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Cosmology with unparticles
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We discuss cosmological consequences of the existence of physics beyond the standard model that
exhibits Banks-Zaks and unparticle behavior in the UV and IR, respectively. We first derive the equation of
state for unparticles and use it to obtain the temperature dependence of the corresponding energy and
entropy densities. We then formulate the Boltzmann and Kubo equations for both the unparticles and the
Banks-Zaks particles, and use these results to determine the equilibrium conditions between the standard
model and the new physics. We conclude by obtaining the constraints on the effective number of degrees
of freedom of unparticles imposed by big-bang nucleosynthesis.
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I. INTRODUCTION

Recently Georgi [1,2]" raised the interesting possibility
that physics beyond the standard model (SM) may contain
a sector that is conformally invariant in the IR region
(guaranteed by a zero of the beta function), and classically
scale invariant in the UV; we refer to these as the unparticle
(‘U) and Banks-Zaks (B Z) phases, respectively. The tran-
sition region between the two phases is characterized by
the scale of dimensional transmutation Aq;. A specific
realization of this idea can be found in [4]; following this
reference we will assume that the new sector is described
as an asymptotically free gauge theory in the BZ phase.

This novel idea has received substantial attention within
the high-energy community, mainly in connection with the
phenomenology of such models. Here we discuss some
fundamental issues in the evolution of the Universe in the
presence of this type of new physics (though studies of the
cosmological consequences of the proposal have appeared
in the literature [5-9], these publications ignore several
essential aspects which are discussed below). In Sec. II we
derive an approximate equation of state for the NP sector.
Then, in Sec. III we use this together with the expected
SM-NP interactions [1,2] to determine the conditions
under which the SM and NP sectors were in equilibrium.
In Sec. IV, using the experimental constraints derived from
big-bang nucleosynthesis (BBN) we obtain nontrivial
bounds on the parameters of the theory. The
Appendixes A and B are devoted to the presentation of
two alternative derivations of the Boltzmann equation
(BE).
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'A similar idea was also discussed in [3].
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II. THERMODYNAMICS OF UNPARTICLES

In order to understand the thermodynamic behavior of
the new sector,” we use the expression for the trace anom-
aly of the energy momentum tensor of a gauge theory
where all the renormalized masses vanish [11]:

ot = P nieer, ) (1

28
where B denotes the beta function for the coupling g and N
stands for the normal product.
The basic assumption for the unparticle phase is that the
B function has a nontrivial IR fixed point at g = g, # 0.
Modeling the unparticle sector by a gauge theory, we
assume that for low temperatures

B =alg — g a=>Q0, 2

in which case the running coupling reads

Ble(w)] = aup?,  (3)

where u is an integration constant and w is the renormal-
ization scale.

We look for the lowest-order corrections to the confor-
mal limit (where 6, = 0) when the system is in thermal
equilibrium at temperature 7, is isotropic and homogene-
ous, and does not have any net conserved charge. Since 8
vanishes in the conformal limit, in (1) we can take
(N[Fi"F,,,])) equal to its conformal value (we denote
the thermal average by (- - -)); taking the renormalization
scale u = T we then expect

g(p) = gx +up;

*The thermodynamics of conformal theories has been studied
extensively [10], but these results have been apparently ignored
where unparticles are concerned.

3The cases where B has a higher-order zero at g, can be
treated similarly.
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(N[F&"F o) = bT*7, )

where 7 is the anomalous dimension of the operator. Using
(61,) = py — 3Py, where pq; and Pq; denote the energy
density and pressure of the unparticle phase, together with
(3) and (4) then gives

py — 3Py = AT+ ( Ea”b,azaer), )

284

where we took u = T.

Combining (5) with the thermodynamic relation
d(pV) + PdV = Td(sV) (s is the entropy density), when
p and P are functions of T only,* and integrating, we find

3
puy=oT*+ A(l + E)T‘H‘S,
1 A
Py = 5aT‘* + (E)TM, (6)
4 4
sy = §aT3 + A(l + 5)TM,

where o is an integration constant and we assumed & # 0.

It is worth noticing that the terms o A correspond to
deviations from the standard relativistic relation V o 773,
The behavior at low temperatures depends on the sign of &,
and we will assume & > 0. Then

Py =pull =BoYf's B=—fo ()
exhibiting the lowest-order corrections to the often-used
expression P = wp, w = const. This effect might be of
interest in the discussion of the possible dark-energy ef-
fects contained in this model, but will not be discussed
here.

Elucidating the cosmological effects of the modified
equation of state (6) lies beyond the scope of the present
paper. We merely remark that the NP increases the coeffi-
cient of the T* term in p and induces O(T?) corrections;
e.g. in the radiation-dominated era the scale parameter
behaves as (1 + ¢T%)Y/3/T (¢ = const).

