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Cosmological matching conditions for gravitational waves at second order
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We compute the second-order matching conditions for tensor metric perturbations at an abrupt change
in the equation of state. For adiabatic perturbations on large scales the matching hypersurface coincides
with a uniform-density hypersurface. We show that in the uniform-density gauge both the tensor
perturbation and its time-derivative are continuous in this case. For nonadiabatic perturbations, the
matching hypersurface need not coincide with a uniform-density hypersurface, and the tensor perturbation
in the uniform-density gauge may be discontinuous. However, we show that in the Poisson gauge both the
tensor perturbation and its time derivative are continuous for adiabatic or nonadiabatic perturbations. As
an application we solve the evolution equation for second-order tensor perturbations on large scales for a
constant equation of state, and we use the matching conditions to evolve the solutions through the
transition from an inflationary era to a radiation era. We show that in the radiation era the resulting free
part of the large-scale tensor perturbation (constant mode) is slow-roll suppressed in both the uniform-
density and Poisson gauges. Thus, we conclude that second-order gravitational waves from slow-roll

inflation are suppressed.

DOI: 10.1103/PhysRevD.80.123526

L. INTRODUCTION

Recent precise measurements of the cosmic microwave
background anisotropies have revealed the nature of the
primordial perturbations [1], and future experiments such
as Planck [2] will improve these measurements signifi-
cantly. However, cosmic microwave background anisotro-
pies and large-scale structure probe density perturbations
only on large scales, and there is no direct way to observe
density perturbations on smaller scales except for the case
where large density perturbations form primordial black
holes [3,4]. Recently, it has been recognized that gravita-
tional waves can be used to probe small scales physics like
preheating [5—7] and density perturbations on small scales
[8,9]. At first order, tensor perturbations decouple from
density perturbations. However, at second order, density
perturbations can generate tensor perturbations [10]. The
second-order tensor perturbations have been calculated
during inflation [11], in the radiation era [8] and in the
matter era [10,12—17]. While the amplitude of the second-
order tensor perturbations is generally very small (deter-
mined by the square of the amplitude of density perturba-
tions), there are several interesting situations where the
second-order tensor perturbations give interesting obser-
vational consequences. For example, if density perturba-
tions are large enough to form primordial black holes, then
these density perturbations can generate sizable second-
order gravitational waves [9]. In the matter era, the second-
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order tensor perturbation remains constant, which enhan-
ces the power spectrum of the tensor perturbations [14].
This happens either in the late-time matter era or in an
early-time matter era due to the oscillations of the inflaton
field after inflation [17]. The first-order tensor perturba-
tions generated during inflation are model dependent, and
their amplitude can be very small. However, the amplitude
of the second-order tensor perturbations is determined
completely by that of the density perturbations. Thus,
this gives a lower bound for the tensor to scalar ratio [18].

There are still several important issues in the second-
order generation of gravitational waves. At second order,
the tensor perturbations are not gauge invariant under the
first-order gauge transformations [19]. Thus, they depend
on the choice of the gauge for first-order perturbations. It is
however possible to construct gauge-invariant tensor per-
turbations by eliminating the gauge degrees of freedom
[20-24]. A commonly used gauge is the Poisson gauge
[12,19,25] and almost all calculations of second-order
gravitational waves have been done in the Poisson gauge.
During inflation, another commonly used gauge is the
uniform-density gauge. This gauge is often used to calcu-
late higher-order correlation functions for the curvature
perturbation [26], and these calculations involve the
second-order tensor perturbations because they are coupled
to the curvature perturbations at higher order [27]. In fact,
the amplitudes of tensor perturbations in these two gauges
can be very different. In the Poisson gauge, the amplitude
of the second-order tensor perturbations during inflation is
suppressed by slow-roll parameters but it is not in the
uniform-density gauge.

The question is then whether the amplitude of gravita-
tional waves after inflation is slow-roll suppressed, or in-
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deed whether large tensor perturbations can be generated at
second order by the transition to a radiation dominated
universe. In order to address this problem, we should track
the evolution of the tensor perturbations during the tran-
sition from inflation to the radiation era.

At first order, matching conditions for cosmological
perturbations have been developed in cases where there
is an abrupt change in the expansion rate at the matching
surface [28-31], such as reheating at the end of inflation. In
this paper, we extend this matching condition to second-
order perturbations and derive matching conditions for
second-order tensor perturbations on large scales.
Matching conditions will be derived in two cases. For
adiabatic perturbations on large scales a sudden transition
in the equation of state must occur at a specific density.
Thus, we apply the matching conditions across a uniform-
density hypersurface. We will also consider the case where
the transition surface is given by a fixed value of some field
X, which need no longer coincide with a uniform-density
hypersurface in the presence of nonadiabatic perturbations.
In this case the matching conditions are applied across a
uniform- y hypersurface. These matching conditions are
applied to the second-order tensor perturbations generated
during inflation, and we calculate the second-order tensor
perturbations in the radiation era after reheating in both the
Poisson gauge and the uniform-density gauge. We will
show that the constant mode of the second-order gravita-
tional waves on large scales, corresponding to the free part
of the tensor perturbations, is the same in the two gauges in
the radiation era, and it is suppressed by slow-roll
parameters.

This paper is organized as follows: In Sec. II, we sum-
marize the gauge transformations at the first and second
order and derive solutions for the metric perturbations on
large scales in the Poisson gauge and in the uniform-
density gauge. In Sec. III, the evolution equation for the
second-order tensor perturbations is derived. General so-
lutions for the second-order tensor perturbations are de-
rived on large scales with a constant equation of state, and
we check the consistency of solutions in two different
gauges under the gauge transformation. In Sec. I'V, match-
ing conditions for perturbations are developed at the first
and second order in the cases where there is an abrupt
change in the expansion rate at the matching surface. We
consider both adiabatic and nonadiabatic matchings. In
Sec. V, we apply the matching conditions to the second-
order tensor perturbations generated during slow-roll in-
flation and calculate the evolution of the second-order
tensor perturbations on large scales in the radiation era.
Section V is devoted to conclusions.

II. GAUGE-INVARIANT PERTURBATIONS

In this section, after introducing the necessary notation
and the perturbed metric, we shall review the first and
second-order general gauge transformations for the pertur-
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bations. After that, using some simplifying assumptions,
we will obtain the gauge transformation rules for second-
order tensor perturbations. We will also derive the solu-
tions for first-order scalar metric perturbations on large
scales.

