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The V-mode polarization of the cosmic microwave background is discussed in a weakly magnetized

plasma. The VV and VT angular power spectra are computed for adiabatic initial conditions of the

Einstein-Boltzmann hierarchy. Depending upon the frequency channel and upon the magnetic field

intensity, the VT power spectra of the circular polarization can even be 7 orders of magnitude larger

than a putative B-mode polarization stemming from the lensing of the primary anisotropies. Specific

programs aimed at the direct detection of the V-mode polarization of the cosmic microwave background

could provide a new observational tool for the scrutiny of predecoupling physics.
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The spectral energy density (per logarithmic interval of
frequency) of the cosmic microwave background (CMB in
what follows) is maximal, today, for photon energies E� �
9:2� 10�4 eV whose associated wavelength �� � 2�=E�

is of the order of 0.13 mm. According to the WMAP 5-yr
data the redshift of hydrogen recombination can be esti-
mated approximately as zrec ¼ 1090:51� 0:95 [1] corre-
sponding to the conformal time1 �rec; at �rec the maximum
of the CMB is zrecE� ’ eV corresponding to a physical

wavelength ��ð�recÞ ¼ ��=zrec ’ 0:12 �m. Prior to re-

combination the electrons and the ions have kinetic tem-
peratures which are comparable with the temperature of
the photons, i.e., ð1þ zrecÞT�0 (where T�0 ¼ 2:725 K).

The small difference between electron and proton tempera-
tures is controlled by the ratio between the Hubble rate H
and the Coulomb rate �Coul which is Oð10�11Þ at �rec. The
global charge neutrality of the plasma combined with the
baryon asymmetry implies that the electron and proton
concentrations are equal and both of the order of
10�10n� where n� is the comoving photon concentration.

Prior to recombination the plasma is cold: the electron and
proton masses are both much larger than the kinetic tem-
perature of the corresponding species. Consider the physi-
cal situation when, prior to recombination, the plasma is
supplemented by a magnetic field whose typical inhomo-
geneity scale is at least comparable (and possibly even
larger) than the Hubble radius H�1 at the corresponding
epoch. Since the wavelengths of the scattered photons are
minute in comparison with the Hubble radius [i.e.,
��ð�recÞ � H�1], the magnetic field gradients can be

ignored, in the first approximation, when computing the
photon-electron (and photon-ion) scattering. The gradient
expansion on the magnetic field strength was termed long
ago by Alfvén guiding center approximation [2].
Having introduced ê1 and ê2 as two mutually orthogonal

directions (both perpendicular to the direction of propaga-
tion of the radiation), and recalling the standard definitions
of the Stokes parameters [3], it can be easily shown that

I¼ j ~E � ê1j2þj ~E � ê2j2; V¼ 2Im½ð ~E � ê1Þ�ð ~E � ê2Þ�; (1)

are both invariant for a rotation of ê1 and ê2 on the plane
orthogonal to the direction of propagation of the radiation.
For the same two-dimensional rotation, (Q� iU) trans-
form as a function of spin weight	2 on the two-sphere [4];
this observation leads, after some algebra, to the known
form of the E-mode and B-mode polarization [5]. If a
large-scale magnetic field is present and if, concurrently,
the spatial curvature does fluctuate over large scales, then
the power spectra associated with the brightness perturba-
tions of V will not be vanishing and shall be defined, in
what follows, V-mode power spectra in analogy with the
B-mode and E-mode power spectra characterizing the
linear polarizations.
To compute the induced V-mode polarization the evo-

lution of the brightness perturbations must be written in the
case when the photons scatter electrons in a magnetized
background. In the elastic e-� scattering occurring in a
cold plasma the recoil energy of the electron can be ne-
glected [6]; photons impinging on electrons and ions in a
weakly magnetized medium can be described, as usual, in
terms of a scattering matrix connecting the outgoing to the
ingoing Stokes parameters (see, e.g., [3]). The latter step
will lead, after angular integration, to the evolution of the
various brightness perturbations2

*massimo.giovannini@cern.ch
1The conformal time coordinate � will be used throughout; in

terms of � the background metric �g�� will be chosen as con-
formally flat, i.e., �g�� ¼ a2ð�Þ���, where ��� ¼
diagð1;�1;�1;�1Þ is the Minkowski metric. The current ob-
servational evidence [1] suggests, indeed, that the spatial curva-
ture can be neglected at the recombination epoch, at least in the
framework of the concordance model, i.e., the �CDM paradigm,
where � stands for the dark energy component and CDM stands
for the cold dark matter contribution.