In general we expect A o A7 since Aq; is the scale
associated with broken scale invariance; then the energy
density for the new sector in the unparticle phase equals

3 T \¢
pu= ;T4|:81R + <E) f];

where we replaced o = 3gg/ 7> (hereafter we use the
normalization from Maxwell-Boltzmann statistics) and
gr, the effective number of relativistic degrees of freedom
(RDF), will be estimated below.

In the BZ phase we assume the theory is asymptotically
free so that, up to logarithmic corrections,

T < Aq, )

“A consequence of having assumed the absence of net charges.
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pPBz = %SBZT4§ T> Ay, ©)
where gz~ denotes the RDF in this phase.

For intermediate temperatures the explicit form of the
thermodynamic functions requires a complete nonpertur-
bative calculation and the choice of a specific model;
fortunately we will not need to consider the detailed be-
havior of the system. Given that p = T* in both the IR and
UV regions, for our purposes it will be sufficient to use the
interpolation

_3 4
PNe = 5 8Nl
T

gnp = 8820(T — Aq) + gub(Ay = T),

where g¢ = [gr + (T/A1)%f], while NP stands for
“new physics”; gnp Will be continuous at 7 = Aq; when
f = g8z — g, Which we now assume. It is worth noting
that a mass distribution of unparticles with the spectral
density o (u?)@u=2 [1] generates the term o« f in (10)
with 8 = 2(dq; — 1), assuming that the contributions with
p > T decouple. We emphasize that (10) will be used only
as a rough but convenient approximation that reproduces
the expected behavior at low and high temperatures. In
cases of interest we expect gr ~ ggz >> f so that the
terms « T are subdominant.

Estimating g directly form the model Lagrangian is a
nontrivial exercise, due to the expected strong-coupling
nature of the theory in the infrared. Using, however, the
AdS-CFT correspondence [12], we find

(10)

-
gRrR = §(LMP1)2, (11)

where L denotes the AdS radius of curvature and Mp, is the
Planck mass. Given that L is expected [12] to be signifi-
cantly smaller than 1/Mpy, it is justified to expect that

gir = O(100). (12)

In the following we will use this as our estimate for the
RDF in the unparticle phase.

In order to estimate g one must specify the details of
the non-Abelian theory in the ultraviolet regime. For the
models considered in [4] we find

gsz ~ 100. (13)

This result is based on a model for which the coupling
constant stays within the perturbative regime throughout its
evolution. There is also nonperturbative lattice evidence
[13] that gauge theories exhibiting an infrared fixed point
obey (15). In the following we will adopt this estimate.

The energy density pq; was also discussed in [8], how-
ever the expression presented in this reference agrees with
(8) only when gg = 0 and therefore does not include the
leading low-temperature behavior of the theory.
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III. SM-NP INTERACTIONS AND EQUILIBRIUM

The presence of a NP sector of the type considered here
can have important cosmological consequences since, even
when weakly coupled to the SM, its energy density will
affect the expansion rate of the Universe; this can then be
used to obtain useful limits on the effective number of
degrees of freedom gnp. This calculation requires a deter-
mination of the relationship between the temperature of the
NP and SM sectors to which we now turn.

The interactions we will consider have the generic form

Ly = €05 Onp, (14)
where the first term is a gauge invariant operator composed
of SM fields (possible Lorentz indices have been sup-
pressed), while the second operator is either composed of
‘BZ fields or is an unparticle operator, depending on the
relevant phase of the NP sector. The coupling € in general
has dimensions and is assumed to be small. For the specific
calculations presented below we will assume for simplicity
that Ogy; np are both scalar operators.

Leading interactions involve SM operators that can gen-
erate 2 particle states since states with higher particle
number will be phase space suppressed. From such inter-
actions we obtain the NP < SM reaction rate I', which will
be precisely defined below. The two sectors will then be in
equilibrium whenever I' = H, where H denotes the
Hubble parameter [14], and decouple at the transition
temperature 7'y:

8

— T~ H- 2 — .
T=T;:T=H, H—Mpmt, (15)

where

3
Pt = Psm t pxp = p(gSMTé‘M + g Tip)- (16)
We denote by Ty and Typ the temperatures for the SM
and NP sectors which can be different when these sectors
are not in equilibrium.