A. Perturbed metric

Throughout this work Greek indices w, v, ... take values
from O to 3, while Latin indices i, j,... denote spatial
indices and can take values from 1 to 3. The components
of a perturbed spatially flat Friedman-Robertson-Walker
metric can be written as

“+o0 1

8oo = —a(ﬂ)2(1 +2 Z;Am), ey
r=1""
s Lo

8oi = a(n) ZIEB,- , (2)

+00 1 . +o0 1 ")
gy =atn?(1-23 5e9)ou + 3oL o)

where 7 denotes conformal time and C fjr) is traceless, i.e.

C'") = 0, where the index was raised with 6/. The super-
script (r) indicates the order of the perturbation. The
perturbations depend on conformal time and position X.
The inverse metric up to second order can be found in the
Appendix. We decompose the perturbations in scalar, vec-
tor and tensor parts as

B\ = 9,B" + sV, (4)
where 'S\ = 0.

(" _ . ) (" 4 50
Ci) =2D;E" + 0,F + a,F" + b, (&)

where 9'F\") = 0 and h'") = aihﬁ;) = 0. The operator D;;
is defined as D;; = 9;0; — 1 8;;0°. The energy density p
and the four velocity of matter are perturbed like

+o00
1
p=ro+ 80", (6)
r=1""
#—15“++w1 u(r) 7
u - 5 0 ;FU . ( )
u* is normalized as u*u =" 1, and this implies that o0

is related to the lapse perturbation A”). The velocity per-
turbation is decomposed as

i) = gipll) 4 4 Li() (8)
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B. Gauge transformations

Bruni et al. [19] have shown us that given a tensor 7, its
perturbations in two different gauges X, and Y are related
at first order as

5Ty<1) _ 5TX“) _ .fg)T(O), (9)
and at second order we have
ST = 8TX" = (Lo + £§(,))T(0) + 2L 08T,
(10)

where ¢ and ¢@ are the gauge shifts at first and second
order respectively. The Lie derivative along a vector field &
of a rank two covariant tensor T is given by L,T,, =

Tuoa &N + EAT), + E4T, 0. We also decompose ¢4 is

scalar and vector parts as
00 = o) £ = 9ip) 4 gitn, (11)

where 9,d'") = 0.

1. First order

At first order, the gauge transformations, Eq. (9), can be
written as

AW =AW + o + F oD (12)
G =) —Lg2p0 — 3 o), (13)
B =B — o + BV +d, (14)

~ (1 1 1 1
¢\ =cl+20,80 +d + d!l),

5)

where prime denotes the derivative with respect to confor-
mal time and the conformal Hubble rate is H = % The
last two equations imply

BW = BW — o) + g0 (16)
S =50+ al, (17
EW = g0 4+ g, (18)
FO = FD 4 g (19)

R = . 20)

Four-dimensional scalars, like the energy density or the

pressure, have the transformation rule
8p=238p+pYVal,  sP=5P+PYal. (21

The spatial component of the four velocity transform as

ﬁi(l) — vi(l) _ ailg(l)’ _ di(l)” (22)
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or equivalently

I = I — gUY FLI) = o Li) — i)V (23)

while the temporal component transforms as A!) because
of the normalization constraint v?) = —A(),

Following Bardeen [32], we can define gauge-invariant
quantities by specifying completely the choice of coordi-
nates. The longitudinal or Poisson gauge is defined at first

order by requiring Bg) = Ef,,l) = 0, which from Egs. (16)
and (18) fixes B = —EW and o!)) = BV — E0V where
the subscript P denotes the Poisson gauge quantity. The

remaining scalar metric perturbations then have the gauge-
invariant definitions

P = ASDI) — AW + FH(BD — EV') + (BD — W'Y,
(24)

¥ =cl) =ch - H(BO - EV) +12E0,  (25)

The gauge-invariant density perturbation corresponding to
density perturbations in this specific gauge is, from
Eq. (21),

5/)5)1) =5p + pW'(BO — EO, (26)

An alternative set of gauge-invariant variables can be
constructed by working on uniform-density hypersurfaces

for which épyp = 0, which from Eq. (21) fixes 0‘81)) =
—8p/p?'. The curvature perturbation in the uniform-
density gauge is thus the gauge-invariant variable

o o s L H s
{=Cyp + 39 Egy = CV 4 2 0%E +—p(0),5p.

27)

Here and in the rest of this work we have choose the
threading of the time slices, 8])3 = —EW, such that

ESI)) = (. The gauge-invariant definition of the scalar
part of the shift vector (16) in the uniform-density gauge
is given as

38])) =g — ) 4

sp  8py + ¥
==~ ) @
p p

In the absence of anisotropic stress, the Einstein equa-
tions in the Poisson gauge require ® = ¥ and the energy
constraint equation gives a relation between the curvature
perturbation in the uniform-density and Poisson gauges

232 — 3 Moo
{——3_[2_5_[,\1'—5_[2_5_[,\1’
1 2
+3(g_[2_}[,)a P (29)
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In the next section, when writing the equations of motion
for second-order tensor perturbation, we will neglect terms
with more than two spatial gradients. We also ignore non-
adiabatic perturbations. This implies that we can take ' =
0 at zeroth order in the gradient expansion. The scalar part
of the Einstein equations gives

a 26 (CV + HAM) — 262y = —k28p", (30)

where «; is the gravitational constant. In the uniform-
density gauge 6p") = 0, thus on large scales Ayp = 0.
For a perfect fluid with a constant equation of state w we
have { = V = constant on large scales, and Eq. (29) gives

the solution
J
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3+ 3w
P = — V+WwW *((5+3w)/(1+3w))’ 31
5+ 3w K Gb
where W = W(x) is a constant of integration to be deter-
mined by the first-order junction conditions. If w = 1/3,
the previous equation simplifies to give

W= -2V +Wn3. (32)

2. Second order

The second-order gauge transformation can be found in
Bruni et al. For the trace-free spatial metric perturbation it
reads

¢ = + 2y + 23 CD)aM + 200 0 + 2(—4Ch) + aWay + £V + 43 aV)(d) + DypY)

! 1 /
- 2[(235? — o)+ g)all) - 30BN — &kl + g0 )af,?]

