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We report the first precision measurement of the frequency-dependent property of the effective torsion

spring constant for a tungsten fiber by using two disk pendulums with different moments of inertia. A

quartz fiber with Q � 3:36� 105 was used to determine the ratio of the moments of inertia of two

pendulums. The experimental result indicated that the torsion spring constant of the tungsten fiber was

dependent on the oscillation frequency by �K=�ð!2Þ ¼ ð0:954� 0:084Þ � 10�8 kgm2 at �mHz range,

which suggested that the resultant bias in our G measurement with the time-of-swing method was

�G=G ¼ ð211:80� 18:69Þ ppm as reported recently by Jun Luo et al. [Phys. Rev. Lett. 102, 240801

(2009)]. This experiment provided the first direct test to the Kuroda-Newman effect that predicted an

upward bias in a G measurement with the time-of-swing method.

DOI: 10.1103/PhysRevD.80.122005 PACS numbers: 04.80.Cc, 62.40.+i

I. INTRODUCTION

Precision measurements of the Newtonian gravitational
constant G have widely been performed by using torsion
balances with the time-of-swing (ToS) method [1–4], in
which a pendulum suspended by a thin fiber would expe-
rience torsional oscillation in the gravitational field pre-
sented by source masses. With this method, torsional
frequencies are compared for two different positions of
the sources masses, and the difference of the frequencies
squared �ð!2Þ is proportional to the Newtonian gravita-
tional constant as�ð!2Þ ¼ G=PG with PG being the gravi-
tational coupling coefficient between the pendulum and the
source masses.

The ToS method has a merit that it converts a small
change of gravitational force into an obvious change of
oscillation frequency, so that a high precision measurement
can be achieved. The accuracy of the measurements of G
with this method is severely dependent on the constancy of
the spring constant of the fiber. However, the research
works [5–10] on the frequency dependence of the fiber’s
spring constant suggested that a tremendous systematic
error should occur in the measurements of G with the
ToS method. This systematic upward bias induced by
anelasticity of the fiber can be expressed in terms of G as
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where IG is the moment of inertia (MoI) of the pendulum,
!n and !f are the oscillation frequencies of the pendulum

for the source masses at ‘‘near’’ and ‘‘far’’ positions,
respectively.

The phenomenological model of an anelastic solid de-
scribed by a single Maxwell unit (shown in Fig. 1) could be
represented by a complex Young’s modulus in the fre-

quency domain as [11]
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where ER is the relaxed Young’s modulus, �E is the
difference between the unrelaxed and the relaxed modulus,
and � is the relaxation time. The real part of Eð!Þ corre-
sponds to the real spring constant while its imaginary part
represents the dissipation (or the phase lag). The behavior
of the bulk elastic modulus of anelastic materials with a
single relaxation process is well described by this simple
Maxwell model over a certain frequency range [12,13].
However, in order to explain experimental results, a con-
tinuum Maxwell model (also shown in Fig. 1) was sug-
gested by Quinn et al. [7], in which the Young’s modulus
can be expressed as

FIG. 1. The Maxwell model of an anelastic solid. The solid
line shows the single Maxwell unit with an ideal spring shunted
by a weaker spring in series with a dashpot. The total drawing
shows the continuum Maxwell model suggested by Quinn et al.
[7], which includes an infinite number of relaxation processes
with a common relaxation strength �E but a continuum of time
constants from a minimum �0 to a maximum �1.*junluo@mail.hust.edu.cn
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where �E is the common relaxation strength, and �0 and
�1 represent the minimum and maximum time constant in
a continuum spread of relaxation times, respectively.
Quinn et al. [7] only evaluated the imaginary component
of Eð!Þ in Eq. (3), and the frequency dependence of the
real part was not discussed in detail.

The spring constant K of the fiber is proportional to the
Young’s modulus Eð!Þ. It is not only a complex constant,
but also frequency-dependent. Therefore, the torsion
spring constant can be expressed as Kð!Þ ¼ K0 þ
K1ð!Þ þ iK2ð!Þ ¼ Krð!Þ½1þ i tan�ð!Þ�, where K0 is
the dominant component in the real part and frequency-
independent, and �ð!Þ denotes losses (phase lag) in the
weak spring. According to Eq. (1), the frequency-
dependent real part is a well worth attention for the G
measurement with the ToS method. Because of the un-
known specific values for �E, �0 and �1 in Eq. (3), Kuroda
[5], further based on the Kramers-Kronig relation [14],
supposed that the loss represented by the imaginary part
is constant and concluded that the anelasticity of the fiber
would lead an upward bias of 1=�Q in the measurements
of G with the ToS method, where Q is the quality factor of
the main torsional mode. Newman and Bantel [9] further
demonstrated that, for the general continuum Maxwell
model, the possible bias �G=G due to the fiber’s anelas-
ticity should be bounded between 0 and 1=2Q. The experi-
mental evidence of this conjecture has been presented
subsequently by Bagley and Luther [10] indirectly. In their
G measurement, two fibers with different Q factors were
used, and a wonderfully consistent value ofGwas obtained
after corrected by 1=�Q.

