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Quantization of higher spin fields
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In this article we quantize (massive) higher spin (1 = j = 2) fields by means of Dirac’s constrained
Hamilton procedure both in the situation were they are totally free and were they are coupled to (an)
auxiliary field(s). A full constraint analysis and quantization is presented by determining and discussing
all constraints and Lagrange multipliers and by giving all equal times (anti)commutation relations. Also
we construct the relevant propagators. In the free case we obtain the well-known propagators and show
that they are not covariant, which is also well known. In the coupled case we do obtain covariant
propagators (in the spin-3/2 case this requires b = 0) and show that they have a smooth massless limit
connecting perfectly to the massless case (with auxiliary fields). We notice that in our system of the
spin-3/2 and spin-2 case the massive propagators coupled to conserved currents only have a smooth limit

to the pure massless spin-propagator, when there are ghosts in the massive case.
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I. INTRODUCTION

This article is about the quantization of higher spin (1 =
Jj = 2) fields and their propagators. Besides the interest in
their own, the physical interest in these various fields
comes from very different areas in (high energy) physics.
The massive spin-1 field is extremely important in the
electroweak part of the standard model and in phenome-
nological one-boson-exchange (OBE) models, not to men-
tion the obvious physical interest in the photon.

As far as the spin-3/2 field is concerned, ever since the
pioneering work of [1,2] it has been considered by many
authors for several reasons. The spin-3/2 field plays a
significant role in low energy hadron scattering, where it
appears as a resonance. Also in supergravity (for a review
see [3]) and superstring theory, the spin-3/2 field plays an
important role, since it appears in these theories as a
massless gravitino. Besides the role it plays in the tensor-
force in OBE-models, the spin-2 field mainly appears in
(super) gravity and string theories as the massless graviton.

The quantization of such fields can roughly be divided in
three areas: free field quantization, the quantization of the
system where it is coupled to (an) auxiliary field(s), and the
quantization of an interacting field. The latter area in the
spin-3/2 case is known to have problems and inconsisten-
cies (see for instance [4-6]). Although very interesting, in
this article we will focus our attention on the first two areas.

In Sec. II we start with the quantization of the massive,
free fields. We do this for all spin cases (j = 1, 3/2, 2) at
the same time using Dirac’s prescription [7]. The inclusion
of the spin-1 field case is merely meant to demonstrate
Dirac’s procedure in a simple case and to have a complete
description of higher spin field quantization.

The free spin-3/2 field quantization is in the same line as
in Refs. [8-11]. In [8] the massless free spin-3/2 field was
quantized in the transverse gauge. The authors of [9,10]
quantize the massive free theory, which is also what we do.
We will follow Dirac’s prescription straightforwardly by
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first determining all Lagrange multipliers and constraints.
Afterwards the Dirac bracket (Db) is introduced, and we
calculate the equal time anticommutation (ETAC) relations
among all components of the field. In [9-11] the step to the
Dirac bracket is made earlier, without determining all
Lagrange multipliers and constraints. In [9] it is mentioned
that this involves ‘“‘technical difficulties and much labor”
and in [10,11] the focus is on the number of constraints and
therefore not so much on their specific forms. As a result,
[9-11] calculate only the ETAC relations between the
spatial components of the spin-3/2 field, whereas we ob-
tain them all.

A Dirac constraint analysis of the free spin-2 field can be
found for instance in [12-14]. In these references the
massless [12,13] case and massive [14] case are consid-
ered. We stress, however, that our description of the quan-
tization not only differs from [14] in the sense that the
nature of one of the obtained constraints is different, which
we will discuss below, but we also obtain all constraints
and Lagrange multipliers by applying Dirac’s procedure
straightforward. We present a full analysis of the con-
strained system. After introducing the Dirac bracket (Db)
we give all equal time commutation (ETC) relations be-
tween the various components of the spin-2 field.

Having quantized the free theories properly we make use
of a free field expansion identity and with these ingredients
we obtain the propagators. We notice that they are not
explicitly covariant, as is mentioned for instance in [15]
for general cases j = 1.

To cure this problem we are inspired by [16] and allow
for auxiliary fields in the free Lagrangian in Sec. III. To be
more specific we couple gauge conditions of the massless
cases to auxiliary fields and also allow for mass terms of
these auxiliary fields, with which free (gauge) parameters
are introduced. As in for instance [16], we obtain a cova-
riant vector field propagator, independently of the choice
of the parameter.
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In the spin-3/2 case several systems of a spin-3/2 field
coupled to auxiliary fields are considered in [17-19]. In
[18,19] are for several of such systems four dimensional
commutation relations obtained. In the only massive case
which the authors of [19] consider, two auxiliary fields are
introduced to couple (indirectly) to the constraint equa-
tions' of a spin-3/2 field. The authors of [17] use the
Lagrange multiplier” method, where this multiplier is
coupled to the covariant gauge condition of the massless
spin-3/2 field in the Rarita-Schwinger (RS) framework (to
be defined below). They notice that the Lagrange multi-
plier has to be a spinor and in this sense it can also be
viewed as an auxiliary field. We follow the same line by
coupling our auxiliary field to the above mentioned gauge
condition. In [17] the quantization is performed outside the
RS framework in order to circumvent the appearance of
singularities. We remain within the RS framework and deal
with these singularities relying on Dirac’s method.
Therefore, we stay in line with the considerations of
Sec. II. A covariant propagator is obtained for one specific
choice of the parameter (b = 0). This propagator is the
same as the one obtained in [17]. We notice that also in [20]
a covariant propagator is obtained, but these authors make
use of two spin-1/2 fields.

Coupled systems of spin-2 and auxiliary fields were for
various reasons considered in, for instance, [21-25]. In
[22] an auxiliary boson field is coupled to the ‘“De
Donder” gauge condition in the Lagrangian which also
contains Faddeev-Popov ghosts. In [23] an auxiliary field is
coupled to the divergence of the tensor field in such a way
that the auxiliary field can be viewed as a Lagrange multi-
plier. These authors mention that if another auxiliary field
is introduced, coupled to the trace of the tensor field in
order to get the other spin-2 condition, four-dimensional
commutation relations for the tensor field cannot be written
down. We present a description in which this is possible,
relying on Dirac’s procedure. Also in the tensor field case
we obtain a covariant propagator, independently of the
choice of the parameter.

Having obtained all the various covariant propagators,
we discuss several choices of the parameters (if possible)
and the massless limits of these propagators. We show that
the propagators not only have a smooth massless limit, but
that they also connect to the ones obtained in the massless
case [including (an) auxiliary field(s)].

When coupled to conserved currents, we see that it is
possible to obtain the correct massless spin-j propagators
carrying only the helicities A = *j_. This does not require

'i94p = 0 is a constraint in the sense that it reduces the
number of degrees of freedom of a general ¢, field. It is not
a constraint in the sense of Dirac, since it is a dynamical
eqélation.

These Lagrange multipliers are the ones used in the original
sense and are therefore different then the ones used in Dirac’s
formalism.
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a choice of the parameter in the spin-1 case, but in the
spin-3/2 and in the spin-2 case we have to make the
choices b = 0% and ¢ = * 0. As far as these last two cases
are concerned, it is a different situation than taking the
massive propagator, coupling it to conserved currents, and
putting the mass to zero as noticed in [26,27], respectively.
A discussion on the latter matter in (anti)-de Sitter spaces
can be found in [28-30]. We stress however, that in the
spin-3/2 and the spin-2 case this limit is only smooth if the
massive propagator contains ghosts.

II. FREE FIELDS

As mentioned in the introduction we deal with the free
theories in this section. We start in Sec. Il A with the
Lagrangians and the equations of motion that can be
deduced from them. We explicitly quantize the theories
in Sec. II B and calculate the propagators in Sec. 11 C.