(i )

(ilkl k(i (i.1kl

(1)
+ 2[(20 «

1
& EaED)" —385QCK + &)+ 55},3)5’”(”] +2(d(}), + Dy B%). (33)

We can define gauge-invariant second-order tensor perturbations in the Poisson gauge as

KD p=h + 2[(C§]'.> +2HCD)aV + CH D + (—4cD + aWa, + 05, + 45'[6“(1))("8,);) + D, BM)

+ @B — o\ + &al)) + cl), + €1+ &y

(i (ilkl k(i

)EWET, (34)

)

where all the quantities in the right-hand side of the previous equation are in an arbitrary gauge, and the parameters of the
gauge transformations are explicitly given as ) = B1) — E' g1) = — M) g1 = — pW ang £) = i g0) 4 gih In
a similar way, a gauge-invariant definition of the uniform-density second-order tensor perturbation is

W o = h3 + 20 +2HCP)ah + C) D + (=4 + aVay + 0o, + 4H D)}, + D;;BY)

m _ 'y, (1) (1)
+ (23([ a; + f(l. )a,j) + (2C(i|k| + gw

where aV) = —§p/p©@' g = — D), dﬁ-l) = _Fz('l)
and & = 9! g + gih),

In this work, we will neglect the effect of first-order
vector and tensor perturbations in order to simplify the
second-order equations as much as possible. In many
models of the very early Universe, such as slow-roll in-
flation, which we consider later, vector and tensor pertur-
bations are suppressed with respect to scalar perturbations.

TABLE I. Time gauge shift «") at first order between our
different gauges.

a) Poisson Uniform density
Poisson 0 —8pW)/pOr
Uniform density B 0

€5, (35)

I
First-order primordial vector and tensor perturbations, if
they do exist, would provide an additional, independent
source of second-order gravitational waves.

We choose to set E) to zero in both Poisson and
uniform-density gauges. This implies that in the gauge
transformations between these two gauges the parameter
BYW is zero (and d'V = 0). The first-order temporal gauge
shift, V), is given in Table 1. For example, if we start in
the Poisson gauge and if we do a gauge change with a!) =
—8pW/p' then we obtain the quantity in the uniform-
density  gauge  (tilde gauge), as given in
Eqgs. (12)—(15). The Poisson gauge is defined by B! =
EM = FY = 0 and the uniform-density gauge is 5p") =
EV =F El) = (. With the previous assumptions and with
the choice E() = 0, the gauge transformation Eq. (33) for
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the traceless perturbation Cg) simplifies considerably to

~2)  ~(2) (n _ My (1)
Gy = Cj +2[(2B(i a‘(i)a’j)

1
— 50,8 ~ a’k(l))a,(,i)] +2(dg}, + D;B?),
(36)

which gives the following rule for transforming second-
order tensors

P2 02 o) My,

hiy =hj + 2[(2B(l, - ay(l.)a,j) 1T, (37
where TT means the transverse and traceless part of the
terms in between square brackets. In the case of trans-
forming from the Poisson gauge to the uniform-density
gauge the previous equation further simplifies to give

. 2
SRS (R TP SP P

The right-hand side of this equation leads to different
solutions for second-order tensor perturbation in uniform-
density or Poisson gauges. Nonetheless we have con-
structed gauge-invariant expressions, (34) and (35), for
the second-order tensor perturbation in the uniform-
density and Poisson gauges, and the difference between
them is also manifestly gauge invariant.

III. TENSOR PERTURBATION EQUATIONS

In this section, we will solve the first and second-order
large-scale equations of motion for tensor perturbations in
a fluid with a constant equation of state, in both the Poisson
and the uniform-density gauges. At the end of the section,
we shall present the second-order gauge transformations
and the relations between the integration constants that
appear in the two gauges.

1

i _ oLy L gppier
G a ( i) 23—[ i I

J
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A. First order

The first-order tensor perturbation is gauge invariant,
and its equation of motion on large scales is

ny' + 2wy =o, (39)
which can be easily solved
hgjl) — Yij + Zijn_((3_3W)/(l+3W))r (40)

where Y;; and Z;; are transverse and traceless integration
constants to be determined by the initial conditions. During
matter or radiation eras, Z;; is a decaying mode and the
growing mode is constant in time, as expected for first-
order gauge-invariant tensor perturbations on superhorizon
scales.

B. Second order

In this subsection we will present the equation of motion
for second-order tensor perturbations in the uniform-
density gauge and in the Poisson gauge. Note that we
neglect first-order vector and tensor perturbations, and
we choose E) = 0. We also ignore first and second-order
anisotropic stress.

Using the second-order Einstein equations from Bartolo
et al. review [33] we get

i(z)TT o i(z)TT
G = kT, (41)

where

T;@” = (p© + POyl (5l + 9, BT, (42)

a2hj.<2>) +a 2 [9'Ad;A + 2A48'9,A — 2C9'0;A — 9;A9'C — 9'Ad;C + 39'Cd,C

+4Co'0,C +2H 9'Bo;A + 4H Ad'9;B + A'9'0;B + 2A9'9,B' + 9°Bd'd;B — 9;0B0'9,B — 2H 8'C;B
—2H 9'Ba;C — 9'C'9;B + 9,C'9'B — 9'Ca;B' — 9,Ca'B' —2Cd'9,B' + C'9'9;B — 4H Ca;0'B]'T,  (43)

where in the previous equation we omitted the superscript
(1) to indicate the order of the perturbations, and we
corrected the typos of equation (A.43) of Ref. [33].