Up to now, most researchers paid more attention to the
internal friction of materials in the field of gravitational
physics [7,8], but few to the real part of the torsion spring
constant directly. Kuroda and his colleagues [6] measured
the frequency dependence of the real part of the torsion
spring constant of a tungsten fiber directly, in which the
MoI of the pendulum was changed by adjusting the posi-
tions of the masses on a dumbbell pendulum. Unfor-
tunately, this experiment could not provide a definite result
because of the geometrical errors of the pendulum.
Furthermore, one crucial systematic error from the cross
coupling between the local gravity gradient and the pen-
dulum with different dumbbells, which resulted in a varied
equivalent torsion constant in each measurement, was not
discussed.

To reduce the anelasticity effect inGmeasurements with
the ToS method, one possible approach is to use a fiber
with an ultrahigh Q factor, like Newman’s experiments
performed in cryogenic condition [9]. Another operating

approach in room temperature is to measure directly the
frequency dependence of the real part of the torsion spring
constant and then to deduct this effect correspondingly. In
this paper we report a direct measurement of the anelas-
ticity of a thoriated tungsten fiber, used in our G measure-
ment [15], by using two disk pendulums with different
MoIs and two fibers with different Q factors.

II. THE EXPERIMENTAL DESIGN

A. General principle

In order to determine the bias to the G value due to the
anelasticity of the fiber, one can measure the MoIs I1, I2
and the corresponding eigen frequencies !1, !2 of two
pendulums suspended by the same fiber alternately, and the
anelastic effect of the fiber can be evaluated by

Krð!2Þ � Krð!1Þ ¼ I2!
2
2 � I1!

2
1: (4)

Considering the linearity of Krð!Þ in a limited frequency
range [11], the correction due to the fiber’s anelasticity, as
shown in Eq. (1), could be further expressed as

�G

G
¼ I2!

2
2 � I1!

2
1

IGð!2
2 �!2

1Þ
: (5)

Obviously, to measure G with an expected accuracy, the
parameters !1, !2, I1 and I2 of two pendulums should be
measured with the same relative accuracy correspondingly.
However, it is more difficult to determine the MoIs than the
oscillation frequencies of the pendulums, which was also a
dominant error in the experiment of Kuroda and his col-
leagues [6]. In order to solve the problem, we rewrite
Eq. (5) as
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According to Eq. (6), we only need to determine the ratio
I2=I1 (but not the I1 or I2 itself) with high accuracy, which
could be realized by using a high-Q quartz fiber due to its
negligible anelastic effect.
A schematic diagram of measuring the anelasticity of

the tungsten fiber is shown in Fig. 2. Two fused silica disk
pendulums with the same mass but different MoIs were
suspended by a tungsten fiber and a quartz fiber alternately.
The I2=I1 can be determined by measuring the free oscil-
lation frequencies �1, �2 when two pendulums were
suspended by the quartz fiber individually. Simply, we
have I2=I1 ¼ �2

1=�
2
2. However, due to the different devia-

tions among the centers of the disks and the fibers (as
shown in Fig. 3), the MoIs of one pendulum suspended
by the two fibers will be slightly different. The MoI of one
pendulum system is composed of six components, ex-
pressed by

I ¼ Idisk þ Iclamp þ Itube þ Imirror þ Iglue þ Icoating; (7)

where Idisk, the MoI of the disk, is a dominant component,
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and Iclamp, Itube, Imirror, Iglue and Icoating are the MoIs of the

clamp, the tube, the reflecting mirror, the glue used to
adhere the fiber and the tube, and the gold-coated layer
on the pendulum, respectively. For determining the Idisk
conveniently, we define two coordinate systems as shown
in Fig. 3. A Cartesian coordinate system o-xyz is fixed on
the disk with the origin at its geometric center o, where the
z-axis is the normal direction of the disk’s plane, and the
x-axis is along the inclined direction of the disk relative to
the horizontal plane. The other coordinate system O-XYZ
is associated with the fiber, where the origin O is the mass
center of the pendulum system including the clamp, the
tube and the mirror, etc., the Z-axis is along the fiber, and
the Y-axis is parallel with the y-axis, which are both in the
horizontal planes. The� represents the inclination angle of
the disk. The detailed calculation shows that the MoI of the
disk around the fiber can be expressed as

Idisk ¼ mr2

4
ð1þ cos2�Þ þmh2

12
sin2�þmd2?; (8)

where m, r and h are the mass, the radius and the height of

the disk, respectively, and d?, shown in Fig. 3, is the
vertical distance from the center o to the fiber. Let IA ¼
Iclamp þ Itube þ Imirror þ Iglue þ Icoating; the MoIs of two

pendulums suspended by two fibers alternately can be
calculated as

Iij ¼
mjr

2
j

4
ð1þ cos2�ijÞ þ

mjh
2
j

12
sin2�ij þmjd

2
?ij þ IAij;

