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Based on our recent next-to-next-to-leading order (NNLO) dynamical parton distributions as obtained

in the ‘‘fixed flavor number scheme,’’ we generate radiatively parton distributions in the ‘‘variable flavor

number scheme’’ where the heavy-quark flavors ðc; b; tÞ also become massless partons within the nucleon.

Only within this latter factorization scheme are NNLO calculations feasible at present, since the required

partonic subprocesses are only available in the approximation of massless initial-state partons. The NNLO

predictions for gauge boson production are typically larger (by more than 1�) than the next-to-leading

order (NLO) ones, and rates at LHC energies can be predicted with an accuracy of about 5%, whereas at

Tevatron they are more than 2� above the NLO ones. The NNLO predictions for standard model Higgs-

boson production via the dominant gluon fusion process have a total (parton distribution function and

scale) uncertainty of about 10% at LHC which almost doubles at the lower Tevatron energies; they are

typically about 20% larger than the ones at NLO but the total uncertainty bands overlap.
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I. INTRODUCTION

Parton distributions and their implications have been
recently studied within the dynamical (radiative) parton
model approach up to next-to-next-to-leading order
(NNLO) of QCD [1]. Here the predicted steep small
Bjorken-x behavior of structure functions is mainly due
to QCD dynamics at x & 10�2, since the parton distribu-
tions at Q2 * 1 GeV2 are QCD radiatively generated from
valencelike positive definite input distributions at an opti-
mally determined low input scale Q2

0 � �2 < 1 GeV2.

(‘‘Valencelike’’ refers to af > 0 for all input distributions

xfðx;�2Þ / xaf ð1� xÞbf , i.e., not only the valence but also
the sea and gluon input densities vanish at small x.)1 Such
analyses are usually performed within the framework of
the so-called ‘‘fixed flavor number scheme’’ (FFNS)
where, besides the gluon, only the light quark flavors q ¼
u, d, s are considered as genuine, i.e., massless partons
within the nucleon. This factorization scheme is fully
predictive in the heavy-quark h ¼ c, b, t sector where
the heavy-quark flavors are produced entirely perturba-
tively as final state quantum fluctuations in the strong field
generated by the initial light quarks and gluons. Here the
full heavy-quark mass mc;b;t dependence is taken into

account in the production cross sections, as required ex-
perimentally [2–5], in particular, in the threshold (th)
region. However, even for very large values of Q2, Q2 �
m2

c;b, these FFNS predictions up to next-to-leading order

(NLO) are in remarkable agreement [6,7] with deep inelas-
tic scattering (DIS) data and, moreover, are perturbatively
stable despite the common belief that ‘‘noncollinear’’ log-
arithms lnðQ2=m2

hÞ have to be resummed for h ¼ c, b, and
eventually t. This agreement with the experiment even at
Q2 � m2

h indicates that there is little need to resum these

supposedly ‘‘large logarithms,’’ which is of course in con-
trast to the genuine collinear logarithms appearing in light
(massless) quark and gluon hard scattering processes. It
should be mentioned that, so far, the heavy NNLO Oð�3

sÞ
3-loop corrections to F2;L have been calculated only

asymptotically for Q2 � m2
h [8–11].

In many situations, calculations within this factorization
scheme become unduly complicated (for a recent discus-
sion, see [12]). Thus it is advantageous to consider the so-
called ‘‘variable flavor number scheme’’ (VFNS) despite
the somewhat questionable resummations of heavy-quark
mass effects using massless evolution equations, starting at
unphysical ‘‘thresholds’’ Q2 ¼ m2

h. Here the heavy quarks

ðc; b; tÞ are considered to be massless partons within the
nucleon as well, with their distributions hðx;Q2Þ ¼
�hðx;Q2Þ being generated, up to NLO, from the boundary
conditions hðx;m2

hÞ ¼ �hðx; m2
hÞ ¼ 0, and at NNLO from

hðx;m2
hÞ ¼ �hðx;m2

hÞ ¼ Oð�2
sÞ as will be explicitly given in

the next section. Thus this factorization scheme is charac-
terized by increasing the number of flavors nf of massless

partons by one unit at Q2 ¼ m2
h starting from nf ¼ 3 at

Q2 ¼ m2
c. Hence the nf > 3 ‘‘heavy’’ quark distributions

are perturbatively uniquely generated from the nf � 1 ones

via the massless renormalization groupQ2 evolutions (see,

1Alternatively, in the common ‘‘standard’’ approach the input
scale is fixed at some arbitrarily chosen Q2

0 > 1 GeV2 and the
corresponding input distributions are less restricted. For ex-
ample, the observed steep small-x behavior (af < 0) of structure
functions and consequently of the gluon and sea distributions has
to be fitted. Furthermore the associated uncertainties encountered
in the determination of the parton distributions turn out to be
larger, particularly in the small-x region, than in the more
restricted dynamical radiative approach where, moreover, the
evolution distance (starting at Q2