1. Poisson gauge

The equation of motion for second-order tensor pertur-
bations in the Poisson gauge is known and can be found in
Baumann er al. [14] (see also [8,25,34]). Under our
assumptions (for constant w) it simplifies to

21 @) 2
WY+ 20 p — 0%,
2

xmw+ﬂmyf (44)

Using the solution for ¥ as in Eq. (31), the equation of
motion can be written in a simple form as
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3+ 3w

5+ 3w
X [aiwajw]TTn—2((5+3w)/(l +3w))’

(45)

where we drop the gradient terms on the left-hand side of

(44). This is the equation of motion for second-order tensor

perturbations, at leading order in a gradient expansion. It
can be solved to give

W 2900 s = 83 v vIT 4 465 + )

hgjz)P =Y+ Zijpnf((3f3w)/(1+3w))
(14 3w)(3 + 3w)
+4 0;Va,V]'Tn?
(5 +3w)2 [ i J ] n
(1 + 3w)? T —(8/(1+3w))
+————[o;Wa;W]""n . (46)

2

where Y;;p and Z;;p are integration constants.
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2. Uniform-density gauge

Using Einstein Egs. (41), we can derive the equation of
motion for second-order tensor perturbations in the
uniform-density gauge as

i(2)" i(2) i(2
W oo+ 2H R o — 0?0y = 48T, (47)

where the source is given by

Si; = 0'A0;A +2A0'9,A +2£0'0,A + 9,A0°L + 0'Ad;{ +30'09;{ +4L0'9;{ +2HH{0'BI;A +4H A 9B
+A'9'9;B + 2A0'9,B' + 0*Bd'd,B — 9;0*B3'9,B + 2H 9'¢9,B + 2H 9'Bd;{ + 0''a,B — 9;{'9'B

. . A A 3 .
+9'{3;B' + 9,L0'B' +2{9'9;B' — {'9'9;B + 4 [9;0'B — 20—+ J{A)a—zal(gf +—
P

and we have used the first-order Einstein equations to
simplify the result. Using Egs. (28) and (31), Ayp = 0 on
large scales, ignoring higher derivatives terms and the
gradient term on the left-hand side of (47), we can write
the equation of motion (47) for second-order tensor per-
turbations in the uniform-density gauge at leading order in
a gradient expansion as

hﬁf) up T 25'[}15?) wp =40, Vo, V], (49)
This can be easily solved

hﬁf)UD = Yjup + Zyupn (@313
1+ 3w
5+ 3w
where Y;;yp and Z;;yp are integration constants to be
determined by the initial conditions.

The second-order gauge transformation (38) between
these two gauges is

+2

[0,Va,;V]ITn? (50)

L+ 3wy (1 +3w)’
(2) _ .2 _—
hii'up = hij p 2(5 n 3w) [0,Va,;V]Ty =
X [0, W WITTn=6/0+3m) _ (1+3w)?
l ' 5+ 3w
X [atwajv + GjWGiV]TTn((73+3w)/(1+3w)).
(51)

We have checked that Egs. (49) and (45) are related by (51)

o1 po°
(48)

I
[ignoring higher gradients]. This provides a good consis-
tency check on our calculation. In a similar way, one can
confirm that the solutions of Eqs. (49) and (45) are related
by (51), and we get two relations between the integration
constants in the two gauges as

YijP = YijUD’

1+ 3w)? (52)
%[aiwajv +0,Wa,V]IT.

We note that the gauge dependence of the second-order
tensor perturbation, (51), affects only the amplitude of the
time-dependent parts of the perturbation in Poisson or
uniform-density gauges, and leaves the growing mode,

Y;;, unaffected on large scales.

Zijp=Zjup +

IV. MATCHING CONDITIONS

In this section, we shall derive the matching conditions
for the metric and the extrinsic curvature up to second
order. These matching conditions are applicable on large
scales and when there is an abrupt change in the expansion
rate at the matching surface. We will first consider the case
where this transition happens at a specific energy density,
as it does for adiabatic perturbations. We will then discuss
the more general situation, where the transition is not
determined by the density but by some other field y. We
call this case the nonadiabatic matching. (See section 9 of
Ref.[24] for the definition of nonadiabatic perturbations of
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multiple fluids or fields.) In the final subsection, we will
apply these matching conditions to the second-order tensor
perturbations coming from first-order scalar-perturbations.

Matching the induced metric and extrinsic curvature of a
uniform-density or uniform-y hypersurface specifies a
physical model for the matching, but does not specify the
gauge. We will choose to work in a gauge in which the
matching surface coincides with a constant-n hypersur-
face. This is not a physical restriction; it is simply a choice
of gauge, reflecting our freedom to choose the time slicing.

The metric of the constant n hypersurfaces (in the
perturbed spacetime) is

+o00 1 +o00 1 X
qij = 8ij = a(n)z[(l —2 Z ;C(r))aij + Z ;ng)]-
r=1"" r=1""

(33)
The unit timelike vector field orthogonal to these surfaces
is N* = (N° N') with the normalization NN, = —1. g;;

is given by g¢,, = g,, + N,N,, which together with
Eq. (53) implies N,, = (Ny, 0). The inverse induced metric
is gt” = g*” + N*N”, and it gives
qij(O) = gij(U)’ qij(l) = gij(l),
- N o (54
qu(2) = glJ(Z) + g 2RI I
The extrinsic curvature of the constant i hypersurfaces is

%(q,lLV,U'NO- + N,o;-LQO'V + N,({/Qp,o)'
(535

Defining the trace and the traceless parts of the extrinsic
curvature like

K;u/ = %£N)‘qp,1/ =

K = 4"K;;, Ki; = K;; — 3q,K, (56)
the junction conditions are
lg;]F =0, [K;]T =0, (57)
which are equivalent to
[g;1" =0, [RF =0 [KI'=0. (58

A. Background

In the background,
NOO) — g1, NI — N = +a4, (59
and
Kl(»;)) = *d'd;; (60)
Therefore,
<0 — ;350{, RO —o. ©1)

Continuity of the induced metric and its extrinsic curva-
ture, Eq. (57), at zeroth-order thus requires that @ and a’ are

PHYSICAL REVIEW D 80, 123526 (2009)

continuous, i.e.,

[a]f =0, [H]:=o. (62)

These matching conditions can be used to give the initial
conditions for the scale factor and its derivative after a
sudden transition in the equation of state froma w_ erato a
w, era (such as from inflation to a radiation domination
era). The solution of the background Einstein equations for
the conformal Hubble rate is

j_[:(1+3w

-1
n+ cl) , 63)

where C; is an integration constant. From the continuity of
the scale factor and its first derivative we can obtain

1+ 3w_ -1
3‘[=(7W17+C1_> for n < 7.,
2 (64)
1+3
}[Z(Tm'f]‘l‘cl_'_) for ’T]h<7],
where the constant C is
Cir = Ci— +3m.(w_ —wy). (65)
We can write the previous equations as
1+ 3w_ -1
H = (in-) for n_ <m_.,
2 (66)
1+3 -1
H = (%m) for ni. < my,
where the new time variables 7. are
=n+ 2 C (67)
UES n 1+ 3Wi 1+
and the transition times in the new variables are
—% * + 76‘ —
K K 1+3w_ ! 68)
1+ 3w n 2 c
s =94 3w, KA 3w,

The subscripts + ( — ) denote that the quantity should be
evaluated at a time after (before) the transition time 7,.