A. Equations of motion

As a starting point we take the Lagrangian for free,
massive fields (j = 1, 3/2, 2). In case of the spin-3/2 there
is, according to [11,31-34], a class of Lagrangians describ-
ing the particularities of a spin-3/2 field. Also in the spin-2
case several authors [23,35-37] describe a class of
Lagrangians (with one or more free parameters) which
give the correct Euler-Lagrange equations for a spin-2
field. By taking this spin-2 field to be real and symmetric
from the outset only one parameter remains

£, = 40,4, 0547 = 0,474 + WEARA,, (12

Lipa = PHF — Myp)g,, + Aly,id, + v,id,,)
+ Byify, + CM3py,y, 147, (1b)
Loy =200n#0,h,, —19,h#"0%h,, — 1B3,hG0"hg
— 1A0,h*Baghy — IM3h*" h,,, + SCM3hlihy,
(Ic)

where B =1(3A% + 2A +1),C = 3A%? + 3A + l and A #
— % but arbitrary otherwise. We impropelrly4 refer to (1b)
as the RS case.

Since we do not need to be so general we choose A =
—1 and end up with a particular spin-3/2 Lagrangian also
used in [3,8—11,19] and in case of the spin-2 field we get
the well-known Fierz-Pauli Lagrangian [1] also used in, for
instance, [38—40]

This choice we already made in order to obtain a covariant
propagator.

4Although the authors of [2] mention a general class, they
expose one spelciﬁc Lagrangian which would correspond to the

choice A = —3
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£3/2 = _%GMVPUIZMYSYp(aU¢V) + %GMVPU((:)U[ZM)
X 757;7{1/1/ - MS/Z‘Z,U,O-ILV'#V’ (23.)
Lo =10%n""d,h,,, —10,h#70%h,, — 19,1507 he
+ L0, 1B ght — \WBhEV R, + \MZRER,. (2b)

Although we have picked particular Lagrangians we can
always go back to the general case by redefining the fields
in the following sense

i = 0u(A) g,
A+1

04(A) = g§ — —5 Yu ¥

hly = 045 (A)hyp,
« 1
Oin(A) = 3 (gigl + gligh — (A + 1gug™). (3)

The transformation on the second line of (3) was also
mentioned in [11]. Requiring that the transformation ma-
trices in (3) are nonsingular (detO # 0) gives again the
constraint A # — 3.

The Euler-Lagrange equations following from the free
field Lagrangians lead to the correct equations of motion
(EoM)

O+ MH)A» =0, d-A=0,
(i = M3p) b, =0, Yy ¢ =0, -y =0,
(O + M) =0, a,h* =0 h=0. (4)

The massless versions of the Lagrangians £, L5/, and
L,° exhibit a gauge freedom: they are invariant under the
transformations ~ A* — AM =AK + 9N, o), =
W, + 9,6 and h*" — h* = pH7 + 9 n” + 90 as well
as h*” — pH? = p#*v 4 9* 9 A, respectively. Here, A, €,
and n* are scalar, spinor, and vector fields, respectively.

In the spin-1 case a popular gauge is the Lorentz gauge
d - A = 0. Imposing this gauge condition automatically
ensures the EoM [JA# = 0 and puts the constraint (JA =
0. This last constraint is used to eliminate the residual
helicity state A = 0.

A popular gauge in the spin-3/2 case is the covariant
gauge v + ¢y = 0, which causes similar effects, namely, the
correct EoM iy = 0 and id - ¢ = 0 and the constraint
if €. Since the e-field is a free spinor, it is used to transform
away the helicity states A = *1/2 of the free , field.

Since the spin-2 Lagrangian has two symmetries, two
gauge conditions need to be imposed. The gauge condi-
tions h% = 0 and 9,h*# = 0 give the correct EoM. From
the effects these gauge conditions have on the auxiliary
fields (n* =0, - =0 and TJA = 0) we see that
these equations describe a massless spin-1 field and a

SThe massless version of (2b) is the linearized Einstein-Hilbert
Lagrangian discussed in many textbooks, such as [41]
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massless spin-0 field. Therefore, these fields can be used
to ensure that the tensor field ##” only has A = %2 helicity
states.

In our case the mass terms in the Lagrangian break the
gauge symmetry. Although, the correct EoM (4) are ob-
tained, the freedom in the choice of the field cannot be
exploited to transform away helicity states. Therefore, the
massive fields contain all helicity states, as is of course well
known.

B. Quantization

For the quantization of our systems we use Dirac’s
Hamilton method for constrained systems [7]. In case of
the (real) vector and tensor fields the accompanying ca-
nonical momenta are defined in the usual way. Since we
use complex fields in case of the spin-3/2 field we consider
i, and ¢L as independent fields being elements of a
Grassmann algebra. For the definition of the accompanying
canonical momenta we rely on [42]. Although, the authors
of [42] use spin-1/2 fields, the prescription for the canoni-
cal momenta does not change. The canonical momenta are
defined as

o' L o 0L

VvV — —
T = —, Ta' = —5,
alpa,]/

(&)

where r means that the differentiation is performed from
right to left. We use the f-notation to distinguish the
canonical momentum coming from the complex conjugate
field from the one coming from the original field, since
they need not (and in fact will not) be the same.

Using this prescription (5), we obtain the canonical
momenta from our Lagrangians (1a), (2a), and (2b)

) =0, = —A"+ 9" A",
0 _ 0 % _
73, =0, T3, T U
i i
T =kt mt =
1

1 1
77.(2)0 = — Eanhno’ ,n_(z)m — _anhnm + 5amh()() + Eamhz’

1. 1 . 1
775"" — Ehnm _ Eg”mhlli + Egnm akhk()’ (6)

from which the velocities can be deduced

Ar = —7 + 9" A°,
],'lnm — 27Tgm _ gnm772kk + %gnmakhko’

hf = —ary 4+ 30,10, (7)

and the primary constraint equations
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0(1) = 77(]),
0 _ .0 0 +_ .0
93/2 = T3/ 6'3/2:F = 7T3/211’
B iy B i
g/z = 77'51/2 ) by ok, 2/21: = 77'gl/zjl: - Ea'nk‘zbk’
1 1 1
0% = 73 + 5a,,h"O, 09" = " + 9,h"" — Eamhoo =5 0"y, (8)

They vanish in the weak sense, to which we will come back below.

If we want these constraints to remain zero we impose the time derivative of these constraints to be zero. We find it most
easily to define the time derivative via the Poisson bracket (Pb) 6 = {6, H}» + 96/ 91.° We, therefore, need the
Hamiltonians.

Dirac has shown [7] that the Hamiltonian obtained in the usual way is a weak equation’ and does not give the correct
EoM. This can be repaired by adding the primary constraints (8) to the Hamiltonian by means of Lagrange multipliers in
order to make it a so-called strong equation. What we get is

H, = jd3x5{w(x) = jd3x<27rl~q,~ — L),
1 1

1 1 1
Hys=—-mlim, + 719,A) +59,A,0m"A" — = 0,,A,0"A" — ~MIA°A; — - MIA"A, + A0,
2 2 2 2 2

1 - 1 - _
Hiyps = EEMVPk¢M757p(ak¢V) - Ef“wk(ak%ﬂ)%?’p b, + Myptp, o, + )\3/2,09(3)/2 + Aoy, + /\i/z,oﬁg/z*

+ A}

3/2,1102/2¢’

1 1 1 1 1 1
}[2‘5 = 7Tgm772‘nm - —7T2nn772mm + —Wznnamhmo - Eékhno(?khno - Z()"h""'@khnm + ganhnoamhmo + §8nh”m8khkm

2 2
1 00 am ,n 1 nampk 1 nm 1 nm k 12n0 12nm 1200m
3 DO 8, " = 8, h oo = 5 9,k MR g + L MBR y, — - MZAR,
1
= MBI + 20088 + X300 69". 9)