0 < 1 GeV2) is sizably larger
(see, e.g., [1] and references therein.)
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e.g. [13,14]; a comparative qualitative and quantitative
discussion of this zero-mass VFNS and the FFNS has
been recently presented in [12]). Eventually one never-
theless has to assume that these massless heavy quark
distributions are relevant asymptotically and that they cor-
rectly describe the asymptotic behavior of DIS structure
functions for scales Q2 � m2

h. However, for most experi-

mentally accessible values of Q2, in particular, around the
threshold region of heavy-quark ðh �hÞ production, effects
due to finite heavy-quark masses mh can not be neglected.
One therefore needs an improvement of this zero-mass
VFNS where heavy-quark, mass-dependent corrections
are maintained in the hard cross sections. Such improve-
ments are generally referred to as the general-mass VFNS
and there exist various different model-dependent ways of
implementing the required mh dependence [15–28].2

These factorization schemes interpolate between the
zero-mass VFNS (assumed to be correct asymptotically)
and the (experimentally required) FFNS used for our pre-
vious analysis [1].

In order to avoid any such model ambiguities we shall
generate in the next section the heavy zero-mass VFNS
distributions using our unique NNLO dynamical FFNS
distributions [1] as input at Q2 ¼ m2

c. This will consider-
ably ease the otherwise unduly complicated calculations in
the FFNS of gauge- and Higgs-boson production and
heavy-quark production at collider energies, or the calcu-
lation of weak charged-current (anti)neutrino-nucleon
cross sections at ultrahigh neutrino energies, for example.
It has been recently shown [12] that for situations where
the invariant mass of the produced system (cW, tW, t �b,
Higgs-bosons, etc.) exceeds by far the mass of the partic-
ipating heavy flavor, the VFNS predictions deviate rather
little from the FFNS ones, typically by about 10% which is
within the margins of renormalization and factorization
scale uncertainties, and ambiguities related to presently
available parton distributions. Let us consider, for example,
hadronic W� production. The relevant heavy-quark con-
tributions at leading order (LO) have to be calculated via
g�sð �dÞ ! �cWþ, gu ! bWþ in the (fully massive) FFNS as
compared to the much simpler quark fusion subprocesses
c �sð �dÞ ! Wþ, �bu ! Wþ in the VFNS, etc. Here nonrela-
tivistic contributions from the threshold region in the
FFNS are suppressed due to

ffiffiffiffiffiffi
ŝth

p
=mc;b ’ MW=mc;b � 1.

Similarly, hadronic single top production via W-gluon
fusion [29] requires in the FFNS the calculation of the
subprocess ug ! dt �b at LO and of ug ! dt �bg, etc., at
NLO; in the VFNS one needs merely ub ! dt at LO and

ub ! dtg, etc., at NLO, using massless initial-state par-
tons. Again,

ffiffiffiffiffiffi
ŝth

p
=mb ’ mt=mb � 1 and thus the FFNS

and VFNS results are not too different. A similar agree-
ment is obtained for hadronic (heavy) Higgs-boson pro-
duction where the LO FFNS subprocess gg ! b �bH has to
be compared with the b �b fusion subprocess (for massless
initial-state partons) in the VFNS starting with b �b ! H at
LO. [H ¼ H0

SM; h0, H0, A0 denote the standard model

(SM) Higgs-boson or a light scalar h0, a heavy scalar H0,
and a pseudoscalar A0 of supersymmetric theories with
MH * 100 GeV.] Again,

ffiffiffiffiffiffi
ŝth

p
=mb ¼ ð2mb þMHÞ=mb �

1 in the FFNS which indicates that the simpler LO, NLO,
and NNLO-VFNS b �b fusion processes do provide reliable
predictions. (Notice that these situations are very different
from DIS heavy-quark h �h production via ��g ! h �h, etc.,
where

ffiffiffiffiffiffi
ŝth

p
=mh ¼ 2 is not sufficiently large to exclude

significant contributions from the threshold region and
therefore the VFNS predictions deviate sizably from the
FFNS ones [12].)
Within the present intrinsic theoretical uncertainties we

can therefore rely on our uniquely generated NNLO-VFNS
parton distribution functions (pdfs) where, moreover, the
required NNLO cross sections for massless initial-state
partons are, in contrast to the fully massive FFNS, avail-
able in the literature for a variety of important production
processes. The perturbative stability of the NNLO predic-
tions, when compared with the ones based on our dynami-
cal NLO-VFNS pdfs [12], will be furthermore studied in
the next section for the hadronic production of W� and Z0

bosons, as well as of the SM Higgs boson at the Tevatron
and at LHC. Our conclusions are summarized in Sec. III.
Finally, the Mellin n moments of the renormalized heavy-
quark flavor operator matrix elements relevant for the
generation of the VFNS pdfs at NNLO are summarized
in the Appendix.