ði ¼ W;Q; j ¼ 1; 2:Þ; (9)

where the subscripts ‘‘W’’ and ‘‘Q’’ represent the tungsten
fiber and the quartz fiber, respectively, and ‘‘1’’ and ‘‘2’’
denote the pendulums No. 1 and No. 2, respectively.
According to Eq. (9), the ratio I2=I1 can be expressed as

I2
I1

¼ IW2

IW1

’ IQ2

IQ1

ð1þ "Þ; (10)

where IQ2=IQ1 ¼ �2
1=�

2
2, and the parameter ", accounting

for the tiny differences of the MoIs, is calculated as
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2
1

4 ðcos2�Q1 � cos2�W1Þ þ m1h
2
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IQ1
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2
2

4 ðcos2�Q2 � cos2�W2Þ þ m2h
2
2

12 ðsin2�Q2 � sin2�W2Þ þm2ðd2?Q2 � d2?W2Þ þ ðIAQ2 � IAW2Þ
IQ2

: (11)

One logical question would be naturally presented after
the above discussion: Why do we not use the high-Q quartz
fiber instead of the tungsten fiber to perform the G mea-
surement with the ToS method? The reason is that the lack
of conductivity of the uncoated quartz fiber prevented an

accurate determination of the oscillation period of the
torsion pendulum, while the metallic coating on a quartz
fiber would spoil the Q sharply and hence mitigate most of
the advantages of this material [16]. In ourGmeasurement,
the pendulum must be designed as a dipole to sensitize the

FIG. 2 (color online). Schematic drawing of two disk pendu-
lums suspended by two fibers. A high-Q quartz fiber was used to
determine the ratio of the moments of inertia I2=I1 by measuring
the free oscillation frequencies �1, �2 of the two pendulums
suspended by the quartz fiber alternately.

FIG. 3 (color online). The coordinate systems for calculating
the moment of inertia of the fused silica disk. The coordinate
system o-xyz is fixed on the disk with the origin at its geometric
center o, and the other coordinate system O-XYZ is associated
with the fiber, where the origin O is the mass center of the
pendulum system, and � is the inclination angle of the disk. The
inset shows the deviations (d? and D?) among the centers of the
disk, the clamp and the fiber, respectively.
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gravitational effect of the source masses, thus it is also
sensitive to electrostatic effect. While in this experiment,
the pendulums were designed to be symmetric disks with a
thin gold-coated layer on the surface and surrounded by a
thin hollow gold-coated aluminum shielding cylinder,
keeping a wider separation between the pendulum and
the shielding cylinder than that in our G measurement,
the influence of local electrostatic field was minimized
evidently.

B. Apparatus

Two similar vacuum chambers were used to perform this
measurement. In one chamber, an annealed and thoriated
tungsten fiber (Th0.6/W99.4) [17] with a length of 89 cm
and a diameter of 25 �m was used. A schematic apparatus
is shown in Fig. 4. The pendulum was suspended by the
fiber, and the upper end of the fiber was attached to a
magnetic damper to suppress the simple pendulummotions
[18]. The copper disk of the damper was suspended by a
10-cm-long, 50-�m-diameter annealed tungsten prehanger
fiber, which was finally linked to a feedthrough fastened on
the top of the vacuum chamber. The feedthrough was used
to adjust the initial amplitude and the azimuth of the
torsion pendulum.

In another chamber, a quartz fiber without the magnetic
damper was used to determine the ratio I2=I1. In order to
obtain a higher-Q factor, the diameter of the quartz fiber
should be much thicker due to diameter-dependent dissi-
pation [19]. After several tests, a quartz fiber with a length
of 48 cm and a diameter of about 100 �m was finally
chosen to perform this experiment. The average quality
factor of this fiber was Q � 3:36� 105 in repeated
experiments.

The vacuum chambers were maintained at a pressure of
�10�5 Pa by ion pumps [20]. The whole apparatus was
surrounded by the foam houses, which provided the effec-
tive thermal insulation. The experiment site was located in
our cave laboratory.
The oscillation of the pendulum was monitored by an

optical lever. A laser beam from a frequency-stabilized He-
Ne laser (�	=	 � 1� 10�8=day, P ¼ 0:6 mW) passed
through an optical chopper [21], and then was reflected
by a mirror attached on the fiber. The reflected beam of
light fell on a position sensor [22], which was placed about
500 mm far from the mirror. The differential signal from
the position sensor went through a lock-in-amplifier [23]
and then was converted into a series of time-angle data by a
16-bit A/D converter [24], and was finally sampled at a rate
of 2 Hz with a frequency accuracy of�5� 10�9 Hz and a
stability of � 3� 10�10=day [25]. Two thermal sensors
installed inside each chamber monitored the temperature
variations continuously. The free oscillation periods of the
two pendulums, suspended by the tungsten fiber, respec-
tively, were about 581.2 s and 488.2 s, and covered the
range of the periods in our G measurement [15]. The
periods of the two pendulums suspended by the quartz
fiber were about 29.6 s and 35.3 s, correspondingly.