2In what follows �0 ¼ axe ~n0	�e is the differential optical
depth, ~n0 ¼ n0=a

3 is the physical concentration and 	�e ¼
ð8=3Þ�ðe2=meÞ2. The quantity � is simply the projection of

the Fourier wave vector on the direction of the photon
momentum.
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�0
I þ ik�ð�I þ
Þ þ �0�I ¼ c 0 þ �0CIð!; k;�Þ; (2)

�0
P þ ik��P þ �0�P ¼ �0CPð!; k;�Þ; (3)

�0
V þ ik��V þ �0�V ¼ �0CVð!; k;�Þ; (4)

where the prime denotes a derivation with respect to the

conformal time coordinate � while 
 ¼ �ð1Þ
s g00=ð2a2Þ and

c�ij ¼ �ð1Þ
s gij=ð2a2Þ are the scalar fluctuations of the

metric whose relation to the curvature fluctuations can be
expressed, in the longitudinal gauge, as

R ¼ �c � H 2

H 2 �H 0

�

þ c 0

H

�
; H ¼ a0

a
; (5)

note that the relation of H to the Hubble parameter is
simply given by aH ¼ H ; the source functions appearing
in Eqs. (2)–(4) are given by

CIð!;k;�Þ¼ 1
4f�I0½2�3ð!Þð1��2Þþ2�2ð!Þð�2þ�2

1ð!Þ
þf2e ð!Þ�2

1ð!Þð1þ�2ÞÞ�þ½2�3ð!Þð1��2Þ
��2ð!Þð�2þ�2

1ð!ÞÞ�f2e ð!Þ�2ð!Þ�2
2ð!Þ

�ð1þ�2Þ�SPþ4�vb�6if2e ð!Þ�2ð!Þ
��2ð!Þ½�2þ�1ð!Þ��V1g; (6)

CPð!;k;�Þ ¼ 1
4f½2ð1��2Þð�3ð!Þ � �2ð!Þf2e ð!Þ�2

2ð!ÞÞ
� 2�2ð!Þð�1ð!Þ ��2Þ��I0 þ ½2�3ð!Þ
� ð1��2Þ � �2ð!Þð�2 ��2

1ð!Þ
� f2e ð!Þ�2

2ð!Þð1��2ÞÞ�SP � 6if2e ð!Þ�2ð!Þ
��2ð!Þð�2 ��1ð!ÞÞ�V1g; (7)

CVð!; k;�Þ ¼ �2ð!ÞP1ð�Þ
2

ffeð!Þ�2ð!Þð�1ð!Þ þ 1Þ

� ½2�I0 � SP� � 3

2
i½�1ð!Þ þ f2e ð!Þ�2

2ð!Þ�
��V1g; (8)

where the dependence upon the frequency of the observa-
tional channel arises through the functions

�1ð!Þ ¼ 1þ
�!2

p i

!2
p e

��
!2 �!2

B e

!2 �!2
B i

�
;

�2ð!Þ ¼ 1�
�!2

p i

!2
p e

��
!B i

!B e

��
!2 �!2

B e

!2 �!2
B i

�
;

�3ð!Þ ¼ 1þ
�!2

p i

!2
p e

�
;

�ð!Þ ¼ 1

f2e ð!Þ � 1
¼ !2

!2
B e �!2

; feð!Þ ¼
�
!B e

!

�
:

(9)

The plasma and Larmor frequencies for electrons and ions
are denoted, respectively, by ð!p e; !B eÞ and ð!p i; !B iÞ.
CMB experiments operate for angular frequencies which
are typically larger than the Larmor3 and plasma frequen-
cies of the electrons at recombination; it is therefore legiti-
mate to expand the source functions of Eqs. (2)–(4) in
powers of feð!Þ ¼ ð!B e=!Þ as well as in powers of
(me=mp); the result of this double expansion can be written

as

C Ið!; k;�Þ ¼
�
�I0 þ�vb � P2

2
SP

�
þ ½2

þ P2ð�Þ�f2e ð!Þ
�
�I0 � i�V1 � SP

2

�

þO
�
me

mp

�
þOðf4e Þ; (10)

