where the product respects the ordering of operators from

X ¼ 1 toX ¼ k. The coefficient (1� ð�1Þ
P

k
X¼1

nX ) ensures

the number of operators ð�� �̂ÞX in the product to be odd.

Since �X and �̂X become the same chirality operator in the
commutative limit, those terms with smaller number of

ð�� �̂ÞX in (6.4) are more dominant in the commutative
limit.

Then, as in (3.10), the commutative limit of the GW
Dirac operator (3.6) becomes

DGW ! D0
1�2 � � ��k þ �1D

0
2�3 � � ��k þ � � �

þ �1 � � ��k�1D
0
k; (6.5)

where only the terms with one of the nX’s being 1 in (6.4)
contribute. This is a generalized Dirac operator on a com-
mutative ðS2Þk. [See the discussion after Eq. (3.10).]

The commutative limit of the topological charge, the rhs
of (3.8), gives a generalization of (4.13) and (4.14). We now
conjecture the result as follows:

1

2
T r½�þ �̂� ! ð1þ ð�1ÞkÞ2k�1nk trð1Þ

þ 2k�1
Xk
i¼1

nk�iCi: (6.6)

The coefficient (1þ ð�1Þk) in the first term represents that
this term vanishes when k is odd. This is because the
contributions of the two chirality operators cancel for
odd k. The integral of the ith Chern character Ci is defined
as

Ci ¼ 1

ð2�Þki!
Z

tr

� X
1	X1<���<Xi	k

� Y
X=2ðX1���XiÞ

d�X

2

�ðFiÞX1���Xi

��
: (6.7)

For instance, ðFÞX and ðF2ÞXY are given in (4.15) and (4.16),
and ðF3ÞXYZ is written as

3!

23
�6d�Xd�Yd�Zð�abcnc�ijknk�xyznzðFabFijFxy

� FaiFbjFxy þ FajFbiFxy � FabFixFjy

þ FabFiyFjx � FaxFbyFij þ FayFbxFij

þ FaiFbxFjy � FaiFbyFjx � FajFbxFiy

þ FajFbyFix � FaxFbiFjy þ FayFbiFjx

þ FaxFbjFiy � FayFbjFixÞÞXYZ; (6.8)

where the indices a, b, and c refer to the sphere X, the
indices i, j, and k to the sphere Y, and the indices x, y, and z
to the sphere Z. Note, however, that the field strength
depends on all of the coordinates, such as
Fabð�1; � � � ;�kÞ. Only the highest Chern character term
in (6.6) is independent of the size n of the matrix. It is
important to show the conjecture (6.6) explicitly by taking
the commutative limit as we did for the fuzzy S2 � S2 in
Sec. IV. It needs involved calculations and we will report it
in a future publication.
We here demonstrate the justification of (6.6) by con-

sidering a topologically nontrivial configuration, i.e., a
monopole configuration in ðSUð2ÞÞk gauge theory on fuzzy
ðS2Þk. It is a generalization of (5.11). As in (5.12), we
consider the index theorem in the projected space

index ðP1 � � �PkDGWÞ ¼ 1
2T r½P1 � � �Pkð�þ �̂Þ�: (6.9)

If the conjecture (6.6) holds, then as in (5.17), the commu-
tative limit of the rhs of (6.9) becomes

1

2
T r½P1 � � �Pkð�þ �̂Þ�

! ð1þ ð�1ÞkÞ2k�1
Yk
X¼1

ðnþmXÞ

þ 2k�1
Xk
i¼1

� X
1	X1<���<Xi	k

� Y
X=2ðX1���XiÞ

ðnþmXÞ

� Y
X2ðX1���XiÞ

�2

�Z d�

4�
�ijknk trð�0FijÞ

�
X

��
: (6.10)

The monopole on each S2 gives the 1st Chern character
(�mX). Following the same calculation as in (5.18) and
(6.10) becomes
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ð1þ ð�1ÞkÞ2k�1nk

þ ð�1Þk2k�1
Xk
i¼1

nk�i
X

1	X1<���<Xi	k

mX1
� � �mXi

: (6.11)

In the following, we will evaluate the both-hand sides of
(6.9) at the matrix level, i.e., before taking the commutative
limit, and show that the results agree with the conjectured
topological charge in the commutative limit (6.11).

