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We perform a time-dependent amplitude analysis of B — K97 " 77~ decays to extract the CP violation
parameters of f,(980)K? and p°(770)K? and the direct CP asymmetry of K**(892)7~. The results are
obtained from a data sample of (383 * 3) X 10°® BB decays, collected with the BABAR detector at the
PEP-II asymmetric—energy B factory at SLAC. We find two solutions, with an equivalent goodness-of-fit.
Including systematic and Dalitz plot model uncertainties, the combined confidence interval for values of
the CP parameter B, in B® decays to f0(98O)K2 is 18° < Bqgr < 76° at 95% confidence level (C.L). CP
conservation in B® decays to f,(980)K) is excluded at 3.5 standard deviations including systematic
uncertainties. For B® decays to p°(770)K?, the combined confidence interval is —9° < B < 57° at 95%
C.L. In decays to K**(892)7~ we measure the direct CP asymmetry to be Acp = —0.20 = 0.10 =
0.01 = 0.02. The measured phase difference (including B°B° mixing) between decay amplitudes of
B® — K**(892)7~ and B° — K*7(892)7™, excludes the interval —137° < A®(K*T(892)7r~) < —5° at
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95% C.L.

DOI: 10.1103/PhysRevD.80.112001

L. INTRODUCTION

The Cabibbo-Kobayashi-Maskawa (CKM) mechanism
[1,2] for quark mixing describes all transitions between
quarks in terms of only four parameters: three rotation
angles and one irreducible phase. Consequently, the flavor
sector of the standard model (SM) is highly predictive. One
particularly interesting prediction is that mixing-induced
CP asymmetries in decays governed by b — ¢ggs (¢ = u,
d, s) transitions are, to a good approximation, the same as
those found in b — c¢¢s transitions. Since flavor changing
neutral currents are forbidden at tree-level in the standard
model, the b — s transition proceeds via loop diagrams
(penguins), which are affected by new particles in many
extensions of the SM.

Various b — s dominated charmless hadronic B decays
have been studied in order to probe this prediction. The
values of the mixing-induced CP asymmetry measured for
each (quasi-)two-body mode can be compared to that
measured in b — cés transitions (typically using B® —
J/ 1//1(2). A recent compilation [3] of results shows that
they tend to have central values below that for b — ccs.
Recent theoretical evaluations [4—12] suggest that SM
corrections to the b — ggs mixing-induced CP violation
parameters should be small, in particular, for the modes
¢K°, n'K°, and KIK?K?, and tend to increase the values,
i.e. the opposite trend to that seen in the data. However,
there is currently no convincing evidence for new physics
effects in these transitions. Clearly, more precise experi-
mental results are required.

The compilation given in [3] includes several three-body
modes, which may be used either by virtue of being CP
eigenstates (KOKIK?, K97'7°) [13] or because their CP
content can be determined experimentally (K™K~ K?)

PACS numbers: 13.66.Bc, 13.25.Gv, 13.25.Jx, 14.40.Cs

[14,15]. Tt also includes quasi-two-body (Q2B) modes,
such as £,(980)K? and p°(770)K?, which are reconstructed
via their three-body final states (Kow* 7~ for these
modes). The precision of the Q2B approach is limited as
other structures in the phase space may cause interference
with the resonances considered as signal. Therefore, more
precise results can be obtained using a time-dependent
amplitude analysis covering the complete phase space, or
Dalitz plot (DP), of B — K%z " 7~. Furthermore, the
interference terms allow the cosine of the effective weak
phase difference in mixing and decay to be determined,
helping to resolve ambiguities which arise from the Q2B
analysis. This approach has been successfully used in a
time-dependent DP analysis of B — K"K~ K° [15].

The discussion above assumes that the b — s penguin
amplitude dominates the decay. However, for each mode
contributing to the K27T+ 7~ final state, there is also the
possibility of a b — u tree diagram. These are doubly
CKM suppressed compared to the b — s penguin diagram
(the tree is O(A*), whereas the penguin is O(A?), where A
is the usual Wolfenstein parameter [16,17]). However,
hadronic factors may enhance the tree amplitudes, result-
ing in a significant “tree pollution.” These hadronic factors
may be different for each Q2B state, thus the relative
magnitudes of each tree and penguin amplitudes, |T/P|,
and the strong phase difference may be different as well.
Nonetheless, the relative weak phase between these two
amplitudes is the same—and in the standard model is equal
to the CKM unitarity triangle angle y. An amplitude
analysis, in contrast to a Q2B analysis, yields sufficient
information to extract relative phases and magnitudes.
Measurements of decay amplitudes in the DP analysis of
B® — K97r* 7~ (and similar modes) can therefore be used
to set constraints on the CKM parameters (p, 1) [18-21].
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Recently published results on time-dependent DP analy-
sis of B® — K%7" 77~ are available [22]. Previous studies
of the B® — K)7* 7~ decay were either based on a Q2B
approach [23], or were amplitude analyses that did not take
into account either time-dependence or flavor-tag depen-
dence [24]. The available results for B* — K07 "7~ are
consistent with studies obtained from other B — Knm
decay modes: K™z~ 7° [25,26] and K* 7wt 7~ [27,28].
The latter results indicate evidence for direct CP violation
in the B* — p°(770)K* channel. If confirmed, this will be
the first observation of CP violation in the decay of any
charged particle. The relevance of B — K is further
highlighted by recent theoretical calculations [29] suggest-
ing that large CP violation effects are expected in several
B — K*7 and B — K p resonant modes.

In this paper we present results from a time-dependent
amplitude analysis of the B® — K97 " 77~ decay. In Sec. II
we describe the time-dependent DP formalism, and intro-
duce the signal parameters that are extracted in the fit to
data. In Sec. III we briefly describe the BABAR detector
and the data set. In Sec. IV, we explain the selection
requirements used to obtain the signal candidates and
suppress backgrounds. In Sec. V we describe the fit method
and the approach used to control experimental effects such
as resolution. In Sec. VI we present the results of the fit,
and extract parameters relevant to the contributing inter-
mediate resonant states. In Sec. VII we discuss systematic
uncertainties in the results, and finally we summarize the
results in Sec. VIIIL.

II. ANALYSIS OVERVIEW

Taking advantage of the interference pattern in the DP,
we measure relative magnitudes and phases for the differ-
ent resonant decay modes using a maximum-likelihood fit.
Below, we detail the formalism used in the present
analysis.

A. Decay amplitudes

We consider the decay of a spin-zero B? with four-
momentum py into the three daughters 7%, 77—, and Kg
with p,, p_, and p, their corresponding four-momenta.
Using as independent (Mandelstam) variables the invariant
squared masses

S+ = m§(277+ = (p+ + po)
‘ (D

$—=mio = (P + po)’,

. . o, . )
the invariant squared mass sy =m->, - = (py + p_)
can be obtained from energy and momentum conservation:

— 2 2 2
S0 = My + 2m_, + ng — S5, —5_. 2)

The differential B decay width with respect to the varia-
bles defined in Eq. (1) (i.e. the Dalitz plot) reads
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1 |A]?
dI'(B® — K7t 7)) = -
( sTm) 2m)3 32m%o

ds,ds_, (3)

where A is the Lorentz-invariant amplitude of the three-
body decay. In the following, the amplitudes A and A
correspond to the transitions B® — K977~ and B’ —
K" o, respectively. We describe the distribution of
signal events in the DP using an isobar approximation,
which models the total amplitude as resulting from a
coherent sum of amplitudes from the N individual decay
channels

N
.ﬂ.(S+,S_): ZCij(S+’ S—), (4)
j=1

M-

Alsy, s ) = Eij(s+, s_), (5)

j=1

where F; are DP-dependent dynamical amplitudes de-
scribed below, and ¢ j complex coefficients describing the
relative magnitude and phase of the different decay chan-
nels. All the weak phase dependence is contained in ¢;, and
F'; contains strong dynamics only; therefore,

Fi(sy,s-) = Fj(s_,s+). (6)

The resonance dynamics are contained within the F; terms,
which are represented by the product of the invariant mass
and angular distribution probabilities, i.e.,

Fi(sy, 52) = Rm)X (Ip*IX (g1 TH(L, p, §)  (7)

where

(1) m is the invariant mass of the decay products of the
resonance,

(i) R ](m) is the resonance mass term or ‘“‘line shape”
(e.g. Breit—Wigner),

(iii) L is the orbital angular momentum between the

resonance and the bachelor particle,

(iv) p* is the momentum of the bachelor particle eval-
uated in the rest frame of the B,

(v) p and g are the momenta of the bachelor particle and
one of the resonance daughters, respectively, both
evaluated in the rest frame of the resonance (for
KY7~, Ky7", and 7" 7~ resonances, g is assigned
to the momentum of the Kg, 7%, and 7,
respectively),

(vi) X, are Blatt—Weisskopf barrier factors [30] with
parameters 7’ (taken to be 2 (GeV/c)™!) and r

(given in Table I), and

(vii) T;(L, p, g) is the angular distribution:

L=0: T;,=1, (8)

L=1 T;,=-4p-q €))

8
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TABLE 1.
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Parameters of the DP model used in the fit. Values are given in MeV/(c?), unless

mentioned otherwise. The mass and width for the fy(1300) are averaged from results in BY —
Kt 7~ 7" Dalitz analyses [27,28].

Resonance Parameters Line shape Ref. for Parameters
£0(980) my = 965 = 10 Flatté [31]

¢, =165+ 18

gx = 695 £ 93
p°(770) my = 775.5 = 0.4 GS [32]

T, = 1464 = 1.1

r=53%29(GeV/c)™!
K**(892) mo = 891.66 = 0.26 RBW [32]
K*(892) I'h =50.8+0.9
r=36%006(GeV/c)"!

(Km)* my = 1415+ 3 LASS [27]
(Km)i™ T, =300*6

msuoll = 1800

a=207=*0.10 (GeV/c)"!
r=23.32+034 (GeV/c)™!

f(1270) my = 1275.4 = 1.1 RBW [32]

Iy = 185.2131

r=3.0(GeV/c)™!