II. HEAVY FLAVOR PARTON DISTRIBUTIONS
AND THEIR IMPLICATIONS AT HIGH ENERGY

COLLIDERS

Commonly, the flavor transitions nf ! nf þ 1 are made

when the factorization scale equals the (pole) mass of the
heavy quarks,Q2 ¼ m2

h, and the pdfs for nf þ 1 flavors are

defined from the light flavor pdfs and the massive operator
matrix elements for nf light flavors. In Mellin n-moment

space, the heavy-quark pdfs can then be expressed in terms
of the original light ones at NNLO as

ðhþ �hÞnfþ1ðn;m2
hÞ ¼ a2s½ ~APS;ð2Þ

hq ðnÞ�nf ðn;m2
hÞ

þ ~AS;ð2Þ
hg ðnÞgnf ðn;m2

hÞ�; (1)

ðh� �hÞnfþ1ðn;m2
hÞ ¼ 0, and the remaining matching con-

ditions for the light pdfs and the gluon distribution read

2Notice that it is rather superfluous to argue about the best
choice of a factorization scheme since the scheme choice re-
mains merely a theoretical convention as long as there are no
observable signatures which allow one to uniquely distinguish
between the FFNS and any version of a general-mass VFNS
(except the strictly massless VFNS which has been known to be
experimentally inadequate for a very long time).
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ðq� �qÞnfþ1ðn;m2
hÞ ¼ ðq� �qÞnf ðn;m2

hÞ
þ a2sA

NS;ð2Þ
qq;h ðnÞðq� �qÞnf ðn;m2

hÞ; (2)

gnfþ1ðn;m2
hÞ ¼ gnf ðn;m2

hÞ þ a2s½AS;ð2Þ
gq;hðnÞ�nf ðn;m2

hÞ
þ AS;ð2Þ

gg;hðnÞgnf ðn;m2
hÞ�; (3)

with the moments of the flavor singlet quark distribution
being given by

�nf ðn;Q2Þ ¼
Z 1

0
dxxn�1

Xnf
k¼1

½qkðx;Q2Þ þ �qkðx;Q2Þ�; (4)

where q1 � u, q2 � d, etc. The coefficients Að2ÞðxÞ of the
operator matrix elements have been originally calculated in

[16] and their Mellin moments Að2ÞðnÞ have been analyzed
and given in [8,11,30]. Because of our choiceQ2 ¼ m2

h for

the thresholds, only the scale-independent parts of the

expressions for Að2ÞðnÞ are needed which, for complete-
ness, will be summarized in the Appendix. The strong
coupling as � �sðQ2Þ=4� is matched at the various
thresholds Q2 ¼ m2

h in the standard way as recapitulated

in [1] with �sðM2
ZÞ ¼ 0:1124 as obtained in our dynamical

scenario [1] using mc ¼ 1:3 GeV, mb ¼ 4:2 GeV, and
mt ¼ 175 GeV. Our choice for the input of the heavy
VFNS distributions in (1) are the unique NNLO dynamical
FFNS distributions [1] at Q2 ¼ m2

c, as obtained from the
NNLO evolution of our valencelike input distributions at
Q2 ¼ �2 ¼ 0:55 GeV2 (see Table I of [1]). The resulting
VFNS predictions at scales Q2 � m2

h should become in-

sensitive to this input selection [14], since asymptotically
the VFNS pdfs are dominated by their radiative evolution
rather than by the specific input at Q2 ¼ m2

h, i.e., because

of the long evolution distance input differences get evolved
away at Q2 � m2

h where the universal perturbative QCD

splittings dominate.
For illustration we show in Fig. 1 our NNLO charm and

bottom distributions together with the fully convoluted Fc
2

and Fb
2 structure functions which are also compared with

the NLO ones. In general the NNLO results for Fc;b
2 fall

below the NLO ones (dash-dotted curves) in the small-x
region. Here at NNLO the Oð�2

sÞ convolutions of the

fermionic and gluonic coefficient functions with h
ð�Þ

and
the gluon distribution, respectively, become more impor-
tant than at NLO since the ‘‘heavy’’ quark distributions xc
and xb by themselves (short-dashed curves) are sizably
different from 9

8F
c
2 and 9

2F
b
2 , respectively. At NLO the

Oð�sÞ quark and gluon convolution contributions almost
cancel [12] and thus xc and xb almost coincide with the
appropriate NLO structure functions in Fig. 1. As is ob-
vious from Fig. 1, however, such differences between
NNLO and NLO results lie always within the 1�–2�
uncertainty bands in the relevant large Q2 region, Q2 *

102–103 GeV2, and can therefore be hardly delineated
experimentally.
The shape of the gluon distribution at two typical fixed

values of x, relevant for Higgs-boson production at LHC, is
illustrated in Fig. 2. At small to medium values of Q2 the
NNLO gluon falls always below the NLO one and in both
orders the gluon remains positive at small Q2 in the very
small-x region. This dampening of the NNLO gluon is a
typical NNLO effect being mainly caused [1] by the

gluonic 3-loop splitting function Pð2Þ
gg which is negative

and more singular (�� 1
x ln

1
x ) in the small-x region [31]

than in the NLO (and LO) ones. At large values of Q2 the
NNLO and NLO gluon distributions become practically
indistinguishable.
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FIG. 1 (color online). The predicted x dependencies of the
charm and bottom-quark structure functions 9

8F
c
2ðx;Q2Þ and

9
2F

b
2 ðx;Q2Þ, respectively, in the zero-mass VFNS, together with

their �1� uncertainties, at some typical fixed values of Q2. The
NNLO charm and bottom distributions, xcðx;Q2Þ and xbðx;Q2Þ,
are shown by the short-dashed curves.
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FIG. 2 (color online). The NNLO and NLO gluon distributions
together with their �1� uncertainty bands at two representative
fixed values of x.
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A. Weak gauge boson production