Following the same calculations in (5.19) and (5.22), the
rhs of (6.9) for the monopole background becomes

1

2

�Yk
X¼1

T rX½PX�X� þ
Yk
X¼1

T rX½PX�̂X�
�

¼ 1

2

�Yk
X¼1

ð�2ðnþmXÞÞ þ ð2nÞk
�
; (6.12)

which indeed gives (6.11).
We can also evaluate the lhs of (6.9) by counting the

chiral zero modes of the Dirac operator. Denoting each
term in (6.4) as Da with a ¼ 1; . . . ; 2k�1, we obtain a
generalization of Eq. (5.23). The same arguments we
have given in the S2 � S2 case hold in the present case:
A chiral zero mode of the Dirac operator P1 � � �PkDGW

must be a simultaneous zero mode of all the operators
P1 � � �PkDa with a ¼ 1; � � � ; 2k�1. A zero mode of
P1 � � �PkDa is given by a zero mode of any of the opera-

tors PXð�þ �̂ÞX and PXð�� �̂ÞX constituting
P1 � � �PkDa. The lowest spin states with JX ¼ m�1

2 are

zero modes of the operator PXð�� �̂ÞX, and the highest
spin states with JX ¼ nþ m�1

2 are zero modes of the

operator PXð�þ �̂ÞX. Eventually, we find that the chiral
zero modes of the Dirac operator P1 � � �PkDGW are given
by the states where an even number of JX ’s are the highest
spin and the remaining JX’s are the lowest spin. The
chirality defined by an eigenvalue of (3.1) and (3.2) is 1
for all of these states when k is even, and�1when k is odd.
By counting the number of these states as in (5.25), the
index of the Dirac operator P1 � � �PkDGW is evaluated as

ð�1Þk X
i¼0;2;���

� X
1	X1<���<Xi	k

� Y
X2ðX1;���;XiÞ

ð2nþmXÞ

� Y
X=2ðX1;���;XiÞ

mX

��
:

(6.13)

This again reproduces the result (6.11). Incidentally, the
states with an odd number i of JX being the highest spin,
which we call JX1

; . . . ; JXi
, have nonzero eigenvalues of the

operator P1 � � �PkDa that is composed of ð�� �̂ÞX with

X 2 ðX1; . . . ; XiÞ and ð�þ �̂ÞX with X =2 ðX1; . . . ; XiÞ.
Those states thus do not contribute to the chiral zero modes
of the Dirac operator P1 � � �PkDGW. We also note that the
states with all JX being the lowest spin are responsible for
the term with i ¼ 0 in (6.13), giving

Q
k
X¼1ð�mXÞ, which

agrees precisely with the kth Chern character of the back-
ground gauge fields we are considering. This is reasonable
since these states correspond to the chiral zero modes in the
commutative theory.
The agreement of (6.12) and (6.13) to (6.11) supports the

conjecture (6.10), and hence (6.6).

VII. CONCLUSIONS AND DISCUSSIONS

In this paper, we have constructed a topological charge
on the fuzzy ðS2Þk based on a Dirac operator satisfying the
GW relation. Our formulation has the manifest gauge
invariance and the SOð3Þ Poincaré invariance on each S2.
Owing to the GW relation, the index theorem is satisfied
and accordingly we can construct the topological charge.
The commutative limit of the topological charge was eval-
uated directly for the fuzzy S2 � S2, and it becomes a sum
of the 1st and the 2nd Chern characters. We then have
shown that by combining with other topological invariants
we can define a noncommutative generalization of the 2nd
Chern character. We also conjectured a form of the com-
mutative limit of the topological charge on fuzzy ðS2Þk for
k > 2.
We further calculated the chiral zero modes of the Dirac

operator for the free case and for the monopole back-
grounds, and checked the consistency of our results. The
zero modes of the noncommutative GW Dirac operator on
fuzzy ðS2Þk consist of the highest spin states and the lowest
spin states. The lowest spin states correspond to the zero
modes of the commutative Dirac operator. On the other
hand, the highest spin states are zero modes of the operator