Fx(1300) my = 1471 =7 RBW [27,28]

F() = 97 + 15
NR decays flat phase space
Xeo my = 3414.75 + 0.35 RBW [32]

r() = 104 + 0.7

The helicity angle of a resonance is defined as the angle ~ where
between p and g. Explicitly, for K97, Ky, and w*ar~ 1 5
resonances the helicity angle is defined between the mo- r,.(m)= gw<§,[1 — 4m?,/m* + 3 1—4m?./ mz),

menta of the bachelor particle and of the K0, 7, and 7,
respectively, in the resonance rest frame.

For most resonances in this analysis the R; are taken to
be relativistic Breit—-Wigner (RBW) [32] line shapes:

1
(m3 — m?) — imyT(m)’

Rj(m) = 1D

where m, is the nominal mass of the resonance and I'(m) is
the mass-dependent width. In the general case of a spin-J
resonance, the latter can be expressed as

o =) ()

The symbol I'y denotes the nominal width of the reso-
nance. The values of mg and Iy are listed in Table I. The
symbol g, denotes the value of ¢ when m = m,.

For the f(980) line shape the Flatté form [33] is used. In
this case the mass-dependent width is given by the sum of
the widths in the 77 and KK systems:

F(m) = F7T7T(m) + FKK(m))

12)

13)

(14)

Fgx(m) = gK<%\/1 —4mi. /m? + %\/1 - 4m§<0/m2).
(15)

The fractional coefficients arise from isospin conservation
and g, and gg are coupling constants for which the values
are given in Table I.

For the p°(770) we use the Gounaris—Sakurai (GS)
parametrization [34], that describes the P-wave scattering
amplitude for a broad resonance, decaying to two pions:

1+d'ro/m0

Rim) = G = o & fom) — imgtomy’ 1©
where
2
Flm) = rom—g[q%h(m) — h(my))
90
dh
+ (mg — m2)q(2)W m_m()], (17)
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and the function h(m) is defined as

+2
nom =241y (’” q), (18)
mm 2m,,
with
dh ( 1 1 ) 1
— =hmy)|——— )+ —. 19
dm? m=m ( 0) 8q% 2m(2) 277'm% (19)

The normalization condition at R j(O) fixes the parameter
d = f(0)/(I'ymyg). 1t is found to be

3 mk (mo + 2q0) L Mo m2m; 20)

T 4 ; In 2my, 2mqy  mqy

The 0% component of the K7 spectrum is not well

understood [35,36]; we dub this component (K7);* and

use the LASS parametrization [35] which consists of the

K*(1430) resonance together with an effective range non-
resonant (NR) component:

Mg
R(mv.)—=— K7
i) gcotéy — iq
' mOFO mo
+ ¢2i% - , (21
(03~ k)~ iml 2

where cotSz = i + 1 rq. The values we have used for the

scattering length (a) and effective range (r) parameters of
this distribution are given in Table I. The effective range
part of the amplitude is cut off at m$° = 1800 MeV/c?.
Integrating separately the resonant part, the effective range
part, and the coherent sum we find that the K*(1430)
resonance accounts for 81.7%, the effective range term
44.1%, and destructive interference between the two terms
is responsible for the excess 25.8%.

A flat phase-space term has been included in the signal
model to account for NR B — K7+ 7~ decays.

We determine a nominal signal Dalitz-plot model using
information from previous studies [23,24] and the change
in the fit likelihood value observed when omitting or add-
ing resonances. The components of the nominal signal
model are summarized in Table I. Other components, taken
into account only to estimate the DP model uncertainty, are
discussed in Sec. VIIL.

B. Time dependence

With At = t4,-t,,, defined as the proper time interval
between the decay of the fully reconstructed B’ —
Kdm* 7 (B o) and that of the other meson (Bhg) from
the Y'(4S), the time-dependent decay rate | A7 (Ar)]?

< sig
(IﬂlSIg(At)Iz) when the BY,, is a B® (B") is given by

PHYSICAL REVIEW D 80, 112001 (2009)

—|Atl/7p0 _
|ﬂlblg(At)|2— ype —[lAP+|APF (AP -]A]P
Tpo
X cos(AmyAt) + 2Im[ A A*]sin(Am,Ar)],
(22)

where 7po is the neutral B meson lifetime and Am, is the
B°B° mass difference. In the last formula and in the
following, the DP dependence of the amplitudes is implicit.
Here, we have assumed that there is no CP violation in
mixing, and have used a convention whereby the phase
from B°B° mixing is absorbed into the B decay amplitude
(i.e. into the ¢; terms). In other words, we assume that the
B°B° mixing parameters satisfy |g/p| = 1 and absorb ¢/p
into ¢;. Lifetime differences in the neutral B meson system
are assumed to be negligible.

C. The square Dalitz plot

Both the signal events and the combinatorial e™e™ —
qq (¢ = u, d, s, c) continuum background events populate
the kinematic boundaries of the DP due to the low final
state masses compared with the B® mass. The representa-
tion in Eq. (3) is inconvenient when empirical reference
shapes are to be used. Large variations occurring in small
areas of the DP are very difficult to describe in detail. We
therefore apply the transformation

ds,ds_ — |detJ|dm'de’, (23)

which defines the square Dalitz plot (SDP). The new
coordinates are

my — min 1
m' = — arccos[2————2% _ — 1), 0 =—0,,
T max mmm T
0 0
24
where my = /5y is the 777~ invariant mass, m{* =

Mpo = Mo and m™ = 2m_+ are the kinematic limits of
mg, 0, is the 7% 7~ resonance helicity angle and J is the
Jacobian of the transformation. Both variables range be-
tween 0 and 1. The determinant of the Jacobian is given by

amg 9 cost
om0

where |p*%| = w/E*f —mZ2. and |pg| = ‘/Egz - mio, and
N

where the 7+ (K?) energy E*. (Ej), is defined in the 77 77~
rest frame. This transformation was introduced in
Ref. [37], and has been used in several B decay DP
analyses.

| detJ| = 4|p+||p0|m0 ) (25)

III. THE BABAR DETECTOR AND DATASET

The data used in this analysis were collected with the
BABAR detector at the PEP-II asymmetric-energy ete™
storage ring at SLAC between October 1999 and August
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2006. The sample consists of an integrated luminosity of
347.3 fb~!, corresponding to (383 = 3) X 10° BB pairs
collected at the Y'(4S) resonance (“on-resonance’), and
36.6 fb~! collected about 40 MeV below the Y'(45)(*oft-
resonance’’).

A detailed description of the BABAR detector is pre-
sented in Ref. [38]. The tracking system used for track and
vertex reconstruction has two components: a silicon vertex
tracker (SVT) and a drift chamber (DCH), both operating
within a 1.5 T magnetic field generated by a superconduct-
ing solenoidal magnet. Photons are identified in an elec-
tromagnetic calorimeter (EMC). It surrounds a detector of
internally reflected Cherenkov light (DIRC), which asso-
ciates Cherenkov photons with tracks for particle identi-
fication. Muon candidates are identified with the use of the
instrumented flux return (IFR) of the solenoid.

IV. EVENT SELECTION AND BACKGROUNDS

We reconstruct B® — K27+ 7~ candidates from pairs of
oppositely-charged tracks and a Kg — 77~ candidate,
which are required to form a good quality vertex. In order
to ensure that all events are within the DP boundaries, we
constrain the invariant mass of the final state to the B mass.
For the 77" 7~ pair from the B, we use information from
the tracking system, EMC, and DIRC to remove tracks
consistent with electron, kaon, and proton hypotheses. In
addition we require at least one track to be inconsistent
with the muon hypothesis based on information from the
IFR. The K candidate is required to have a mass within
15 MeV/c? of the nominal K° mass [32], and a lifetime
significance of at least 5 standard deviations. The last
requirement ensures that the decay vertices of the B® and
the Kg are well separated. In addition, combinatorial back-
ground is suppressed by requiring the cosine of the angle
between the K(S) flight direction and the vector connecting
the B-daughter pions and the K9 vertices to be greater than
0.999.

A B-meson

candidate is characterized kine-

matically by the energy-substituted mass mgg =

\/(s/2 +p, - pp)?/E? — p% and energy difference AE =
Ej; — /s, where (Ep, pp) and (E;, p;) are the four-vectors
of the B-candidate and the initial electron-positron system,
respectively. The asterisk denotes the Y'(45) frame, and s is
the square of the invariant mass of the electron-positron
system. We require 5.272 < mgg < 5.286 GeV/c? and
|AE| < 0.065 GeV. Following the calculation of these
kinematic variables, each of the B candidates is refitted
with its mass constrained to the world average value of the
B-meson mass [32] in order to improve the DP position
resolution, and ensure that Eq. (2) holds.

Backgrounds arise primarily from random combinations
in continuum events. To enhance discrimination between
signal and continuum, we use a neural network (NN) [39]
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to combine four discriminating variables: the angles with
respect to the beam axis of the B momentum and B thrust
axis in the Y'(4S) frame, and the zeroth and second order
monomials L, of the energy flow about the B thrust axis.
The monomials are defined by L, =Y ,p; X |cos6,|",
where 6; is the angle with respect to the B thrust axis of
track or neutral cluster i and p; is the magnitude of its
momentum. The sum excludes the B candidate and all
quantities are calculated in the Y'(4S) frame. The NN is
trained using off-resonance data as well as simulated signal
events, all of which passed the selection criteria. The final
sample of signal candidates is selected with a requirement
on the NN output that retains 90% of the signal and rejects
71% of the continuum.

The time difference Az is obtained from the measured
distance between the positions of the B}, and By,, decay
vertices, using the boost By = 0.56 of the e*e™ system.
B candidates with |Az| > 20 ps are rejected, as are can-
didates for which the error on At is higher than 2.5 ps. To
determine the flavor of B?ag we use the B flavor-tagging
algorithm of Ref. [40]. This algorithm combines several
different signatures, such as charges, momenta, and decay
angles of charged particles in the event to achieve optimal
separation between the two B flavors. This produces six
mutually exclusive tagging categories: lepton, two differ-
ent kaon categories, slow pion, kaon-slow pion, and a
category that uses a combination of other signatures. We
also retain untagged events in a seventh category since
although these events do not contribute to the measurement
of the time-dependent CP asymmetries they do provide
additional statistics for the measurements of direct CP
violation and CP-conserving quantities such as the branch-
ing fractions [41]. Multiple B candidates passing the full
selection occur between ~1% of the time for NR signal
events and ~8% of the time for B® — f;(980)K? signal
events. If an event has more than one candidate, we select
one using a reproducible pseudorandom procedure based
on the event timestamp.