B. At first order

The first-order matching conditions have been calcu-
lated previously in Refs. [29-31].

Continuity of the induced metric at first-order leads to
the conservation of the spatial metric perturbations C\V and

(1
iy,

or equivalently
[cV]t =0 [EV]E=0

[FUTE =0, [AP]E =o.

Ly

(69)

The first-order correction to the ortho-normal vector field is
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NO(I) — i(l_lA(l), Ni(l) — ia_lBi(l),

70
N = +aA®), 7
and the extrinsic curvature is then
a /
K = = 5[26,HCY + HAD + V) + B}
+ B =23 cl) - ), (71)
or equivalently
KD = ta_1[3(.7‘[A(1) + C(l)’) + GZB(I)],
_ 1 1y (72)
1 — 1 _ 2p(1) _ (1)
K = ia(B(iyj) 3840 B 5Cij )

The junction condition (57) for the extrinsic curvature
gives

[B(HAD + cV') + 92BD]E =, (73)
[BY) — EWE =0, (74)

[sWW — F ) =0, (75)

(K17 =o. (76)

1

Note that Eq. (73) combined with Egs. (69). and the
Einstein equations, Eq. (30), enforces continuity of energy
density across the hypersurface

[6pD]E = 0. 77

1. Adiabatic matching

For adiabatic perturbations on large scales a sudden
transition in the equation of state must occur at a specific
density. Thus, we apply the matching conditions across
uniform-density hypersurface [29]. We can use the free-
dom in the choice of spatial coordinates on the matching
hypersurface to set E() = 0. In this case the matching
conditions (69) and (74) across a uniform-density hyper-
surface reduce to

[{]E =0,

Note that the remaining junction condition for scalar per-
turbations, Eq. (73), reduces to [{’]* = 0 on large scales,
which is automatically satisfied for adiabatic perturbations
since {’ = 0. Taking the growing mode for adiabatic per-
turbations on large scales before the transition

_3+3w,
5+ 3w_

[V]F =o0. (78)

v_ = V_ = const, 79)
then the junction conditions (78), together with the general
solution for constant w, Eq. (31), can be used to determine
the solution of W after a sudden transition as

PHYSICAL REVIEW D 80, 123526 (2009)

3+ 3w,

—((5+3w.)/(1+3w.))
Ve, +W , (80
5+ 3w, + +7M+ (30)

lI’+:

where V, = V_ = _ and the amplitude of the decaying
mode, W, is given by

W. = 34 3Wh (543w /(14+3w,)
543,
3+3w_ 5+ 3w,
X1 —- V_. 81
( 5+3w,3+3w+) 81

2. Nonadiabatic matching

To consider a more general matching condition we will
consider the case where the transition surface is given by a
fixed value of some field, y. The scalar metric perturba-
tions on a uniform- y hypersurface can be given in terms of
the metric perturbations and y-field perturbations in an
arbitrary gauge as

1 1 SxW
e ) o~y ) ox
Gy =Cy +39%Ey =CV+ 29 +:1-[X(0),,
(82)
, .oy
BY — EY =BV — EW + X)((O), : (83)

Departures from adiabaticity are characterized by pertur-
bations of the y field with respect to the total density

sp sy
S, =H (— - —) (84)
X PO 0

We will recover the adiabatic matching conditions when
S, =0 and y is unperturbed on uniform-density hyper-
surfaces, so that the uniform-y hypersurface coincides
with a uniform-density hypersurface.

The usual gauge-invariant curvature perturbations can
then be given as

§= é,)(_S)() (85)

W =—¢ — HBY - EY). (86)

The junction conditions for scalar metric pertur-
bations (69) and (74) require

[ )F =0,

while Eq. (73) enforces energy conservation across the
hypersurface, Eq. (77) and thus

[BY —EV T =0, (87)

1+ w_
[S,]" = (1 . 1:+ - 1>$X_. (88)

Expressing Egs. (87) in terms of the usual gauge-
invariant curvature perturbations we then have
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21 = (1~ ”i)sx,,

Mt =
T, [YW]E=0. (89

Analogously to the previous subsection, these junction
conditions can be used to evolve the solution of ¥ across
the transition. The solution is given by Egs. (79) and (80),
where now the integration constants after the transition are
given by

1+ w_
=7+ =),
+ g)( 1 + W+ (V {X )
3+ 3w, 3+ 3w_ (5+3w)/(1+3w..)
W, = — V_]ns: * R
- (5 +3w, 5+ 3w_ )

(90)

C. At second order

Continuity of the induced metric at second order leads to
the obvious extension of the first-order junction conditions
|

K3 = as,[atce + oo 4 L agan —astanc
! " 2 2

4+ _ _ - M D A1) D
_a[ 5 Cl-j 4C,-J- + HA Cij +2A (Iij

The trace and the traceless part read
K@ = +

— i) BO? — ZB"“)C;§“) + Cl‘f(”Cﬁ.})’],
@

C;;
o) _ _ @ DY
K7 = ia( 4 EB(lj)—i-zA()C +=

1
Bk(l)C(l)
2

8i; (B
- BPCY + BOC) = a5 (B 0B 20805 — el - BICHD ¢

The remaining matching conditions are then

[KP1m =0, [K?]F =0 (96)

D. Matching conditions for second-order tensors from
first-order scalars

1. Adiabatic matching

For adiabatic perturbations we match on a uniform-
density hypersurface, §p = 0. Matching the induced met-
ric on the transition surface then implies, from Eq. (91),
that

[h up]* = 0. (97)

Setting E) = 0 and neglecting first-order vector and ten-
sor perturbations, so that CE}-) = 0, the matching condition

Lok~
+2B Cl.j,k

%[3(3{ A® + ¢y + B/® +23cV + B/M)(2cV
a

c'el)

PHYSICAL REVIEW D 80, 123526 (2009)

(69) for the spatial metric perturbations C? and Cg), or
equivalently

[CP]E =0,
[FP1 =0,

[E(z)]f =0,
@ (C2Y)]
[hi;' 12 = 0.

