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We present a new calculation of the D — 77 and D — K form factors from QCD light-cone sum rules.
The MS scheme for the c-quark mass is used and the input parameters are updated. The results are
F5,(0) =0.677309, £5,(0) = 0.75%%41 and f7,..(0)/f}x(0) = 0.88 = 0.05. Combining the calculated
form factors with the latest CLEO data, we obtain |V,,| = 0.225 = 0.005 = 0.003*291$ and |V 41/| V.| =
0.236 = 0.006 = 0.003 = 0.013 where the first and second errors are of experimental origin and the third
error is due to the estimated uncertainties of our calculation. We also evaluate the form factors f}, . and
fpx and predict the slope parameters at g> = 0. Furthermore, calculating the form factors from the sum
rules at g> <0, we fit them to various parametrizations. After analytic continuation, the shape of the
D — m, K form factors in the whole semileptonic region is reproduced, in a good agreement with

experiment.
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L. INTRODUCTION

Recent measurements of the semileptonic D — 7€y,
and D — K{v, decays by the CLEO Collaboration [1,2]
provide new accurate results on branching fractions and
differential decay rates, in addition to the previously accu-
mulated data [3—6]. The decay rate distributions in the bins
of the variable ¢ (the invariant mass squared of the lepton
pair), yield the products of transition form factors and
Cabibbo-Kobayashi-Maskawa (CKM) matrix elements,
[Valfh.(g*) and |V |f)x(g?). In addition, the form-
factor shapes are reconstructed and fitted to various pa-
rametrizations. With the new data available, it is timely to
update the theoretical analysis of the D — 7 and D — K
form factors, aiming at more accurate determination of
|Vcd| and |VLS|

In this paper, we recalculate the D — 7, K form factors
from QCD light-cone sum rules (LCSR’s). In this method
[7], the correlation function of quark currents is con-
structed in a form of a transition matrix element between
the vacuum and the final hadron state. In our case, the
quark current with D-meson quantum numbers is corre-
lated with the charmed weak current, whereas the hadron
state is the on-shell pion or kaon. Two different represen-
tations of the correlation function are then equated: the
operator-product expansion (OPE) near the light cone and
the dispersion integral over hadronic states. In the latter,
the ground D-meson contribution containing the D — 7 or
D — K form factor is singled out. Applying the quark-
hadron duality approximation, the remaining dispersion
integral over the higher states is replaced by the integral
over the OPE spectral density. The LCSR approach, though
having a limited accuracy, provides analytical expressions
for the form factors, in terms of finite quark masses and
universal light-cone distribution amplitudes (DA’s) of pion
or kaon. Importantly, the heavy-light form factors calcu-
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lated from LCSR’s with gluon radiative corrections,
include both ‘“‘hard-scattering” and ‘‘soft-overlap” com-
ponents, and the latter is predicted to be the dominant one.

The fact that the correlation function is calculated at a
finite heavy-quark mass simplifies our task, because the
OPE’s of b-quark and c-quark currents have the same
analytical expressions. Only the quark mass value has to
be changed and the normalization scales have to be ad-
justed. Hence, for example, the LCSR for f};_ represents a
by-product of the LCSR obtained for f5_. The latter form
factor used to determine |V, | is the most familiar appli-
cation [8—13] of this method.! In what follows, we employ
the recent update of LCSR for B — 7 form factors pre-
sented in [13]. Importantly, the D — 7, K form factors
obtained from the sum rules, being confronted with experi-
mental data, provide an important test of the whole
method.

Compared with the previous calculations of D — 7, K
form factors from LCSR’s [15,16], certain modifications
and improvements are made. First of all, following [13],
we systematically use the MS scheme for the c-quark mass,
whereas earlier calculations switched to the pole mass in
the final sum rules. In this respect we benefit from recent
accurate determinations [17] of the c-quark mass from the
charmonium QCD sum rules. Also the strange quark mass
entering the sum rule for D — K form factor has a smaller
uncertainty than before. Furthermore, we use the improved
determination [18] of the SU(3),, violating Gegenbauer
coefficient of the twist-2 kaon DA, and the updates of the
pion and kaon twist-3, -4 DA’s from [19].

The main novelty in this paper concerns the
g*-dependence of the form factors. First, we determine

'Interestingly, one of the earliest applications [14] of the “sum
rules on the light cone” were to the D — K*) form factors.
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the slope parameters at g> = 0, which involve the second
form factor wa(K)' The latter is calculated using the same

method and input. Note that for D — 7r(K) transitions,
LCSR’s are applicable only in the lower part of the region
0 < ¢* < (mp — my))*, accessible in the semileptonic
D — m(K){v, decays. At g> approaching m?2, the virtuality
of the c-quark becomes a soft scale, and OPE is not
reliable. In this paper we predict the form-factor shapes,
combining LCSR with analyticity. We employ the space-
like region ¢> < 0, where the light-cone OPE works even
better than at small positive ¢g>. The LCSR results for the
form factors at g> <0 are fitted to various parametriza-
tions, such as the dispersion relation with an effective pole
[20] and the recent version of series parametrization [21].
We then make use of the analytic continuation from nega-
tive to positive ¢ and predict the form factors in the whole
semileptonic region.

The paper is organized as follows. In Sec. II we present
the outline of the method and discuss the expected accu-
racy of our calculation. In Sec. III the input parameters are
listed and in Sec. IV the numerical results for the form
factors at zero momentum transfer are presented. In Sec. V
we compare the calculated form factors with experimental
data, and determine |V,,| and |V,,|. In Sec. VI we turn to
the determination of the form-factor shape and present the
fit results for various parametrizations. The calculated
shapes are used to predict the total semileptonic widths.
Finally, Sec. VII contains a concluding discussion. In
Appendix A the relevant definitions of light-cone DA’s
and their expressions used in LCSR’s are collected, and
in Appendix B the formulas for the contributions to
LCSR’s are presented.

II. OUTLINE OF THE LCSR METHOD

The central objects of our interest are the D — 7 form
factors fp,(g?) defined in a standard way from the had-
ronic matrix element

(= (p) | dy,c | Dp + q))
=215 apu + (5@ + foa g, (1)

and the analogous form factors fp(q*) of D — K~
transition, obtained by replacing d — s and 7~ — K~ in
the above. In what follows, we work in the isospin sym-
metry limit, so that the D* — K° and D° — K~ hadronic
matrix elements are equal and the D™ — 7° form factors
are obtained by multiplying f7_(g%) with 1/+/2. The form
factor f~ is combined with f* in the scalar form factor

2

q _
Foaw)\ @) = Fpa) @) + = fpax) (@), ()
mp = M )

which plays a minor role in semileptonic transitions and is
“visible” only in D — Kuv,.
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The correlation function used to derive LCSR’s for D —
7r form factors is defined as

F,Z(p, q) = ifd4xeiq"‘
X (7 (p)|T{d(x)y ,c(x), m.c(0)iysu(0)}|0)
=F(q% (p + @))pu + F(¢*% (p + 9)P)q,.
(3)

Replacing d — s and 7= — K in the above, we obtain FX,
the correlation function for D — K form factors. The two
invariant amplitudes F7™&) and F™X) yield two separate
sum rules for £ and (fj_ + fp. k) respectively.
Using (2), one then obtains f%w(m, so that in our calcu-
lation, by default, f%r(K)(O) = fg#(K)(O).

At g> < m2 and (p + g)> < m2, the c-quark propagat-
ing in the correlation function has a large virtuality and the
product of the c-quark fields is expanded near the light
cone x> ~ 0. This expansion starts in leading order (LO)
from the free c-quark propagator and includes the O(ay)
next-to-leading order (NLO) corrections due to hard-gluon
exchanges between the quark lines and soft-gluon emis-
sion. A more detailed derivation can be found, e.g., in [9],
where also the origin of the light-cone expansion in the
correlation function is explained.