As a next test of our VFNS distributions we turn to the
hadronicW� and Z0 production. The inclusive differential
cross section is usually written as [32]

d�V

dQ2
¼ ��VðQ2;M2

VÞWVð�;Q2Þ; � ¼ Q2=s; (5)

where V is one of the gauge bosons of the standard model
(�, Z0, or W�) which subsequently decays into a lepton
pair (‘1‘2) with invariant massM‘1‘2 , i.e. Q

2 � M2
‘1‘2

, and

�V is the pointlike cross section, e.g., �� ¼ 4��2=9Q4,

etc. [32]. The hadronic Drell-Yan structure function is
represented by

WVð�;Q2Þ ¼ X
i;j

Z 1

�

dx1
x1

Z 1

�=x1

dx2
x2

PDV
ijðx1; x2; �2

FÞ

��ij

�
�

x1x2
; Q2; �2

F

�
; (6)

with PDV
ij denoting the usual combination of pdfs of flavor

types i and j which depend on the factorization scale �F.
The QCD correction term is expanded in a power series of
�s (or �s=4� or �s=�) as follows:

�ijðx;Q2; �2
FÞ ¼

X2
n¼0

�n
s ð�2

RÞ�ðnÞ
ij ðx;Q2; �2

F;�
2
RÞ; (7)

with�ð1Þ
ij and the NNLO 2-loop�ð2Þ

ij being given in [32,33],

and the choice for the renormalization scale �R ¼ �F is
dictated by all presently available pdfs which have been
determined and evolved according to �R ¼ �F. The scale
uncertainties of our predictions are defined by taking
MW=2 	 �F 	 2MW , using MW ¼ 80:4 GeV (and simi-
larly for Z0 production, using MZ ¼ 91:2 GeV). Further-
more, it should be noted that only the initial u, d, s, c quark
flavors and the gluon contribute sizably via the various
fusion subprocesses in (6) to the production rates of gauge
bosons, whereas all subprocesses involving the b-flavor
distribution, e.g., u �b ! Wþ, �cb ! W�, etc., are negligibly
small [12].

Our NNLO predictions for�ðp �p ! W�XÞ and�ðp �p !
Z0XÞ are compared with our NLO ones [12] in Fig. 3
where, for comparison, we also show the predictions of
Alekhin [14,34]. The vector boson production rates at
NNLO are typically slightly larger (by more than 1�
than at NLO with a K � NNLO=NLO factor of

KWþþW� ¼ 1:04 and KZ0 ¼ 1:06 at Tevatron energies
(

ffiffiffi
s

p ¼ 1:96 TeV, cf. Table I) to be compared with the

predictions of Alekhin [14,34] KWþþW�
A ’ KZ0

A ¼ 1:03.
This confirms again the fast perturbative convergence at
NNLO since the NLO/LO K factor[12] is 1.3 for Wþ þ
W� production at

ffiffiffi
s

p ¼ 1:96 TeV. Our predicted NNLO
cross sections at

ffiffiffi
s

p ¼ 1:96 TeV (cf. Table I), �ðp �p !
Wþ þW� þ XÞ ¼ 25:2 nb, and �ðp �p ! Z0 þ XÞ ¼
7:5 nb, are similar to the ones of Martin, Stirling,

Thorne, and Watt [39], 25.4 nb and 7.4 nb, respectively,
but smaller than the ones obtained by Alekhin [34], 25.8 nb
and 7.8 nb, respectively. For the latter cases the branching
ratios BðW ! ‘�Þ ¼ 0:108 and BðZ ! ‘þ‘�Þ ¼ 0:034
have been used. It is obvious from Fig. 3 that most of these
results are within the present experimental 1� uncertainty.
The scale uncertainties of our NNLO predictions in Fig. 3
at

ffiffiffi
s

p ¼ 1:96 TeV amount to less than 0.5% (where �F ¼
MV=2 gives rise to the upper limits and �F ¼ 2MV to the
lower limits, with V ¼ W�, Z0) which is 4 times less than
at NLO [12].
In Table II we present our NNLO predictions for W�

and Z0 production at LHC energies. For comparison we
also display our previous NLO results [12]. Here the scale
uncertainties amount to less than 1.7%, i.e., are about half
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FIG. 3 (color online). Predictions for the total Wþ þW� and
Z0 production rates at p �p colliders with the data taken from [35–
38]. Our NLO VFNS predictions are taken from [12], and the
NLO and NNLO ones of Alekhin from [14,34]. The adopted
momentum scale is �F ¼ �R ¼ MV for V ¼ W�, Z0. The scale
uncertainties of our NNLO predictions, due to 1

2MV 	 �F 	
2MV , amount to less than 0.5% at

ffiffiffi
s

p ¼ 1:96 TeV, i.e., is 4 times
less than at NLO [12]. The shaded band around our NNLO and
NLO predictions are due to the �1� uncertainty implied by our
dynamical NNLO [1] and NLO [7] parton distributions.