CPð!;k;�Þ ¼ 1�P2ð�Þ
2

fSP þ f2e ð!Þ½2i�V1 � 2�I0 þ SP�g

þO
�
me

mp

�
þOðf4e Þ; (11)

CVð!; k;�Þ ¼ P1ð�Þ
2

�
2feð!Þ½2�I0 � SP�

� 3

2
i½1þ f2e ð!Þ��V1

�

þO
�
me

mp

�
þOðf4e Þ; (12)

where P‘ð�Þ is the Legendre polynomial of ‘th order and
where SPðk; �Þ ¼ ð�P0 þ �P2 þ�I2Þ is the standard source
term for the E-mode polarization when feð!Þ ¼ 0. Indeed,
in the limit feð!Þ ! 0, Eqs. (2)–(4) reproduce the standard
results for the evolution equations of the scalar brightness
perturbations. The source functions obtained in Eqs. (10)–
(12) are derived by integrating the angular dependence of
the ingoing Stokes parameters in full analogy with what
happens in the case when the magnetic field is absent [3]
(see also [7] for further details as well as [8] for slightly
different perspectives on magnetized photon-electron scat-
tering). Note that

feð!Þ ¼ !Be

!
¼ 2:79� 10�12

�
Bu

nG

��
GHz

�

�
ðzrec þ 1Þ;

!Be ¼ ej ~B � n̂j
mea

; (13)

where !B e is the Larmor frequency and Bu denotes the
uniform component of the comoving magnetic field inten-
sity which is treated within the guiding center approxima-
tion (see [9] for the description of magnetized plasma prior
to recombination). The numerical solution of the system is
greatly helped by exploiting systematically the integration

3Note that !p e=!p i ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mp=me

q
where mp is the proton mass;

! ¼ 2�� denotes throughout the angular frequency.
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along the line of sight [5] for all the brightness perturba-
tions. From Eq. (4)

�Vðk;�;!; �0Þ ¼
Z �0

0
Kð�ÞP1ð�Þ

�
feð!Þ½2�I0 � SP�

� 3i

4
�V1

�
e�i�kð�0��Þd�; (14)

whereKð�Þ is the visibility function and where (�0 � �) is
effectively the (comoving) angular diameter distance in a
spatially flat geometry. To zeroth order in the tight-
coupling expansion Eq. (14) allows evaluating the
V-mode polarization, i.e.,

�Vðk;�; �0Þ ¼ 8

3

Z �0

0
Kð�Þfeð!Þe�i�kð�0��ÞP1ð�Þ

� ��I0ðk; �Þd�; (15)

where ��I0ðk; �Þ is the monopole of the intensity computed
to lowest order in the tight-coupling expansion, i.e., when
the baryon velocity coincides with the dipole of the inten-
sity of the radiation field. To lowest order in the tight-
coupling approximation the CMB is circularly polarized
provided a large-scale magnetic field is present. The linear
polarization is generated to first order in the tight-coupling
expansion but is larger than the V-mode polarization be-
cause of the smallness of feð!Þ. More details on this
semianalytic discussion can be found in [7]. The evolution
of the monopole of the intensity�I0 can either be studied in
the tight-coupling limit or be solved numerically. In both
cases the initial conditions will be chosen to be adiabatic: 4

�I0ðk; �recÞ ¼ 2ðR� þ 15Þ
5ð4R� þ 15ÞR�ðkÞ;

c �ðkÞ ¼
�
1þ 2

5
R�

�

�ðkÞ; (16)

where R� is the fractional contribution of the massless
neutrinos to the radiation background and R�ðkÞ denotes
the curvature perturbations prior to equality and for typical
scales larger than the Hubble radius at the corresponding
epoch. Since prior to equality H ¼ 1=� we shall also
have, from Eq. (5), that R�ðkÞ ¼ �c �ðkÞ �
�ðkÞ=2.
For large angular scales (i.e., ‘ < 50) the visibility function
can be considered to be sharply peaked at recombination
and it is in practice a Dirac delta function. The V-mode
autocorrelation (i.e., for short, VV power spectrum) and
the cross correlation between polarization and temperature
(i.e., for short, VT power spectrum) can then be computed
analytically in this regime and the result5 can be written as

GðVVÞ
‘ ð!Þ ¼ 256�

225

�
R� þ 15

4R� þ 15

�
2
f2e ð!Þ

�AR

�
k0
kp

�
ns�1

I ðVVÞ
‘ ðnsÞ; (17)