The OPE result for the correlation function (3) is cast in
a factorized form, where the perturbatively calculable ker-
nels are convoluted with the pion DA’s of growing twist

t =2,3,4,....For the invariant amplitude F” one obtains
[F7(q* (p + @)M]owe = Y. F§'(¢% (p + q)?)
1=2,3,4
a,Cp T 2
+ > Fq% (p + ),

4w =23

4)
where the LO (NLO) parts in «; are the convolutions

Fin (@ (p + @) = [ DuTy) (g% (p + q)% m2, u, )
X ¢ (u, ). (5)

The perturbative kernels T(({)l stem from the c-quark
propagator, and Tg’) include the loops with hard-gluon
exchanges in O(a,). The pion DA’s »Y(u, M) represent
universal vacuum-pion matrix elements of light-quark and
gluon operators. The simplest bilocal quark-antiquark op-
erators d(x)["*u(0) (where I'? is a generic combination of
y-matrices) originate after contracting the free c-quark
fields in the correlation function (3). In addition, soft
gluons emitted from the propagating c-quark, together
with light quarks and antiquarks, form DA’s of higher
multiplicity, starting from the three-particle (quark-anti-
quark-gluon) DA’s of ¢+ = 3, 4. In (5), the integration over
u is a generic notation for the momentum distribution
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between constituents of the pion in DA’s. The definitions
and explicit expressions for all relevant DA’s are given in
Appendix A. The presence of the terms with 2 =t = 4 in
(4) reflects the currently achieved accuracy in OPE: the
twist-2, -3, -4 terms in LO (including three-particle con-
tributions of twist-3, -4) and the twist-2 and twist-3 (two-
particle DA’s) terms in NLO.

The factorization scale w in (5) separates the perturba-
tive kernels dominated by near light-cone distances from
the long-distance quark-gluon dynamics in DA’s. The col-
linear divergences in the twist-2 of OPE are absorbed in the
logarithmic evolution of DA’s as shown in [10,11]. The

dug ()
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factorization for the twist-3 part is proved for the asymp-
totic DA’s in [12] and confirmed in [13].

Note that the two terms in the c-quark propagator pro-
portional to m, and g, yield two different parts of OPE
with even (t=2,4,...) and odd (r=3,5,...) twists,
respectively, corresponding to different chiralities of I'*
matrices in the light-quark operators. Hence, the twist
expansion goes in even and odd twists separately. The
two most important LO contributions of twist-2 and
twist-3 two-particle DA’s to the correlation function origi-
nate from the ~m, and ~p, parts of the free c-quark
propagator, respectively, and have simple expressions:

1
FIXq% (p + @)?) = fom? [ ,

o m:—q*i—(p+qiu’

du

m%+q2

3 ~particl 1
Fg)T [two-partic e](q2’ (p + q)Z) = f771u’7TmC f 2 2=
0 me— qu

where w, = m%/(m, + m,) and it = 1 — u. In the above,
¢, and ¢4 . $g_ are the pion twist-2 and twist-3 two-
particle DA’s, respectively. Note that the formal 1/m,
suppression of Fi* versus Fg* is overwhelmed numeri-
cally, because the enhanced light-quark parameter . is
larger than m,.. The remaining twist-3 term in LO, due to
the three-particle DA, not shown in (6), is strongly sup-
pressed by the ratio of the small normalization factor f5,. to
M.

Turning to higher-twist (¢ > 3) contributions, one has to
take into account that in the light-cone OPE each two units
of twist is accompanied by an extra x?, yielding an addi-
tional power of the denominator

1
CmE—gta—(p+qPu’

D O=u=1 O
in the correlation function. Hence, for example, the con-
tribution FJ 4 of the twist-4 two- and three-particle DA’s is
subleading with respect to the twist-2 part F| 6“2 in (6), with
a suppression factor ~82(D), where (D) is the weighted
(over DA’s) average of the denominator (7), and &2 ~
AéCD is the normalization factor of the twist-4 DA’s.
Similarly, the twist-5 contributions, not yet included in
the currently used version (4) of OPE, are expected to be
suppressed with respect to the twist-3 terms, parametri-
cally ~A6CD<D>. We emphasize that the suppression of
higher-twist contributions is effective only if both external
momenta squared ¢ and (p + ¢)? in (7) are kept < m2,
that is, when the c-quark is sufficiently virtual.

The detailed calculation of the correlation function,
including O(a;,) corrections to the twist-2 and twist-3
part, is given in previous papers and we will not repeat it.
Here we use the recent update in terms of MS heavy-quark

—(p + q)u

o0+ ¢[2+ Jog. )

(6)

m?—q*i— (p + q)*u

mass presented in [13], where m,, has to be replaced by m_.,
with a corresponding adjustment of the scales. As in [13],
we use a universal normalization scale u for «y, quark
masses, and DA’s. The u-, d-quark masses and m2 are
neglected everywhere, except in the parameter u .

The correlation function F ﬁ for the D — K form factors
includes SU (3)ﬂ violation effects of different origin, start-
ing from O(m,) ~ O(m%). One effect is purely kinemati-
cal, due to the presence of p?> = m% # 0 in the c-quark
propagator. The expressions for the perturbative kernels
have to be modified, so that the term m%(uﬁ has to be added
to the denominator (7). Furthermore, there are SU(3)y
violating corrections in DA’s. In twist-2, the deviations of
¢k from ¢ is due to differences between the normaliza-
tion parameters (fx vs f,) and Gegenbauer moments.
Importantly, one has to take into account the first
Gegenbauer moment of the kaon DA, aX # 0, responsible
for the momentum distribution asymmetry between the
strange quark and nonstrange antiquark in the kaon. In
general, also aX # a7. In twist-3 and -4 DA’s one has to
replace the normalization parameters w,— pgx =
m%/(m, + my), f3»— fik, and 6% — 8%, respectively.
In addition, there are O(m%) admixtures of the twist-2
DA in the kaon DA’s of twist-3 and -4. All these and
some other less important SU(S)ﬂ violating effects are
included in the expressions for the kaon DA’s [19] pre-
sented in Appendix A.

To access the D — 7, K form factors, one equates the
OPE result to the hadronic dispersion relation for the
correlation function in the variable (p + ¢)?, the momen-
tum squared of the D-meson interpolating current. In the
D — mr case, the resulting relation for the invariant ampli-
tude F7 is
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2

[F7(q2. (p + 0 lop: = %fm
f ds [ImF7(q?, 5)]ope
Cs—(ptq?

®)

In the above, the D-meson pole term (with the mass mp
and the decay constant defined as (0 | m.giysc | D) =
m3 fp), contains the desired form factor f;,_. Also in (8)
the quark-hadron duality approximation is applied, replac-
ing the hadronic spectral density of the higher states by the
OPE spectral density. The latter approximation introduces
the threshold parameter s§ which is nonuniversal and has
to be determined for each sum rule independently. Note
that s¥ is an effective parameter, not necessarily equal to
the lowest hadronic continuum threshold (mp- + m,)>.

After subtracting the integral on the right-hand side. of
(8) from both sides of this equation, one performs Borel
transformation of (8) replacing the variable (p + g)*> with
the Borel parameter M? and exponentiating the denomi-
nators. For example, the powers of the denominator D in
(7) transform as

1

o=/ bt
(n — Dw(M?*)"!

B (i gp—reD"} =

)
Finally, the LCSR for the D — 7 form factor is obtained,

nﬁ /M?

[H:(q%) = > Fi'(q% M?, sB)

DfD(z 2,34

C
LS D) (0
4m 5

+

where the functions F{"'(¢% M?, s8) and F'(g* M?, sB)
are derived applying the Borel-and-subtraction procedure
to each twist component of the OPE in (4):

Foiy (@ M?,s§) = By gpoaeiFo (@ (p + @)}

1 00

- j;g dse /M ImFgy (g% 5). (11)
The expressions for F§'' and F{*" in (10) are obtained from
the corresponding expressions given in [13] for B— 7
LCSR, replacing b — ¢ and B — D. The second LCSR
for the combination (f},. + fp,) is obtained from the
invariant amplitude F™ and has the same form as (10),
with the invariant amplitudes F7 0(1), replacing F ., and
without the factor 1/2 in the coefficient.