TABLE I. NNLO predictions for vector boson production at
the Tevatron, with the NLO ones being taken from [12]. The
errors refer to the �1� uncertainties implied by our dynamical
NNLO [1] and NLO [7] pdfs. The scale uncertainties of our
NNLO predictions, due to 1

2MV 	 �F 	 2MV , amount to less

than 0.5% (i.e., are about half as large as the stated pdf un-
certainties) which is about 4 times smaller than at NLO [12].

�p �p!VX ðnbÞ, ffiffiffi
s

p ¼ 1:96 TeV

V NNLO NLO

W� 12:6� 0:1 12:1� 0:1
Wþ þW� 25:2� 0:3 24:2� 0:3

Z0 7:5� 0:1 7:1� 0:1
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as large than the stated pdf uncertainties and than the scale
uncertainties at NLO [12]. For example, the full NNLO
expectations at

ffiffiffi
s

p ¼ 14 TeV are

�ðpp ! Wþ þW� þ XÞ ¼ 190:2� 5:6pdf
þ1:6

�1:2
jscale nb;

(8)

�ðpp ! Z0 þ XÞ ¼ 55:7� 1:5pdf
þ0:6

�0:3
jscale nb: (9)

Here the scale choice �F ¼ 2MV gives rise to the upper
limits, and�F ¼ MV=2 to the lower limits of our predicted
cross sections. These results are about 5% smaller than the
ones of Martin, Stirling, Thorne, and Watt [39], whereas
Alekhin [34] obtained 195.2 nb and 57.7 nb forWþ þW�
and Z0 production, respectively, with similar pdf uncer-
tainties as in (8) and (9). From Table II it becomes obvious
that the vector boson production rates somewhat increase
at NNLO as compared to the NLO expectations, but such
differences are well within present pdf and scale uncer-
tainties. Moreover, the smallness of such differences (K ’
1:02) indicates the reliability of perturbative predictions
already at NLO. For comparison we note that within the
FFNS (where the heavy c, b, t quark flavors do not form
massless partons of the nucleon) theWþ þW� production
rate has been estimated [12] to be about 192.7 nb at NLO
with a total (pdf as well as scale) uncertainty of about 5% atffiffiffi
s

p ¼ 14 TeV. In general the NLO-VFNS prediction of
186.5 nb in Table II falls somewhat below that estimate
but remains well within its total uncertainty of about 6%
[12]. Because of the reduced scale ambiguity at NNLO and
due to the slightly different NNLO estimates obtained by
other groups as discussed above, we conclude that the rates
for gauge boson production at LHC energies can be rather

confidently predicted with an accuracy of about 5% irre-
spective of the factorization scheme.

B. Higgs-boson production

As a final application of our NNLO-VFNS pdfs we
consider the hadronic production of the SM Higgs boson.
Similar as for gauge boson production in Sec. II A, the total
inclusive cross section for Higgs-boson production is usu-
ally written as [32,33,40,41]

�HðsÞ ¼ X
i;j

Z 1

0
dx1dx2PD

H
ijðx1; x2; �2

FÞ

� �̂ij!Hðŝ ¼ x1x2s; �
2
F;�

2
RÞ; (10)

with the partonic cross sections for ij ! HX being written
as

�̂ ij!HðŝÞ ¼ �0�ijðŝÞ ¼ �0

X2
n¼0

�n
s ð�2

RÞ�ðnÞ
ij ðŝ; �2

F;�
2
RÞ;

(11)

where the obvious �F and �R dependencies have been
suppressed. The dominant Higgs production proceeds via
gluon-gluon fusion where �0 ¼ �2

s=ð576�v2Þ for the ini-
tial LO process gg ! H, with the Higgs vacuum expecta-

tion value v ¼ ð ffiffiffi
2

p
GFÞ�1=2 ’ 246 GeV, and the NLO

QCD corrections �ð1Þ
ij are given in [42,43] and the NNLO

�ð2Þ
ij ones in [33,40]. The factorization scale is usually

chosen to be �F ¼ MH, and the scale uncertainty is illus-
trated by taking 1

2MH 	 �F 	 2MH. The much smaller

contribution stemming from bottom-quark annihilation
starts at LO with b �b ! H where �0 ¼ ��2

b=ð12M2
HÞ

with �b ¼
ffiffiffi
2

p
mb=v in the SM, and the NLO and NNLO-

QCD corrections�ð1Þ
ij and�ð2Þ

ij can be found in [41]. Here it

has been argued [44–46] that the optimal choice of the
factorization scale is �F ’ MH=4 where the differences
between the VFNS and the FFNS are significantly reduced
and the LO, NLO, and NNLO results become rather similar
[41], which implies a more stable perturbative behavior.
The scale uncertainty is again probed by taking 1

2 �ðMH=4Þ 	 �F 	 2ðMH=4Þ. In both cases �R ¼ �F as
dictated by all presently available pdfs.
In Fig. 4 we show, as a function of the Higgs mass, our

NNLO (thick solid curve) and NLO (thick dash-dotted
curve) predictions for LHC for Higgs-boson production
via the dominant gluon-gluon fusion subprocess which
starts, at LO, with gg ! H. The shaded regions around
these central predictions are due to the�1� pdf uncertain-
ties. Reducing the scale to 1

2MH one arrives at the thin

upper curves at each order, whereas the scale choice �F ¼
2MH results in the respective lower curves, where the
appropriate �1� pdf ambiguities have also been included
for each choice of scale. These ambiguities for each scale
choice �F ¼ �R ¼ 1

2MH, MH, 2MH are more explicitly

TABLE II. As in Table I but for LHC energies. The scale
uncertainties of our NNLO predictions amount to less than
1.7% of the total predicted rates which is about half as large
as the stated pdf 1� uncertainties and the scale uncertainties at
NLO [12].