C. Pendulums

Each pendulum system includes four parts: the
fused silica disk, the clamp, the tube and the reflecting
mirror, as shown in Fig. 2. The main bodies of the pendu-
lums are two gold-coated fused silica disks with masses of
63.6545(6) and 63.6937(6) g, diameters of 68.725(4) and
81.794(7) mm, and heights of 7.8031(2) and 5.5148(1) mm,
respectively. The aluminum clamp, adhered to the center of

FIG. 4 (color online). Schematic view of the apparatus used to
measure the anelasticity of a tungsten fiber, where the ion pump
was not shown.

FIG. 5 (color online). Schematic view of measuring the eccen-
tricities between the clamps and the tubes by a roundness
measuring instrument. By rotating the tube around the clamp,
an appropriate azimuth with minimum eccentricity was found,
and then two lines were marked on the tube and the clamp,
respectively, which were aligned elaborately in each experiment
to lower the difference of the moments of inertia of one pendu-
lum suspended by different fibers alternately.
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the disk pendulum with uncertainties of 3 �m by using an
optics image measuring instrument [26], was connected to
the aluminum tube by inserting the 1:50 cone cylinder into
the same 1:50 conical hole in the tube, as shown in Fig. 5.
The aluminum tube was adhered centrically to the fiber
with an uncertainty within 13 �m. On the top of the
aluminum tube, a gold-coated cubical glass with a cylin-
dric hole was adhered to act as the reflecting mirror.

The eccentricities of different combinations between the
two clamps and the two tubes were measured alternately
under a roundness measuring instrument [27] with an
accuracy within 0:03 �m. The schematic diagram is also
shown in Fig. 5. First, the center and the roundness of one
cylindrical clamp were measured, and the center O1 was
regarded as a reference point, as shown in the top panel in
Fig. 6. Then, one of the tubes was fitted onto the clamp, and
its center and roundness were measured again. By rotating
the tube around the clamp, an appropriate azimuth with
minimum eccentricity was found, and then two lines were
marked on the tube and the clamp, respectively, (as shown
in Fig. 5). Finally, the repeatability of assembly was mea-
sured and found to be within an error of less than 2 �m by
aligning the mark lines on the clamps and the tubes. The
measured results of alternately assembling the clamps and
the tubes are listed in Table I.

The inclination of the two pendulums suspended by the
two fibers were measured by a micrometer, as shown in

Fig. 7. First, the lowest point of the pendulum’s bottom
plane was measured by adjusting the micrometer to touch
the bottom slightly, and the scale of the micrometer h1 was
recorded. Then the pendulum was twisted by 180 � around
the fiber, and the topmost point of the bottom plane was
measured by heightening the micrometer, and the scale was
h2. So the inclination angle of the pendulumwas calculated
by � ¼ sin�1½ðh2 � h1Þ=D�, where D is the diameter of
the disk. After four sets of measurements, the inclination
angles were obtained to be �W1 ¼ 3:06ð6Þ mrad, �W2 ¼
4:61ð10Þ mrad (when the two pendulums were suspended
by the tungsten fiber alternately) and �Q1 ¼ 3:79ð8Þ mrad,

�Q2 ¼ 4:05ð12Þ mrad (suspended by the quartz fiber alter-

nately). Finally, according to Eq. (11), the parameter " was
determined as

FIG. 6 (color online). Typical curves for measuring the roundness and the eccentricities of the clamps and the tubes. (a): The typical
result of the clamp No. 1 with a roundness of 5:88ð40Þ �m, and the center O1 was regarded as the reference. (b): The typical result of
the tube No. 1 with a roundness of 3:43ð18Þ �m, and the average eccentricity isO1O2 ¼ 17:40ð1:56Þ �m obtained by several repeated
measurements.

TABLE I. The eccentricities of different combinations be-
tween two clamps and two tubes. (unit: �m).

Number Clamp No. 1 Clamp No. 2

Tube No. 1 17.40(1.56) 17.07(1.22)

Tube No. 2 13.14(0.62) 23.41(0.70)

FIG. 7 (color online). Schematic view of measuring the incli-
nation angle of one pendulum suspended by one fiber. A mi-
crometer was used to measure the height difference �h between
the lowest point (a) and the topmost one (b) of the disk’s bottom
plane, then the inclination angle of the pendulum relative to the
horizontal plane was � ¼ sin�1ð�h=DÞ with D being the di-
ameter of the disk.
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" ¼ ð�4:14� 0:89Þ � 10�6: (12)

The one � error budget for the parameter " is shown in
Table II.