For D — K form factors, as explained above, the
SU(3)s, violation effects are taken into account in both
LCSR’s for f}x and (fjx + fpg) in the LO part, keeping
p? = m% # 0 in the hard kernels and taking into account
the O(m,) ~ O(m%) effects in the kaon DA’s. For the sake
of completeness, we do not expand these expressions in

0(1)’
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m% ~ my, although it is clear that only the first-order terms

of this expansion are important numerically. Furthermore,
having in mind that both O(«;) and O(m,) corrections are
reasonably small, we do not take into account the com-
bined O(a,m,) effects, originating from nonzero m; and
p? = m% in the NLO diagrams. These effects demand a
dedicated calculation, taking into account the mixing be-
tween various twist components at the O(m,) level. Hence,
in the adopted approximation F; K20 = F f’2(3).

In Appendix B, we present the expressions for all LO
terms F K,1=2,3,4 entering LCSR’s for D — K form factors.
In the 11m1t m; — 0 (m% — 0) and px — u, the corre-
sponding terms F =234 40 the D — 7 LCSR’s are easily
reproduced. The expressions for the NLO terms of twist-2
and twist-3 are presented in [13] in a form of dispersion
integrals, and we replace m; — m,. These very bulky
formulas are not displayed here.

The LCSR’s for D — K form factors were also com-
pared to the recent update of the LCSR’s for B — K form
factors presented in [22]. The expressions presented in
Appendix B agree with those in [22], up to the twist-3
three-particle part of LCSR, which is incomplete in [22].
We also modified the m%-corrections to the two-particle
twist-4 DA’s (see discussion in Appendix A), hence, there
are small differences in the corresponding twist-4 terms in
LCSR’s. Both differences have a minor impact on numeri-
cal results. Finally, we compared our expressions with the
LCSR for the D — P (P = m, K) form factor in LO at
g* = 0 presented in [16], where only the O(m3) terms are
retained. In the limit mjp = 0, the Eqs. (B1)-(B3) are
reduced to the corresponding terms in Eq. (2) of [16],
except we obtain an opposite sign of the contribution of
twist-4 DA i,.p. We also were not able to completely
reproduce the O(m%) terms in this equation.

The expected accuracy of LCSR (10) is determined by
the uncertainties of the combined expansion in twists and
a, of the correlation function. The choice of Borel parame-
ter plays an important role here. Note that Borel trans-
formation effectively replaces the powers of the
denominator D in the higher-twist contributions by the
inverse powers of M2, as seen from (9).> Hence, although
M? is an arbitrary scale, it should be taken sufficiently
large to preserve the twist hierarchy. Parametrically, in the
limit of the heavy c-quark mass, the relevant scaling rela-
tion is M? ~ 2m,_7. Importantly, also the scale 7 has to be
much larger than the typical soft scales of O(Aqcp), such
as the normalization parameters of higher-twist DA’s. The
twist expansion is then “‘protected’” by the combinations of
1/m, and 1/7 suppression factors, as one can explicitly
prove by expanding LCSR in powers of 1/m, (for more
details on heavy-quark expansion of LCSR see [11,23,24]).

>The LCSR expressions in Appendix B are given in a compact
form, using derivatives of DA’s. To restore the inverse powers of
M? one has to perform a partial integration.
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Another important step in the derivation of LCSR is
the subtraction of the integral over higher states in (11).
This procedure introduces the lower limit uy =
(m% — ¢*)/(s® — ¢*) in the convolution integrals entering
LCSR [see the expressions for Fg'(¢% M? s) in
Appendix B]. In LCSR’s for D — 7, K form factors the
integration limit is u, = 0.3-0.4. Hence, the suppression of
higher twists is not influenced, because after subtraction,
the large part of the u-region in the integrals over DA’s is
retained. This is not the case in the limit of infinitely heavy
quark and small ¢, when, according to the scaling rule,
s ~(m2 +2m.w) and uy~1-2w/m,— 1. In this
limit the power suppression of the higher-twist terms in
LCSR depends also on the end-point behavior of DA’s,
modifying the initial twist hierarchy of OPE. For example,
the formal 1/m, suppression of the twist-3 terms men-
tioned above, is removed at m,. — oo. Still, this modifica-
tion does not influence the numerical suppression of t = 4
contributions, provided the effective Borel scale 7 is kept
large.

The accuracy of the quark-hadron duality approximation
is difficult to estimate in a model-independent way. In
LCSR, one minimizes the sensitivity to this approximation,
using not too large M?, in order to suppress the integral
over the higher states exponentially. In addition, the effec-
tive threshold sOD is determined, calculating the D-meson
mass from the differentiated LCSR (10) and adjusting the
result to the measured value, as it was done in [12,13]. This
procedure is more reliable than fixing the effective thresh-
old from a stability of the sum rule with respect to the
Borel-parameter variation. On the other hand, if the result
of LCSR calculation actually reveals a weak dependence
on M? (within the adopted interval), that is an important
indication of the reliability of the method.

III. CHOICE OF THE INPUT

In this section we specify and discuss the choice of input
parameters entering LCSR’s. As already mentioned, we
use the MS scheme for the quark masses. In previous
analyses, (e.g., in [15,16]) the c-quark pole mass was
used in the final sum rule, which is certainly less conve-
nient for a correlation function with a virtual ¢ quark. For
the c-quark mass value we adopt the interval obtained from
charmonium sum rules with O(a3) accuracy [17],

m.(m.) = (1.29 = 0.03) GeV, (12)

where, conservatively, we double the error. This interval is
in a good agreement with the recent lattice determination
[25]. For the s-quark mass we take the interval

m,( =2 GeV) = (98 + 16) MeV, (13)

which covers the range of the QCD sum-rule determina-
tions with O(a?) accuracy [26]. Employing the well-
known chiral perturbation theory (ChPT) relations [27]

PHYSICAL REVIEW D 80, 114005 (2009)

2
R=—" _o44+15
m, + my (14)
2 _ + 2/4
o (n;u "2%) 4 27+ 082
md - my

the u, d-quark masses and their sum can be calculated.
Since we neglect m, and m, everywhere, except in the
parameters wu, and wg, we simply use the above relations
and obtain (adding the errors in quadrature)

(2 GeV) m R (2.43 + 0.42) GeV.
eV)=—" =243 *0. eV,
o 2m,(2GeV)
my 15
(2 GeV) = K . (15)
HK m,(2GeV)[1 + (1 — £-0)]

= (2.42 £ 0.39) GeV,

with a remarkably small SU(3), violation.

In our numerical analysis, the two-loop running for
QCD coupling is used, with a,(m;) = 0.1176 = 0.002
[28]. The scale-dependence of the quark masses and pa-
rameters of DA’s is taken into account in one-loop approxi-
mation. Furthermore, we use a uniform scale wp for all
renormalizable parameters, with the same default value
m = 1.4 GeV, as in previous analyses of LCSR’s; note

that parametrically, 1 ~ 4fm} — m2.