At second order, in the ortho-normal vector field we have

N()(Z) _ + [B(I)Bl(l) _ 3(A(1))2 + A(z)]
2

92)

NG = = 2[BVBY — (A0) + 4]

i(2)
Ni® = ia*(—A(l)Biﬂ) +2c0 g0 — g i + B )

2

93)

The extrinsic curvature tensor is

— A 4 %J{(BS)BW) —3(AM)2) — Bk(l)c,(ll)]

2

B
ek 4 L6
BCly + =5 ]

(94)

1 A(I)B(l) +2C(1)B(1)
(i) 7))

— AW) = 93 (A2 — 21 WBY + 35 BV BiD)

_ B ok

1
— 32D
3 0°B7C ki)

_ A (1 gh
AWBY +2c)B

1 :
e ) (95)

f
(96) for the transverse and traceless part of the extrinsic
curvature (95) gives
[hf) vl = _4[(1481))381)11']' + 2§(i38])3,j))]iﬁ- (98)
Continuity of { and BUD across the matching hypersur-
face is enforced by the first-order scalar matching condi-
tions (69) and (74). In addition, in the uniform-density

gauge, from (73) we have
I+
(Al = [%]_ (99)

Thus, for adiabatic perturbations on large scales, for which
' =0, we find

[he o]t = 0. (100)
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Thus the tensor metric perturbation and its first derivative
are continuous in the uniform-density gauge for adiabatic
perturbations on large scales.

The second-order gauge transformation from the
uniform-density gauge to the Poisson gauge yields

@ _ ;@ _ 1 p) NTT

hij up — hij P 2(BUD,(iBUD,j)) ’ (101)
2y 2)! 1 1)

hz(‘j) up — hf'j) P 4(B§J])),(iBEJ])),j))TT' (102)

For adiabatic perturbations on large scales, we have

Bl =7 +2w. (103)
Thus, from Egs. (101) and the continuity of 381))’ Jand ¥
across the matching surface, we have

[ o1 =0, [ 15 =o0. (104)
The tensor metric perturbation hﬁ.]z.) and its time derivative
are thus continuous across the matching surface in either
uniform-density or Poisson gauge for adiabatic perturba-
tions on large scales.

2. Nonadiabatic matching

In this subsection, we will consider the nonadiabatic
case where the transition surface is determined by a fixed
value of the field y. Therefore, we match on a uniform-y
hypersurface which, for nonadiabatic perturbations, need
not coincide with a uniform-density hypersurface.

Continuity of the induced metric on the uniform-y
hypersurface implies

@
L35 x

1t =o. (105)
Because we choose Eg(l) = 0, Eq. (87) implies that Bg(l) is
continuous across the transition surface. This fact simpli-
fies the matching conditions for the extrinsic curvature,
Egs. (95) and (96), to give

[ 15 = —4[(AY B )17

(106)

The second-order gauge transformation for the tensor met-
ric perturbation from a general gauge to the uniform-y
gauge is given by Eq. (37), where from the first-order
gauge transformation for a scalar (21) gives

al) = -4 (107)

Thus, the matching condition (105) can be written in terms
of the metric perturbations in an arbitrary gauge as

O] = 2[2BY — a)all) ¢,

Xoij

(108)

Matching the derivative (106) in an arbitrary gauge we
obtain

PHYSICAL REVIEW D 80, 123526 (2009)
[hl(jz) 1t = 4[8(])/0‘;1,),7 - (B0 — af\’l))(A,(ilj)
+ Ha')

+TT
X’ij)]* .

(109)

In the Poisson gauge Bg,l) =0, Ag,l) = V¥, and we have

17 p)t = =2[ey o717 (110)
(A p1E = —4la" (W, + Ha D), (111)
where
Sy + W
aDP — _ Xp :g)( (112)

X YO >

Equations (87), (89), and (62) show that {,, W, and H

are continuous, and thus ag})P is also continuous. Thus,
Egs. (110) and (111) show that the tensor perturbation,
h(~2) 2)/

ij p» and its derivative, hgl p, are continuous in the

Poisson gauge, even in the nonadiabatic matching case.

In the uniform-density gauge the situation is rather
different. B!) is given by Eq. (28) and Al}) = //H on
large scales, and we have

L o

Allowing for the fact that { v and ¥ are continuous, the
matching conditions (108) and (109) reduce to

S (1) _
ag(l)UD _ _ 9% Xup _ $x g“‘ (113)

2
[h uplt = Fpl@+ 20 14

) 4
[ o)t = gl = H o= 230 + W), 1777,
(115)

If £ is not continuous across the transition then the tensor
perturbation in the uniform-density gauge, and its time
derivative, will not be continuous.

Assuming the evolution is piece-wise adiabatic (that is,
{" = 0 before and after the transition) and using Eq. (89)
for the jump in ¢ due to the nonadiabatic transition, we
have

2 (wy —w_ Wi — w_
(2) +_ _“~ (M+ +
[hij UD:L -7'[2( 1+w, )<{ I+ ws S/\H

4 T
e CfSa) (59
[h(2)/ ]+ _ _i<W+ - W_)({W+ - W_S
ij Ub~ HN\1+wy 1+wy X7
1—3w_ T
L T L) (17
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V. GRAVITATIONAL WAVES FROM
INFLATIONARY PERTURBATIONS ON LARGE
SCALES

As an application of the matching conditions for tensor
perturbations we will consider the generation of gravita-
tional waves on super-Hubble scales after the end of in-
flation. During slow-roll inflation we have € << 1 where
the slow-roll parameter is defined as e = —H/H> =
3(1 + w)/2.

Using the inflationary solution to set the initial condi-
tions for the tensor metric perturbation on super-Hubble
scales we can use the solution (46) with the equation of
state w_ = —1 + (2/3)e. During inflation the conformal
time 7 decreases, and we neglect the decaying solutions
proportional to Z;; p_ and W_. Then the large-scale solu-

tion in the Poisson gauge, Eq. (46), is

2

=Y, p- —4eni[o;V_o;V_]'T. (118)
The constant solution on large scales, Y;;p_, is the usual
free part of the gravitational wave solution whose ampli-
tude is determined by the quantum vacuum on small scales,
assuming inflation is sufficiently long lived. We are spe-
cifically interested in the production of second-order tensor
perturbations from first-order scalar perturbations, ¢ or W,
during inflation. Hence, we choose to set ¥;;p_ equal to

zero and study the solution

4e
0, = - v av g,
j P 3_[2 J (119)
/ 8e
2
hgj) p— = ﬁ[G[V,GjV,]TT.