For the definition of the Pb, we rely on [8,42]. There it is defined as

d"E(x) o'F(y)

i d"F(y) 0'E(x)
dq,(x) ap*(y)

9q4(y) 9p“(x)
where ng, npis 0 (1) in case E(x), F(x) is even (odd). With this form of the Pb (10) we already anticipate that bosons satisfy

commutation relations and fermions anticommutation relations in a quantum theory.
Now, we can impose the time derivatives of the constraints (8) to be zero using (9) and (10)

{EG), FO)}p = [ (= 1y ]53<x - (10)

{0900, Hy sbp = a7 + M2A® = 0 = d0(), (11a)
{'9(3)/2()6), Hypostp = €°%(0,40 ) Y5y, — Map i, o0 =0 = —‘Dg/f(x), (11b)
{9(3)/;()6), H3/2,S}P = _E’LOkaOYSYp(akl/’u) + M3/2’)’00'0’L¢/’,L =0= —<I>‘3’/2(x), (I1c)
{04,(0), Hypo,stp = €M (0,0 ,)vsy, = Mapp ot + A}, o =0, (11d)
{92/2*@), Hyppstp = =€ y0ysy (0,0 ,) + MypyPo™ i, + ic™ A3, = 0, (Ile)
{69°(x), Hy s}p = 5[(0%0, + MR)hjy — 0,0,,h"™] = 0 = 10Y(x), (11f)
{0(2)’"()6), Horotp = Zakwém — (9%a, + M%)hom = 0= P(x) (11g)

In two cases (11d) and (11e), Lagrange multipliers are determined. In all other cases new, secondary, constraints are

°In practice, it will turn out that the constraints do not explicitly depend on time ¢.

"In constructing the usual Hamiltonian explicit use can be made of the constraints, since these are also weak equations

8If ® is a constraint, then so is a®. The constants in front of the constraints in (11) are chosen for convenience and have no physical
meaning.
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obtained. We also impose the time derivatives of these secondary constraints to be zero

{®(x), Hy s}p = M3(9,A" + AD) =0,

{432/2()6), Hippstp = 0™i0,A301 + M3/¥ A30, =0,
iék)ti/z’na'”k + M3/2A§/2,k’)/k = 0,

{®2/2 ¥(x), Hyppstp =

{DI(x), Hys}p =

{®2(x), Hys}p = —M3[AI™ + k™ — 9mh® — 9™ hi] = 0.

The first line (12a) determines the Lagrange multiplier A{.
Since this was the only Lagrange multiplier in the spin-1
case all Lagrange multipliers of this case are determined,
and therefore all constraints are second class.

Equation (12¢) determines the Lagrange multiplier A"
and Eq. (12d) brings about yet another (tertiary) constraint.
Its vanishing time derivative yields

{D(x), Hy shp = ME[(20%3, + 3MBR® + Go* o, + M3,
~30,0,,h"™ —23,A3°]=0. (13)

We see that we have in the spin-3/2 case as well as in the
spin-2 case two equations involving the same Lagrange
multipliers. In the spin-3/2 case these are (11e) and (12b)

for A3/, and (11d) and (12c) for /\_i: ke In the spin-2 case

these are (12e) and (13) for /\5‘0. Combining these equa-

tions for consistency, and using ®§ ,, ®J /2* as well as P

as weakly vanishing constraints, yields the last constraints

DY), = Yo + Vi (142)
DY =~y + gy, (14b)
D = hd + h. (14c)

It is important to note that these constraints are only
obtained when combining other results, as described
above. This is not done in [14]. Therefore, these authors
do not find ®, leaving 6% as a first-class constraint.

Imposing vanishing time derivatives of these constraints
(14a)—(14c)

{®§1/)2 (x), H 3 /2,S}P =

{CDQ‘/Z H(x), Hypystp =

_70)‘3/2,0 - Yk/\3/2,k =0,
b 0 _ ¥ k —
)‘3/2,07 ’\3/2,1<7’ =0, (15)

3
(0370, Hyshp = AP = my + 50,040 =0,

3
—20,0, " — M?7,," + (akak + EMg)a”hno =0= -0 (x),

(122)
(12b)

(12¢)
(12d)

(12¢)

determines the last Lagrange multipliers A3/, , A and

AP,

In the massless spin-1 case the vanishing of the time
derivative of ®?(x) would automatically be satisfied as can
be seen from (12a). In this case A? would not be deter-
mined, which means that both constraints are first class.

We notice that in combining the equations that involve
A3 (11e) and (12b) and )\_ﬁf/Zk (11d) and (12c) we obtain

the constraints (Dgl/)z and CDgl/)z ¥ being proportional to M% /2
This means that in the massless case these equations are

already consistent with each other and that A5, o and Al

b
3/2,0°

3/20
cannot be determined leaving 69, and 63 /2* to be a first
class constraint [8].°

The situation in the massless spin-2 case is even more

clear. From (12e) and (13) it is evident that the time
derivatives of ®4' and (13(21) will already be zero and that

A% cannot be determined. Therefore, @ will not be
obtained from which A%’ also cannot be determined,
leaving 6" and 69" to be first-class constraints [12,13]."

The fact that there are first class constraints (or unde-
termined Lagrange multipliers) in the massless cases is a
reflection of the gauge symmetry. In the spin-1 and the
spin-3/2 case only one Lagrange multiplier is undeter-
mined meaning there is only one gauge symmetry (of
course the massless spin-3/2 action is also invariant under
the Hermitian gauge transformation, that is why )u;t ok is

also undetermined). In the massless spin-2 case, however,
there are two Lagrange multipliers undetermined, meaning
that there are two gauge symmetries as we have mentioned
before.

In the massive cases all Lagrange multipliers can be
determined, which means that all constraints are second
class. Therefore, every constraint has at least one non-
vanishing Pb with another constraint. The complete set of
constraints (primary, secondary, ...) is

“In this case also 9,0%,, and 9,07 2* become first class.
10Actually all constraints become f{rst class.
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6) =), DY =9,7 + MA°
0 — 0 0 + _— 0%
‘93/2 T30 03/2 T
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1 1
Oop =y P = =gy g,

i
g/z = 77'gl/z ) ¢ngn’ 0’31/21: =¥ -

i
E o.nk lpk’

DY, = —id " — My iy Y, = —ylomia .~ My ok,

1
0% = 7 + 0,0,

1 1
63" = mom + 9,h"" — 5amhﬂo =5 9" h,

P = nd + ny,

We want to make linear combinations of constraints in
order to reduce the number of nonvanishing Pb among
these constraints. In the end we will arrive at a situation
where every constraint has only one nonvanishing Pb with
another constraint. Therefore, we make the following lin-
ear combinations

0 — pn 0 n
0’31/2 = 03/2 - 03/2707 ’

= i
(I)g/z == (I)g/z + <_6m + §M3/2'ym>0gn/2,

0"+ = Hg/f + 7’”7092/2*’

F0 _ g0 gt (_5 b
¢)3/2 = (1)3/21: + egn/z( am + §M3/2’ym>,

5 = &5 —20"6Y,
Y = Y + 29,65,

B = ) — (20%3, + 3M3)HY — 24, D5, (17)
The remaining nonvanishing Pb’s are
{67(x), DY}y = —M78° (x — y),
{03,(0), 035 (0}p = —io™ &3 (x — y),
5 8 3i
{®5)0(), DI/, = =5 M3, 0°(x — ),
{63, (0, DL}y = ¥°83(x — ),
{69(x), DY (1)}p = =5 (x — ),
{D(x), DL ()}p = 3ME53(x — ),
{69"(x), D5 (V)}p = M3g" &% (x — y). (18)

Y = 29,9, 75" + M3my," — (akak + EM%)aﬂhno,

DY = (0% 0, + M3)hyy — 9,9,

O = 20,7 — (9%, + M3)hO™,

> (16)