�pp!VX ðnbÞ, ffiffiffi
s

p ¼ 10 TeV

V NNLO NLO

Wþ 78:7� 2:0 76:7� 1:7
W� 55:8� 1:4 54:7� 1:2

Wþ þW� 134:5� 3:4 131:6� 2:9
Z0 39:1� 0:9 38:1� 0:8

�pp!VX ðnbÞ, ffiffiffi
s

p ¼ 14 TeV

V NNLO NLO

Wþ 109:8� 3:2 107:5� 2:9
W� 80:4� 2:4 79:1� 2:1

Wþ þW� 190:2� 5:6 186:5� 4:9
Z0 55:7� 1:5 54:6� 1:3
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illustrated in Table III. Despite the fact that the NLO and
NNLO total uncertainty bands overlap in Fig. 4, the pre-
dicted NNLO production rates are typically about 20%
larger than at NLO. The insensitivity of these predictions
with respect to the appropriate choice of the pdfs is illus-
trated by the dashed curve which has been obtained by
using NNLO matrix elements and (inconsistently) NLO
pdfs. Here for the dominant gluon fusion process such an
inconsistent choice of the pdfs appears to be immaterial
and the production rates depend dominantly on the NNLO
QCD dynamics. Our central predictions in Fig. 4 are
comparable with the ones presented in [47], but are about
10% smaller than the ones in [39]. For completeness we

also show in Fig. 5 our NNLO expectations for Higgs-
boson production at the Tevatron,

ffiffiffi
s

p ¼ 1:96 TeV. Note
that here the total uncertainty bands almost double at
NNLO and NLO as compared to the ones at LHC in Fig. 4.
In Fig. 6 we finally show the subdominant contribution

to Higgs-boson production at LHC due to bottom-quark
fusion which starts with b �b ! H at LO. Here, in contrast
to the by far dominant gluon fusion process in Fig.4, the
NNLO and NLO predictions, together with their �1� pdf
uncertainties, almost coincide with the NNLO results fall-
ing very slightly below the NLO ones. Here, however, the
correct choice of the NNLO pdfs turns out to be important,
since choosing (incorrectly) NLO pdfs [12] for a NNLO
analysis results in too small a production rate as shown by
the dashed curve. At NNLO the scale dependence is here,
again in contrast to the by far dominant gluon-gluon fusion

 0

 10

 20

 30

 40

 50

 60

 70

 100  150  200  250  300

σ p
p 

→
 H

 X
(p

b)

MH (GeV)

NNLO
NNLO
NLO

 0

 10

 20

 30

 40

 50

 60

 70

 100  150  200  250  300

σ p
p 

→
 H

 X
(p

b)

MH (GeV)

(NLO pdfs)

gluon fusion √s = 14 TeV
−

FIG. 4 (color online). Predictions for SM Higgs-boson produc-
tion at LHC (pp ! HX) via the dominant gluon-gluon fusion
process, which starts at LO with gg ! H via a top-quark loop.
The shaded bands around the central NNLO and NLO predic-
tions are due to the�1� pdf uncertainties, all referring to a scale
choice �F ¼ �R ¼ MH. The thin solid and dash-dotted curves
above these NNLO and NLO bands refer to a scale �F ¼ �R ¼
1
2MH with �1� pdf uncertainties included, and similarly the

lower curves refer to �F ¼ �R ¼ 2MH (for more details
cf. Table III). The dashed NNLO curve is obtained by using
NNLO matrix elements and (inconsistently) NLO pdfs [12] with
�F ¼ �R ¼ MH.
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FIG. 5 (color online). As in Fig. 4 but for the Tevatron (p �p !
HX).
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FIG. 6 (color online). Predictions for SM Higgs-boson produc-
tion at LHC via the small subdominant bottom-quark fusion
process which starts with b �b ! H at LO. The shaded bands
correspond to the �1� pdf uncertainties of the NNLO and NLO
central predictions, all referring to a scale choice �F ¼ �R ¼
MH=4. The dashed NNLO curve is obtained by using NNLO
matrix elements and (inconsistently) NLO pdfs [12].

TABLE III. Typical NNLO scale dependencies of the cross
sections (in units of pb) for Higgs-boson producion at

ffiffiffi
s

p ¼
14 TeV via the dominant gluon-gluon fusion subprocess with
MH in GeV units. The errors refer to the 1� pdf uncertainties.
The maximal upper limits at �F ¼ �R ¼ 1

2MH agree with the

thin solid curve at NNLO in Fig. 4, whereas the lower curve in
Fig. 4 corresponds to the minimal lower limits at �F ¼ �R ¼
2MH.