III. SYSTEMATIC ERRORS

A. Gravity gradient and its compensation

Because the disk pendulum was not spherical symmetric
and its inclination was not zero, the inhomogeneous back-
ground gravitational field would contribute a gravitational
torsion constant Kgð
Þ to the pendulum system, and it can

be expressed as

Kgð
Þ ¼
@2Vgð
Þ
@
2

; (13)

where Vgð
Þ is the gravitational potential energy between

the pendulum and the background gravitational field, and 

is the azimuth of the pendulum. Therefore, the pendulum’s
oscillation frequency squared becomes

!2ð
Þ ¼ Kr þ Kgð
Þ
I

; (14)

where I is the MoI of the pendulum, and Kr is the torsion
spring constant of the fiber. The existence of the Kgð
Þ,
depending on mass distribution of the pendulum and the
surrounding masses, would introduce a systematic error in
the measurement of the pendulum’s frequency.

In order to measure this effect easily, we deliberately
exaggerated it by using a gold-coated glass rectangular

pendulum with dimensions of 91� 26� 12 mm3 (shown
in Fig. 8), which is more sensitive to the local gravity
gradient than the disk one, to measure the change of period
when the equilibrium position of the pendulum was shifted
to different azimuths. We changed the pendulum’s azimuth
with a step of 30 degrees every time by rotating the
feedthrough, and then the corresponding oscillation period
of the pendulum was measured with an optical lever, in
which a twelvefold-mirror, linked on the pendulum’s cen-
ter, was used to reflect the laser beam. The experiment

TABLE II. The one � error budget of the parameter ".

Source Value (error) �"ð�10�6Þ
Disk No. 1 0.36

mass m1 63.6937(6) g

diameter 2r1 81.794(7) mm

height h1 5.5148(1) mm

inclination angle �W1 3.06(6) mrad

inclination angle �Q1 3.79(8) mrad

center departure d?W1 0:5ð7Þ �m
center departure d?Q1 0:5ð7Þ �m
Disk No.2 0.66

mass m2 63.6545(6) g

diameter 2r2 68.725(4) mm

height h2 7.8031(2) mm

inclination angle �W2 4.61(10) mrad

inclination angle �Q2 4.05(12) mrad

center departure d?W2 0:8ð6Þ �m
center departure d?Q2 0:8ð7Þ �m
Other moments of inertia (kgm2) 0.48

IAW1 5:2077ð45Þ � 10�8

IAW2 3:4332ð44Þ � 10�8

IAQ1 5:1996ð45Þ � 10�8

IAQ2 3:4248ð45Þ � 10�8

Total �4:14� 10�6 0.89

FIG. 8 (color online). The rectangular pendulum used to mea-
sure the cross coupling effect between the background gravity
gradient and the pendulum. The twelvefold symmetric mirrors
linked on the pendulum’s center are used to reflect the laser beam
of monitoring the oscillation motion of the pendulum when at
each different azimuth.

FIG. 9 (color online). The measured period shifts due to the
cross coupling between the local gravity gradient and the rect-
angular pendulum. Each point represents the average period of
about 60 consecutive oscillations of the pendulum at a certain
azimuth. The dot lines represent the sinusoidal fitting results,
which show that the maximum shift of the period was about
1.19 s with the pendulum’s azimuth changed from 0 to 180�,
then it was minimized to about 0.29 s after �1:5 tons of lead
blocks compensation.
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result showed that the maximum shift of the period was
about 1.19 s when the pendulum’s azimuth was changed
from 0 to 180�. Then the lead blocks of �1:5 tons were
used to compensate the local inhomogeneous gravitational
field. After careful adjustment, the final period’s shift of the
rectangular pendulumwas within 0.29 s, as shown in Fig. 9.
It means that the homogeneity of the local gravity is
improved about 4 folds. In this case, we can estimate that
the maximum shift of the oscillation period of the disk
pendulum was about 0.01 ms if the equilibrium position of
the pendulum changed in a range of 10 mrad at any
azimuth with the maximum inclination angle of �W2 ¼
4:61ð10Þ mradmeasured. Considering the angle linear drift
of the fiber (� 3 �rad=h), it will take about 140 days to
change the pendulum’s azimuth to 10 mrad, which is
enough for us to carry out our experiment without consid-
ering the gravity gradient effect.