The tensor metric perturbations produced by the first-order
scalar metric perturbations during inflation are thus sup-
pressed in the Poisson gauge, and vanish in the limit € — 0.

One can use the gauge transformation Eq. (51) during
inflation to find the inflationary initial conditions in the
uniform-density gauge from the Poisson gauge initial con-
ditions as

2
(2) - _ i i TT
hij UD— 5_[2 [alV—aJV—] ’ (120)
/ 4
hEJZ) uD- — ﬁ(l - 6)[8iV_8jV_]TT.

We see that the tensor metric perturbations during inflation
produced from first-order metric perturbations are not
slow-roll suppressed in the uniform-density gauge, in con-
trast to the Poisson gauge result (119).

Equations (119) or (120) together with the matching
conditions obtained in Sec. IV then set the initial condi-
tions on large scales at the start of the radiation era that
follows the inflationary period.

PHYSICAL REVIEW D 80, 123526 (2009)
A. Adiabatic matching

First-order scalar metric perturbations can be calculated
in any gauge, but the curvature perturbation in the uniform-
density gauge, {, remains constant after inflation for adia-
batic perturbations and on large scales [35], and hence we
have V, = V_. The curvature perturbation in the longitu-
dinal gauge, W, is also continuous for adiabatic perturba-
tions, as shown by the matching conditions Eq. (78), but
the continuity of ¢ implies from Eq. (29) that W' is dis-
continuous at a sudden change in the equation of state.
Hence, ¥ becomes time dependent after inflation.

The adiabatic matching conditions for the scalar metric
perturbations (78) determine the amplitude of the decaying
mode (81) in a radiation era, with equation of state w, =
1/3, following slow-roll inflation

2 3
W, = —(1 - Ee)ni*v_.

: (121)

During the radiation era the general solution for tensor
metric perturbations in the Poisson gauge, Eq. (46), re-
duces to

8
2 —
W pe = Yype + Ziypimit + §[aiv+ajv+]TT7,g

+ 2L, Wy 9, W, T 4 (122)

Using the adiabatic matching conditions for the second-
order tensor perturbation in the Poisson gauge (104), which
require that both the tensor perturbation and its first de-
rivative are continuous at the end of inflation, we find that
during the radiation era following inflation the integration
constants are given by

Yiipr = —denilo;v_o;v_T7,
16 3 (123)
Zijp+ = _3(1 - Eﬁ)ﬂi*[aiv—ajv—]ﬁ-

The general solution for the tensor perturbation in the
uniform-density gauge (50) for w, = 1/3 becomes

2
hgjz')UD+ = Yijup+ + Zjjup+ ny' + g[aiVJr 3,V I3
(124)

Either from the adiabatic matching conditions for the
tensor perturbations in the uniform-density gauge (97) and
(100), or from the gauge transformation Eqs. (52) of the
Poisson gauge results (123), one can obtain the uniform-
density integration constants as

Yiups = —4eni [oV_o;v_T7,
8/ 3 (125)
Zijup+ = _g(l - Qf)ni*[GiV—ajV_]TT.

Thus, the full solution for the induced tensor perturbations,

hf-jz-), on large scales during a radiation era after inflation, is

given in the Poisson gauge (122) and uniform-density
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gauge (124) by

8 16 3 _
hg)P-F = [—4677%—* + 677%— - 6(1 - §5>771*7’+1

8
o= 3emat [lav-a,v I, (126)

2 8/, 3 _
hi ups = [—46771* +3mi - 5(1 - EE)ni*m']

X [a;V_a,V_]". (127)

We see that although the time-dependent parts of the tensor
perturbation in the two gauges are different, the constant
mode after inflation in both gauges is the same and it is
slow-roll suppressed, ¥;;p, = ¥;;yp+ = O(€), evenin the
uniform-density gauge where the tensor perturbation is not
suppressed during slow-roll inflation.

B. Nonadiabatic matching

In the presence of nonadiabatic perturbations the scalar
curvature perturbation ¢ needs no longer be constant on
large scales and may be discontinuous, as shown in
Eq. (89). As a simple model of nonadiabatic perturbations
we consider the case where the transition from slow-roll
inflation to radiation occurs on a uniform- y hypersurface
with curvature ¢, # {_. From the nonadiabatic matching
condition for scalar metric perturbations, Eq. (90), we
obtain the amplitude of the constant mode and the decay-
ing mode of W in the radiation era following inflation

€ €
Ve=(1—=){_+=ZV_,
+ ( 2)§X 2

1
W, = g((z - E)g,\/— - 26‘/—)773»*

(128)

(129)

For £, = V_ we recover the adiabatic case (121).

PHYSICAL REVIEW D 80, 123526 (2009)

The tensor perturbation in the Poisson gauge, and its
time derivative remain continuous for a nonadiabatic tran-
sition. Matching the inflationary solution (119) to the
radiation era solution (122) with the integration constant
V. and Z, given by Egs. (128) and (129) determines the
two remaining integration constants in the Poisson gauge

Yiipr =4enilo,V_o;v_ —20,4, 0,V T, (130)

2
ZijP+ = —8773+*|:68,V_8]V_ + 5(1 - E)é)igx_éjg)(_

10

T
——eaigx_ajv_] . (131)

9

The tensor metric perturbation in the uniform-density

gauge can be discontinuous, with the jump in 4;; and its

time derivative being given by (116) and (117), where the
incoming nonadiabatic perturbation is given by

Se- =4 — V. (132)

As a result, matching the inflationary solution (120) to the
radiation era solution (124) with the integration constant
V. and Z, given by Eqgs. (128) and (129) gives the two
remaining integration constants

Yijup+ = Yijp+s (133)

1
ZijUD+ = _87]1*[681‘/,6]‘/, + §(1 - 6)8,[)(,8/[)(,

7 T
—7ea,-§x,ajv,] . (134)

6

Therefore, the full solution for the induced tensor pertur-
bations, hl(?), on large scales during a radiation era after
inflation in this nonadiabatic model for the transition, is
given in either the Poisson gauge (122) and uniform-

density gauge (124) by

8
hg‘)P+ = 5773[(1 — €3y 0;{, + €3;{, 0,V ] +deni Lo Voo,V —20,{, 9,V ]T
. 2 10 TT
- 87)1*7]+1|:68,-V_8jV_ + §(1 - 6)6,{)(_8][)(_ - geéié’/‘,_ajv_]
8 -
om0 = @0i8y 9,4, — 2e0:8, -9,V (135)
2
hgjz')UD+ = 5773[(1 — €)9;{y-9;{ +€0;, -9V 1T +4en [0,V 0,V —28;{,-9,V_]'T
1 7 TT
- Sni*nll[ealV,ajV, + g(l - E)Gif){,ﬂj{x, - geﬂié‘x,ajV,] . (136)
. . | . .
In the adiabatic case where {,- = V_ and hence S, =0,  the growing mode proportional to n? . But the free part of

this reduces to Egs. (126) and (127). The presence of
nonadiabatic perturbations changes the amplitude of the

decaying mode, proportional to Z;;, and the amplitude of

the gravitational field, which is gauge-independent, re-
mains constant on super-Hubble scales and remains sup-
pressed in the slow-roll limit

123526-12



COSMOLOGICAL MATCHING CONDITIONS FOR ...