With the above selection criteria, we obtain a signal
efficiency determined from Monte Carlo (MC) simulation
of 21%-25%, depending on the position in the DP.

Of the selected signal events, 8% of B® — p°K?9, 6% of
B% — K*(892)* 7~ and 4% of B — f((980)K} events are
misreconstructed. Misreconstructed events occur when a
track from the tagging B is assigned to the reconstructed
signal candidate. This occurs most often for low-
momentum tracks and hence the misreconstructed events
are concentrated in the corners of the DP. Since these are
also where the low-mass resonances overlap strongly with
other resonances, it is important to model the misrecon-
structed events correctly. The model used to account for
misreconstructed events is detailed in Sec. VA.

We use MC events to study the background from other B
decays (B background). More than 50 channels were con-
sidered in preliminary studies, of which 20 are included in

112001-8



TIME-DEPENDENT AMPLITUDE ANALYSIS OF ...
TABLE II.

PHYSICAL REVIEW D 80, 112001 (2009)

Summary of B background modes included in the fit model. When the yield is varied in the fit, the quoted number of

events corresponds to the fit results. Otherwise, the expected number, taking into account the branching ratios and efficiency, is given.

Mode Varied BR Number of events
B — D™ (— Kym)m* yes 3377 + 60
B®— J/y(— ITI7)K) yes 1803 * 43
B — (28K} yes 142 + 13
B — n'K? yes 37 £ 16
B — afm* no (39.7 £3.7) X 107° 7.3 0.7
B’ — D* (— Dm)w™" no (2.57 £ 0.10) X 1073 438 2.5
B =D h";B"—D pu'y, no (2.94 = 0.19) X 103 281 + 20
B —D* p* no (142 = 1.4) x 1073 345+46
B — {neutral generic decays} no not applicable 114 =7
Bt — {charged generic decays} no not applicable 282 = 11

the final likelihood model—those with at least two events
expected after selection. These exclusive B background
modes are grouped into ten different classes that gather
decays with similar kinematic and topological properties:
nine for neutral B decays, one of which accounts for
inclusive decays, and one for inclusive charged B decays.

Table II summarizes the ten B background classes that
are used in the fit. The yields of those classes that have a
clear signature in the DP are allowed to float in the
maximum-likelihood fit, the remainder are fixed. When
the yield of a class is varied in the maximum-likelihood
fit the quoted number of events corresponds to the fit
results. For the other modes, the expected numbers of
selected events are computed by multiplying the selection
efficiencies (estimated using MC simulated decays) by the
world average branching fractions [3,32], scaled to the data
set luminosity (347 fb™1).

V. THE MAXIMUM-LIKELIHOOD FIT

We perform an unbinned extended maximum-likelihood
fit to extract the inclusive B® — Ky7* 7~ event yield and
the resonant amplitudes. The fit uses the variables mgg,
AE, the NN output, and the SDP to discriminate signal
from background. The Az measurement allows the deter-
mination of mixing-induced CP violation and provides
additional continuum background rejection.

The selected on-resonance data sample is assumed to
consist of signal, continuum background, and B back-
ground components. The signal likelihood consists of the
sum of a correctly reconstructed (‘‘truth-matched,” TM)
term and a misreconstructed (‘‘self-cross-feed,” SCF)
term. Generally, the components in the fit are separated
by the flavor and tagging category of the tag side B decay.

The probability density function (PDF) P for an event i
in tagging category c is the sum of the probability densities

TABLE III. Definitions of the different variables in the likelihood function given in Eq. (26).
Variable Definition
Niig total number of K97 "7~ signal events in the data sample
f e fraction of signal events that are tagged in category ¢
fScr fraction of SCF events in tagging category c, averaged over the DP
’P;’ig_TM ; product of PDFs of the discriminating variables used in tagging category ¢ for TM events
Sig-SCE,i product of PDFs of the discriminating variables used in tagging category ¢ for SCF events
Ng; number of continuum events that are tagged in category ¢
Guag,i tag flavor of the event, defined to be +1 for a B?ag and —1 for a E’&g
Ayg parametrizes possible asymmetry in continuum events
o continuum PDF for tagging category ¢
NE number of neutral B-related background classes considered in the fit, namely, nine
Np+ number of expected charged B background events
Npoj number of expected events in the neutral B background class j
for fraction of charged B background events that are tagged in category ¢
f;;uj fraction of neutral B background events of class j that are tagged in category ¢
Ag+ describes a possible asymmetry in the charged B background
?Z?*,i B* background PDF for tagging category ¢
P ¥ neutral B background PDF for tagging category ¢ and class j
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of all components, namely

Pi = NSigfgig[(l - fgCF)?gig—TM,i + fgCFipgig-SCF,i]

1
+ Noas

1
+ N3+f§;+ 5(1 + Qtag,iAB*)P%Jr,i

1+ CItag,iAqq)Tf,q,i

B0
class

+ Zl Npoif g0, P i (26)

J

The variables are defined in Table III. The PDFs P§ (X =
{sig-TM, sig-SCF, ¢g, B", B°}) are the product of the four
PDFs of the discriminating variables, x; = mgg, X, = AE,
x3 = NN output, and the triplet x, = {m/, 8', At}:

4
?%,,(1) = ]!j[l P;}y,-(j)(xk); (27)

where i is the event index and j is a B background class.
Not all the PDFs depend on the tagging category; the
general notations P;(,i(j) and T?{,i(j) are used for simplicity.

Correlations between the tag and the position in the DP are
absorbed in tag-flavor-dependent SDP PDFs that are used
for continuum and charged B backgrounds. The parameters
Ap+ and A ; parametrize any potential asymmetry between
these PDFs. The extended likelihood over all tagging
categories is given by

7
L=[]e"T]P (28)

where N°¢ is the total number of events expected in cate-
gory c.

A total of 75 parameters are varied in the fit. They
include the 12 inclusive yields (signal, four B background
classes, and seven continuum yields, one per tagging cate-
gory), 30 parameters for the complex amplitudes from
Eq. (22), and 33 parameters of the different PDFs. The
latter include most of the parameters describing the con-
tinuum distributions.

A. The At and Dalitz plot PDFs

The SDP PDFs require as input the DP-dependent se-
lection efficiency, € = &(m/, '), and SCF fraction, fgcp =
fscr(m', 6'). Both quantities are taken from MC simula-
tion. Away from the DP corners the efficiency is uniform. It
decreases when approaching the corners, where one of the
three particles in the final state is nearly at rest so that the
acceptance requirements on the particle reconstruction
become restrictive. Combinatorial backgrounds and hence
SCF fractions are large in the corners of the DP due to the
presence of soft tracks.

PHYSICAL REVIEW D 80, 112001 (2009)
For an event i we define the time-dependent SDP PDFs

Psig—TM,i(ml; 0, A1) = g,(1 — fSCF,i)l det-li”ﬂi(Al‘)P,
(29)

Pgo-scri(m', 0, At) = &, fscr,| det);[| A= (AD[%  (30)

where P,y ;(m', 0', At) and Pgo_gcp ;(m', 6', At) are nor-
malized to unity. The phase-space integration involves the
expectation  values  (e(1 — fscp)ldet/|F F;)  and
(efscrl detJ|FyF);) for TM and SCF events, where the
indices k, k' run over all resonances belonging to the signal
model. The expectation values are model-dependent and
are computed by MC integration over the SDP:

(e(1 = fscp)l detd|F Fr)

_ [0 [6 el = fscp)l detJ | FyFr dm'do’
Jb b el det|FFydm'do!

. @D

and similarly for (e fscp| det/|FF},), where all quantities
in the integrands are DP-dependent.

Equation (26) invokes the phase space-averaged SCF
fraction fscp = (fscrl det/|F «F},). The PDF normaliza-
tion is decay-dynamics-dependent and is computed itera-
tively. We determine the average SCF fractions separately
for each tagging category from MC simulation.

The width of the dominant resonances are large com-
pared to the mass resolution for TM events (about
8 MeV/c? core Gaussian resolution). We therefore neglect
resolution effects in the TM model. Misreconstructed
events have a poor mass resolution that strongly varies
across the DP. It is described in the fit by a 2 X
2-dimensional resolution function

Rscg(my, 6, my, 07), (32)

which represents the probability to reconstruct at the co-
ordinates (m/, 6.) an event that has the true coordinates
(m!, 6}). It obeys the unitarity condition

1 1
f [ Rece(ml, 0}, ml, 0))dmld6l, — 1, (33)
0 0

and is convolved with the signal model. The Rgcp function
is obtained from MC simulation.

We use the signal model described in Sec. I A. It con-
tains the dynamical information and is connected with At
via the matrix element in Eq. (22), which intervenes in the
signal PDFs defined in Eq. (29) and (30). The PDFs are
diluted by the effects of mistagging and the limited vertex
resolution [42]. The At resolution function for signal (both
TM and SCF) and B background events is a sum of three
Gaussian distributions. The parameters of the signal reso-
lution function are determined by a fit to fully-
reconstructed B° decays [40].

The charged B background contribution to the likeli-
hood, given in Eq. (26), uses distinct SDP PDFs for each
reconstructed B flavor tag, and a flavor-tag-averaged PDF
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for untagged events. The PDFs are obtained from MC
simulation and are described by histograms. The Af reso-
lution parameters are determined by a fit to fully-
reconstructed B* decays. For the B* background class
we adjust the effective lifetime to account for the misre-
construction of the event that modifies the nominal At
resolution function.