B. Thermoelastic property of the torsion fiber

The torsion spring constant of an ideal torsion fiber can
be expressed as

K ¼ �r4S

2l
; (15)

where l and r are the fiber’s length and radius, respectively,
S ¼ E=2ð1þ�Þ is the shear modulus and E and � are the
Young’s modulus and Poisson’s ratio of the fiber, respec-
tively. Because the parameter l, r and E are the linear
functions of temperature in a limited range [11], the spring
constant of the fiber is temperature-dependent, named
as the thermoelastic. For a small temperature change
�tð¼ t� t0Þ, the torsion spring constant can be expressed
by [11]

K ¼ K0ð1þ �K�tÞ; (16)

where �K is the temperature coefficient of K, and K0 is the
torsion spring constant at the reference temperature t0. The
�K can be determined by measuring the temperature coef-
ficient of the pendulum period �T , defined as

�T ¼ �T

T�t
; (17)

where �T is the change of the period with the variation of

temperature �t. The pendulum’s period is T ¼ 2�
ffiffiffiffiffiffiffiffiffi
I=K

p
,

so �K is relative to �T as

�K ¼ �I � 2�T; (18)

where �I is the temperature coefficient of the MoI of the
pendulum. Therefore, we can measure the changes of the
pendulum’s period with the variation of the room tempera-
ture and then determine �T and �K, correspondingly.

We investigated the thermoelastic property of the two
fibers (used in the measurement of anelasticity) by means
of the method described in Ref. [28]. Six 60 W bulbs,
concealed by six metal barrels, were placed in the outside
of the foam house as the heating sources to modulate the
room temperature. Two thermal sensors with resolution of
0:0005 �C were placed in the chamber near the fiber and
the pendulum, respectively. The oscillation signals of the
pendulum were monitored by an optical lever synchroni-
cally. The periods were extracted from the angle-time data
by a correlative method [29]. The typical changes of the
pendulum’s period and the ambient temperature were
shown in Fig. 10. After three sets of experiments, we
obtained two coefficients: �KW ¼ �145ð2Þ � 10�6=�C
for the tungsten fiber and �KQ ¼ 131ð2Þ � 10�6=�C for

the quartz fiber, respectively. It is noted that the torsion
spring constant of the tungsten fiber KW represented a
commonly negative dependence on temperature as dis-
cussed in Refs. [11,12]. Contrarily, the KQ of the quartz

fiber took on a positive temperature-dependence, which is

FIG. 10 (color online). Typical curves of the pendulums’ pe-
riod and the ambient temperature varied with time for the two
fibers. Top panel: the quartz fiber suspended with the pendulum
No. 1. Bottom panel: the tungsten fiber with the pendulum No. 2.
Each circle point represents the average period of 200 oscilla-
tions for the quartz fiber and 15 ones for the tungsten one. The
solid lines show the change of the modulated ambient tempera-
ture correspondingly, which was changed about 0:35 �C in this
measurement.
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relative to the configuration and intension of the Si-O
bonds in quartz materials and it is consistent with previous
experimental results [30].

C. Nonlinearity property of the torsion fiber

If we consider the nonlinear property of the fiber, the
typical equation of the oscillation of the pendulum should
be written as

I €
þ K1
þ K3

3 ¼ 0; (19)

where I and 
 are the MoI and the angle displacement of
the pendulum, respectively, and the coefficient K3 repre-
sents the nonlinearity of the fiber. The approximate solu-
tion of Eq. (19) at a small amplitude oscillation can be
expressed as [9,31]


ðtÞ � A cos!tþ K3

32K1

A3 cos3!t; (20)

where A is the amplitude of the oscillation, and the period
Tð¼ 2�=!Þ of the pendulum would vary with its ampli-
tude A as

TðAÞ � T0

�
1� 3

8
�3A

2

�
; (21)

where T0 ¼ 2�
ffiffiffiffiffiffiffiffiffiffiffi
I=K1

p
is the unperturbed period of the

pendulum, and �3 ¼ K3=K1 is the nonlinearity coefficient
of the fiber. The fiber’s amplitude dependence of oscilla-
tion frequency was measured in the following procedure.
For the tungsten fiber, the pendulumwas started to oscillate
with an initial amplitude of �11 mrad, and it gradually
attenuated to �2:5 mrad due to the fiber’s dissipation in
four days, and then the feedthrough was adjusted to reset
the pendulum to almost the same initial amplitude for the
next set of the experiment. For the quartz fiber, due to its
high-Q factor, its amplitude was attenuated by adjusting
the feedthrough directly.

The typical pendulum’s period and amplitude varied
with time and are shown in Fig. 11. The result showed
that the change of the period with time was not due to the
nonlinearity of the fiber, because the corresponding jump
of the period did not occur when the amplitude was reset.
Obviously, a time-dependent effect of the period was in-
cluded, which was the so-called aging effect of the fiber as
observed in our G measurement [15]. Therefore, due to
different aging effects of two fibers, we used the goal
functions of