GðVTÞ
‘ ð!Þ ¼ 16�

75

ðR� þ 15Þð2R� � 15Þ
ð4R� þ 15Þ2 feð!Þ

�AR

�
k0
kp

�
ns�1

I ðVTÞ
‘ ðnsÞ; (18)

where k0 ¼ ð�0 � �recÞ�1 and kp ¼ 0:002 Mpc�1 is the

pivot scale while AR is the amplitude of the power
spectrum of curvature perturbations at kp [in the concord-

ance paradigm and in the light of the WMAP data alone

AR ¼ ð2:41� 0:11Þ � 10�9]; the functions I ðVVÞ
‘ ðnsÞ and

I ðVTÞ
‘ ðnsÞ appearing in Eqs. (17) and (18) are nothing but

I ðVVÞ
‘ ðnsÞ ¼

‘ð‘þ 1Þ½4‘ð‘þ 1Þ � ðns � 1Þðns � 2Þðns � 4Þ��ð3� nsÞ�ð‘� 3
2 þ ns

2 Þ
26�ns�ð2� ns

2 Þ�ð3� ns
2 Þ�ð72 þ ‘� ns

2 Þ
;

I ðVTÞ
‘ ðnsÞ ¼

‘ð‘þ 1Þð2� nsÞ�ð2� ns
2 Þ�ð‘þ ns

2 � 1Þ
4

ffiffiffiffi
�

p
�ð52 � ns

2 Þ�ð‘� ns
2 þ 3Þ ;

(19)

and arise as analytically solvable integrals of products of spherical Bessel functions and of their derivatives. Before
discussing the relevant numerical results over small angular scales, it is appropriate to mention here that circular

5For simplicity the angular power spectrum shall be denoted as GðXYÞ
‘ ¼ ‘ð‘þ 1ÞCðXYÞ

‘ =ð2�Þ. The VVand VT power spectra are the
analog of the EE and TE power spectra arising in the case of the linear polarization. The temperature (related to the I Stokes parameter)
and the circular polarization (related to the VStokes parameter) are both invariant under a rotation orthogonal to the direction of
propagation of the radiation, as stressed after Eq. (1). It is therefore natural, in a first approach to the problem, to consider the TT, VT
and the VV power spectra. Furthermore, the VT correlations are larger than the VE and VB correlations.

4See, e.g., [6]. The present considerations can be straightforwardly generalized to the case of nonadiabatic initial conditions [10]. For
a discussion on the peculiar features of the adiabatic and nonadiabatic initial conditions of the Einstein-Boltzmann hierarchy, see, for
instance, [11].
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polarization is often invoked as the result of the Faraday
conversion6 of linearly polarized radiation [12]. For the
latter mechanism to operate, relativistic electrons must be
present in the system and this can happen only as a sec-
ondary effect when CMB photons pass through magnetized
clusters (see [12], last reference); this is however not the
idea pursued here since the predecoupling plasma is cold
and electrons are deeply nonrelativistic. The V-mode po-
larization, as we showed, is induced by the magnetized
plasma itself thanks to the presence of (adiabatic) curva-
ture perturbations in the system. Absent one of these two
components the VTand VV power spectra would vanish. If
the initial conditions would not be adiabatic the V-mode
polarization would still be present but with different physi-
cal features which will depend upon the specific nonadia-
batic solution [10,11]. For smaller angular scales (i.e.,
‘ > 100) it is mandatory to integrate numerically the sys-
tem across decoupling. Some of the results are summarized
in Fig. 1. The thin lines in both plots denote the V-mode
autocorrelations while the thick lines denote the cross
correlation of the circular polarization anisotropies with
the temperature inhomogeneities. The signal is larger for
low multipoles and its shape is slightly reminiscent of the