The neutral B background is parametrized with PDFs
that depend on the flavor tag of the event. In the case of CP
eigenstates, correlations between the flavor tag and the
Dalitz coordinates are expected to be small. However,
non-CP eigenstates, such as aj 7%, may exhibit such
correlations. Both types of decays can have direct and
mixing-induced CP violation. A third type of decay in-
volves charged D mesons and does not exhibit mixing-
induced CP violation, but usually has a strong correlation
between the flavor tag and the DP coordinates because it
consists of B-flavor eigenstates. Direct CP violation is also
possible in these decays, though it is set to zero in the
nominal model. The DP PDFs are obtained from MC
simulation and are described by histograms. For neutral
B background, the signal Af resolution model is assumed.
Note that the SDP- and A¢-dependent PDFs factorize for
the charged B background modes, but not necessarily for
the neutral B background due to B°B® mixing.

The DP treatment of the continuum events is similar to
that used for charged B background. The SDP PDF for
continuum background is obtained from on-resonance
events selected in the mgg sidebands and corrected for
feed-through from B decays. A large number of cross
checks have been performed to validate the empirical
shape used. The continuum At distribution is parametrized
as the sum of three Gaussian distributions with common
mean and three distinct widths that scale with the Az per
event error. This introduces six shape parameters that are
determined by the fit. The model is motivated by the
observation that the mean of the Az distribution is inde-
pendent of the per event error, and that the width depends
linearly on this error.

B. Description of the other variables

The mgg distribution of TM signal events is parame-
trized by a bifurcated Crystal Ball function [43—45], which
is a combination of a one-sided Gaussian and a Crystal Ball
function. The mean and the two widths of this function are
determined by the fit. The AE distribution of TM signal
events is parametrized by a double Gaussian function. The
five parameters of this function are determined by the fit.
Both mgg and AE PDFs are described by histograms, taken
from the distributions found in appropriate MC samples,
for SCF signal events and all B background classes.
Exceptions to this are the mpg PDFs for the B — D~ 7"
and B — J/ K9 components, and the AE PDF for B® —
D~ 7", which are the same as the corresponding distribu-
tions of TM signal events. The mgg and AE PDFs for
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continuum events are parametrized by an ARGUS shape
function [46] and a first-order polynomial, respectively,
with parameters determined by the fit.

We use histograms to empirically describe the distribu-
tions of the NN output found in the MC simulation for TM
and SCF signal events and for all B background classes.
We distinguish tagging categories for TM signal events to
account for differences observed in the shapes. The con-
tinuum NN distribution is parametrized by a third-order
polynomial that is constrained to take positive values in the
range populated by the data. The coefficients of the poly-
nomial are determined by the fit. Continuum events exhibit
a correlation between the DP coordinates and the shape of
the event that is exploited in the NN. To correct for this
effect, we introduce a linear dependence of the polynomial
coefficients on the variable App, defined as the smallest of
the three invariant masses, and is thus a measure of the
distance of the DP coordinates from the kinematic bounda-
ries of the DP. The parameters describing this dependence
are determined by the fit.

VI. RESULTS

The standard and square Dalitz plots of the selected data
sample are shown in Fig. 1. The maximum-likelihood fit of
22525 candidates results in a B — Ky7* 7~ event yield
of 2182 £ 64 and a continuum yield of 14240 = 126,
where the uncertainties are statistical only. The remaining
number of events is covered by the yields of backgrounds
from charged and neutral B decays, where the dominant
contributions are 3361 = 60 B — D~ 7" and 1804 + 44
B® — J/ K events.

When the fit is repeated starting from input parameter
values randomly chosen within wide ranges above and
below the nominal values for the magnitudes and within
the [0-360°] interval for the phases, we observe conver-
gence toward two solutions with minimum values of the
negative log likelihood function —21logL that are equal
within 0.32 units. In the following, we refer to them as
solution I (the global minimum) and solution II (a local
minimum). No other local minima were found. Between
the two solutions, the fit values for most free parameters
are very similar. Exceptions occur among isobar parame-
ters, and most particularly isobar phases, some of which
can differ significantly. A possible interpretation of the
double solution as a result of the trigonometric ambiguity
in the f((980)K) resonant mode is discussed below.
However, the significance with which one of the solutions
is preferred is expected to increase with statistics.

For a given event i, we define the likelihood ratio as R =
Pge-tm,i/P; (see Eq. (26) and explanations below).
Figure 2 shows distributions of logR for all the events
entering the fit, and for the signal-like region. We obtain
signal enriched samples that are used in some of the figures
below, by removing events with small values of R; in each
case R is computed excluding the variable being plotted.
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Standard (left) and square (right) Dalitz plots of the selected data sample of 22525 B — 1(277'+ 7~ candidates. The narrow

bands correspond to D 7~, J/ K9, and ¢(2S)K(S) background events.

Figure 3 shows distributions of AFE, mgg, and the NN
output which are enhanced in signal content by require-
ments on R. Figures 4-7 show similar distributions for
m(m*7w~), m(K%7), and App. These distributions illustrate
the good quality of the fit in the signal-enhanced regions.
Signal enriched distributions of Az and A¢ asymmetry for
events in the regions of f,(980)K? and p°(770)K? are
shown in Fig. 8.
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FIG. 2 (color online).

In the fit, we measure directly the relative magnitudes
and phases of the different components of the signal model.
The magnitude and phase of the B — f(,(980)K§ ampli-
tude are fixed to 4 and 0, respectively, as a reference. The
results corresponding to the two solutions are given to-
gether with their statistical uncertainties in Table IV. The
full (statistical, systematic, and model-dependent) correla-
tion matrices between the magnitudes and the phases for

300

Events/(0.02)

3 TN IS . T I, 20 I o
) iamarn s e TwﬁH ++—*T++I—*rﬁ++¢

4 HHlHHMAHMH‘luHlHHXHHXHAHHHXHH

"1 09 08 07 -06 05 04 -03 02 -0.1 -0
log(R)

Residuals

Norm.

Distributions of the logarithm of likelihood ratio (logR) for all events entering the fit (left) and in the signal-

like region (right). In the right-hand side plot, a veto in the D~ 7", J/ K2, and ¢r(2S)K2 bands has been applied. Points with error
bars give the on-resonance data. The solid histogram shows the projection of the fit result. The dark, medium, and light shaded areas
represent, respectively, the contribution from continuum events, the sum of continuum events and the B background expectation, and
the sum of these and the misreconstructed signal events. The last contribution is hardly visible due to its small fraction. Below each bin
are shown the residuals, normalized in error units. The parallel dotted and full lines mark the one and two standard deviation levels,
respectively. Points, histograms, shaded areas, and residual plots have similar definitions in Figs. 3 to 8.
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FIG. 3 (color online). Distributions of AE (left), mpq (center), and NN output (right) for a sample enhanced in B — Kg 7~ signal
with a requirement on the likelihood ratio R computed without the variable being plotted. In each case the applied cut rejects 99% of
continuum background, while retaining 28% of signal for AE and mgg, and 16% for NN. A veto in the D~ 7+ and J/ ¢K2 bands has
been applied.
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FIG. 4 (color online). Spectra of m .+, (left) and symmetrized m Ko (right) for the whole data sample. For m_,+ .-, the insets show
the J/ i region (a) and in the ¢ (2S) region (b). The symmetrized m K0 is obtained by folding the SDP with respect to the 0’ variable at

0.5. The inset shows the D region.
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FIG. 5 (color online). Distribution of m,+,  for a sample enhanced in B — K}z 7~ signal, showing the f,(980)K3 and
p°(770)KY signal region for positive (left) and negative (right) 77+ 7 helicity. The contribution from fx(1300)K$ and f,(1270)K?
are also visible. A veto in the D7 band has been applied. The Az and DP PDFs have been excluded from the likelihood ratio R used to
enhance the sample in signal events. The cut on R retains 21% of signal, while rejecting 99% of continuum.
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Distributions of m Ko for a sample enhanced in B® — K97 " 7~ signal, showing the K*(892)7 and K*(1430) 7

signal region for positive (left) and negatlve (right) K helicity. A veto in the J /K9 and ¢(2S)KY bands has been applied. The At
and DP PDFs have been excluded from the definition of the likelihood ratio used to enhance the sample in signal events. The cut on R
retains 18% of signal while rejecting 94% of continuum. An interference between the vector and scalar K** is apparent through a
positive (negative) forward-backward asymmetry below (above) the K*(892).

the two solutions are given in the appendix. The measured
relative amplitudes c;, where the index represents an in-
termediate resonance, are used to extract the Q2B parame-
ters defined below.

For a resonant decay mode k which is a CP eigenstate,
the following Q2B parameters are extracted: the angle B¢

3000 T T T T T
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@
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FIG. 7 (color online). Distributions of the App variable, for a
sample enhanced in B — KJ7* 7~ signal. The App variable is
defined as min(ngf,ngwf,mme—). Small (large) values
of App correspond to the edges (center) of the DP. On the
left (right) side of the figure, for App<1.9 GeV/c?
(>1.9 GeV/c?), the dominant contribution to the signal is
from the light resonances (the NR) component of the signal
model. A veto in the Dar, J/ K9, and (2S)K? bands has been
applied. The At and DP PDFs have been excluded from the
likelihood ratio R used to enhance the sample in signal events.
The cut on R retains 37% of signal while rejecting 88% of
continuum.

defined as
:8 eff (k)

and the direct and mixing-induced CP asymmetries, de-
fined as

arg(ckck) (34)

lexl> = |, l?
Ck)=+—5—=—15" (35)
lel® + &, l?
ZIm(Z‘ka)
S(k) = ———5. 36
O oF + 1o ©o

For a flavor-specific resonant decay mode k such as B® —
K*T(892)7~, it is customary to define the direct CP
asymmetry parameter Ac-p as

lEel* — lekl?

Acplk) = o —— (37)
cp [Cel? + leil?
For a pair of resonances k and k', the phase ¢ (k, k') relating

their amplitudes ¢, and ¢y, defined as
Pk, k') = arglcyey),

can be accessed by exploiting the interference pattern in
the DP areas where k and k" overlap; correspondingly, the
phase ¢ (k, k') for the CP-conjugated amplitudes ¢, and ¢y
is

(38)

bk, k') = arg(c,c). (39)

From these two phases, the difference A¢(k, k') =
d(k, k') — ¢(k, k'), can be extracted. This parameter is a
direct CP violation observable, and can only be accessed in
an amplitude analysis.