TWðAÞ ¼ TW0

�
1� 3

8
�W3A

2

�
þ �TW0ð1� e�bWtÞ þ 
Wt

(22)

and

TQðAÞ ¼ TQ0

�
1� 3

8
�Q3A

2

�
þ 
Qt (23)

to fit the periods, amplitudes and times with the nonlinear
least-squares method for the two fibers, respectively. In
Eqs. (22) and (23), the parameters �W3 and �Q3 are non-

linearity coefficients of the tungsten fiber and the quartz
one, respectively. The 
W and
Q represent the linear aging

effect of the two fibers, respectively, and the bW denotes

FIG. 11 (color online). Pendulums’ period and amplitude var-
ied with time for the two fibers. Top panel: the quartz fiber
suspended with the pendulum No. 2. Bottom panel: the tungsten
fiber with the pendulum No. 1. Each circle represents the average
period of 50 oscillations for the quartz fiber and 15 ones for the
tungsten fiber, and each triangle shows the change of oscillation
amplitude correspondingly. The pendulum was reset to the same
initial amplitude in the next set of the experiment to distinguish
the nonlinearity and the aging effect of the fiber. The dashed
lines represent the fitting results as Eqs. (22) and (23), respec-
tively, which showed that the period was independent of the
amplitude of the pendulum.

TABLE III. Measurement results of the nonlinearity of the two
fibers.

Fiber �3ð=rad2Þ 
ðms=dayÞ bWðms=dayÞ
Tungsten fiber 0.005(12) �1:77ð6Þ 0.52(2)

Quartz fiber 0.004(7) 0.011(3) 	 	 	
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the exponential aging effect of the tungsten fiber due to the
slow recovery after being reloaded at the beginning of each
set of experiment. The fitting results are listed in Table III,
and show a null effect for the nonlinearity, but an opposite
linear aging effect for the two fibers due to the hardening
and softening behavior for the tungsten fiber and the quartz
one, respectively.

IV. EXPERIMENTAL RESULTS

A. Data accumulation

At the beginning of each measurement, the initial am-
plitudes of the pendulums were adjusted to be the same as
possible. Twelve sets of experimental data with two pen-
dulums suspended by the quartz fiber (four sets) and the
tungsten fiber (eight sets) alternately were taken. It took
about five days for each measurement of one pendulum
suspended by one fiber in our previous ten sets of experi-
ments. According to the result obtained from this data, the
periods of the pendulum suspended by the quartz fiber
showed a much better stability than that by the tungsten
one. Therefore, only four sets of experimental data for the
quartz fiber were enough to achieve the precision required.

In order to reduce the uncertainty of the pendulum’s period
when suspended by the tungsten fiber, eight sets of experi-
ments were repeated. It is noted that the duration of last
two sets of experiments was extended to 15 days, and the
motivation was to deduct the exponential aging effect at the
beginning of each reloading the tungsten fiber, also shown
in the bottom panel in Fig. 11.

B. Data analysis protocol

The typical oscillation of the pendulums is shown in
Fig. 12. The quality factor is defined as the logarithmic
decrement in terms of the amplitudes Anþ1 and An of the
(nþ 1)th and nth oscillations of the pendulum as

Q�1 ¼ 1

�
ln

�
An

Anþ1

�
: (24)

For the oscillation with the quartz fiber, the amplitude
decayed from 2.97(1) mrad to 2.81(1) mrad with a duration
of 48 h, which corresponded to 5833 periods with a single
period of T0 ¼ 29:6 s for the pendulum No. 2, thus the
quality factor was obtained to be 3:31� 105 according to
Eq. (24). The average Q factors of �3:36� 105 (for the
quartz fiber) and �1700 (for the tungsten fiber) were
obtained from all experimental data.
A typical variation of the temperature with a 15-day

duration is shown in Fig. 13. At the beginning of each
experiment, the temperature raised to �22 �C due to the
working of the turbopump, and then it decreased to a

FIG. 12 (color online). One typical cut of the pendulum’s
angle-time data of 48 hours. Top panel: oscillations of the
pendulum No. 2 suspended by the quartz fiber. Bottom panel:
oscillations of the pendulum No. 1 suspended by the tungsten
fiber. The average Q factors of the quartz fiber was�3:36� 105

while the tungsten fiber was �1700 yielded from all experimen-
tal data.

FIG. 13 (color online). The typical variation of the ambient
temperature with a 15-day duration. The region ‘‘A’’ denoted a
rapid decreasing process of the temperature from�22 �C (raised
due to the working of the turbopump at the beginning of each
experiment) to the experimental temperature �20 �C by putting
several barrels of ice blocks in the room within 24 hours. The
regions ‘‘B’’ and ‘‘C’’ represented a slightly larger variation of
the temperature induced by people going in the room to reset the
pendulum by adjusting the feedthrough every five days. The
inset shows the detailed variation of the temperature of two
thermal sensors ranged from 5.6 to 9.5 d, and the average
temperature of two sensors was used in the data analysis.
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normal temperature �20 �C by putting several barrels of
ice blocks in the room within 24 hours. In each set of
measurement, the variation of the temperature was less
than 0:1 �C in 5-day experimental duration. The total
variation of the temperature was about 0:3 �C over the
entire duration of the experiments. The periods were all
corrected to 20:0 �C by means of the temperature coeffi-
cients �KW and �KQ measured, which contributed an error

of <0:2 ms for the tungsten fiber and <0:01 ms for the
quartz one, respectively.