ð�þ �̂ÞX and do not have the correspondents in the com-
mutative limit. We have indeed found that the chiral zero
modes composed of only the lowest spin states give pre-
cisely the kth Chern character on ðS2Þk.
Some comments are in order. In the definition of �̂ in

(3.2), we first normalized both of �̂X in (2.2), and then

constructed the normalized chirality operator �̂ on S2 � S2

in (3.2). Instead, we can directly construct a normalized
operator on S2 � S2 as

�̂ 0 ¼ fH1; H2gffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffifH1; H2g2
p ; (7.1)

with HX defined in (2.2). Defining a Dirac operator as in

(3.6), with �̂ replaced by �̂0, the GW relation (3.7) and the
index theorem (3.8) are satisfied as well. Moreover, as we
show in Appendix D, the commutative limit of the Dirac
operator and the topological charge give exactly the same
result as (3.10) and (4.13). This agreement indicates that
the topological quantities are rigid against slight modifica-
tions of the theories.
In this paper, we considered the monopole configura-

tions wrapping around each S2, but it is more interesting if
we can construct configurations wrapping around higher
dimensional space. Then the field strengths whose indices
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mix the different spheres play an important role. It is also
interesting, as we have studied for the case of fuzzy S2 in
Ref. [16], to further extend our formulation of the projected
index theorem to include more general configurations in
the Higgs phase, i.e., when the scalar field takes a nonzero
vev.

As we mentioned at the beginning of the Introduction,
topological aspects of gauge theory on noncommutative
geometry may play an important role in compactified extra
dimensional space in string theory. We can pursue these
studies further by studying the relation of noncommutative
geometry to our world and by investigating dynamics of
noncommutative gauge theory. (See also related works
[24–26].) Our formulation given in the present paper to
define the topological charge and to classify the gauge field
configuration space on noncommutative geometry will
become useful for these studies.

APPENDIX A: EXPANSION OF �̂ IN THE GAUGE
FIELDS

In this Appendix, we expand the chirality operator �̂ in
terms of the gauge fields, and provide (4.2).

We first expand the chirality operator �̂X on each S2,
defined by (2.2). We decomposeHX into the zeroth and the
1st order in the gauge fields as

HX ¼ 	X þ �X; (A1)

with

	X ¼ að�iLi þ 1
2ÞX; �X ¼ a�ð�iaiÞX: (A2)

The operators 	X and �X are of order Oðn0Þ and Oðn�1Þ,
respectively, since a ¼ 2=n and Li is of order n. Since
ð	XÞ2 ¼ 1, one has ðHXÞ2 ¼ 1þ f	X;�Xg þ �2

X. We then
obtain

�̂ X ¼ ð	þ 
 ð1Þ þ 
 ð2Þ þ 
 ð3Þ þOð�4ÞÞX (A3)

where 
 ðiÞX is the ith order in�X and hence in the gauge field
ðaiÞX. They are written as


 ð1ÞX ¼ 1
2ð�� 	�	ÞX; (A4)


 ð2ÞX ¼ ð�1
8ð	�2 þ �	�þ �2	Þ þ 3

8	�	�	ÞX; (A5)


 ð3ÞX ¼
�
1

16
ð��3 þ �	�	�þ �	�2	þ �2	�	

þ 	�	�2 þ 	�2	�þ 	�3	Þ

� 5

16
	�	�	�	

�
X
; (A6)

The operators 	X and 
 ðiÞX themselves are zeroth and ith
order in 1=n. However, taking the trace over the spinor
space with the coordinate matrix space untouched, the

operators tr�X
ð	XÞ and tr�X

ð
 ð1ÞX Þ become of order n�1

and n�2, respectively.
It then follows that

f�̂1;�̂2g¼2	1	2þf	1;

ð1Þ
2 þ
 ð2Þ2 þ
 ð3Þ2 g

þf	2;

ð1Þ
1 þ
 ð2Þ1 þ
 ð3Þ1 gþf
 ð1Þ1 þ
 ð2Þ1 ;
 ð1Þ2 þ
 ð2Þ2 g

þOðn�5Þ: (A7)

While the operators f	1; 

ð4Þ
2 g, f	2; 