For a resonant decay mode k, the phase relating its
amplitude ¢, to its charge conjugate ¢, is defined as
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Distributions of Az when the B, is a B’ (top), B® (middle), and the derived Az asymmetry (bottom). Plots on

the left (right) hand side, correspond to events in the f (980)Kg (p0(770)K2) region. These distributions correspond to samples where
the D~ 7" and J/ ¢ K 2 bands are removed from the DP, and the At and DP PDFs have been excluded from the likelihood ratio R used
to enhance the sample in signal events. The cut on R retains 24% of signal while rejecting 98% of continuum.

AD (k) = arg(c,cy); (40)

here it is worth recalling that we use a convention in which
the BY decay amplitudes have absorbed the phase from
B°B° mixing, and so the phase of ¢/p is implicit in the
A®d(k) parameter. Although the definition of this parame-
ter is technically similar to the SB.; phase defined in
Eq. (34), they differ in their physical interpretation. The
parameter S. quantifies the time-dependent mixing-
induced CP asymmetry, and therefore is most relevant
for the CP eigenstate modes, such as p°(770)K? and
f0(980)KY. On the other hand the A®(k) parameter con-
cerns mostly flavor-specific modes, such as B’ —
K*(892)7~, for which there is no interference between
decays with and without mixing. For such modes, sensi-

tivity to A®(k) is provided indirectly by the interference
pattern of the resonance k with other modes that are
accessible both to B® and B° decays.

We also extract the relative fit fraction FF of a Q2B
channel k, which is calculated as

(lel? + e PFLFy)

FF(k) = — —, 41)
Z(CIU,CV + C/LCV)<F/,LFV>
)75
where the terms
(F,F%) = [f F, Fds. ds_ (42)

are obtained by integration over the complete Dalitz plot.

112001-15



B. AUBERT et al.

PHYSICAL REVIEW D 80, 112001 (2009)

TABLE IV. Results of fit to data for the isobar amplitudes with statistical uncertainties. Both

solutions are shown.

Solution I Solution II
Isobar Amplitude Magnitude Phase (°) Magnitude Phase (°)
€ £, (980)K? 4.0 0.0 4.0 0.0
C £, (980)K? 3704 —73.9 £ 19.6 32*+0.6 —112.3 =209
Cp(T70)K? 0.10 = 0.02 35.6 = 14.9 0.09 = 0.02 66.7 = 18.3
Cp(170)K? 0.11 =0.02 15.3 =20.0 0.10 = 0.03 —0.1 £18.2
CK* (892) 0.154 = 0.016 —138.7 = 25.7 0.145 £0.017 —107.0 = 24.1
CK(892) 7 0.125 £ 0.015 163.1 = 23.0 0.119 £0.015 76.4 = 23.0
CKmyt 6.9 = 0.6 —151.7 = 19.7 6.5 0.6 —122.5+20.3
C(Kmy 7.6 = 0.6 136.2 = 19.8 7.3 0.7 52.6 =20.3
C1,(1270)K? 0.014 = 0.002 5.8+ 19.2 0.012 = 0.003 23.9 =227
Cf,(1270)K? 0.011 £ 0.003 —24.0 = 28.0 0.011 = 0.003 —83.3 £24.3
€ £, (1300)K? 1.41 =£0.23 43.2 £22.0 1.40 = 0.28 85.9 =248
C f,(1300)KY 1.24 = 0.27 31.6 =23.0 1.02 = 0.33 —67.9 £ 22.1
CNR 2.6 0.5 353+ 16.4 1.9 0.7 56.7 = 23.6
CNR 2.7=*0.6 36.1 = 18.3 3.1 £06 —452 = 17.8
€ xeoK? 0.33 =0.15 61.4 =445 0.28 = 0.16 51.9 = 384
C K" 0.44 = 0.09 15.1 =30.0 0.43 = 0.08 —58.5*+27.9

The total fit fraction is defined as the algebraic sum of all fit
fractions. This quantity is not necessarily unity due to the
potential presence of net constructive or destructive inter-
ference. Using the relative fit fractions, we calculate the
branching fraction B for the intermediate mode k as

FF(k) X B(B® — Kdm* ™), (43)

where B(B® — K7+ ™) is the total inclusive branching
fraction

BB — Kyt o) = & (44)
& N BB

We compute the average efficiency, &, by weighting MC
events with the measured intensity distribution of signal
events, (| A(DP)|2 + | A(DP)|?)/2. The term Ny is the
total number of BB pairs in the sample. Finally, we use the
following integrals of amplitudes over the complete Dalitz
plot to measure the inclusive direct CP-asymmetry:

- Al - | AP)ds . ds_
Ainel — I(l _ * . 45
TR 1 ADdsds. )

The Q2B parameters and fit fractions are given in Table V,
together with their statistical and systematic errors. The
branching fractions are shown in Table VI.

To extract the statistical uncertainties on the Q2B pa-
rameters we perform likelihood scans, not relying on any
assumption about the shape of the likelihood function.
Since the Q2B parameters are not directly used in the fit,

we instead must perform the scan fixing one or two pa-
rameters among the signal model magnitudes and phases.
These are chosen in such a way that the resulting likelihood
curve can be trivially interpreted in terms of the Q2B
parameter of interest. In each case the chosen parameters
are fixed at several consecutive values, for each of which
the fit to the data is repeated. The error on the Q2B
parameter is determined by the points, or the contour,
where the —2logL function changes by one unit with
respect to its minimum value. Systematic uncertainties
are discussed in Sec. VII. Results of the likelihood scans
in terms of —2A logL are shown in Figs. 9-16.

The measurements of time-dependent CP-violation in
the £(980)KY and p°(770)K? modes are presented as two-
dimensional likelihood scans in the (B, C) plane, shown
in Fig. 9. The scans are displayed as confidence level
contours after two-dimensional convolution with the co-
variance matrix of systematic uncertainties. In the same
figure, one-dimensional likelihood scans of B are also
displayed. For f;(980)K? the two solutions lie below and
above 45 degrees and correspond very closely to the trigo-
nometric ambiguity between a given value of B. and
90° — Besr (mirror solutions). On the other hand, for
p°(770)K? both solutions are below 45 degrees. In this
case the trigonometric ambiguities of the two observed
solutions are suppressed at 3.6 and 2.0 standard deviations
(o), respectively.

The (Besr, C) plane can be transformed to the more
familiar (S, C) plane using Eq. (34)—(36). The correspond-
ing two-dimensional contours are shown in Fig. 10. While
a part of the information on the phases is lost, this repre-
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TABLE V. Summary of measurements of the Q2B parameters for solutions I and II. The first uncertainty is statistical, the second is
systematic, and the third represents the DP signal model dependence. We also show the total (statistical and systematic) linear

correlations between the parameters S.; (S) and C. Phases are given in degrees and FF's in percent.

Parameter

Solution I

Solution IT

C(fo(980)K?)

Beit(f0(980)KY)

S(fo(980)KY)

Cort[ B (f0(980)KY), C(fo(980)K9)]
Corr[S(f0(98O)Kg), C(f0(980)Kg)]
FF(f(980)K9)

0.08 + 0.19 + 0.03 = 0.04
36.0+9.8 +21+2.1
~0.96+921 +0.03 + 0.02
~3.1%

19.7%

13.8715 + 0.8 = 0.6

0.23 +0.19 = 0.03 + 0.04
562+ 104 +21+2.1
—0.90+02¢ + 0,03 = 0.02

~17.0%
12.5%
135714 + 0.8 + 0.6

C(p°(T70)K$)

Ber(p°(T70)KY)

S(p°(770)KY)

Cort] Ber(p"(TT0)KY), C(p°(770)K)]
Cort[S(p°(770)K?), C(p°(770)K$)]
FF(p°(770)K%)

—0.05 = 0.26 = 0.10 = 0.03
102+89*3.0%19
0.351026 + .06 + 0.03
—23.0%
—21.3%
8.614=0.5+02

—0.14 £ 0.26 = 0.10 * 0.03
334104 +3.0= 1.9
0.917997 + 0.06 + 0.03

—34.0%
~10.4%
85713 £05%02

Acp(K*(892)7)
AD(K*(892) )
FF(K*(892)m)

—0.21 +0.10 = 0.01 = 0.02
583 +32.7+4.6+8.1
11.0712 + 0.6 + 0.8

—0.19*219 + 0,01 + 0.02
176.6 = 28.8 = 4.6 = 8.1
10.9%12 = 0.6 = 0.8

Acp((Kmr)g)
AD((Kr)y)
FF((Km)§m)

0.09 £ 0.07 £ 0.02 £ 0.02
722 £24.6 4.1 *+44
452+23*+19*09

0.12+097 + 0.02 = 0.02

—175.1 £22.6 =41+ 44
46.1 £24+19*09

C(f,(1270)KY)

Bett (f2(1270)K9)

S(f,(1270)K9)

Corr[ Bt (£2(1270)K9), C(f>(1270)K9)]
Cort[S(f,(1270)KY), C(f,(1270)K9)]
FF(f,(1270)K?)