In a proper (quantum) theory we want the constraint to
vanish. Although, here, they vanish in the weak sense there
still exist nonvanishing Pb relations among them. This
means in a quantum theory that ETC and ETAC relations
exist among the constraints. We, therefore, introduce the
new Pb a la Dirac [7]: The Dirac bracket (Db), such that the
Db among the constraints vanishes

{E(x), Fy)tp = {E(x), F(y)}p
- fd3zzd312{E(x), 0,(z21)}pCap(z1 — 22)

X{0,(z2), F(y)}p,
(19)

where the inverse functions C,,(z; — z,) are defined as
follows

[ BB, 0.(DpCoplc — y) = 858 (x — y),  (20)

and can be deduced from (18).
The ETC and ETAC relations are obtained by multi-
plying the Db by a factor of i.'' What we get is

"10Of course, this is not the only step to be made when passing to
a quantum theory. Also, the fields should be regarded as state
operators, etc.
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[A9(x), A"(3)]y = % 5x - y),

[A%(x), A°(0)]o = — Wa"a 8 x =),
[A" (), A7)y = i(g"m + )P )
WO, Ol = 51 V20— )

?>M3/2

WO, gt ()} = L[

3M5,,

[, O ()l = —[

3M5
{g"(x), g™ ()} = —[g”’" - ly”y’" 42 angm +
3 3M3,

(1000, By = 5 970,01~ ),

m _

(070, 100 = 15 5
. i . .

[A%(x), ()] = — e 3'0,070;6(x = y),

O

: T 4 .
[A%(x), B (y)]y = W[W o*alaia; + 20%0!

[, WG]y = i~ -

2
+ = _(gnom kl + nmakal
3M§( g +g )

This concludes the quantization of free, massive higher
spin (j = 1, 3/2, 2) fields. As a final remark, we notice
that the ET(A)C relations in (21) among the various
components of the spin-3/2, spin-2 field and their veloc-
ities are independent of the choice of the parameter A
in (1).

C. Propagators

Having quantized the free fields in the previous subsec-
tion (Sec. II B) we now want to obtain the propagators. In
order to do so we need to calculate the commutation
relations for nonequal times, which is done using the
following identities as solutions to the field equations [first
column of (4)]

nm ,kl

2
_ gnlgmk + = g"g

PHYSICAL REVIEW D 80, 104027 (2009)

) 1. }
(iyka)yliom + g(lykak)vov’” + 7016’"]53(x - ),

) 1 ) :
(iy*apiony® + 37”70(17"80 + 16"70]53()6 - ),

(yriam — ia"ym>]53<x _—)
3M3),

2
amakal 3 amgkl + akgml + algmk]83(x _ y)’

1
9ma'ola; + = 3 amal + 979 g'"l]53(x - ),

2 .
3 aja,jgkl:l(S}(x -,

1
_z(anakgml + amakgnl + analgmk + amalgnk)
2

4
- 7%a 0 akal]53(x —y). (1)

Ak (x) = f B IZA(x — 73 M?)A*(2)

—Alx —z; MZ)aZA/‘(z)]
W) = 1 [ i + My s = 20 ) ),
h#* (x) = fd3z[86A(x — 2 M3)h**(2)

— Alx — z; M3)a5h+" ()] (22)

Using these Eqs. (22) and the ETC and ETAC relations we
obtained before (21) we calculate the commutation rela-
tions for unequal times
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(A4, 4] = =i +
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mAav
’ )=y = P @)iAG — i)
1

} 1 2009”7 1
“(x), g = —ilid + M N Ay A R Big? — yVigh) |A - M2
{H ), 7 ()} i(if 3/2)[5' 37 3M§/2 M, — (y#i yVi )] (x =y M3,)

= (la + M;/Q)P,;/z(a)lA(x - y,Mg/z),

2 1
[h#7(x), h*B(y)] = i[g’““g”ﬁ + ghBgre — gg“”g“‘* + W(G“B“g”ﬁ + 979ogHP + araPg Y + 9vaP gre)
2

4
- —(a#av @B+ ghrg*9P) + 02 a"9” aaaB]A(x — i M3)

3M2
= 2P P (9)iA(x — y; M),
where the P;(9), j =

(23)

1, 3/2, 2 are the (on mass shell) spin projection operators. The factor 2 in the last line of (23) can be

transformed away by redefining the spin-2 field. Equation (23) yields for the propagators

DY (x — y) = —iOIT[A*(x)A”(M]I0) = —if(:x® — yO)P1"(0) A (x — y; M?) — i0(° — xO) P} () AT (x — y; M?)
= P7(0)Ap(x — y; M?) — i8) 856 (x — y). (24)
Si(x — y) = —iOIT (¢ (x) " (v))]0)

= —i0(x" = yO)iff + Map)PE (A (x =y

M3),) = i00° = XO)d + M) P4/ (AT (x — yi M5 )

: v , 1
= (iff + M3p) P (0)AR(x — ¥ M3),) — 70[ s— (6 8y, + 85 8m)io™ + (6088 — 5%6‘)7’”]
3Mg/2 3/2
2
X 8*x —y) — EYVEN (iff + M;)85 856 (x — y). (25)
3/2

DEP(x — y) = —iOITT= (W ()]0)

= —i0(x* — y02PL " P() A (x — y; M2) — i6(3° — x0)2PE"*P(9) A (x — y; M)

(5“50gaﬁ + ghr 58l + 5(66‘556365(8080 — 9ka, —

1
2P PO p(x ~ yiM3) + 31 S| otaners + dogens + of ofer + opsfgn

M3) + 86565859000 + 8l 556285 9%

+ 3gan535§aoa" + 85 Oy8g 85 09 + 84562870907 + 85 6185699t + 84Sy 658y oM

+ 81816288 9m 0 + shoysxsloma + 5,’;555355a"la")]54(x — ). (26)

The use of A (x — y) and A7) (x — y) is similar to what
is written in [43] in case of scalar fields

Olp(x)p()I0) = AT (x = y),
Ol P[0y = A (x — y). 27)

As can be seen from (24)-(26) the propagators are not
covariant; they contain noncovariant, local terms, as is
mentioned in, for instance, [15].

III. AUXILIARY FIELDS

The goal of this section is to come to covariant propa-
gators. The way we do this is to introduce auxiliary fields.
Since we also allow for mass terms, we have extra parame-

ters which can be seen as gauge parameters. We discuss
certain choices of these parameters. Also we discuss the
massless limits of the propagators in Sec. I[IID and give
momentum representations of the fields in Sec. III E. Apart
from that, the organization of this section is exactly the
same as the previous one (Sec. II).

A. Equations of motion

As a starting point we take the Lagrangians (1a), (2a),
and (2b). To these Lagrangians we add auxiliary fields
coupled to the gauge conditions of the massless theory,
as discussed in the text below (4). We also allow for mass
terms of these auxiliary fields, which introduces parame-
ters to be seen as gauge parameters
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Ly=L,+MBi*A, +1aM?IB?, (28a)
Ly=Lyp+Mpxy i, + Mspi, vy  x + bMs,nxx,

(28b)

L,.=Ly+ My, h*"n, + M3hi e + eM3n*n,. (28¢c)

In (28¢) we did not allow for a mass term for the € field. We

will come back to this point below.

These Lagrangians (28a)—(28c) lead to the following
EoM’s.

O+ MHA* = (1 — a)M, 9B,

29
O+ M3)(O + M)A+ =0, %

O+ M2)B=0,
J

(O + M) = —(1 + )My (0# 0" + 9" n*) +

(O + M) (O + M3)h+ = 20

O+ MH([O + M2)(A + M3)h+** =0,
O+ M%)’r]“ = —

O+ MH(O + M2)n* =0,

(O + M2)e =0,
where M% = —cM3 and M2 = — 325 M3. The constraint
relations are hf, = 0 a,h*" =—cMyn?, and 9-m= 4M2 €

From the last equatlon in (31) we see that the e- fleld isa
free Klein-Gordon field. This equation comes about quite
naturally from the Euler-Lagrange equations. This would
not be so if we allowed for a mass term of this e-field in the
Lagrangian (28c). Then it must be imposed that € is a free
Klein-Gordon field, which makes the calculations unnatu-
ral and unnecessary difficult.