The hadronic inputs in LCSR’s include the hadron
masses mpo = 1.865 GeV, m, . = 139.6 MeV, and
mg= = 493.7 MeV [28]. The pion and kaon decay con-
stants, f, = 130.4 MeV and fy = 155.5 MeV [28], nor-
malize the twist-2 pion and kaon DA’s, respectively. All
other parameters of twist-2, -3, -4 DA’s relevant for our
calculation are collected in Table V in Appendix A. Let us
briefly comment on our choice. Expressing the twist-2
DA’s in terms of Gegenbauer polynomials, we adopt the
intervals a7(1GeV) = 0.16 = 0.01, a7 (1 GeV) = 0.04 =
0.01, determined in [13], by fitting the form factor calcu-
lated from LCSR to the measured shape of B — 7 form
factor. These intervals are in agreement with the other
determinations of a7, summarized in [19]. For the first
Gegenbauer moment of the kaon DA we use aj = 0.10 £
0.04, obtained in [18] from the two-point QCD sum rules
with next-to-next-to-leading order accuracy. Finally, the
interval a; = 0.25 = 0.15 is adopted [19,29]. All other
Gegenbauer moments are put to zero, the same approxi-
mation as in the previous LCSR analyses. In fact, as al-
ready noticed in [16], the sensitivity of the LCSR for the
D — 11 form factor to Gegenbauer moments is less than in
the B — 7 case. In particular, we have checked that non-
vanishing values of the next Gegenbauer moments aX and
a¥, at the level of af and a, respectively, have a small
influence on the numerical results. For the twist-3, -4 pion
and kaon DA’s, in addition to the normalization parameters
already specified in (15) the set of parameters determined
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and updated in [19] is used. Note that due to the smallness
of f3, = f3k, the size of nonasymptotic corrections to the
twist-3 DA’s ¢p%.7;, is small. Hence, it is justified to take
asymptotic DA’s in the NLO twist-3 terms of LCSR calcu-
lated in [12,13].

The remaining hadronic input in LCSR (10) is the decay
constant fp. In previous applications of LCSR’s to heavy-
light form factors, e.g., in [12,13,15], the two-point QCD
sum rule for the heavy-meson decay constant was substi-
tuted in LCSR, leading to a partial cancellation between
radiative gluon corrections. However, the two-point sum
rule, with its own Borel-parameter range and effective
duality threshold, introduces an additional uncertainty in
the calculated form factors. Note that in the sum rules with
MS heavy-quark mass the a; corrections are not sizeable
and, therefore, their partial cancellation is not that impor-
tant. On the other hand, the decay constant f, has already
been measured in D — [v; [30] with a very good accuracy.
For that reason, in our numerical analysis we prefer to use
the experimental result, assuming the isospin symmetry:
fpo = fp+, and taking fp+ = 205.8 = 8.9 MeV from
[30], where we add the errors in quadrature. Importantly,
this value is obtained assuming |V, 4| = |V, with |[V,| =
0.2255 = 0.0019 from [28]. Extracting |V.,4| below, we
will take this into account. The two-point QCD sum-rule
prediction for fp, used in previous analyses (e.g., in [15])
agrees with the experimental interval, but has a larger
uncertainty.

Finally, we specify the ““internal’” parameters of LCSR
(10): the interval of the Borel parameter M? and the
effective threshold s5. For the former, we choose the
region M? = (4.5 + 1.0) GeV?, close to the one used in
[15]. The threshold parameter s5 = (7.0 = 0.5) GeV? is
fixed by reproducing (within 2% accuracy) the D-meson
mass from the auxiliary sum rule, obtained from differ-
entiating the LCSR (10) over 1/M? and dividing the result
by (10). With our choice of M? and sOD , the usual criteria
are fulfilled for the LCSR (10): smallness of the subleading
twist-4 contributions (< 5% of the twist-2 term) and,
simultaneously, suppression of higher state contributions
( < 10% of the total correlation function). Since below we
also calculate the form factors at negative ¢*, we checked
that the adopted ranges of M? and s5 are equally applicable
for =2 GeV? = ¢? = 0. For the second LCSR for (f}, +
fpn), the same intervals are taken for consistency. The
differences between the Borel and threshold parameters for
the sum rules for D — 77 and D — K form factors turn out
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to be negligible. Note also that the effective Borel scale
7= M?/(2m,.) = 1.7 GeV is sufficiently large.

IV. FORM FACTORS AT ¢* = 0

Substituting in LCSR (10) the input specified above, we
calculate the form factors f},_(0) and f(0). The numeri-
cal evaluation was done in two different ways: firstly by a
direct integration over imaginary parts of hard-scattering
amplitudes, and secondly, applying the numerically
equivalent method of analytical continuation explained
and used in [13,22].

The results at the central values of input parameters are
displayed in Table I. Their dependence on Borel parameter
is shown in Fig. 1, and exhibits a remarkable stability, even
beyond the adopted interval. The scale-dependence dis-
played in Fig. 2 is also mild. Conservatively, we consider
the variation of the calculated form factors with the scale
change in the interval 1.0 < u < 3.0 GeV as one of the
uncertainties. In addition, we investigate the numerical
hierarchy of various contributions to LCSR. The sample
of results for f},_(¢?) and f}x(¢?) is collected in Table II.
The dominance of the twist-3 LO contribution was antici-
pated, due to the factor w,/m, > 1. At the same time, the
subleading twist-4 contributions are numerically strongly
suppressed. The NLO corrections to twist-2, -3 terms are
also small, a clear indication that the ‘‘soft-overlap”
mechanism dominates in D — 7, K form factors.

Furthermore, we estimate separate uncertainties of our
calculation by varying each input parameter within its
allowed interval. All significant uncertainties of fgw( 00

are collected in Table I. (For brevity we do not show a
similar table for fgﬁ( K)(O) + fom) (0), presenting only the
total uncertainty below.) The remaining small effects, e.g.,
due to the variation of «, are not shown, but included in
the total uncertainty. Note that, according to (15), the error
related to both w,, and wg is influenced by the uncertain-
ties in the determination of m, and ChPT parameters. To
roughly estimate the effects of the unknown twist-5 con-
tributions to LCSR’s, we assume that their ratio to the
twist-3 contribution is equal to the calculated ratio of
twist-4 and twist-2 (LO) terms. Since in the sum rules for
fg”(K) + fgW(K) there is no LO twist-2 contribution, we
conservatively assume that the magnitudes of the twist-5
and twist-4 terms are the same. In addition, to assess the
effect of higher Gegenbauer moments af and af on the
D — K form factor, we recalculated this form factor as-
suming a¥ = *a¥ and af = *aJ. Small variations due to

TABLE 1. Form factors f7;,(0) and f}5x(0) calculated from LCSR (10) and the estimated uncertainties due to the variation of the

input.

Form-factor central value — M?> N B (f D)exp m, Mg gk Gegenbauer moments twist-5 (est.)
0.003  +0.04 0.005 0.08 7

f5.(0) 0.667 oo Joobs *0.01 +0.03 oo oo +0.001 (a3,) +0.017

Fox(0) 0.754 SO0 A +0.01 £0.03 FO00S F009 0 £0.003 (af) +0.03 (af) +0.01 (af,) +0.001
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FIG. 1. The Borel-parameter dependence of the form factors

Fi-(0) and f},(0) calculated from LCSR.
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FIG. 2. The scale-dependence of the form factors f})(0) and
fx(0) calculated from LCSR.

the above-mentioned effects are treated as separate uncer-
tainties and included in the error budget in Table I.
Adding all uncertainties in quadrature, we obtain

PHYSICAL REVIEW D 80, 114005 (2009)

The second LCSR yields numerical results for the sums
of the form factors

f5:0) + fp,(0) = 0461012, (18)

Fx(0) + fpx(0) = 0.607512. (19)

We also quote our prediction for the products of D decay
constant and the form factors

fofb-(0) = 137117 MeV, (20)

Fofix(0) = 155721 MeV. Q1)

These quantities are independent of the experimental value
of fp, used to calculate (16) and (17), and therefore have a
slightly smaller uncertainty.

Finally, the predicted ratio of the form factors is

f5+(0)
fpk(0)

where the f-dependence drops out and some uncertainties
largely cancel.

In Table III we compare theoretical predictions for the
form factors f7,_(0) and f;;(0), obtained in lattice QCD
and from LCSR’s. Our results are in a good agreement with
the lattice determinations. The form factors (16) and (17)
and their ratio (22) are also in accordance with the previous
LCSR estimates [15,16]. The D — K form factor is now
more accurately determined than in [15], due to a better
knowledge of the c- and s-quark masses and of the pa-
rameter af.