ð4Þ
1 g, f
 ð1Þ1 ; 
 ð3Þ2 g, and

f
 ð1Þ2 ; 
 ð3Þ1 g also appear at order n�4, when one considers

these terms in T r½�̂� in (4.2), one takes a trace like

tr�X
ð	XÞ and tr�X

ð
 ð1ÞX Þ, and these terms become of order

Oðn�5Þ. One also has

½�̂1; �̂2� ¼ ½	1; 

ð1Þ
2 � � ½	2; 


ð1Þ
1 � þ ½
 ð1Þ1 ; 
 ð1Þ2 � þOðn�3Þ:

(A8)

Note that (A8) is of order Oðn�2Þ, since the leading term
½	1; 	2� vanishes, and the commutators ½	1; �2� and
½	2; �1� are of order Oðn�2Þ. This is why the second
term in (3.4) is of order Oðn�4Þ.
Using the identity (3.4), the chirality operator (3.2) is

written as

�̂ ¼ 1

2
f�̂1; �̂2g � 1

16
f�̂1; �̂2g½�̂1; �̂2�2 þ � � � : (A9)

Plugging (A7) and (A8) into (A9), we obtain (4.2).

APPENDIX B: COMMUTATIVE LIMIT OF T r½G5�
In this Appendix, we show Eq. (4.11) by taking the

commutative limit of T r½G5�. Substituting (A4) into
(4.7), we obtain

G5 ¼
X5
i¼1

Ki (B1)

with

K1 ¼ � 1

32
	1	2ð½	1; �2� � ½	2; �1�Þ2; (B2)

K2 ¼ � 1

32
	1	2ð	2½	1; �2�	2 � 	1½	2; �1�	1Þ2; (B3)

K3 ¼ 1

32
	1	2f½	1; �2� � ½	2; �1�; 	2½	1; �2�	2

� 	1½	2; �1�	1g; (B4)

K4 ¼ � 1

64
	1	2ð½	1; �2� � ½	2; �1�Þ½�1; �2�

þ ð15 termsÞ; (B5)

K5 ¼ � 1

128
	1	2½�1; �2�2 þ ð15 termsÞ; (B6)
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whereK1,K2, andK3 are 2nd order,K4 is 3rd order, andK5

is 4th order in �. In (B5) and (B6), we wrote only a typical
term. The remaining 15 terms can be similarly written.

We first calculate the commutative limit of T r½K1�.
Plugging (A2) into (B2), we obtain

T r½K1�¼� 1

32
a6�2T r½ð� �LÞ1ð� �LÞ2½ð� �LÞ1; ð� �aÞ2�2

�ð� �LÞ1ð� �LÞ2½ð� �LÞ1; ð� �aÞ2�
�½ð� �LÞ2; ð� �aÞ1�þð1$ 2Þ�; (B7)

where we omitted subleading terms in 1=n. Taking trace
over the spinor space, by using the formula

tr �½�i�j�k� ¼ 2i�ijk; (B8)

(B7) becomes

1
8a

6�2T r0½�abcLc�ijkLk½La; ai�½Lb; aj�
� �abcLc�ijkLk½La; ai�½Lj; ab� þ ð1 $ 2Þ�; (B9)

where T r0 is the trace over the matrix space and the gauge
group space. The indices a, b, and c refer to the first S2,
while the indices i, j, and k refer to the second S2. Then, the
commutative limit of (B9) becomes

� 2�4
Z d�1

4�

d�2

4�
tr½�abcnc�ijknkð@aai@baj

þ @iaa@jabÞ þ 2@aðPaÞi@iðPaÞa�; (B10)

where ðPaÞi ¼ Pijaj with Pij ¼ �ij � ninj. (B10) is re-

written as

� 2�4
Z d�1

4�

d�2

4�

� tr½�abcnc�ijknkð@aa0i � @ia
0
aÞð@ba0j � @ja

0
bÞ�; (B11)

where a0i ¼ �ijknjak is the tangential component of the

gauge field.
By using the identity

	1½	1; �2� ¼ �½	1; �2�	1; (B12)

	2½	2; �1� ¼ �½	2; �1�	2; (B13)