The periods of 12 data sets are shown in Fig. 14. In order
to obtain the ratio of the frequencies squared in Eqs. (6)
and (10), the ‘‘A-B-A’’ method was used to deduce the
linear aging effect of each fiber. After being corrected by
the effect of the magnetic damper as described in Ref. [15],
the average ratio of the frequencies squared of two pendu-

lums suspended by the tungsten fiber was yielded as�
!2

!1

�
2 ¼ 1:4171723ð92Þ: (25)

And the ratio of the frequencies squared of the quartz fiber
was

�
�1

�2

�
2 ¼ 0:7056861ð5Þ: (26)

According to Eqs. (10) and (12), the ratio I2=I1 of two
pendulums suspended by the tungsten fiber was obtained as

I2
I1

¼ 0:7056832ð8Þ: (27)

According to Eq. (6), we can obtain that the torsion spring
constant was dependent on the pendulum’s oscillation
frequency squared as

�K

�ð!2Þ ¼ ð0:954� 0:084Þ � 10�8 kgm2; (28)

with I1 ¼ 5:3318ð8Þ � 10�5 kgm2 obtained by measuring
the geometry dimensions and the mass of the pendulum
No. 1. It means that, taking IG ¼ 4:505679ð35Þ �
10�5 kgm2 into account [15], the correction to G due to
the anelasticity of the thoriated tungsten fiber was

�G

G
¼ ð211:80� 18:69Þ ppm; (29)

which was the largest uncertainty attributed to our G
measurement [15], and the one � error budget of the
anelasticity to �G=G is shown in Table IV.
From Table IV, the main uncertainty was due to the

stability of the periods of the pendulums suspended by
the tungsten fiber. It was mainly caused by the frequent
reloading of the tungsten fiber when exchanging the pen-
dulums every 5 or 15 days, which resulted in a larger
exponential aging effect at the beginning of each data set
and thus affected the period’s repeatability. To improve the
stability of the periods, a possible approach is to further

FIG. 14 (color online). The oscillation periods of the pendu-
lums suspended by the quartz fiber and the tungsten one alter-
nately, which were extracted from the angle-time data by a
correlative method and were corrected by the thermoelastic
property (�KW and �KQ) of the fibers. Top panel: the periods

for the quartz fiber with a duration of 5 days for each measure-
ment, where each point represents the average period of 200
oscillations. Bottom panel: the periods for the tungsten fiber with
a duration of 5 days for the previous six sets of data and 15 days
for the last two sets, where each point represents the average
period of 15 oscillations.

TABLE IV. One � uncertainty budget of the anelasticity to
�G=G.

Source Value (error) ppm

I1 5:3318ð8Þ � 10�5 kgm2 0.03

IG 4:505679ð35Þ � 10�5 kgm2 0.00

Magnetic damper 4.78

Statistical ð!2=!1Þ2 1.4171723(92) 18.41

Statistical ð�1=�2Þ2 0.7056861(5) 2.01

" �4:14ð89Þ � 10�6 2.52
I2
I1
¼ ð�1

�2
Þ2ð1þ "Þ 0.7056832(8) 3.22

Total 18.69
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extend the duration of each measurement when the pendu-
lum is suspended by the tungsten fiber.

V. CONCLUSIONS

In summary, we have directly measured the anelastic
effect of the thoriated tungsten fiber used in our G mea-
surement with the ToS method. The experimental result
indicates that the torsion spring constant of the tungsten
fiber is frequency-dependent at �mHz range. With the
fiber’s quality factor Q of the main torsional mode being
about 1700, the measured quantity of the correction to the
G value seems to be slightly larger than the limit of 1=�Q
predicted by Kuroda [5], but smaller than the upper bound
of 1=2Q predicted by Newman [9]. This measurement
suggests that the anelasticity of the fiber is still one of
the major sources of the systematic uncertainties in the G
measurement with the ToS method.

However, the distinct advantages of the ToS method are
so attractive that it will be chosen in our future G mea-
surement. The anelastic behavior of different fibers, such
as the pure tungsten fiber and the Be-Cu one, will be
explored by means of the method described in this paper,
by which some common characteristics could be found and
the fiber’s anelasticity could be understood sufficiently.

In addition, a high-Q quartz fiber will be used in our
future G measurement. To reduce the electrostatic effect
due to the lack of conductivity of the uncoated quartz fiber,
a charge-management (or ultraviolet illumination dis-
charging) technique could be utilized such as in GP-B
[32] and LISA [33]. Furthermore, recent research work
about the coating loss on the fiber’s surface suggested that
it was possible to make a conductive quartz fiber with a
lower mechanical loss. A quality factor of Q� 1:6� 105

of a fused silica fiber had been obtained after coated by a
thin germanium (Ge) and bismuth (Bi) layer [34], which
provided an important indication for improving the sensi-
tivity of the torsion pendulum in our next experiment.
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