In the final part of this section we present our predictions
for the slopes and ratios of the form factors at g*> = 0, that
is, at large recoil of the pion or kaon, (see [34] for defini-
tion). We start with the parameter 6 for D — 7r transitions,
which is simply calculated by taking the ratio of two
LCSR’s

= 0.88 £ 0.05, (22)

fp7(0)

Opr =1+ = 0.69 = 0.09. 23
fh.(0) =0.675210, (16) bm f50) @y
The slope of the scalar form factor at g> = 0 normalized by
fhr(0) = 0.75%5 1. (17)  f},(0) is another interesting characteristic of the form
factor. We obtain
TABLE II. Relative contributions to LCSR for the form factors f},_(¢%) and £, (q%).
Contribution 50 fh(g? = —2 GeV?) f5x(0) fix(g* = =2 GeV?)
Twist-2 LO 35.9% 32.9% 36.2% 33.7%
Twist-2 NLO 6.3% 8.4% 6.0% 7.9%
Twist-3 LO 66.0% 59.5% 67.9% 58.9%
Twist-3 NLO —9.5% —2.9% —10.1% —2.9%
Twist-4 LO 1.4% 2.2% —0.07% 2.4%
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TABLE III. Comparison of theoretical predictions for the form factors f7,.(0) and f7x(0).
Method [Ref.] £5.(0) F5.0)
Lattice QCD [31] 0.57 = 0.06 = 0.02 0.66 = 0.04 = 0.01

[32] 0.64 = 0.03 = 0.06 0.73 = 0.03 = 0.07
[33] 0.74 = 0.06 = 0.04 0.78 = 0.05 = 0.04
LCSR [15] 0.65 = 0.11 0.78102,
[16] 0.63 =0.11 0.75 = 0.12
this work 0.67-019 0.75%0 0

o= [(th)

-1
] =14=%03.
7*=0

(24)

Combining these two parameters, we are able to predict the
combination

1+ 1/Bpy — 8p, = 1.02 = 0.18, (25)

consistent with the CLEO measurement [2]: 1 + 1/8p, —
6pr = 0.93 £0.09 = 0.01. The corresponding slope pa-
rameters for D — K form factors predicted from LCSR are

dpx = 0.79 £ 0.07, Bpk = 1.6 £ 0.4, (26)
so that
1+ 1/Bpx — 8px = 0.84 £ 0.17 27)

also agrees with the experimental result [2]: 1 + 1/8px —
dpx = 0.89 = 0.04 £ 0.01.

As discussed in the literature (see, e.g., [34]), the values
of & and B for heavy-light form factors reflect the propor-
tion of their hard-scattering and soft-recoil components
and, respectively, their deviation from the scaling behavior
predicted in the combined heavy-quark and large-recoil
limit. We postpone a more detailed discussion of these
parameters to a future study.

V. DETERMINATION OF |V,,| AND |V_,|

The latest CLEO measurements of semileptonic charm
decays [2], fitted to various form-factor parametrizations
(to be discussed in detail in the next section), yield the
products fp,(0)|V,4| and fpg(0)|V.,]. Both CKM matrix
elements can now be determined using our predictions for
the form factors f,.(0) and fpx(0).

Having an accurate experimental value for f, at our
disposal allows us to make the extraction of |V, 4| less
dependent on the theoretical uncertainty of LCSR, than
in previous analyses, where a sum-rule prediction for f
was used. We employ the CLEO result [30] for the
D-meson decay constant multiplied by |V,,I, (i.e., without
the additional assumption |V 4| = |V ,,]):

fplV.yl = 46.4 2.0 MeV. (28)

On the other hand, the CLEO result [2] for the same CKM
matrix element multiplied by the form factor is

Fp+(0)|Veyl = 0.150 £ 0.004 = 0.001, (29)

obtained from the fit of the ¢ bins in D — 7ev in a form
of the series parametrization. The product of the above two
experimental numbers is then divided by the LCSR pre-
diction (20), yielding |V,,|?, from which we obtain

[V 4l = 0.225 = 0.005 = 0.003 13916, (30)

where the first and second errors originate from the experi-
mental errors in (28) and (29), respectively, and the third
error is due to the uncertainty of LCSR. Note that this
procedure involves the square of |V,,| on the experimental
side. Hence, the theoretical uncertainty of LCSR given in
(20) approximately halves in (30). Our result is in a good
agreement with the value |V 4| = 0.234 £ 0.007 =
0.002 = 0.025 determined in [2] by using the lattice
QCD value of f},(0) from [32]. This agreement is not
surprising because the form factor obtained from LCSR is
close to the lattice result (see Table III).

Furthermore, we determine the ratio of |V, 4| to |V,
dividing (29) by

Fox(O|V.] = 0.719 * 0.006 + 0.005, (31)

obtained from D — Kev, data fit [2]. Using the ratio (22)
we obtain

| Vcd |

A = 0.236 = 0.006 = 0.003 = 0.013, (32)
where the first and second uncertainties are due to the
combined (in quadratures) errors in (29) and (31), respec-
tively, and the third uncertainty stems from the LCSR
calculation. Within errors, this ratio is in agreement with
|V.4l/|V,| obtained from the values quoted in [2], where
|V.s| =0.985 * 0.009 = 0.006 = 0.103 was determined
using the form factor f7;(0) from lattice QCD [32]. Our
determinations (30) and (32) are consistent with |V, 4| =
|Vus| and |Vcs| = IVudI'

VL. FORM FACTORS AND THEIR SHAPES
AT ¢* # 0

The form factors f}_(¢?) and f}(¢*) are analytic
functions of the complex variable g> and obey dispersion
relations (see e.g., [15]). The latter is usually cast in a form
of parametrization, e.g., applying the well-known
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Becirevic-Kaidalov (BK) ansatz [20]

150
(1= g*/m3 )1 — ap,q*/m3.)’

The second approach based on the analyticity of the
form factors employs the conformal mapping of the ¢>
plane (see e.g., [35] for the early uses)

\/—"__—_\/—:——
Vi@ Ty

where 7. = (mp % m,)?* and fH <t, is an auxiliary
parameter. The conformal mapping (34) was employed
while deriving the unitarity bounds for the heavy-light
form factors in [36,37]. With an optimal choice of ¢, the
semileptonic region 0 < g*> < (mp — m7,(K))2 is mapped
onto the interval of small |z|. Hence, a simple expansion
in powers of z around z = 0, retaining only a few first
terms, provides a reasonably accurate parametrization of
the form factor.

In this paper we will use the recently suggested version
[21] of the series parametrization for B — 7= form factor.
Adapting it to the case of D — 7 transition, we have

foaa®) = (33)

(g% 1) = (34)

1
qzz

[oalg®) = Zbk[z(q )] (35

As explained in [21], this parametrization ensures general
analytic properties of the form factor: the D*-pole, branch
point at g> =t, and ~1/g> asymptotics at large g°.
Furthermore, to obey the expected near-threshold behavior,
the relation

i

Z( 1) kb (36)

has to be introduced, reducing the number of independent
parameters by one. In addition, we find it more convenient
to keep the form factor at zero momentum transfer f7;_(0)
as one of the independent parameters, correspondingly
rescaling the coefficients in the series expansion b, =
f5.(0)by, so that

N—1

1= 3 0.0 — g0 | a7

k=1

b0=

This leads to the final form of the series parametrization
used in our analysis:

+77(0) N—1
lfl)iz{l >

‘12/’"0* k=1

Fila®) = bk(z(q% o)t — 2(0, 10)"

- R ) = 0] 39

In [21] the advantages of this choice with respect to the
previous versions [36] are discussed (see also [38]). The

PHYSICAL REVIEW D 80, 114005 (2009)

+ . 2 .
analogous ansatz for f;; contains m p: in the pole prefac-

tor. Note that the formal prescription for the conformal
mapping is to multiply the right-hand side of (38) by the
pole factor if the ground-state pole lies below the threshold
t+, which is, strictly speaking, only valid for D — K form
factor. We prefer to retain this factor in (38) also for D —
r case, having in mind that D* is located very close to the
D threshold. In what follows, we simply rely on the
smallness of the variable z in (38), not taking into account
the unitarity bounds [36] for the coefficients b, because, at
least for small N, these bounds are not restrictive [21] (see
also [37]).