0.28*335 = 0.08 = 0.07
149+ 17.9£31%52
—0.48 = 0.52 = 0.06 = 0.10
11.5%

0.9%
23798+ 0207

0.09 = 0.46 =+ 0.08 = 0.07
53.6 £ 167 £3.1 £5.2
—0.95 = 0.17 = 0.06 = 0.10
-2.8%

21.2%

23405 +02+07

C(fx(1300)K9)

Berr(fx(1300)K9)

S(fx(1300)K9)

Corr| Bege (fx (1300)K9), C(fx(1300)K)]
Cort[S(fx(1300)KY), C(fx(1300)K3)]
FF(fx(1300)K2)

0.13753% + 0.04 = 0.09
58+152+22+23
—0.20 = 0.52 = 0.07 + 0.07
—27.0%

28.5%
3.6500£03+09

0.307931 = 0.04 = 0.09
769 £13.8 222 +23
—0.42 = 0.41 = 0.07 = 0.07
—9.3%

6.1%
3.5509+£03+09

C(NR)

Beir(NR)

S(NR)

Cort[ Be(NR), C(NR)]
Cort[S(NR), C(NR)]
FF(NR)

0.01 = 0.25 = 0.06 = 0.05
04+88*+19=*38
—0.01 £0.31 £0.05 = 0.09
—10.6%

10.6%
11.5£20*x1.0*0.6

—0.457028 + 0.06 = 0.05
5.0+ 133+ 1.9+38
~0.87 + 0.18 + 0.05 + 0.09
~37.9%
~91.5%

126 +2.0+ 1.0+ 0.6

C(X(OKg)

IBeff(/\/c()Kg)

S(XLOK(;)

Corr[ Bett (X0 KD), Cxe0kD)]
Cort[S(x.0KD). C(x K]
FF(xKY)

—0.297933 + 0.03 = 0.05
23.2+£224*£23+42
—0.69 = 0.52 = 0.04 = 0.07
—-5.8%

-19.1%

1047041 = 0.04 £ 0.11

—0.417933 * 0.03 = 0.05
55222332342
—0.85 = 0.34 = 0.04 = 0.07
—5.8%

—74.2%

0.997037 + 0.04 = 0.11

total FF
Aty

97.2+17 £ 2.1 * 115
~0.01 = 0.05 = 0.01 * 0.01

98.3*13 + 2.1 + 115
0.01 +0.05 = 0.01 = 0.01

B (F°(980)KY, p(770)KY)
& (K*(892)r, (Kr))
#(p(T70)KY, K*(892)1)
B (p(TT0)KS, (Km);7)

—35.6£149*6.1*+44
13.0 =2 10.9 = 4.6 = 4.7
174.3 £28.0 £ 8.7 £ 12.7
—172.8 £22.6 = 10.1 = 8.7

—66.7+ 183+ 6.1 4.4
155102 *4.6*+47
—173.7 £29.8 £ 8.7 £ 12.7
—170.8 £26.8 = 10.1 = 8.7

H(f°(980)KY, p(770)KY
H(K*(892), (Km)yr)
& (p(770)KY, K*(892) )
d(p(T70)KY, (K 7))

—89.2x17.1£85*x72
269 +92*+49=*6.1
—147.8 £247 £ 11.3 £11.9
—120.9 £21.6 + 87 *17.3

—1122 £17.8 £85* 7.2
23.8£9.1 49 *6.1
—=765*x240x11.3 %119
—527*214*£87*173
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TABLE VI. Summary of measurements of branching fractions averaged over charge conjugate states. The quoted numbers are
obtained by multiplying the corresponding fit fractions by the measured inclusive B° — K%7~ 77~ branching fraction. R denotes an
intermediate resonant state and % stands for a final state hadron: a charged pion or a K. To correct for the secondary branching
fractions we use the values from Ref. [32] and B(K*T(892) — K7 ™) = % The first uncertainty is statistical, the second is systematic,
and the third represents the DP signal model dependence. The fourth errors, when applicable, are due to the uncertainties on the
secondary branching fractions. The quoted central values correspond to the global minimum, and errors account for the presence of the
second solution.

Mode B(B® — Mode) X B(R — hh) X 107° B(B® — Mode) X 107°
Inclusive B — K97 77~ e 50.15 + 1.47 + 1.60 + 0.73
f0(980)K® 6.92 + 0.77 = 0.46 + 0.32 e
p’(770)K° 4311070 +0.29 = 0.12 436707 +0.29 £ 0.12 = 0.01
K**(892)7~ 5521060 =0.35 = 0.41 8.2970:32 + 0.53 £ 0.62
(Km)gFar™ 227817 £ 1.2 £ 0.6 xx
f2(1270)K° 1157042 + 0.11 = 0.35 2.717999 = 0.26 + 0.8379.9%
fx(1300)K° 1.817933 £ 0.16 * 0.45 e
flat NR e 5771180 £ 0.53 = 0.31
XcoK° 0.527020 = 0.03 = 0.06 142735 +8 16 = 12
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FIG. 9 (color online). Two-dimensional scans of —2A logL as a function of By and C (top) and the one-dimensional scans as a
function of B (bottom) for the f,(980)KY (left) and p°(770)KY (right) isobar components. The value —2AlogL is computed
including systematic uncertainties. On the two-dimensional scans, shaded areas, from the darkest to the lightest, represent the one to
five standard deviations contours. The statistical (dashed line), and total (solid line) —2A logL are shown on the one-dimensional
scans, where horizontal dotted lines mark the one and two standard deviation levels.
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FIG. 10 (color online). Two-dimensional scans of —2A log L as a function of (S, C), for the £,(980)K? (left) and p°(770)KY (right)
isobar components. The value —2A logL is computed including systematic uncertainties. Shaded areas, from the darkest to the
lightest, represent the one to five standard deviations contours. The e (%) marks the expectation based on the current world average
from b — ¢¢s modes [3] (zero point). The dashed circle represents the physical border S> + C? = 1.

sentation has nonetheless the advantage of allowing direct
comparison with the measurement of sin23 and C in b —
ccs modes. For f0(980)Kg, the results agree with the
expectation based on b — c¢és to l.1o; for p°(770)K}
the agreement is better than 1o. For the measured values
of (Bess, C) for £,(980)K?Y, CP conservation is excluded at
3.50. For p°(770)K?, the measurement of (B, C) is con-
sistent with CP conservation within 1o

The measurement of the phase AD(K**(892)7 ) is
presented as a one-dimensional likelihood scan in
Fig. 11. For this flavor-specific mode, there is virtually
no region in phase space that is accessible both to BY and

-2Alog(L)
© a N W & O O N 0 ©

v e b b By v ey 1y

150 100 -50 0 50 100 150
AD(K*(892))

FIG. 11 (color online).

BY; thus, sensitivity to this phase difference is limited.
Simulation shows that interference of the K**(892)7~
with the f,(980)K? and p°(770)K? modes (for which B°
and B amplitudes interfere via mixing) provides most of
the sensitivity to A®(K**(892)7r~); unfortunately, the
overlap in phase space of these resonances is small. As a
consequence, only the [—137, —5]° interval is excluded at
95% confidence level. Figure 11 also shows the measure-
ment of the similar phase difference for the (Kr); compo-
nent. As for K*(892), the measurement sets no strong
constraint on this phase. Only the interval [—132, +25]°
is excluded at 95% confidence level.
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Statistical (dashed line) and total (solid line) scans of —2AlogL as a function of the relative phases

AD(K*(892)) (left) and AD((Kr);) (right). Horizontal dotted lines mark the one and two standard deviation levels.
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FIG. 13 (color online).

Statistical (dashed line) and total (solid line) scans in terms of —2A log L as a function of the fit fractions of

the x.o(1P)K§ component (left), the sum of fit fractions of the f,(1270)K9 and fx(1300)K9 components (center), and the flat phase
space NR component (right). These scans are used to extract the probability of null values of these fit fractions.

In contrast, due to the sizable overlap in phase space
between the K7 S- and P- waves of the same charge, the
relative phases ¢((Km);™, K**(892)) are measured to
*13° including systematics. The one-dimensional scans
are shown in Fig. 12. The associated observable
Ap((Km)y™, K**(892)) is compatible with CP conserva-
tion. Figure 12 also shows the scans for
B (fo(980)Kg, p°(TT0)KY),  ¢(p°(TT0)K, K**(892)7"),
and their corresponding CP-conjugates. It is clear from
this figure and from Table V that the phases for the former
are measured to a better accuracy. This is due to the larger
overlap in phase space between the f,(980) and the
p°(770). In both cases the associated observables A ¢ are
compatible with CP conservation.

For the remaining resonant modes in the signal DP
model: fy(1300)K?, £,(1270)K?, NR, and y.(1P)K?,
we scan the likelihood as a function of the corresponding
fit fractions. These scans are shown in Fig. 13. We obtain
total (statistical and systematic) significances of 4.8 and 3.8
standard deviations for the NR and y.o(1P)K? compo-
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FIG. 14 (color online). A
and the inclusive direct CP-asymmetry AR

nents, respectively. The significance for the sum of fit
fractions of the f,(1270)K% and fx(1300)K% components
is 4.8 standard deviations while their individual significan-
ces are 2.90 and 2.4, respectively.

The (K r);; component is modeled in our analysis by the
LASS parametrization [35], which consists of a NR effec-
tive range term plus a relativistic Breit-Wigner term for the
K*(1430) resonance. We separate from the corresponding
branching fraction, quoted in Table VI, the contribution of
the K*(1430) resonance and find it to be (29.9733 = 1.6 =
0.6 + 3.2) X 107°. This value is corrected for the second-
ary branching fraction using B(K*(1430) — K7) from
Ref. [32] and the isospin relation B(K**(1430) —
K7 %)/ B(K*T(1430) — K" 7°) = 2. The first uncer-
tainty is statistical, the second is systematic, the third
represents the DP signal model dependence, and the fourth
is due to the uncertainty on the secondary branching frac-
tion. In addition, we calculate the total NR contribution by
combining coherently the effective range part of the LASS
parametrization and the flat phase-space NR component.
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(right). A horizontal dotted line marks the 1 standard deviation level.
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We find this total NR fit fraction to be (22.1738 = 2.1 +
0.7)%. Note that this number accounts for the destructive
interference between the two NR terms. The corresponding
branching fraction is (11.07723} + 0.81 + 0.40) X 107
Measurements of the K*(892)7 and K*(1430)7 reso-
nant modes were also made by BABAR in the Dalitz plot
analysis of the decay B°(B°) — K= 7 7% [26]. Combining
the likelihoods from this analysis and the present one we
obtain the average branching fractions and CP asymme-
tries for these resonant modes. In the combination, we
consider the systematic uncertainties due to the DP model,
line shapes, particle identification, tracking efficiency
corrections, and the calculation of Npz pairs (see
Sec. VII) as fully correlated. The rest of the systematic
errors are assumed to be uncorrelated. The averages
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FIG. 17 (color online). Distributions of Ar when the B?ag is a
B (top), B® (middle), and the derived At asymmetry (bottom)
for events in the J/ K region. The solid line is the total PDF
and the points with error bars represent data.
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obtained for the K*(892)m resonant mode are
B(B® — K*T(892)7m~) = (9.6 = 1.0) X 1076 and
Acp(K**(892)7™) = —0.197720%2 The quoted result for
the branching fraction is averaged over charge conjugate
states. It was corrected for the secondary branching frac-
tion using B(K*— K7) =3. The average Acp and
branching fraction for the K*(1430)7 resonant mode do
not differ within the quoted significant digits from the
results of the present analysis. This is due to the fact that
these quantities suffer from large errors caused by multiple
solutions in the B°(B®) — K= 7 7° analysis.