(B3) is rewritten as

K2 ¼ � 1

32
ð½	1; �2� � ½	2; �1�Þ2	1	2; (B14)

and (B4) is

K3 ¼ � 1

32
ð	2½	1; �2�	1	2½	1; �2�	2

þ ½	1; �2�	1	2½	1; �2� � 	2½	1; �2�½	2; �1�	1

� ½	1; �2�	1	2½	2; �1� þ ð1 $ 2ÞÞ: (B15)

By the same calculation that was done for T r½K1�, we can
show that the commutative limits of T r½K2� and T r½K3�

give the same result (B11) and twice of that, respectively.
Therefore, the commutative limit of T rðK1 þ K2 þ K3Þ
becomes 4 times of (B11). This gives the 2nd order terms
in the gauge field in (4.11).
We next consider T r½K4�. By substituting (A2) and

taking the trace over the spinor space, the first term in
K4, which was presented in (B5), gives

1

16
a6�3T r0½�abcLc�ijkLkð½La; ai� � ½Li; aa�Þ½ab; aj��:

(B16)

Its commutative limit becomes

� i�4
Z d�1

4�

d�2

4�
�abcnc�ijknk

� trðð�adend@eai � �ilmnl@maaÞ½ab; aj�Þ:
(B17)

This is rewritten as

i�4
Z d�1

4�

d�2

4�
�abcnc�ijknk trðð@aa0i � @ia

0
aÞ½a0b; a0j�Þ:

(B18)

The remaining 15 terms in (B5) give the same results.
Thus, the commutative limit of T r½K4� becomes 16 times
of (B18). This gives the 3rd order terms in the gauge field
in (4.11).
We finally consider T r½K5�. By substituting (A2) and

taking the trace over the spinor space, the first term in K5,
which was presented in (B6), gives

1

32
a6�4T r0½�abcLc�ijkLk½aa; ai�½ab; aj��: (B19)

Its commutative limit becomes

1

2
�4
Z d�1

4�

d�2

4�
�abcnc�ijknk trð½aa; ai�½ab; aj�Þ; (B20)

which is rewritten as

1

2
�4
Z d�1

4�

d�2

4�
�abcnc�ijknk trð½a0a; a0i�½a0b; a0j�Þ: (B21)

The remaining 15 terms in (B6) give the same results.
Thus, the commutative limit of T r½K5� becomes 16 times
of (B21). This gives the 4th order terms in the gauge field in
(4.11).
Hence we have proved (4.11).

APPENDIX C: SPECTRUM OF THE DIRAC
OPERATOR FOR THE FREE CASE

In this Appendix, we calculate the whole spectrum of the
GW Dirac operator for the free case. We here consider the
Uð1Þ gauge group, for simplicity. For the free case, one has

ð�� �̂ÞX ¼ �að� � ~Lþ 1ÞX; (C1)

ð�þ �̂ÞX ¼ að� � ðLþ LRÞÞX; (C2)
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where ð ~LiÞX ¼ ðLi � LR
i ÞX is the adjoint operator. Then,

the free GW Dirac operator (5.1) is written as

DGW ¼ a

2
½ð� � ~Lþ 1Þ1ð� � ðLþ LRÞÞ2

þ ð� � ðLþ LRÞÞ1ð� � ~Lþ 1Þ2�: (C3)

Let us begin with an investigation of each fuzzy S2. Our
formulation has SOð3Þ Poincaré symmetry on each S2,
whose generator ðMiÞX is given in (5.7). We now write its
eigenstates as

ðMiÞ2XjJX;�i ¼ JXðJX þ 1ÞjJX;�i: (C4)

Each jJX;�i has (2JX þ 1)-folded degeneracy associated
with ðM3ÞX. The sign� indicates that this state is obtained
from the spin lX state of ð ~LiÞX as JX ¼ lX � 1

2 . For JX ¼
1
2 ;

3
2 ; . . . ; n� 3

2 , there exist both jJX;þi and jJX;�i, while
for the highest spin JX ¼ n� 1

2 there exists only jJX;þi.
The state jJX;�i is shown to be an eigenstate of the
operator ð� � ~Lþ 1ÞX as

ð� � ~Lþ 1ÞXjJX;�i ¼ �ðJX þ 1
2ÞjJX;�i: (C5)

Since we have the relation

f�� �̂;�þ �̂gX ¼ 0; (C6)

and, in particular, for the free case,

f� � ~Lþ 1; � � ðLþ LRÞgX ¼ 0; (C7)

the operator ð� � ðLþ LRÞÞX flips the � sign as

ð� � ðLþ LRÞÞXjJX;�i ¼ CJX jJX;�i (C8)

with

CJX ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2 � 1

4 � JXðJX þ 1Þ
q

: (C9)

For the highest spin JX ¼ n� 1
2 , a state jJX;�i does not

exist, and thus ð� � ðLþ LRÞÞXjJX;þi must vanish.
Indeed, CJX ¼ 0 in this case, as one can see from (C9).