In order to match the LCSR prediction for D — 7 and
D — K form factors to one of the parametrizations dis-
cussed above, we have to calculate these form factors
beyond g*> = 0. However, the small part 0 < ¢g> < m? of
the semileptonic region where our calculation is valid is
too narrow to serve as a “‘lever arm” for fitting various
parametrizations.

In this work, in order to enlarge the interval of g2, we
calculate the form factors at ¢2. < g¢*> <0, that is, at
negative momentum transfers not accessible in semilep-
tonic decays.3 Fitting the LCSR predictions in this region
to a certain parametrization, we then use the analyticity of
the form factors, continuing the fitted parametrization to
positive g*> and accessing the whole semileptonic region
0=g><t_.

Note that LCSR’s are fully applicable at g> < 0, since
the virtuality of the ¢ quark in the correlation function is
even larger at g> < 0, than at ¢g> = 0. For our purpose it is
sufficient to take g2 not too large, and the actual numerical
calculation is done up to ¢2. = —2 GeV?. In fact, there
are several reasons to keep moderate values of |g?|. First,
we still can use the same ranges of the sum-rule parameters
M2, 5P, w, as specified in Sec. III, whereas at very large
|g?| some of the choices have to be modified. In addition, at
large virtualities, |g%| > u?, m?2, large logarithms in NLO
terms can destroy the balance of perturbative expansion.
Finally, at very large negative ¢, the lower limit of inte-
gration u, in LCSR moves too close to 1, and this may
potentially influence the twist expansion.

Turning to the fit procedure, we fix the ¢g> = 0 values of
the form factors (16) and (17) obtained from LCSR’s and,
in addition, calculate the shapes of the form factors
[ b0\ @) f i (0) at =2 GeV? < g* = 0. The uncer-
tainty is determined in the same way as described in
Sec. IV for the form factors at g> = 0. The calculated D —
a and D — K form factors and their shapes at g> =< 0 are
displayed in Figs. 3 and 4, respectively. Note that the
shapes have smaller uncertainties than the form factors
themselves, because in the ratios some uncertainties cancel
(e.g., the one due to fp).

*In fact, this region corresponds to a hypothetical (but still
physical) process of [7(K) — v,D scattering.
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FIG. 3. Form factors f},(¢*) (upper panel) and f}(¢?)
(lower panel). The LCSR results with uncertainties (points
with error bars at ¢g> < 0) are fitted to series parametrization
(solid line and dashed lines indicating uncertainties) and com-
pared to the CLEO measurements [1] (points with error bars at
q*> > 0), where |V,,| and |V,,| are taken from [28].

The calculated shapes, taking into account their
uncertainties, are then fitted to the BK and series parame-
trizations, presented in (33) and (38), respectively. In the

series parametrization (38) we choose ) =1, —

JIr —Iyt+ = g2, so that the whole interval g2, =

—2 GeV? < g% = t_ relevant for the calculation and sub-
sequent continuation of the form factor is mapped onto the
narrowest possible interval |z| < 0.22 (|z| < 0.09) for D —
7 (D — K). We found that both parametrizations describe
the shapes calculated at g> = 0 reasonably well. In addi-
tion, we also fitted the form factors to the simplest one-pole
parametrization, but the fits yield an unnaturally small,
lower than mp;, s pole mass. Moreover, after continuing

to positive g2, the one-pole form factor noticeably deviates
from the experimentally measured shape.

The parameters of BK parametrization «p, and apg
obtained from our fit are shown in Table IV, in comparison
with the experimental [2] and lattice QCD [32] BK fits.

T2 -1 0 1
¢’ [GeV?]

FIG. 4. The shapes of the D — 7 (upper panel) and D — K
(lower panel) form factors obtained from LCSR’s at negative g>
(points with error bars), fitted to the series parametrization (solid
line and dashed lines indicating uncertainties) and compared to
the shapes measured by CLEO [2] (shaded regions).

Previous LCSR estimates of these parameters [15] are
smaller but have also larger errors; in fact, they have
been determined from a different procedure, where, in
addition to the LCSR form factor at g> = 0, the calculated
D" D coupling was used, adding its own uncertainty.

For the series parametrization (38), a fit is possible
already at N = 2, i.e., with only one free parameter b,
for the shape [b, is fixed from the condition (36)]. We
obtain

bPT = —0.803,  bPK=-09%0% (39
Fits at N = 3, 4 were also performed, yielding numerically
very close results. For N = 5 the unitarity bounds [21] start
to constrain the coefficients by.

In what follows, we choose the N = 2 series parametri-
zation to be our preferred analytic expression for the shape,
having in mind that it is less model-dependent than the
effective pole ansatz for the dispersion integral. Continuing
this parametrization to the semileptonic region ¢> < t_ =
(mp — mx)* = 2.98 GeV*(1.88 GeV?), we compare in
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TABLE IV. The shape parameters of BK parametrization.

Method [Ref.] I5:(q%) fx(q?)

LCSR at ¢> =0 this work apy = 021701 apx = 0.17701¢
Experiment 2] ap, =021 007002  apg=030=0.03 =001
Lattice QCD [32] ap, = 0.44+0.04+ 007  apg =050 = 0.04 = 0.07

Fig. 3 the form factors with the experimentally measured
ones, presented in [1] in g® bins. For the normalization of
the data we take the averages |V, = 0.230 = 0.011 and
|V.s| = 1.04 £ 0.06 from [28]. The form-factor shapes,
which are independent of normalization at ¢> = 0 and
CKM parameters, are displayed in Fig. 4. We compare
our predictions for the series parametrization with the
shapes obtained in [2] and observe a good agreement.*

Furthermore, we calculate the total semileptonic widths
divided by the square of CKM parameters from

I(D°— 7 € vy  G% /(mu—m,,>2 4

VP 247 Jo 1
" [ (m% +2m37 - q2)2 2 ]3/2
mp
X fpa(@), (40)

(at my; =0) and the analogous formula for I'(D° —
K €*v,)/|V.|? using the predicted shape of the form
factors (with the series parametrization) and their normal-
ization at q2 = 0. Again, in the case of D — 7 a better
accuracy is achieved by normalizing with the product
Fpfi-(0) calculated from LCSR. To this end, multiplying
both sides of (40) by f,z) (in the isospin limit) we replace
this factor on left-hand side by the leptonic width, using

PO 000 = v fmimy (1= P2 )
D
and obtain the following prediction:
(D’ — 7 € v)[(D* — €~ v))
Veal*
= (47118 - 10728 GeV2. (42)

Employing the experimental numbers for the branching
fractions from the latest CLEO measurements, BR(D? —
m etv,) =0.288 +0.008 +0.003% [2], BR(D' —
whv,) =(3.82=0.32 * 0.09) X 107% [30], and using
Tp= = (1.040 = 0.007) ps, 70 = (0.4101 £ 0.0015) ps
[28], we obtain

[V.4l = 0.221 £ 0.002 = 0.0053:917, (43)
with the errors originating from the semileptonic and lep-
“Note that in [2] a different version of series parametrization is

used to fit the shape, hence we do not directly compare the fitted
parameters.

tonic branching fractions and theoretical uncertainty, re-
spectively. This determination is somewhat independent of
(30) because it involves also the measured shape of
F(g?)|V, 4. For the ratio of total semileptonic widths we
obtain

[V, 2 T(D° — 7 €" )

= 1.65 = 0.2. 44
V.4 ? T(D® — K~ €1 w,) “4)

Substituting the CLEO results for the branching fractions
of these channels, the one quoted above and BR(D° —
K~ e"v,) =3.50 = 0.03 + 0.04% [2], yields

| Vcd |

A = 0.223 = 0.003 = 0.002 = 0.015, (45)
cs
where the errors are from semileptonic D — 7, D — K
branching fractions and the LCSR result (44), respectively.
To shorten this discussion, we do not present here a com-
parison with the data of other experiments on charm semi-
leptonic decays [4-6], having in mind their general
agreement with the CLEO data.
Concluding this section, we turn to the scalar form factor
D) (@”) Which is obtained, substituting the LCSR results

for fB,T(K)(q2) and [fBW(K)(qz) + fBW(K)(qz)] in (2). We fit
the scalar form factors calculated at negative g> to the
series parametrization of the type (38) [without the
DE‘S) -pole factor which is irrelevant in this case]. The results

for N = 2 are

0
pI"PT = 26103, b{"PK = -33706  (46)
Going to N = 3 demands dedicated unitarity bounds in the
scalar heavy-light channel which, to our knowledge, have
not been derived and are beyond our scope.