As a validation of our treatment of the time-dependence,
we allow 7z and Amy, to vary in the fit. We find 75 =
1.579 = 0.061 ps and Am, = 0.497 + 0.035 ps~! while
the remaining free parameters are consistent with the
nominal fit. The numbers for 75 and Am, are in agreement
with current world averages [3]. In addition we perform a
fit floating the S parameters for B® — J/ K} and B —
(2S)K? events. We find S = sin(28) = 0.690 *+ 0.077
and 0.73 = 0.27 for J/ K and ¢ (2S)K9 respectively.
These numbers are in agreement with the current world
average [3]. Signal-enhanced distributions of Ar and the At
asymmetry for events in the J/ z/rKg region are shown in
Fig. 17. To validate the SCF modeling, we leave the
average SCF fractions per tagging category free to vary
in the fit and find results that are consistent with the MC
estimation.

As a further cross check of the results, we performed an
independent analysis and obtained compatible results [47].
The main differences between this cross-check analysis
and the one presented here were the use of a Fisher
discriminant instead of a NN, the removal of bands in
invariant mass to cut away the B’ — D 7", B'—
J/ YK and B® — (25)K? contributions, and the use of
Cartesian isobar parameters.

VII. SYSTEMATIC STUDIES

To estimate the contribution to B® — Ky7* 7~ decay
via other resonances, we first fit the data including these
other decays in the fit model. We consider possible reso-
nances, including w(782), p°(1450), p°(1700), f,(1710),
£>(1810), K**(1680), K5*(1430), x.o(1P), and a low mass
o state. Relativistic Breit—-Wigner line shapes are used to
parametrize these additional resonances, with masses and
widths from Ref. [32]. As a second step we simulate high
statistic samples of events, using a model based on the
previous fits, including the additional resonances. Finally,
we fit these simulated samples using the nominal signal
model. The systematic effect (contained in the *“DP
model” field in Table VII) is taken from the difference
observed between the generated and fitted values. We
quote this DP model uncertainty separately from other
systematics.

We vary the mass, width, and any other parameters of all
isobar fit components within their errors, as quoted in
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TABLE VIL
percent (degrees).

PHYSICAL REVIEW D 80, 112001 (2009)

Summary of systematic uncertainties on Q2B parameters. Errors on relative fractions (B and phases) are given in

Parameter DP model Line shape Fit bias B Background Other Total
C(f0(980)K?) 0.04 0.02 <0.01 0.01 0.02 0.05
FF(f,(980)KY) 0.6 0.69 0.5 0.07 <0.01 1.03
Bete(f0(980)K?) 2.1 1.9 <0.1 0.2 0.3 29

C(p°(770)K?) 0.03 0.04 <0.01 0.06 0.06 0.10
FF(p°(770)K}) 0.23 0.31 03 0.09 0.15 0.52
Bete(p°(770)K?) 1.8 22 <0.1 1.2 1.7 35

Acp(K*(892)m) 0.02 <0.01 <0.01 <0.01 <0.01 0.02
FF(K*(892)) 0.8 0.13 0.4 0.03 0.43 1.00
AD(K*(892)m) 8.1 2.8 <0.1 1.4 33 9.3

Acp(Kar)gm) 0.02 <0.01 <0.01 <0.01 0.02 0.03
FF(Km)gm) 0.90 0.39 1.8 0.12 0.33 2.08
AD((K)y) 44 24 <0.1 1.3 3.0 6.0

C(f,(1270)K?) 0.07 0.04 <0.01 0.05 0.06 0.11
FF(f,(1270)K?) 0.69 0.16 0.09 0.02 0.19 0.74
C(fx(1300)K?) 0.09 0.03 <0.01 0.01 0.03 0.10
FF(fx(1300)KY) 0.87 0.28 0.14 0.02 0.17 0.94
C(NR) 0.04 0.01 <0.01 0.01 0.07 0.08
FF(NR) 0.60 0.86 0.5 0.12 1.62 2.00
Clx0Kk?) 0.05 0.02 <0.01 0.01 0.02 0.06
FF(x.0K?%) 0.09 0.06 0.04 <0.01 <0.01 0.11
Alndl <0.01 <0.01 <0.01 <0.01 0.01 0.01
FFry 1.15 0.55 2.0 0.08 0.36 2.40
d(fo(980)K?, p°(770)K?) 4.4 2.6 <0.1 34 4.3 7.5

¢ (p°(770)KY, K*(892)7r) 12.7 3.0 <0.1 3.6 73 154
¢ (p°(770)KY, (K m)5m) 8.7 8.5 <0.1 39 3.7 133
¢(K*(892)r, (Kr)§r) 47 0.7 <0.1 0.3 4.6 6.6

Signal Yield 31.7 5.8 14.0 33 23.0 42.1

Table I, and assign the observed differences in the mea-
sured amplitudes as systematic uncertainties (Line shape in
Table VII).

To validate the fitting tool, we perform fits on large MC
samples of fully-reconstructed events with the measured
proportions of signal, continuum, and B background
events. No significant biases are observed in these fits
and therefore no corrections are applied. The statistical
uncertainties on the fit parameters are taken as systematic
uncertainties (“‘Fit Bias™ in Table VII).

Another major source of systematic uncertainty is the B
background model. The expected event yields from
the background modes are varied according to the uncer-
tainties in the measured or estimated branching fractions.
Since B background modes may exhibit CP violation,
the corresponding parameters are varied within their
uncertainties, or, if unknown, within the physical range.

As is done for the signal PDFs, we vary the At resolution
parameters and the flavor-tagging parameters within
their uncertainties and assign the differences observed in
these fits with respect to the nominal fit as systematic
errors. These errors are listed as “B Background ” in
Table VII.

Other systematic effects are much less important for the
measurements of the amplitudes and are combined in the
“Other” field in Table VII. Details are given below.

The parameters of the continuum PDFs are determined
by the fit. No additional systematic uncertainties are as-
signed to them. An exception to this is the DP PDF: to
estimate the systematic uncertainty from the myg sideband
extrapolation, we use large samples of ete™ — gg MC
data (g = u, d, s, ¢). We compare the distributions of m’
and 0’ between sidebands at different ranges in mgg and
find the two such sidebands that show the maximum dis-

112001-24



TIME-DEPENDENT AMPLITUDE ANALYSIS OF ...

crepancy. We assign as systematic uncertainty the effect
seen when weighting the continuum DP PDF by the ratio of
these two data sets.

The uncertainties associated with Am, and 7 are esti-
mated by varying these parameters within the uncertainties
on the world average [32].

The signal PDFs for the Ar resolution and tagging
fractions are determined from fits to a control sample of
fully reconstructed B decays to exclusive final states with
charm, and the uncertainties are obtained by varying the
parameters within the statistical uncertainties.

Finally, the uncertainties due to particle identification,
tracking efficiency corrections, K reconstruction, and the
calculation of Nz; are 2.0%, 1.6%, 0.9%, and 1.1%, re-
spectively. Only the branching fractions are affected by
these uncertainties; they intervene as a multiplicative fac-
tor that affects all the signal modes mostly in the same way,
and hence cancels out in the CP measurements. The only
residual impact on these is related to detector charge
asymmetry, due to which the factors corresponding to B°
and B® decays are not identical. This effect has been
studied and shown to be very small ( < 1%) compared to
the other sources of systematic error we include. The
branching fractions are affected via the total inclusive
branching fraction in Eq. (44).

The average fraction of misreconstructed signal events
(fscp) predicted by the MC simulation has been verified
with fully reconstructed B — Dp events [42]. No signifi-
cant differences between data and the simulation were
found. To estimate a systematic uncertainty from fscp,
we vary these fractions, for all tagging categories.
Tagging efficiencies, dilutions, and biases for signal events
are varied within their experimental uncertainties.

VIII. SUMMARY

We have presented results from a time-dependent Dalitz
plot analysis of B® — K7™ 7~ decays obtained from a
data sample of 383 X 10° Y'(4S) — BB decays. Using an
amplitude analysis technique, we measure 15 pairs of
relative magnitudes and phases for the different reso-
nances, taking advantage of the interference between
them in the Dalitz plot. From the measured decay ampli-
tudes, we derive the Q2B parameters of the resonant decay
modes. Two solutions, with equivalent goodness-of-fit,
were found.

Including systematic and Dalitz plot model uncertain-
ties, the combined confidence interval for the measured
values of B in B decays to f((980)K) is 18° < B <
76° at 95% C.L. CP conservation in B® decays to
fo(980)KY is excluded at 3.50, including systematics.
For B® decays to p°(770)K?, the combined confidence
interval is —9° < B < 57° at 95% C.L. These results
are both consistent with the measurements in b — ccs
modes.