MHn�F
1
2MH MH 2MH

100 67:6� 3:0 62:2� 2:6 57:3� 2:2
150 33:0� 1:2 30:4� 1:0 28:1� 0:9
200 19:7� 0:6 18:3� 0:5 16:9� 0:5
250 13:6� 0:4 12:6� 0:4 11:7� 0:3
300 10:7� 0:3 9:9� 0:3 9:2� 0:3
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process, very marginal: using �F ¼ �R ¼ 2ðMH=4Þ in-
stead of MH=4 leaves the results in Fig. 6 practically
unchanged, whereas the choice �F ¼ �R ¼ 1

2 ðMH=4Þ in-
creases the results by at most 5%.

It should be again emphasized that here, as in the pre-
vious case of gauge boson production, the simpler VFNS
yields sufficiently reliable predictions for Higgs-boson
production despite the fact that a fully massive FFNS
analysis cannot be performed at NNLO at present (due to
the absence of NNLO, and in many cases even NLO,
matrix elements with mh � 0). This is due to the fact
that

ffiffiffiffiffiffi
ŝth

p
=mb ¼ ð2mb þMHÞ=mb � 1, i.e., nonrelativistic

contributions from the threshold region in the FFNS are
suppressed, and thus the FFNS and VFNS predictions
should not differ too much [12], as has been discussed in
more detail in the Introduction. Indeed it has been noted
[12] that the FFNS and VFNS results at NLO are compat-
ible [48–50], and that the VFNS rates exceed the corre-
sponding FFNS Higgs-boson production rates by about
10–20%, depending on the choice of the scale �F ¼ �R.

III. SUMMARYAND CONCLUSIONS

Based on our recent NNLO dynamical parton distribu-
tions as obtained in the FFNS [1], we generated radiatively
VFNS parton distributions at NNLO where the heavy-
quark flavors ðc; b; tÞ also become massless partons within
the nucleon. The latter pdfs in the ‘‘variable flavor num-
ber’’ factorization scheme considerably ease the otherwise
unduly complicated calculations in the FFNS where for the
time being fully massive NNLO analyses are not possible
(and in many cases even not at NLO), such as the calcu-
lation of gauge- and Higgs-boson production and heavy-
quark production at collider energies. It has been shown
[12] that for situations where the invariant mass of the
produced system exceeds by far the mass of the participat-
ing heavy flavor in the FFNS, the VFNS predictions de-
viate rather little from the FFNS ones, typically by about
10% which is within the margins of renormalization and
factorization scale uncertainties and ambiguities related to
presently available parton distributions. As an application
of our NNLO-VFNS pdfs we studied the perturbative
stability of the predictions for gauge ðW�; Z0Þ and SM
Higgs-boson production at collider energies by comparing
them with the appropriate NLO results, taking into account
pdf uncertainties as well as scale dependencies. The NNLO
predictions for gauge boson production are typically
slightly larger (by more than 1�) than the NLO ones,
cf. Tables I and II. Because of the reduced scale ambiguity
at NNLO and due to the slightly different NNLO estimates
of other groups we conclude that the rates for gauge boson
production at LHC energies can be rather confidently
predicted with an accuracy of about 5%. At the Tevatron
(

ffiffiffi
s

p ¼ 1:96 TeV) the NNLO predictions are more than a

2� pdf uncertainty above the NLO ones, but most of these
results are within the present experimental 1� uncertainty.
The NNLO predictions for the production of the SM

Higgs boson via the dominant gluon fusion (in contrast to
the subdominant bottom-quark fusion) process are, at col-
lider energies, typically about 20% larger than at NLO, but
their respective total (pdf and scale) uncertainty bands
overlap. Higgs-boson production at LHC (

ffiffiffi
s

p ¼ 14 TeV)
can be predicted with an accuracy of about 10% at NNLO
(with the total uncertainty being almost twice as large at
NLO), whereas the uncertainty almost doubles at Tevatron
(

ffiffiffi
s

p ¼ 1:96 TeV).
A FORTRAN code (grid) containing our NNLO-VFNS

pdfs (including their uncertainties) can be obtained on
request or directly online from [52].
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Note added in proof.—While completing this manu-

script, an investigation along similar lines appeared [53].
Several results are similar to ours. However, the gauge
boson production rates are about 4% larger at the
Tevatron and about 10% larger at LHC than our NNLO
predictions. Similarly, the NNLO predictions for Higgs-
boson production at LHC (

ffiffiffi
s

p ¼ 14 TeV) are 5–8% larger
for MH & 150 GeV than ours, but agree with us for larger
Higgs masses, whereas at the Tevatron their expected rates
are 12–30% smaller than ours for MH ¼ 100–200 GeV.
The comparison of these production rates refers always to
the central results, disregarding all pdf and scale
uncertainties.