The predicted scalar form factors are plotted in Fig. 5.

Our results are in agreement with f9_and f9, pre-
sented in [32] in a form of BK parametrization

1
1 - qz/(BDW(K)mZD;‘;))’

(l])ﬂ.(]() (612) = 47

with Bp, = 1.41 £0.06 = 0.07, Bpx = 1.31 £0.07 =
0.13. Our fit to (47) yields Bp, = 1.25 £0.2, Bpx =
1.3724, with larger uncertainties.

Finally, we extrapolate the scalar form factors to the
unphysical point g> = m3,, located slightly above 7_, and
obtain

fo-(m}) = 1407031 fY.(m}) = 1.297033 (48)
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FIG. 5. Scalar form factors f%w(l() obtained from fitting the
LCSR result at negative g”> to the series parametrization.
Notations the same as in Fig. 3.

These results can be compared to the approximate relation
}imz f%ﬂ-(K)(qz) = fD/f’JT(K)
q*—mip,
= 1.58 £ 0.07 (1.32 = 0.06), (49)

derived from the current algebra combined with the soft
pion (kaon) limit [39], where we used the measured values
[28,30] of the decay constants.

VII. SUMMARY

In this paper we returned to the calculation of D — 7
and D — K form factors from LCSR’s. Several improve-
ments have been implemented, including the use of MS
c-quark mass, and updated parameters of pion and kaon
DA’s.

The main advancement is in the phenomenological di-
rection. Employing the accurate measurement of the
D-meson decay constant, we effectively decreased the
theoretical uncertainty of |V,,| determination from the
D — mrly; decay distribution, using the LCSR prediction

PHYSICAL REVIEW D 80, 114005 (2009)

for the product of the D — 7r form factor and f,. The
uncertainty in the determination of |V,,| is also reduced,
due to a better knowledge of the s-quark mass and various
SU(3), violating effects in the kaon DA’s. Our results for
V.4l and |V.| are in agreement with lattice QCD
determinations.

A new element presented in this paper is the prediction
of the D — 7, K form factors in the whole semileptonic
region, combining LCSR calculation with the analyticity
of the form factors. The latter property is cast in the form of
conformal mapping and series parametrization, in the ver-
sion recently suggested in [21]. The form-factor shapes
obtained from this combined procedure are in a good
agreement with the latest experimental measurements of
the semileptonic charm decay distributions by the CLEO
Collaboration. Our analysis based on the conformal map-
ping can be further refined, by using more terms in the
power series and implementing the constraints from the
dedicated unitarity bounds. Applications to other hadronic
form factors calculated from LCSR are also possible.

Another interesting task which will be studied else-
where, is the comparison of B— 7 and D — 7 form
factors, calculated at two different finite quark masses,
with the combined heavy-quark mass and large recoil limit.
Such a comparison will allow one to quantify the devia-
tions from the symmetry relations in this limit, as well as
the proportion of hard-scattering and soft-overlap mecha-
nisms in the heavy-light form factors.

LCSR’s provide analytical, but essentially approximate
expressions for the hadronic form factors. The accuracy of
light-cone OPE is limited, due to finite amount of terms in
the twist expansion and uncertainties in the parameters of
pion and kaon DA’s. A further improvement of OPE is
possible, e.g., if the subleading twist-5 terms are calcu-
lated. For that one needs a separate study of pion and kaon
twist-5 DA’s. The gluon radiative corrections to the sub-
leading twist-4 and three-particle terms represent a tech-
nically difficult task, but we expect these corrections to be
very small. A further limitation of the accuracy is caused
by the quark-hadron duality approximation used to model
the hadronic spectral density in LCSR. The resulting un-
certainty is difficult to estimate—still it is effectively mini-
mized in the sum rules.

The comparison of our predictions for charm semilep-
tonic decays with experiment and lattice QCD ensures
optimism and provides an additional test for the important
applications of the LCSR method, such as the |V,,| deter-
mination from exclusive semileptonic B — 7 decays.
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APPENDIX A: SUMMARY OF THE K-MESON
DISTRIBUTION AMPLITUDES

Here we present the expressions of the two- and three-
particle K-meson DA’s of twist-2, -3, and -4 used in LCSR.
The corresponding formulas for pion DA’s are obtained by
replacing everywhere K — 7, s = d, mgy — m,, m; —
mg— 0, and ug — p,. The initial definitions of DA’s
are the same as in eqs. (A.1) and (A.2) in [13], where,
depending on the flavor content of K or 7, the light-quark
fields have to be chosen correspondingly. The set of two-
particle DA’s contains the twist-2 DA ¢ (u), twist-3 DA’s

be(u) and ¢ (u), and twist-4 DA’s ¢y (u) and ¢ 45 (u).
The variable u (i = 1 — u) is the fraction of the meson
momentum carried by the s-quark (light antiquark). There
is one three-particle DA ®;x(a;) of twist-3 and four DA’s
Dypla)), Vipla;), Dygla;), ix(a;) of twist-4. In addi-
tion, following [19] we take into account one more three-
particle twist-4 DA E 4k («;) into consideration, originating
from the operator which contains a covariant derivative of
the gluon field. The expressions for all DA’s are based on
NLO in conformal expansion and operator identities up-
dated in [19].

The twist-2 DA ¢ (u) is expanded as usual, in a series of
Gegenbauer polynomials, where only the first two coeffi-
cients (Gegenbauer moments) af(u) and aX(u) are re-
tained and LO scale-dependence is taken into account. The
formulas for the scale-dependence of these and other rele-
vant DA parameters can be found, e.g., in [19].

In the same approximation, the twist-3 DA’s are de-
scribed by ug and three additional parameters f3g, wsg,
Ask. Their definitions in terms of hadronic matrix elements
of local operators are given in [19]. We also use the short-
hand notation

o = T3
- frrk

In our calculation we neglect the u, d quark masses,
hence the expressions presented here are somewhat simpler
than the original ones in [19]. In particular, in the adopted
approximation the parameters pX, pX introduced in [19]
are equal

Kk _ My

MK

K K —
T A=

Pk =p (AD)

The twist-3 kaon DA’s used in our calculation are
() =1+ 3pK(1 — 3aX + 6aX)(1 + Inu)
ok
-5 (- 27af + 54a5)C1*2u — 1)
+3(10m3x — pX(ak — 5a5)CY*u — 1)
9
+ (107]3[(/\3[( - EpKaf)C;/z(Zu - ])

— 3 @3 Cy 2 Qu — 1), (A2)
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K
Pk (u) = 6uﬁ{1 + %(3 — 154X + 30aX)
K K 15 K \3/2
+ p*|3a] 5@ C/"Qu—-1)
1
+ 5 (13510 = w3) + 3p%af) G52 2u — 1)

+ 3 hax G2 2u — 1)

+3pK(1 — 3aK + 6aX) lnu}, (A3)
(D3K(a,-) - 360&1&2&%{1 + /\31{(0{1 - az)
1

As explained in detail in [19], the twist-4 DA’s are
described by 13 parameters of the conformal expansion.
They are expressed via three nonperturbative parameters
8%, w4k, Kux and, in addition, fixed by the renormalon
model of twist-4 DA’s. Here we give the expressions for the
twist-4 kaon DA’s, where the above mentioned relations
are already substituted and the same approximation as for
twist-3 DA’s is adopted.