PHYSICAL REVIEW D 80, 112001 (2009)

In decays to K*"(892)7~, we find Acp = —0.20
0.10 = 0.01 = 0.02. We combine this result with that
from Ref. [26], and obtain A-p(K*(892)7) =
—0.197f8;8§§. This average is consistent with CP conser-
vation only at the level of 2.4 standard deviations. For the
relative phase between decay amplitudes of B’ —
K*T(892)7~ and B® — K*~(892)7", we exclude the in-
terval —137° < AD(K*(892)7) < —5° at 95% C.L. This
last result, combined with measurements of branching
ratios, direct CP asymmetries, and relative phases in
K**(892)7r~ and K*°(892)7°, plus a theoretical hypothe-
sis on the contributions of electroweak penguins to the
decay amplitudes, can be used to set nontrivial constraints
on the CKM parameters (p, 77) by following the methods
proposed in Refs. [18-21].
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APPENDIX

The full (statistical, systematic, and model dependence)
correlation matrices of the isobar parameters for solutions I
and II are given in Tables VIII and IX, respectively. The
tables are organized in blocks for ¢, ¢, argc, and argc. Here,
the abbreviations fy, p°, K*, S, f5, fx, NR, and y represent
the components f((980)K3, p°(770)K?, K*(892)m,
(Kar)sm, f,(1270)K%,  fx(1300)K}, nonresonant, and
XK, respectively.
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TABLE VIIL

PHYSICAL REVIEW D 80, 112001 (2009)

Full correlation matrix for the isobar parameters of solution I. The entries are given in percent. Since the matrix is
symmetric, all elements above the diagonal are omitted.

lel

lel

p° K* N I fx NR X Jo p° K* N f2 Sx NR X
lc] p°  100.0
K* 519 100.0
S 54.0 65.0 100.0
f, 84 28 210 1000
fx 149 232 322 227 100.0
NR 52 350 244 126 39.3  100.0
X 6.4 9.9 7.8 2.0 7.4 6.1 100.0
|é] fo 313 303 399 252 36.7 31.3 8.0 100.0
p 206 486 512 8.0 27.7 27.5 5.6 17.3  100.0
K* 447 735 563 —48 249 22.0 9.5 22.6 434 100.0
S 59.6 719 797 218 39.3 26.9 11.3 352 494 577 100.0
fa 24  —10.1 63 —=56.1 —1.5 3.9 —-0.3 10.7 —-6.2 —=21.5 50 100.0
fx 145 34.1 12.5 16.1 —23.0 124 2.5 34.5 7.3 8.3 129 —6.2 100.0
NR 178 576 41.7 127 10.1 49.7 24 40.0 321 250 31.7 7.5 46.2  100.0
X 18.9 27.0 306 5.8 11.8 9.5 —-84.2 215 178 241 278 0.8 8.1 20.2  100.0
arg(c) p° —11.2 133 40 —-161 -29 =21 -05 -02 241 16.3 32 —-3.3 8.9 2.1 4.2
K* 250 8.6 -32 =02 -—157 -—9.7 6.3 —-104 -39 55 16.0 3.8 6.3 —-6.5 -—3.2
S 33.0 19.6 3.4 -47 —-173 —165 62 -9.6 1.0 187 213 —42 9.6 —4.2 1.1
fa 12.1 -06 -98 -—-26 -—231 -—-274 09 -—167 —-72 22 1.1 —-106 72 —141 =26
fx 250 10.2 54 -05 —-114 —-11.8 1.0 -0.8 26 8.5 11.8 —3.8 156 24 0.4
NR 31.6 17.0 393 1.0 —27.1 —-31.7 —-6.7 11.3 128 14.5 19.0 33 21.5 19.6 142
X 8.6 1.8 9.8 0.6 -99 -89 -79 2.8 3.8 1.3 4.2 3.5 7.3 8.9 12.4
arg(¢) fo 322 11.7 189 3.5 -20.3 —262 -—-16 -36 —-69 73 18.2 1.8 20.3 =71 43
p? 145 180 146 —173 —13.4 —-21.0 —-0.7 —87 143 19.8 13.4 1.7 7.2 —4.4 54
K 171 7.1 22.0 52 —135 —-17.3 =21 5.0 7.2 6.5 13.8 8.1 12.8 29.5 9.6
S 22.5 159 252 —-32 -169 -—-21.6 -05 4.2 106 17.7 16.1 1.7 14.1 28.8 10.8
fa 15.1 4.9 155 —50 —155 —17.9 -—-21 10.0 —-25 39 2.9 11.1 15.7 18.6 7.5
fx 8.1 2.7 123 —0.6 165 —204 -09 12.2 6.1 34 4.8 14 —146 47 6.5
NR 153 4.1 145 =30 —-226 —-20.8 08 1.7 8.2 1.8 52 2.6 20.0 15.1 3.2
X 10.9 1.1 12.8 07 —139 —18.0 -—4.7 2.1 33 0.6 39 5.9 9.8 134 8.2
arg(c) arg(c)
PO K* N f2 Ix NR X ) ,00 K* N /2 Ix NR X
arg(c) p° 100.0
K* 104 100.0
S 182 909 100.0
f, 196 541 618 1000
fx 255 493 569 581 1000
NR 243 172 299 31.6 478 100.0
X 5.0 6.7 7.9 10.2 176  30.8 100.0
arg(¢c) fo 180 343 420 398 529 556 238 1000
p? 553 222 324 257 366 422 174 588 100.0
K* 4.0 21.5 280 232 361 539 313 468 335 1000
S 9.6 23.7 35.1 27.8 412 607 333 534 427 909 100.0
1> 5.5 6.4 12.4 1.5 203 464 235 441 36.7 567 60.8 100.0
fx 1.7 0.0 5.4 13.8 155 364 195 222 225 421 44.8 394  100.0
NR 72 192 275 289 423 555 329 473 379 632 725 481 48.4  100.0
X 4.1 8.9 13.3 15.5 27.1 433 359 380 269 559 589 400 33.6 521 100.0
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TABLE IX. Full correlation matrix for the isobar parameters of solution II. The entries are given in percent. Since the matrix is
symmetric, all elements above the diagonal are omitted.

el €]
p° K* S 2 fx NR X Jo p° K* N Sfa Sx NR X
lc] p®  100.0
K* 469 100.0
S 49.1 68.2 100.0
£ 87 77 254 1000
fx 168 40.3 38.5 26.6  100.0
NR -84 302 21.2 9.4 499 100.0
X 5.5 11.7 9.3 3.4 12.1 9.1 100.0
|¢] fo 292 42.1 50.2 31.5 57.9 34.1 10.0 100.0
po 61.5 68.1 40.4 6.9 20.6 6.4 6.0 31.6  100.0
K* 39.8 75.7 59.8 0.3 33.1 25.3 10.9 33.2 36.3 100.0
S 50.6 75.2 83.2 25.4 49.9 334 13.1 51.6 46.0 61.4 100.0
I 0.8 —6.1 96 =539 6.0 13.3 0.2 14.7 5.3 —18.5 104 100.0
fx 100 -33 —-09 —-10.6 —68.7 —17.8 —52 —184 63 —-4.0 —49 2.2 100.0
NR 23.1 68.8 447 13.5 39.3 34.4 5.8 45.6 58.3 32.8 454 147 —13.8 100.0
X 22.3 33.5 37.8 9.8 19.3 99 —-79.2 313 20.7 30.2 36.1 3.3 —-2.6 233 100.0
arg(c) po —-23.1 137 5.5 —11.4 8.0 5.2 0.0 9.0 —11.9 145 6.3 —-0.2 0.3 3.8 6.9
K* 306 2.0 -22 =63 —16.1 —281 —-0.0 —152 143 —-1.4 6.1 2.0 194 —10.3 0.5
S 38.1 8.9 1.8 —-10.1 —179 -—-39.5 —-0.1 —15.8 174 9.4 7.7 -82 197 —12.1 3.7
fa 181 —-10.0 —13.7 —-74 —154 —413 —-24 —186 1.0 -6.2 —10.2 —12.7 107 -—-21.6 —2.7
fx 262 -78 —122 -59 -7.7 =359 —-17 —145 18 =57 —-88 —99 122 —15.2 —-3.6
NR 324 —-04 214 0.5 —29.5 —65.2 —104 —-42 120 0.2 0.4 -6.4 212 —81 102
X 154 —-22 0.2 —-1.6 —-99 —183 —49 —5.6 5.6 -3.0 —-0.2 -—-0.8 9.2 -5.6 4.0
arg(¢) fo 30.1 -80 —-23 —-09 -—132 —43.0 —-28 -—16.7 121 =72 =55 —-49 104 —-187 —1.6
po 7.6 11.4 5.8 =75 —1.8 =247 0.6 —=7.5 4.1 15.1 5.5 —126 1.3 =7.0 4.0
K* 270 0.8 7.6 5.6 28 =278 0.6 —2.0 9.1 1.5 7.1 3.2 —-6.9 139 4.1
S 32.6 8.0 8.4 —1.1 0.6 —31.3 21 —4.1 12.6 12.1 7.6 —-5.6 —44 122 4.7
) 18.7 1.7 6.6 10.1 98 —229 0.7 7.6 8.6 3.5 0.6 -56 —-21.6 93 4.6
fx 219 1.8 4.4 9.6 —-0.7 —=30.2 0.1 —=5.0 8.1 2.8 40 —17.3 1.0 —-6.6 —0.2
NR 27.7 -1.9 -=3.0 3.9 -0.5 —-30.7 28 —-13.3 78 -1.5 —-12 -138 —-7.2 =37 =50
X 19.7 =50 —0.5 2.3 —-4.4 =276 27 —6.1 6.2 -41 -25 -16 -02 -01 -29

arg(c) arg(c)

arg(c) p°  100.0
K* 2.9 100.0
S 7.4 90.6 100.0
£, 99 566 655 100.0
fx 5.9 57.0 644 695 100.0
NR 10.1 37.0 503 444 46.6 1000
X 2.6 393 403 291 31.3 28,6 100.0
arg(¢) fo, —0.6 458 535 471 61.0 519 274 100.0
p’ 413 295 392 312 391 330 165 549 100.0
K* —11.6 352 397 304 427 300 176 560 329 1000
S —8.7 388 477 361 49.1 337 195 624 41.1  91.1 100.0
fa =54 122 179 7.0 285 272 9.9 528 420 593 61.6 100.0
fx —7.0 232 286 280 344 299 154 346 302 433 47.1 415 1000
NR —9.0 414 479 442 595 309 252 689 481 686 776 546 558 1000
X =73 293 333 288 388 299 8.8 47.1 269 547 580 386 358 546 100.0
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