temperature autocorrelations induced by the tensor modes
of the geometry which reach their largest value for small ‘
and decay exponentially for ‘>90. Defining as rT the
tensor to scalar ratio at the pivot scale kp [1,11], for
rT¼1 the TT correlations induced by the tensor modes
would be Oð103Þ ð�KÞ2 while the VT correlations are
Oð10�5Þ ð�KÞ2 for the choice of parameters of Fig. 1
(see, for instance, the plot at the right, dash-dotted curve).
For the same choice of parameters the VT power spectra
are of the order of the B-mode autocorrelation induced by
the weak lensing of the primary anisotropies [i.e.,
Oð10�5Þ ð�KÞ2, see also left plot of Fig. 2 and the dis-
cussion below]. By shifting the observational frequency the
VT correlation can be even larger [13,14]. The B-mode
autocorrelation induced by the tensor modes of the geome-
try is typically larger, both than the V-mode polarization
and than the BB spectra from lensing. For rT � 0:1, the BB
angular power spectrum of the tensor modes of the geome-
try is Oð10�2Þ ð�KÞ2 for ‘� 90 corresponding to angular
separations of roughly 2 degrees. In Fig. 2 (plot at the left)
the EE power spectrum stemming from the best fit to the
WMAP 5-yr data alone is illustrated with a dashed line and
compared, in the same plot, with the BB angular power
spectrum arising from the lensing of the primary anisotro-
pies (dash-dotted line) as well as with the V-mode auto-
correlation (full thin curve at the bottom). The B-mode
autocorrelation stemming from the tensor modes in the
case rT ¼ 0:1 is illustrated with the thick line. Always in
Fig. 2 (plot at the right) the TE and the VT correlations are
compared. Both in Figs. 1 and 2 the cosmological parame-
ters are fixed (as indicated in the title of each figure) to the
values of the best fit stemming from the WMAP 5-yr data
alone in the light of the concordance model. In Fig. 2 the
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FIG. 1 (color online). In the plot at the left the VT and the VVangular power spectra are reported for a fixed value of Bu (i.e., 1 nG)
but for different values of the comoving frequency. In the plot at the right the comoving frequency is fixed to 10 GHz but the magnetic
field strength increases. The thin lines denote the VV correlations while the thick lines denote the VT correlations. In the plots, on both
axes, the common logarithm of the corresponding quantity is reported.

6Faraday conversion (typical of relativistic jets) should not be
confused with Faraday rotation. In the presence of relativistic
electrons linearly polarized radiation can be Faraday converted
into circularly polarized radiation [12]. Faraday rotation is
instead a rotation of the polarization plane of the (linearly
polarized) radiation: in practice it can convert E modes into B
modes but it does not lead to circularly polarized photons (see,
e.g., the third and last references of [9]). Faraday conversion and
Faraday rotation have also different dependences upon the
magnetic field intensity and upon the frequency.
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frequency of the channel has been taken of the order of
30 GHz. Even if the latter frequency is already rather low, it
would be desirable to reduce it even more and to conceive
spectropolarimetric measurements in the range of the GHz.
The challenge of detecting the CMB radiation at low
frequencies is neatly described in Ref. [13] where a set
of absolute radiometers is employed in different channels
at 0.6, 0.82 and 2.5 GHz (see also [14] for earlier results
along the same theme). As specifically discussed also in
analytic terms [see Eqs. (17) and (18)] the VV and VT
power spectra are sensitive to the underlying cosmological
parameters, to the initial conditions of the Einstein-
Boltzmann hierarchy as well as to the magnetic field
parameters. For illustration the concordance model supple-
mented by adiabatic initial conditions has been considered.
The maximal intensity of the comoving magnetic field has
been taken to be of the order of the nG. This is the range of
current bounds stemming from the simultaneous analysis
of the measured TE and TT power spectra (see [9], first and
second reference). Larger magnetic fields would distort the
acoustic oscillations in the TT power spectra. Low fre-
quency instruments could make the difference for scruti-

nizing a potential V-mode polarization. In this respect the
results and the techniques of [13] (as well as the earlier
results of [14]) could be probably revisited in the light of
the considerations developed here. It has been shown that
the VT correlation for a comoving magnetic field from 5 to
10 nG can be as large as 10�5 ð�KÞ2 at 10 GHz for ‘ < 20
(i.e., large angular separations). This means that for fre-
quencies O ðMHzÞ, the resulting signal could be even 6 or
7 orders of magnitude larger than a putative B-mode signal
from gravitational lensing (see, e.g., Fig. 2, thick dashed
curved in the left plot). It has been demonstrated that the
study of circular dichroism is not more forlorn than other
signals which are often invoked as conceptually important
to consider but observationally difficult to assess. The
systematic effects plaguing the measurements of the
V-mode power spectra differ from the case of linear polar-
izations. Wether or not they are less severe depends also
upon the features of the instrument and on the specific
frequency band.

The author is grateful to G. Sironi, M. Gervasi and A.
Tartari for stimulating discussions.
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