We now come back to S2 � S2. We consider states
specified by the spin J1 and J2 of each S2. We will study
the following three cases in turn:

ðaÞ 1
2 	 J1 	 n� 3

2;
1
2 	 J2 	 n� 3

2

ðbÞ J1 ¼ n� 1
2;

1
2 	 J2 	 n� 3

2

ðcÞ J1 ¼ J2 ¼ n� 1
2:

(C10)

Let us first consider the case (a), where four types of
states jJ1;�; J2;�i exist. Acting the GW Dirac operator
(C3) on these states, we obtain

DGWðc1jJ1;þ; J2;þi þ c2jJ1;þ; J2;�i
þ c3jJ1;�; J2;þi þ c4jJ1;�; J2;�iÞ

¼ ðAc2 þ Bc3ÞjJ1;þ; J2;þi
þ ðAc1 � Bc4ÞjJ1;þ; J2;�i
þ ð�Ac4 þ Bc1ÞjJ1;�; J2;þi
þ ð�Ac3 � Bc2ÞjJ1;�; J2;�i; (C11)

with A ¼ a
2 ðJ1 þ 1

2ÞCJ2 and B ¼ a
2 ðJ2 þ 1

2ÞCJ1 .

Diagonalizing DGW in this sector, we obtain the eigenval-
ues �jA� Bj, where two � signs need not coincide.
In particular, for J1 ¼ J2, and hence for A ¼ B, there

exist two types of zero modes. Their explicit form is given
as

j1i ¼ 1
2ðjJ1;þ; J2;þi þ jJ1;þ; J2;�i � jJ1;�; J2;þi
þ jJ1;�; J2;�iÞ; (C12)

j2i ¼ 1
2ðjJ1;þ; J2;þi � jJ1;þ; J2;�i þ jJ1;�; J2;þi
þ jJ1;�; J2;�iÞ: (C13)

We now study their chiralities. The chirality operator (3.1)
is rewritten as

� ¼ a2

4
½ð� � ðLþ LRÞÞ1ð� � ðLþ LRÞÞ2

þ ð� � ~Lþ 1Þ1ð� � ~Lþ 1Þ2
� ð� � ðLþ LRÞÞ1ð� � ~Lþ 1Þ2
� ð� � ~Lþ 1Þ1ð� � ðLþ LRÞÞ2�: (C14)

Acting it on the above states, we obtain

�j1i ¼ j2i; �j2i ¼ j1i; (C15)

where we used a2

4 ½ðCJÞ2 þ ðJ þ 1
2Þ2� ¼ 1. We thus have

�
1ffiffiffi
2

p ðj1i þ j2iÞ ¼ þ 1ffiffiffi
2

p ðj1i þ j2iÞ;

�
1ffiffiffi
2

p ðj1i � j2iÞ ¼ � 1ffiffiffi
2

p ðj1i � j2iÞ:
(C16)

The zero modes in this sector have both chiralities and do
not contribute to the index.
We next consider the case (b), where two types of states

jJ1;þ; J2;�i exist. Acting the GW Dirac operator (C3) on
these states, and diagonalizing DGW, we obtain the eigen-
states as

DGW

1ffiffiffi
2

p ðjJ1;þ; J2;þi � jJ1;þ; J2;�iÞ

¼ � a

2

�
J1 þ 1

2

�
CJ2

1ffiffiffi
2

p ðjJ1;þ; J2;þi � jJ1;þ; J2;�iÞ:
(C17)

There is not a zero mode in this case.
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We finally consider the case (c), where only the states
jJ1;þ; J2;þi exist. Acting the GW Dirac operator (C3)
and the chirality operator (C14) on these states, we obtain

DGWjJ1;þ; J2;þi ¼ 0; (C18)

�jJ1;þ; J2;þi ¼ þjJ1;þ; J2;þi: (C19)

They give chiral zero modes and contribute to the index.
Recalling that the state jJX;þi has the (2JX þ 1)-folded
degeneracy, the degeneracy of the chiral zero modes is
ð2J1 þ 1Þð2J2 þ 1Þ ¼ 4n2. This agrees with the first term
in (4.13).