B. Quantization

As mentioned before the quantization procedure runs
exactly the same as in the previous section (Sec. [I B). We,
therefore, determine the canonical momenta to be

= MlB, Tp = 0;
= —A" + 9"A°,
0 — 0 % _
32 0, 773/211 =0,
=_¢T P :tzia.nkw
3/2 2 k9 3/2 ) k>
=0, 7735 =0,
77(2)0—— h"0+M277 R 779720,

1 1
T = —09,h"" + Eamhoo + "y Mam",

. 1 . 1
nm — hnm _ Egnmhllg + Eg”makhko: T = O, (32)

2(1 + ¢)
1—c¢

PHYSICAL REVIEW D 80, 104027 (2009)

where M% = aM?. Furthermore, we have the constraint
relation 0#A, = —aM,B.

. b+2
(i = Msp)p, = ——=—M;5py,x — bid,

2
O+ M2)(if — M3, =0,
(if =M )x =0, (30)
where M, = (3b/2 + 2)M5,. The auxiliary field is re-

lated to the original spin-3/2 field via the equations 7 -
p = —byand id -y = —3(1 +b)(3b + 4)M;)x.

2(11 )y gure

2
e *to) M2<2a“a” i cM%gW)e,

M28“6,

(31)
I
from which we deduce the velocities
A = -t + 9"A°,
hnm — 27Tnm _ g 77.2 + gnma hkO
hf = —arh, + 39, h*0. (33)

These velocities are the same as in the previous section [see
(7)]. The primary constraints are

0(1)=7TO—MIB, Op = mp,
03 = 730 03" = 73",
05, =75, — % 'wz’}:"'k"’ 02/2* = 7751/2¢ - %U'"kl//ky
0,=m, 0; = 77';,
00 = 7 + 20,0 — My, 0% = 7,
0" = 7" + 9, — %amh‘“’ oy = 7y,
- %amhg — Myn™, 0. = 7. (34)

Having determined the canonical momenta, the velocities,
and the primary constraints we determine the (strong)
Hamiltonians to be
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Hys= —smimy, + 79,Ap + 30,A4,0"A" —1d,,A,0"A" — IMFAA, — IMIA"A, — M\ B"A,, — YaM}B? + A, (6!
+ A0,
g-[/\/,S = %G#Vpk'zny‘Yp(akwv) - %G#Vpk(akl_pﬂ)’}/S‘Yp {pv + M3/2 lz//.l,a-l“}lzbv - M3/2/?7M¢M - M3/2 &/L‘YMX

_ = 0 £ 0 b fpt
bMspxx + Xapo63), + Aaponti, + )l3/2,003/2* + Am‘nag/z* + A0, + A6,
H s = T — 3700, 005, + 3775, 0" Ry — S0%h™00, by — L0KRM™ AR, + 30, H00M By + 10,k 0F Ry,,

1 00 am p,n 1 nampk 1 nm _ 1 nm k 1442 7,n0 1Ag27,nm _ 13427,007,m
+ 10, A00m h + Lo, mrm ik — L0, 9, ho — 10,k 0, hE + IMBR™O hyg + LMBR™ B, — LMRROO R
- %M%hzh% - %CM%T]’U“T]M - Mzanhno’)’]() - Mzanh”’"nm - M%hgf - M%hif + /\2,000(2)0 + Az]omegm + )\0,7]09]

+ Ay 08+ Ab. (35)

With this Hamiltonians (35) and with the definition of the Pb in (10), we impose the time-derivatives of the constraints (34)
to be zero

{0(1)()6), Hgslp = 0,7} + M%A0 —MAp =0, (36a)

{05(x), Hg s}p = M 0" A,, + aM?B + M, A, = 0, (36b)

{9(3)/2()5), H, stp = €% (0, ) ysy, — Mypth o0 + Mspnxy® =0 = —(I)S/z*(x), (37a)
{9(3)/2*(36), H, stp = —€t%yOysy (9 tp ) + M3y’ 0% h, — M3y =0 = —<I>§/2(x), (37b)
{07,(x), Hystp = €% (0,h )5y, — Mapih ot + Myy" +id}, o =0, (37c)
{03,5(0), Hyshp = — €75 Y05y, (05 ) + M3y, = MYOy"x + i0™ A3 )00 = 0, (37d)
{0,(x), Hystp = M3ppih -y + bDM3 % = 0 = _M3/2q)§:(‘}’0’ (37e)
{9)*(()6), Hystp = —M3py’y - — bM; 0y x = 0= —M;,y°®,, (371)
{09°(x), Hye stp = =M1 AY + 3(3%0, + M) — 19,,0,,h"™ + M3e = 0, (38a)

{09 (x), Hpe stp = 20,75 — (950, + MRO™ — Myo™n° — MyAT = 0, (38b)

{0(,)7()6), H,]E,S}p =09,h" + )tgo + cM,n° =0, (38¢c)

{07(x), Hyeshp = 0,0 + A" + cMyn™ = 0, (38d)

{0.(x), H,estp = M3[h) + hi] = 0= M3D,. (38e)

Equations (36a), (36b), (37¢c), (37d), and (38a)—(38d) determine the Lagrange multipliers Ag, A;, )tf ok A3/2 5 /\97, Ay
A0, A9 respectively. All other equations in (36)—(38) yield new (secondary) constraints. Imposing their time derivatives
to be zero, yields

{q)g/z(x)’ Hstp
{(I)g/2¢(x)’ HX,S}P =19 A:t O'kn + M3/2)l¢ ’yk + M3/2/\§ =0,

a'"kian/\k + M3/2’yk/\3/2,k - M3/2)\X = 0,

n’t3/2 k 3/2,k
{®,(x), Hystp = —bA, — Y X300 — ¥"A300, = 0,
{®F(), Hyslp = DAL + AL, 09 = AL, v =0, (39)
{®,(x), Hpelp = =y + 10,0 — cMyn® = 0 = -, (40)

¥

The equations in (39) determine the Lagrange multipliers A, )l/:t, A3/20, and A3 20"

(tertiary) constraint. Imposing its time derivative to be zero

Equation (40) yields yet another

(DL (), Hpedp = 9%0,h% + Lok o, b — 10,0,k + 3MZR® + M3hy — Mydkny, — 9,45 + 3M3e + cMyAY = 0,
(41)
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gives an equation for )\?7. Since we already had an equation determining /\9] (38a), we combine both equations for
consistency and use ®, as a weakly vanishing constraint. What we get is the last constraint

3+c¢
OF = 9,0, + (340, + MPhiy + 2My0 ;. — 2(1 )M%G’
- C

{(D(zz)(x), H, stp =

3
—20,0, 3" — My + (akak + 5M2> 3, h" + 2M, 0, A% — 2(1

3+c¢

)MZA =0. (42)

As can be seen in (42) imposing the time derivative of cI)(22) to be zero determines the remaining Lagrange multiplier A..
All Lagrange multipliers are determined, which, again, means that all constraints are second class. So, every constraint
has at least one nonvanishing Pb with another constraint. The complete set of constraints is