We rederived the expressions (4.27) and (4.28) in [19]
for the twist-4 two-particle DA’s defined in (4.26) and
using the operator relations given there in (A1), (A2). We
found that both (4.27) and (4.28) should be corrected by
replacing 4.5 (u) — 4.x(u) + m% ¢y (in the notations
of [19]). In fact, our version of 4.x(u) agrees with the
function B(u) introduced in [40]. Moreover, we restore the
correct normalization [} ¢ 4.x(u)du = 0.

We use the following expressions for two-particle twist-
4 DA’s:

Pax(u) = Plg(u) + i (w), (AS)
where
Phi(u) = 5%{23—0 C?@u—1) + %afcyz(zu - 1)},
(A6)

and (the corrected version)
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18
YV (1) = m%{[6p’((1 — 3aX + 6aX)1CY*(2u — 1) — [?a{( +3pK(1 — 94X + 18aX) + 12K4K]C}/2(2u —1)

18 16
+[2 — 6p%(ak — 5a%) + 60773K]Cé/2(2u -1+ [?a{( —9pKak + 3 Kax + 20773K/\3K]C;/2(2u - 1)

9
+ I:Zaf - 6773Kw3Ki|C}1/2(2u - 1)} + 6m2(1 — 3ak + 6a4%) Iy, (A7)

bax () = i) + d3" (w), (A3)

where

2
STH(u) = 5%{(% +196(2u — 1)a{<>u2ﬁ2 21w (uii(2 + 13uid) + [2626u — 151 + 10)Inu] + [ — @)

— 14a®(uitQu — 1)(2 — 3uii) — [2u*(u — 2) Inu] + [u — ﬁ])}, (A9)

W (u) = m%{? Kax(uitRQu — 1)(1 — 2uii) + [5(u — 2)u’ Inu] — [u < i]) + 4n3xuit(60i + 10A5x[(2u — 1)(1 — wii)
— (1 — Suit)] — wsx[3 — 21ui + 28u”i® + 32u — 1)(1 — Tuii)])

36 1

=

s Zuﬁ(4 — uit + 110u?i?) + [u(10 — 15u + 6u?) Inu] + [u — ﬁ])

+ duii(1 + 3uzz)(1 + g(Zu - 1)a{<>}. (A10)

The twist-4 three-particle DAs have the following expressions:

21 7 9 1
Dy (a;) = 120“1“2“3{‘%([@ (@) — ax)wyx + %a{((l - 3“3)] + m%[— %(al — ay)aX + §K4I(:|}: (All1)
3 N 21
(I)4K(ai) = —120a1a2a35K g + Za] (al - CY2) + §(A)4K(1 - 3(13) , (A12)

1 7 21
Wyk(a;) = 30“%{5%[3 (a) — ay) + Eaﬂ—%(l — a3) +3(a; — ay)’] + Zw41<(a1 —ay)(1 - 203)]

9 1
+ mi(l — aa)[ﬁ(% —ay) — §K41<i|}, (A13)
- Tl 7 . 21
Wk (a;) = 30a3{0% 5(1 —a;) — o4 (a) — ay)(da; —3) + Zw4K(1 — a3)(1 — 2a3)
1
+ m%[%af(a? —dajay + a3) — (e - az)K4K]}, (Al14)

TABLE V. Parameters of the pion and kaon DA’s (normalized at 1 GeV) a7, af are fitted in
[13], aX from [18], all others from [19]. k¥ is calculated from aX.

af 0 ak 0.10 £ 0.04

ay 0.16 + 0.01 ak 0.25 +0.15

al 0.04 + 0.01 ak 0

az, 0 at, 0

Ve (0.0045 = 0.0015) GeV? 3 (0.0045 * 0.0015) GeV?
7 -1.5+07 wk -1.2+07

AT 0 Ak 1.6 £ 0.4

oy 02*0.1 X 0.2 +0.1

52 (0.18 + 0.06) GeV? 5% (0.2 + 0.06) GeV?
Kim 0 Kix —0.12 £ 0.01
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Eux(a;) = 840a, aza% :(’)( (A15) terms. The corresponding contributions for D — 7 form
factors are obtained by replacing the kaon DA’s by the pion

Using the equations of motion, the parameter k45 canbe  pa’g my — m, =0 and m, — m, = 0:
) m s *

expressed via af and the quark mass, as shown in [19] and

the parameter E§ = 1 6 K'is taken from the renormalon
model. The numerlcal Values for all parameters entering K2 3
the pion and kaon DA’s are collected in Table V. Fo*(q? M?, s§) = mifx / — e M o (),
APPENDIX B: CONTRIBUTIONS TO LCSR (BD
Here we present the separate contributions to LCSR’s
for the form factor ng including LO twist-2, -3, and -4
J
1 _ _ 1/1 m2+q*> —u'mi d
FK’3 2’ MZ’ DY — 5,2 [ d —(m%—qzu-%—mzuu)/uMz{ﬂ[ p _;’__(__ K =
0"l $0) = mfx e ‘ m, (1) u  2m2—q*+ uPmk) du
B 2umim? >¢J (u)] fak [ (m — q — uzm%()< d 2um? )I W)
(m2 — ¢* + u?m%)?) 3K m.fx m2—q>+u du m% - ¢ + uPm% K
3m% d 2um’ -
i I : B2
m% — q2 + u2m%( (du m% — q2 + uzm%() 3K(u)]} (B2)
FK4( 2 M2 ) Zf [ d —(m2—q*i+m?% uu)/uMz{ 1 [ l// ( ) + (1 zuzm%( )
(g7, =m ue u u -
o 9 K % - q2 + uzm%( K m% - q2 + uzm%(
m2u d? 6ums d 12um’
d C - K i K )
_[ viax(v ( 2 — @+ uPm%) (du2 m? — q* + uPmi du  (m? — ¢* + u’m%)? Pax (1)
2umK dlfk(u) 2um%(
- d 141((”) ) 2
u m2—q*+u? du m2—q*+u
d 4u m> - 2um%(m2 — q> — u mz) 6um?
X(u—+(1- K ))1 +—K ( K )
(u du ( m? — ¢* + uPm% ax () (m? = ¢*> + u’m%)* \du M=+ ulm?
o mifge "M dp Y (u)
x | dél +— ( 4K ) , B3
j; f 4K(§)]} 4(m% — q2 + m%()z du —1 ( )

where it = 1 — u, uy = (¢*> — s5 + m% + J(SOD — q* — m%)? + 4m%(m2 — ¢*))/(2m%), and the short-hand notations
introduced for the integrals over three-particle DA’s are

Lig(u) = [ dcn/ dv ;g (a;)|ar=1-a-as, (B4)
(u—ay)/(1—ay) az=(u=—ay)/v
dv
I3 (u) = uf dalf — 2v = DPsg(a) w10, a5, (B5)
(u=ay)/(1—ay) U a3=(u=ay)/v
u 1 dv -

141((”) = [ da, [ —[2‘1'41((6%') - q)4l((ai) + 2‘1'41((01) @41((“ )]|~z 1 aj-ag, (B6)

0 (u—a;)/(1-a;) U (u—ay)/v
1 x(u) = [ da, [ e )T[q'm(a )+ Pug(a) + Vuglay) + Dyxla; )]|uz 1o (B7)

(u—ay a; 3=(u—ay)/v
IE = ! — 1_ =1 a —a|—a B8
= [fdan [0 (v Eaa T ey (B8)

For brevity, we do not display the LCSR for (f}x + fpx) in LO which agrees with the corresponding expressions for
B — K LCSR presented in [22], up to the surface term of 4 which vanishes, as mentioned in Appendix A.
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