Now we have obtained the whole spectrum of the Dirac
operator and checked that the chiral zero modes are indeed
given by the states that we discussed in Sec. VA.

APPENDIX D: COMMUTATIVE LIMIT IN THE
MODIFIED FORMULATION

In this Appendix, we consider the modified formulation
given by (7.1), and calculate the commutative limit of the
Dirac operator and the topological charge.
By substituting (A1) into (7.1), and expanding it in �

and hence in the gauge fields, we obtain

�̂0 ¼ 	1	2 þ
�
1

4
f	2; �1 � 	1�1	1g þ ð1 $ 2Þ

�
þ 1

32
½7f�1; �2g � 5	1	2f�1; �2g	1	2 þ 3f	1�1	1; 	2�2	2g

� ½f�1; 	2�2	2g þ 	1f�1; �2g	1 � 3	1f�1; 	2�2	2g	1 þ 	2�1	2�2 þ �1	1�2	1 þ 	1	2�1	1	2�2

þ 	2�1	1	2�2	1 þ 	1	2�1	2�2	1 þ 	2�1	1�2	1	2 þ �1	1	2�2	1	2 þ ð1 $ 2Þ�
� ½f	2; 	1�

2
1 þ �2

1	1 þ �1	1�1g þ 	1�1	2�1 þ �1	2�1	1 þ �1	1	2�1 þ 	1	2�1	2�1	2 þ 	2�1	2�1	1	2

þ 	2�1	1	2�1	2 � 3ðf	2; 	1�1	1�1	1g þ 	1�1	1	2�1	1 þ 	1	2�1	1	2�1	1	2Þ þ ð1 $ 2Þ�� þOð�3Þ:
(D1)

The first and the second terms in (D1), which are zeroth
and 1st order in �, coincide with those of the original
formulation, (4.3) and the 1st order terms in (4.4), at the
operator level, i.e., before taking the trace. Then, the

commutative limit of the Dirac operator �a�1ð�� �̂0Þ
becomes the same one as the original formulation, (3.10),
since the commutative limit of the Dirac operator is af-

fected by �̂0 only up to order n�1.
We next consider the commutative limit of the topologi-

cal charge 1
2T rð�þ �̂0Þ, which is affected by �̂0 up to

order n�4. While �̂0 and �̂ differ at Oð�2Þ at the operator
level, the trace of the difference becomes

T r½�̂0 � �̂� ¼ 1

16
T r½½	2; �1�	1	2½	2; �1�

� 	1½	2; �1�	1	2½	2; �1�	1�
þOðð�2Þ2Þ þOð�1�2Þ þOð�3Þ; (D2)

where we have written only the terms with ð�1Þ2. Since

(D2) vanishes in the commutative limit, the commutative

limit of the topological charge 1
2T rð�þ �̂0Þ becomes the

same one as the original formulation, (4.13).
In the original formulation, the commutative limit of

f	1; 

ð2Þ
2 g and f	2; 


ð2Þ
1 g in (4.4) gave the second order terms

in the gauge field in the 1st Chern character. The commu-

tative limit of f
 ð1Þ1 ; 
 ð1Þ2 g in (4.6) gave the second order

terms in the gauge field in (4.10), which is a part of the 2nd
Chern character. The commutative limit of

	1	2ð½	1; 

ð1Þ
2 � � ½	2; 


ð1Þ
1 �Þ2 in (4.7) gave the second or-

der terms in the gauge field in (4.11). However, in the
modified formulation, the corresponding terms are all
mixed in the third term in (D1), and it is difficult to perform
the same calculations that we have done in the original
formulation. While the modified formulation is simpler in
the definition since it has normalization procedure only one
time, calculations are easier in the original formulation.
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