09 = 70 — M,B,
0 _ .0
93/2 = T3/

_ _ T ok
g/z 77}31/2 Elpk i

0)( =Ty,
(13(3)/2 = —ic" 9y, — M3/2(7k¢k - X

D, =%+ ¥ + by,

Op = mp,
02/2 = 772/2*,
H* = 77'?(,
DY, F = —idpplom™ — My (plyd + xh),

f = —yly® + ylyk — byt

1
0(2)0 = 77(2)0 + Eanhno — Mzno, 0?7 = 77'97,
Oy = 7" + 9, h"m — %Gmhoo - %amh'; — M,n™", oy = my,
0, = ., DY = —0,0,h" + (9%a, + MDA,
0 4 pn k 3te\ e M k1o 0 0
q)ﬂ = hO + hn, +2M2(9 N — 2 1— ¢ M2€, (I)2 = Ty — Eﬁnh + CMQT’ . (43)
Again, we make linear combinations of constraints in order to reduce the number of nonvanishing Pb’s
= b ~ b < 1
b =0, 2 0. a —e, yl:(1+b)y"— iaa-kn]+—e[M Y1 — ok,
X X M3/2 3/2 3/2 3/2 3/270 Ms), k 12 xLY3/2 k
Of = @t — @0 6t =@n, F —| —(1+b)y" + it 00k |v08),F — g [Mspy" — o7k 167
X X M%/z 3/2 ’ 3/2 3/2 Y k|Yo 3/2 My, LM32Y Al
F L (1) (1) 00 L (1=¢\, .« 2
(I)‘q = (I)'W EG,}, (I) = CI) + 0 + W 3+ ¢ (28 8k +3M )65,
09" = 69" + S b, DY =P +29,0% (44)

With these new constraints, the remaining nonvanishing
Pb’s are

{eo(x) 05(V)tp = —M, & (x— ),
{62,,(0), @, (M}p = 7083 (x — y) = {69, ¥ (x), DL ()},
10,06, B, (1)} = My 23 (x — ) = {0}, 2, * 1)}y,
{02,500, B0} = —i0 8 (x— ),
{9(2)0()6), n()’)}P = _M253(X - )’),
{6 (x), 05 ()}p = —Mag"" 8% (x — ),

0.0 880 =230 ),
—(B+c)8(x—y).

(D (x), D, (y)}p =

—io

(45)

|
The Db and the inverse functions that go with them are
defined in (19) and (20), so we can immediately write down
the ETC and ETAC relations

[AX(x), A”(N)]y = —i(g™ — (1 — @)8} 68)8 (x — y),
[A%(x), B(y)]y = MLI 5183 (x — y),

k
[A% (0, By = —[A, (0, BO)]y = —id" jl— 53(x — y),

[B(x), B(»]y = —i&(x — y), (46)
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{y" (), y™ (Mo

I
|
—
o
=
3

1
- —7”7’"]53(x -y,

2
W00, 9Ot = = (1 + B2 ),
W,y o= [P = b Tndt -,
@, w0 =[5y b Jed -,
@) T} = - % & =), )
(00 0o = 7o 52— i [,
@0 = [ 57 = e
[0, 10V = 7352370 — ).
[, 75V = - 8"i8°(x = ),
(10709, €0l = = 72 (5 o) 6% = )
[0, 10V = = 37 oy €i0°x ).
[7°(0), 9™ ()] = EEETS) "8 (x = y),
[7°0), €0 = %Mz ((31 ;Cc))z i83(x — ). (48)

X0 =i [ Palid, + M)A — 2 M2)x(2),
D) = 1 [ i+ Mya)y Al = 2200, (2) +

3(b+2

M )A(x — 2z M2)YO>id, — M3p0) i, (2) +

PHYSICAL REVIEW D 80, 104027 (2009)

In principle there are also ETC relations among time
derivatives of the fields in (48), that we have not shown
for convenience. However, they are of importance when
calculating the commutation relations for nonequal times,
below.

C. Propagators

In order to get commutation and anticommutation rela-
tions for nonequal times, we first construct solutions to the
EoMs (29)—(31) based on the identities (22)

B(x) = f P[0A(x — 23 M3) - B(2)
= Alx — z;M3) - 95B(2)],

A, = [ LA~ 0 - 4,00) — Al — zi)

1
c95A,L ()] + T—an fd3z[(86A(x —z; M3)

(1
— EA(x — zM3) — (A(x — z;M3)
= Alx =z M5O + MDA, (2),

fd (i + M3p)Alx — 23 M3),)

2

_ . 2\
fat -z 30 + DM,

2 j-dS
3b + 2)M3/2

% I:(iilx + My)A(x — 2 M2)) — (i, — M)A (x — z;Mi)]}yO(i,zz + M), — M), (2),

e(x) = fd3z[66A(x — 5 M7) - €(z) — Alx — 2 M7) - 95€(2)],

() = [ PL0AG — 2 M2) - () — Alx — 2 M) - a5t ()] +

m f PO (AR — 2 M)

= Alx — zM3)) — (Alx — 5 M2) — Alx — z; M3)) - 95)(0 + M3)n#(2),
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W) = [ PLoGA M) B — A = 2 MY) - )+ ] Pl 05(A G — 23 M2)

1

AL - aM) ~ Ak~ nMy) — Al — M) + MO () ¥ (M2 — M2)(ME — M2)(M3 — M?)

fd3 [05((M3 — M2)A(x — 23 M2) — (M3 — M2)A(x — z; M%) + (M2 — MH)A(x — z;M3)) — (M3 — M?)

X A(x = z;M2) — (M3 — M)A(x — z;M7) + (M7, — MOA(x — 2, M3))o5 (0 + M7)(O + M) (2).  (49)

Using these Egs. (49) and the ETC and ETAC relations of (46)—(48), we obtain the following commutation and
anticommutation relations

[B(x), B(y)] = —iA(x — y, Mj),

9H
[A#(x), B(y)] = —iEA(x - » Mp),

. a*a” oLl id
(A7), 4001 = =i + T ) s M) + i G = i
= P{"iA(x — y; M7) + PR7iA(x — y; M), (50)
D000, RO = =3 G + MYAG = y; M3),
[ (), 70} = — 2 2|7 - i;j::li(iﬂ M )AG— v M),
(e, §7 ()} = —iGid + M3/2)[gw - %'y'“y” + ii:f” 3Mlm (ykia” — y”ia“)]A(x M)
3/2 :
1 2007, . ,2i o
_ E[W _ Mm]l(za + MX)I:y M3/2:|A(x VM)
= (if + M3)P55iA(x — y; M3 ) + PYViA(x — y; MY), (51)
3 c(l —¢)?
et )] = =3 ST = i),
3 1
[0, €0)] = =3 5o 3y 1A= 3512,
3 14
(o = [+ ]iAoc ~ M) = i g A M)
, _(=oro#e” 1 ¢ U1 o
(e, 0 = 0| G 5 g8 e = v

1 2 ,
[n*(x), h* (y)]=E[8“g +0d"g “+M—%a M a ]lA(x—y;M%])

1 2 :
- E[G o A i Waaa#a”]m(x - i M),
n
2 1
[h#* (x), h*B(y)] = [g““g”ﬁ + gt — Sgh g + —z(a”aag”ﬁ +9vaoghP + graPgre + groPgre)

4
- —(aﬂav @B + g ge9P) + i aaaﬁ]m(x — y; M3)
3m3 3M3

1 4
- ﬁ%[aﬂaagvﬂ +09799gHP + aroPg e + 9voPgre + Waﬂavaaaﬂ]m(x - yiM3)
n

1 ¢ 2 43 + c)
— | = my a3 _ I* 9V a,8+ ,u,vaaaﬁ +
[3 3788 g 0nte e ) 3

= 2P5"P(9)iA(x — y; M3) + PRYP(9)iA(x — y; M2) + PE"P(9)iA(x — y; M2). (52)

Ir oY aaaﬂ]zA(x — y; M?)
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From the overall minus signs in the (anti-) commutation relations of the auxiliary fields in (52) we conclude that all

auxiliary fields are ghost, except for the e-field. There the choice of the gauge parameter ¢ determines whether it is

ghostlike or not: for —3 << ¢ < 0 the e-field is physical and it is ghostlike in all other cases (excluding ¢ = —3 and ¢ = 0).
Having obtained these (anti-) commutation relations we calculate the propagators