Yiiup: = Yiips = Ole). (137)

VI. CONCLUSION

Tensor perturbations of the Friedman-Robertson-Walker
metric become gauge dependent at second and higher order
[19]. It is however possible to construct gauge-invariant
tensor perturbations by eliminating the gauge degrees of
freedom [24]. As examples we have given gauge-invariant
definitions of the tensor perturbation at second order in the
Poisson gauge and the uniform-density gauge, and the
(gauge-invariant) difference between the two. All of this
should be familiar from the study of gauge-dependent
scalar perturbations which are already gauge dependent
at first order, and one can choose to work in terms of the
curvature perturbation in the Poisson (or longitudinal)
gauge, W, or in the uniform-density gauge, ¢, or both.

We have focussed on the question of matching condi-
tions for the tensor perturbation. At first order, the Israel
junction conditions require that the tensor metric perturba-
tion and its time derivative are always continuous across a
spacelike hypersurface in any gauge. But at second order
we need to consider the behavior in different gauges. For
adiabatic perturbations the matching hypersurface should
coincide with a uniform-density hypersurface. The Israel
junction conditions then imply the tensor perturbation in
the uniform-density gauge, and its time derivative, will be
continuous. For the case of nonadiabatic matching the
hypersurface need not coincide with a uniform-density
surface and so the tensor perturbation in the uniform-
density gauge may be discontinuous. However, in both
cases (adiabatic or nonadiabatic) we show that the
second-order tensor perturbation in the Poisson gauge,
and its time-derivative, are continuous.

As an application we consider the generation of gravi-
tational waves during inflation. We give expressions for the
general solution for the tensor perturbation on large (super-
Hubble) scales in both the Poisson and uniform-density
gauges when the barotropic index, w is constant. This is a
good description of the evolution during the radiation
dominated era, when w = 1/3, and during a preceding
era of slow-roll inflation, when w = —1 + (2/3)e and
€ < 1 is a slow-roll parameter. It has previously been
shown [26,27] that the tensor metric perturbation on
large-scales during inflation is slow-roll suppressed in the
Poisson gauge, but not suppressed in the uniform-density
gauge. This reflects the fact that the scalar metric pertur-
bations are slow-roll suppressed during inflation in the
Poisson gauge with respect to those in the uniform-density
gauge. The question is then, whether the amplitude of
gravitational waves after inflation is slow-roll suppressed,
or indeed whether large tensor perturbation can be gener-
ated at second order by the transition to a radiation domi-
nated universe.

PHYSICAL REVIEW D 80, 123526 (2009)

Continuity of the tensor perturbation and its first deriva-
tive is sufficient to show that the tensor perturbation re-
mains slow-roll suppressed after inflation in the Poisson
gauge. In the uniform-density gauge tensor perturbations
are not slow-roll suppressed, reflecting the gauge depen-
dence of the second-order tensor perturbations. However,
the constant mode on large scales, Y;;, corresponding to the
free part of the tensor perturbations is the same in the
Poisson or uniform-density gauge in the radiation era. It
is this constant mode that describes the gravitational waves
produced by inflation on large scales. In the case of non-
adiabatic perturbations this amplitude can change in the
uniform-density gauge due to nonadiabatic matching con-
dition, but even in this case its amplitude vanishes in the
slow-roll limit € — 0.

In addition to the constant mode there is a growing mode
proportional to 5> on large scales in the radiation era. This
is not the free part of the gravitational field, i.e., it vanishes
in the absence of first-order scalar perturbations. But, like
the scalar metric perturbations during the radiation era, it is
not slow-roll suppressed in either Poisson or uniform-
density gauge. This becomes the dominant term in the
tensor perturbations on large scales and corresponds to
the production of gravitational waves from density pertur-
bations in the radiation dominated era. Ananda et al. [8]
showed that the amplitude of tensor perturbations reaches a
maximum at Hubble-crossing, kn = 1 (where our large-
scale approximation breaks down), and thereafter follows
the usual behavior for free gravitational waves, |h| « a™!,
as the scalar metric perturbations oscillate and decay on
sub-Hubble scales, kn >> 1. The first-order scalar pertur-
bation, ®, decays rapidly on sub-Hubble scales leaving an
unambiguous prediction for the amplitude of gravitational
waves.

Thus, we conclude that the power spectrum of the sto-
chastic gravitational wave background generated from sca-
lar metric perturbations from inflation is due primarily to
the production of tensor perturbations around Hubble entry
during the radiation era, and the second-order gravitational
waves from inflation are suppressed in all models of slow-
roll inflation.
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APPENDIX: INVERSE METRIC UP TO SECOND
ORDER

From g, A8V = 0;, we can obtain the inverse metric

order by order. At zeroth order we get
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goo(o) ——— gOi(O) =0, gij(O) = 4280
(AD)
At first order, it gives
g00(1) = 24240, gOi(l) = g 2B,
(A2)

The

(1]
(2]

gl = q=2(2cW §ii — i),
second-order components of the inverse metric are

g0 — a72[B§1)Bi(1) — 4(A)2 4+ A®], (A3)

PHYSICAL REVIEW D 80, 123526 (2009)

~ ) _ g i 4 B
Q) = afz[z(cm — AW)B — B i) 4 T]

(A4)

gii® = _a—2[3i<1>3j<1) — 4(CVY§i + 400 D

_ C;;(I)Ck-i(l) —Cc@gsii + %Cij(Z) :I, (A5)
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