APPENDIX

Some analytic form of the Mellin n moments of the
operator matrix elements including the heavy-quark fla-
vors, which have been originally calculated in Bjorken-x
space [16] and which are needed in (1)–(3) have been
already implicitly used in some NNLO evolution programs
(see, e.g. [51]). Here we summarize the relevant analytic
expressions which can be directly continued to complex
values of n as required for the Mellin inversions to
Bjorken-x space.
The Bjorken-x expressions are given in Appendix B

of [16] and we follow the notation used there [cf. also (1)–
(3)]. Because of our choice Q2 ¼ m2

h for the flavor tran-

sition thresholds, only the scale-independent parts of these
expressions contribute. Their moments are as follows:
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1

CFTf

~APS;ð2Þ
hq ðnÞ ¼ �8

n4 þ 2n3 þ 5n2 þ 4nþ 4

ðn� 1Þn2ðnþ 1Þ2ðnþ 2Þ S2ðn� 1Þ � 448

27

1

n� 1
� 44

n
þ 48

n2
� 4

n3
þ 24

n4
� 12

nþ 1
þ 56

ðnþ 1Þ2

þ 28

ðnþ 1Þ3 þ
24

ðnþ 1Þ4 þ
1960

27

1

nþ 2
þ 448

9

1

ðnþ 2Þ2 þ
64

3

1

ðnþ 2Þ3 ; (A1)

where CF ¼ 4
3 , Tf ¼ 1

2 and SkðnÞ � P
n
j¼1

1
jk
using

S1ðnÞ ¼ c ðnþ 1Þ þ �E;

Sk0 ðnÞ ¼ ð�1Þk0�1

ðk0 � 1Þ! c
ðk0�1Þðnþ 1Þ þ 	ðk0Þ; k0 
 2;

(A2)

with c ðiÞðzÞ ¼ dðiþ1Þ ln�ðzÞ=dziþ1 and �E ¼
0:577 215 664 9, 	ð2Þ ¼ �2=6 and 	ð3Þ ¼ 1:202 056 903 2

for the analytic continuation to complex n. Since the mo-
ment of the rather complicated coefficient ~AS;ð2Þ

hg appearing
in (1), and as given in (B.3) of [16], cannot be straightfor-
wardly expressed in terms of analytic functions of n [8], we
have employed for practical purposes the n moment of the
sufficiently accurate x parametrization suggested in [51]

~AS;ð2Þ
hg ðnÞ ¼ 1:111

S31ðnÞ
n

� 0:4
S21ðnÞ
n

þ
�
2:77

n
þ 293:6

n3

�
S1ðnÞ þ 3:333

n
S1ðnÞS2ðnÞ �

�
0:4

n
� 293:6

n2

�
S2ðnÞ þ 295:822

S3ðnÞ
n

� 0:006� 24:89

n� 1
� 187:8þ 293:6	ð3Þ

n
þ 93:68� 293:6	ð2Þ

n2
� 6:584

n3
þ 9:336

n4
þ 249:6

nþ 1
: (A3)

The remaining coefficients relevant for the light quark and gluon sector in (2) and (3) respectively, can be straightforwardly
transformed to n space:

1

CFTf

ANS;ð2Þ
qq;h ðnÞ ¼ � 224

27
S1ðn� 1Þ þ 40

9
S2ðn� 1Þ � 8

3
S3ðn� 1Þ þ 73

18
þ 44

27

1

n
� 4

9

1

n2
� 268

27

1

nþ 1
þ 44

9

1

ðnþ 1Þ2

� 4

3

1

n3
� 4

3

1

ðnþ 1Þ3 : (A4)

1

CFTf

AS;ð2Þ
gq;hðnÞ ¼

8

3

1

n� 1

�
S21ðn� 1Þ � 10

3
S1ðn� 1Þ þ S2ðn� 1Þ þ 56

9

�
� 8

3

1

n

�
S21ðnÞ �

10

3
S1ðnÞ þ S2ðnÞ þ 56

9

�

þ 4

3

1

nþ 1

�
S21ðnþ 1Þ � 16

3
S1ðnþ 1Þ þ S2ðnþ 1Þ þ 86

9

�
; (A5)

AS;ð2Þ
gg;hðnÞ ¼ 4CFTf

�
� 15

4
� 2

n� 1
þ 20

n
� 8

n2
þ 3

n3
� 2

n4
� 12

nþ 1
� 12

ðnþ 1Þ2 þ
5

ðnþ 1Þ3 �
2

ðnþ 1Þ4 �
6

nþ 2

�

þ 4CATf

�
� 56

27
S1ðn� 1Þ þ 1

3

S1ðnþ 1Þ
nþ 1

þ 5

18
þ 139

27

1

n� 1
� 157

27n
� 13

9n2
þ 2

3n3
þ 137

27

1

nþ 1

� 22

9

1

ðnþ 1Þ2 þ
2

3

1

ðnþ 1Þ3 �
175

27

1

nþ 2

�
: (A6)

with CA ¼ 3.
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[8] J. Blümlein, A. De Freitas, W. L. van Neerven, and S.
Klein, Nucl. Phys. B755, 272 (2006).

P. JIMENEZ-DELGADO AND E. REYA PHYSICAL REVIEW D 80, 114011 (2009)

114011-8
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