—i{0|T[A* (x), A”(y)]|0)

—i0(xg — YO[PI()AM (x — y; M?) + PR (9) AT (x — y; M3)] — i0(xo — yo)[PL” (9) AT (x — y; M})
+ PR (0)A) (x — y: M3)]

= P17(0)Ap(x — y; M}) + PT()Ap(x — y; M3). (53)

Dy (x — )

We see that this propagator is explicitly covariant, independent of the choice of the gauge parameter. Choosing a = 1 we
see that the terms containing derivatives cancel and that only the g#” term remains. It can be seen as the massive photon
propagator. For a = oo we reobtain the massive spin-1 field, like in (24). Except in the above derivation it is obtained
without noncovariant terms in the propagator. The choice a = 0 is particularly interesting, because then still the spin-1
condition d -+ A = 0 holds [text below (29)], but the propagator is covariant. In momentum space it looks like

—gh + prp”

D P) = P 54
F'O() pz—Mwais >4)
The spin-3/2 propagator is

Sy = y) = —iO0IT[¢r*(x), 4" ()]I0)
= —i0(xg — yo)[(if + M3;)PL/(9)A (x — y; M3 ) + PR7(0)A) (x — y; M3)]

3/2
— i0(xg — yo)l(id + M3/2>Pg72(am<*>(x -y M§/2) + PYY(0)AT) (x — y; M2)]
. 14 14 b 14
= (if + M3/2)P§/2(3)AF(x — y;M3) + PR (0)Ap(x — y; M2) + még‘ 8564 (x — y). (55)
3/2

Only for » = 0 we have an explicitly covariant propagator. This result was also obtained in [17]. From the text below (30)
we see that the choice » = 0 means that we have only one of the two spin-3/2 conditions or, to put it in a different way, we
have added an extra spin-1/2 piece to make the RS propagator explicitly covariant.
For b = — % and b = —1 we have that id - ¢ = 0 (, but y - ¢ # 0), but then the propagator is not covariant anymore.
The spin-2 propagator is

DB (x — y) = —i(0|T[h#" (x)heB ()]|0)
= —if(x" — yYO)[2P5" P ()AD (x — y; M) + PR (0)iA D) (x — y; M2) + PE"P()iA™) (x — y: M2)]
—i0(° — XO2P5 P (9) AT (x — y; M?) + Py P ()iAD) (x — y; M2) + PEYP()iAD) (x — y; M2)]
= 2P P(0)Ap(x — yi M?) + PE"“P()Ap(x — y: M) + PE"“P(9)Ap(x — y: M2), (56)
[

We see that this propagator (56) does not contain local,
noncovariant terms independent of the choice of the gauge
parameter. The first part of (56) (P5 v@B(9)-part) is pure
spin-2.'% The nature of the other parts depends on the free
gauge parameter.

Since c is still a free parameter it is interesting to look at
several gauges. But before that, we exclude ¢ = 1 and ¢ =
—3 as before. In these cases the e-field vanishes and the

'2The factor 2 can again be transformed away by redefining all
fields as in (23)

EoM are quite different. Also the quantization procedure
runs differently.

An interesting gauge which we want to discuss here is
¢ = —1. From (31) we see that all fields become free
Klein-Gordon fields of mass M,. As a result of this choice
all derivative terms disappear in (56) and what is left is

DEP(x — y) = [graghP + grPgre — Lgrvgah]
X Ap(x — y: M) (57)

In contrast to the spin-1 case, discussed above, Eq. (57) is
not the massive version of the massless spin-2 propagator.
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Equation (56) yields for the choice ¢ = 0

va va 1
Dy Plx—y) = 2P% P0)Ap(x — yiM3) — e
5

2
=3 (02978 + gh7o%aP) +

49#979% 9P
3M3

PHYSICAL REVIEW D 80, 104027 (2009)

[aﬂa“gvﬂ +979%gHP + araPgre + 9v P gre

4 _
]AF(x—w * o PR = )

ra 2 2
DP« B(p) I:glba vB 4 gﬂﬁgua — gg,U«Vgcvﬁ + 37p2(pupugaﬁ + g,uupapﬁ)

1 4
- ?(p”p"g”ﬁ + p¥pghP + prpPgt + p¥pPgre) + 3—#17“17”1?“17’3]

Here, the Ap(x — y) (as well as various other A propaga-
tors) is defined in the appendix. As in the spin-1 case this
propagator (58) satisfies the field equations (and is, there-
fore, pure spin-2) and is explicitly covariant. This result is
also obtained by ignoring the ¢ term in the Lagrangian
(28a) from the outset.

D. Massless limit
It is most easy to study the massless limits of the
propagators obtained in the previous subsection in momen-
tum space

p“p”] 1

im D" (p) =|—g*" +(1 —a)—5 | 5——.
Jim D) = [ g+ (1 -0 PR (59)

Although we have not presented the massless case, it is
done rather easily. The quantization procedure runs very
similar to what is presented in Sec. III B, contrary to the
case without an auxiliary field (Sec. 11 B), only the equa-
tions like in (49) are a bit different. It should be noticed that
it is sufficient in the massless case to ignore the mass term
of the spin-1 field in (28a), only. So, even though allowing
for a mass term for the auxiliary field, both A#* and B turn
out to be massless. Therefore, the freedom in choosing the
gauge parameter is still present. In the massless case, the
exact same result as (59) is obtained, so the massless limit
connects smoothly with the massless case and is explicitly
covariant. In fact this line of reasoning is valid for all three
spin cases with auxiliary fields. Having mentioned this, we
will not come back to this when discussing the massless
limits of the spin-3/2 and spin-2 cases below.
The massless limit of the spin-3/2 field is

1 1
li SMV I Ii,uv_i " V]
m Folp) P g Y e
+ Y ——— = 2P .
p- tie ptie
(60)

We notice that when this propagator (60) is coupled to
conserved currents only the first two parts contribute.
These parts form exactly the massless spin-3/2 propagator
with only the helicities A = =3/2 [26]. When we couple

—_ 58
p?— Ms +ie (58)

[

the (massive) RS propagator (25) to conserved currents and

take the massless limit'> we see that it is different from the

one in (60) because of the factor in front of the y*y” term.
The massless limit of the spin-2 propagator is

2+¢
li Dl“{“ﬁ =|: ra v L GuBgra mv aﬁ]
aim D" (p) = | 878" + gHPg" =3 g*"g
1
X ————(1+c)—| p*p*g"?
szr1.8( )pz[ppg

+p'peghf + phpPgi + prpPghe

2
———(p*p g*P + g+ p* pﬁ)]

3+¢ p*+ie
41+ ¢)? prprpeph 1
LM c)ppfp L e
3+c¢ p p-+tie

Making the choice of the gauge parameter ¢ — 00 we see
that (61) becomes the massless spin-2 propagator plus
terms proportional to p. In physical processes these terms
do not contribute when coupled to conserved currents

1
p> +ie

+ O(p). (62)

DB (p) = [ghagP + giPgre — ghvgP]

Again, this is different from taking the massive spin-2
propagator (26), couple it to conserved currents and taking
the massless limit, as is mentioned in [27].

Having obtained the correct massless spin-2 propagator
(61) it is particularly interesting to see how this limit comes
about. Considering the propagator (56) (coupled to con-
served currents) with a small nonzero mass and requiring
that it is a mixture of pure spin-2 and spin-0 (so no ghosts
or tachyons) in order to have a kind of massive Brans-
Dicke [44] theory, this would imply that —3 < ¢ <O.
However, with this restriction we cannot take the mass
smoothly to zero in order to have a pure massless spin-2
propagator, because this requires ¢ — *o0 as mentioned
before.

BTerms in the massive RS propagator that do not have a proper
massless limit do not contribute since we couple to conserved
currents.
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The above situation of a pure massive spin-2 and spin-0
propagator limiting smoothly to a pure massless spin-2
propagator can be obtained in [18], but there the setup is
quite different as well as the original goal.

E. Momentum representation

To finalize the description of the higher spin fields
coupled to auxiliary fields we give the momentum repre-
sentation of these fields in this subsection. Also, we give
the relations which hold for the various creation and anni-
hilation operators.

A solution to the EoM of the fields in (29)—(31) in terms
of the auxiliary fields is

A—V-i-a“B
H SV M

1 2id
lp,u, = \I,,u, + _(yﬂ - —#)Xr

PHYSICAL REVIEW D 80, 104027 (2009)
@a+mhv, =0,

(lﬁ_ M3/2)\I,,u,
(D + M%)q>2,,u,v - O,

a-V=0,

vV =0, i0-¥=0,
i, ,, =0, CDZM =0, (64)
and are therefore free spin-1, spin-3/2, and spin-2 fields,
respectively. The field @, , also satisfies the free spin-1
equations, but is of negative norm as we will see below.

Since the anticommutator of the y-field (51) and the

commutator of the e-field (52) contain constants, we re-
define these fields for convenience

_ B, V3l -0
X7V2X T+ € 65)

14 Therefore, (63) becomes

1 2id
dl/.l. = \I,p. + _(7;1. - M)X/y

3 M3/2 \/6 M3/2
2B3+¢) d V3,
= @ N _M b = @ + I — /’
n/L Lu C(l - C) M2 € T’M Lu C M2
1 1
hp.l/ = CI)Z,,U.V - E(a,uq)l,v + aJI(I)I,,U,) h v (I)Z,,uv - E(auq)l,v + avq)l,,u)
23+¢ 23 +¢) a,0, 1 ( 23+ ¢) 8#8,,>
+ - - s 63 +—= v " 66
31—c<g”“y c M%)e 63) ﬁg” c M3 € (66)
where The momentum representation of the fields is
d3p —ipx t ipx
B(x) = / m[aB(p)e P ah(p)e s,
= 2 J i [PV a2,
X'(x) = f by(ps)u(ps)e™P* + dl(ps)v,(ps)e ] o_p ,
=St @ )32E ' e o
%/2 ;
\If - b —ipx + d ipx e,
W Zin S [ baps ot 7+ d ),
€)= / @ S la e+ al (e,
Pt = 2 1[(2 g, [u(pe P+ al (P e,
— —ipx t ipx
Dy 0 = 2 2[(2 PIES [a2 .0 (PVe™ P + a3, (PA)eP ] o, (67)
where E; = ‘” pl? + M?. In (67) the spin-3/2 spinor u «(ps) is a tensor product of a spin-1 polarization vector and a

spin-1/2 spinor: u,, = €, ® u. The normalization of this (spin-1/2) spinor, as well as that of u,, is #(ps)u(ps’) = 2M &y
and of course something similar for the v-spinors. With this normalization the creation and annihilation operators satisfy

the following (commutation) relations

'“The part in the commutator of the e-field that determines whether € is ghostlike or not is not taken in the redefinition.
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[as(p), al(p)] = —(2m)*2E8*(p — p'),

PuPv
[aV,,u,(p)\)’ a;r/y,,(p/)l/)] = (_g/,LV + £

PHYSICAL REVIEW D 80, 104027 (2009)

)(2 7)32Ey8*(p — p)Sn,

{b,(ps), bL(p's")} = {d,(ps), d}(p’S’)} = —Q@)2E, 8 (p — p)8,y,
{by(ps), bl,(p's)} = {dy(ps), dl,(p's)} = 2m)2Ey 83 (p — p')S,y,

[a.(p), al(p)] = — —(27r)32E &(p—p

Pﬂp

[al,,u,(p/\): ai,,(p//\/)] =

[a2,/.u1(p/\)’ a2,aB(pl/v):| = I:g/.l,aguﬁ + g,u,,BgVa/ 3

L2
3M3

All other (anti-) commutation relations vanish. These
(anti-) commutation relations are such that the relations in
(50)—(52) remain valid.

To complete the properties of the fields in momentum
space there still are the following relations

ptay,,(pA) =0 ptu,(ps) =0,
y*u,(ps) =0, ptay ,(pA) =0
ptas ., (pA) =0, aéf#(p/\) =0 (69)

IV. CONCLUSION AND DISCUSSION

We conclude this article by stating that we have quan-
tized (massive) higher spin (1 = j = 2) fields in both the
case where they are free (Sec. II) and where they are
coupled to (an) auxiliary field(s) (Sec. III). We have pre-
sented a full constraint analysis and quantization procedure
to come to equal time (anti) commutation relations.

In the free case we have explicitly shown that the con-
structed propagators are noncovariant, which is well
known. In the coupled case, i.e. auxiliary fields are coupled
to gauge conditions of the free case, the propagators can be
covariant. Only in the spin-3/2 case this requires a choice
of the parameter, namely b = 0. The obtained propagators
have a smooth massless limit and connect perfectly to
propagators which would be obtained in the massless
case [including (an) auxiliary field(s)].

When coupled to conserved currents we see that it is
possible to obtain the correct massless spin-j propagators
carrying only the helicities A = = j_. Only in the spin-3/2
and in the spin-2 case we have to make choices for the
parameters, namely b = 0 and ¢ = *£oo. As far as these
two cases are concerned, it is a different situation than
taking the massive propagator, couple it to conserved
currents, and putting the mass to zero. We stress that, in
these cases, the limits are only smooth if the massive
propagators contain ghost parts.

—<—gw )(277)32E1 8 (p = PNén,
M"l
2 1
- _g,quaB - W(p,upagvﬁ + pvpag,u,ﬁ + p,upﬂgva + pr,Bg;La)
2

4
(PuPv8€ap T 8uvPalp) + M4P,vapapg](2w)32Ez5“(P JALIVE (68)

[
APPENDIX: A PROPAGATORS

A few definitions of on mass-shell propagators, accord-
ing to [43], are

Alx;m?) = / d*pe(py)d(p* — m?*)e™ 1",

(2 )3
A*(x;m?) = Q2m) 3 [d4p0(ip0)6(p2 — m%)eirx,

AD(x; m?) = a2y /d4p5(p — m%)e irx (A1)
which satisfy the relations amongst each other
iNx;m?) = AT (x;m?) — A~ (x; m?),
At (=) = A (),
AD(x; m?) = At (e;m?) + A~ (x; m?). (A2)

Furthermore, there are the following Green functions
—Ap(x;m?) = i[0(xg) A (x; m?) + 0(—x0) A~ (x; m?)],
A (3 m?) = —O(x")A(x; m?),
Agay (5 m?) = O(=x)A(x; m?),
A(x;m?) = —1e(x — y)A(x; m?), (A3)

where the Green function of the last line of (A3) is defined
in the book of Nakanishi and Ojima (see [16]). A well-
known form of the Feynman propagator Ag(x — y) is

—lpx
A 2) f d*p A4
rlx ) (277')4 - m? +ie (A9
The following A propagators are defined to be
~ 0
Alx) = ——A(x; m?)|,2—o»
z 6
R = (a 2) A m) oo, (AS)
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Since the last two lines of (A5) are also valid for Feynman
function we can, by using the integral representation of the
Feynman function (A3), give integral representations for

Ap(x) and Ap(x)

Ap(e;m?) = — : fd4]7—e ll’x. )
Qm)* pt+ie
Rptwm) = o [atpt (A6)
Qm)* Pl +ie

Furthermore, we have the important relations

PHYSICAL REVIEW D 80, 104027 (2009)

O+ m?)A(x;m?) =0, A(x;m?)lp =0,
[apAGem)]lp = —8(), DA = A),
Al = d6A@ly = ZAWIy =0,
BAWl = -8, DA = A,
AWl = dAWly = ... = 38A)ly = 0,
BAW = —8®,  [oAD(xim?)]ly = 0.
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