The approach to equilibrium can be described using
either the Kubo formalism (Appendix A) or a suitable
extension of the Boltzmann equation formalism
(Appendix B). It follows from the expressions derived in
the Appendixes that the conditions near equilibrium are
determined by the equation

Y+ 4HY = —T'9:; 3 =T — Tsm (17)

where, using the Kubo formalism,

2 71 1 B o0
=L4(—+—)62R6{/ ds[ dt[
12T*\gsm  &np 0 0

X d*x(Ogy(—is, X) Oy (1, 0)X Onp(—is, X) Onp (1, 0))}

(18)
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The BE calculation also yields (17) with the rate given by

o 3 it

_’BESM|M|2(27T)46(KSM

B T ( 1
12T3 8sM

X B(Egm — Egy)*e — Kxp),

19)

where M is the matrix element (with no spin averaging)
derived from the SM-NP interaction Lagrangian,” Egy and
EY,, denote the initial and final energies of the standard
model particles in the reaction, and Kgynp the total 4-
momenta of each sector for the reaction. We have also
assumed the Boltzmann approximation (neglecting Pauli
blocking or Bose-Einstein enhancement) and denoted by
d®g\ np the appropriate phase-space measures (without
any spin factors). In particular, for the unparticle phase we
use [1]

d*q
Qm*

where A, = (4m)3 2"/[2T'(n)I'(n — 1)]. We show in
Appendix B that (18) and (19) are, in fact, equal.

The solution to (17) yields p = R™* in the absence of the
collision term (proportional to I), as expected for a scale-
invariant theory. It is also important to note that, in contrast
to other authors [5-7], Eq. (19) contains an unparticle-
decay term (see Appendix B), as we find the arguments
(based on the deconstruction picture [15]) for neglecting
these contributions unjustified.®

The detailed calculation of I" requires a specific form of
the interaction Ogy; Oxp (see above for a specific example).
However, for the purposes of the remaining calculations,
only the basic properties of I" such as its dependence on T
and the relevant RDF will be needed. These properties can
be obtained using dimensional analysis: if the dimensions
of the operators are, respectively, dgy and dyp and if the
number of degrees of freedom involved in this interaction
are gg,; and gip, then, including a phase-space factor we
find

APy = A, €(g")0(g*)(g?) > (20)

T hu e

2dsy+2dnp =7 - =
(47T)nSM+an—1 r ’ A

8sM gNP,
(21)

>The SM-SM and NP-NP interactions are not included be-
cause of our assumption that each sector is in equilibrium: these
processes are much faster than the ones generated by (14) and
insure that each sector has a well-defined temperature at all
times.

®Equation (19) gives the same result within the unparticle
scenario or the deconstruction approach; in the latter case the
vanishingly small coupling constant of the deconstructed field is
compensated by the large number of particles of the same
invariant mass in the initial state. Unparticle decay was discussed
recently in [16].
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where ngy; and nyp denote numbers of SM and NP fields in
the corresponding operators; in the unparticle phase we
take glp = dy and nyp = 2(dqyy — 1), where dq; denotes
the dimension of 0.

The value of A depends on the details of the model.
Above the Higgs (¢) mass m, (we assume my ~ v =
(¢)) the most important operator is Ogy = ¢ ; in this
case ggy =4, s0 A~ (4/gsm) - (gkp/gnp)- Below my
there are many dimension-4 SM operators relevant for
the SM-NP equilibration, e.g. £¢e (containing an extra
suppression by the factor ~v/Mq;; €, e denote a lepton
isodoublet and isosinglet, respectively), or B,,,B#” (where
B is the hypercharge gauge field). In this case we expect
g5m ~ &sm» S0 that A ~ gip/gnp.

A. The Banks-Zaks phase

We will assume that the BZ sector corresponds to an
SU(n.) Yang-Mills theory with n, vectorlike massless
fermions in the fundamental representation (denoted by
qgz). Assuming that A¢; > v, the leading SM < NP in-
teraction is of the form

1 _
L= Mi(d’*d’)(QBZCIBZ), (22)
u
log(Aqy) dy=3/2
2.0
L5}
1O}
0.5
: log(My)
3 4 5 6 7
log(Aqy) dy=3
2.0t
L5¢
1.0t
0.5+
: : ! - log(My)
3 4 5 6 7

FIG. 1.
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where we assume that all flavors in the BZ sector couple
with the same strength. In this case (€ = 1/M<)

A&iot

(477)3M?u

(23)
Denoting by T3z, the solution to (15) when I' is given by
(23), and imposing also the consistency conditions M, >
Tgz-; > Aq, we obtain (g is evaluated at Tz /)

2Tz _ V@7 g Mu - Ay

1 .
My A&t Mp My

(24)

B. The unparticle phase

In this case we will consider only interactions of the
form [1] (k = dgy + dgz — 4)
A

———— 05 Oq,.

L
MYy

(25)

Using (21) we obtain [here we use nyp = 2(dqy — 1)]

AgoAu (Afu)zk( T )2d5M+2du—7

Pu~ G2 \ar,) Ay

(26)
Denoting by 7'y, the solution to (15) when I' is given by

log(Aqy)
2.0

dy=2

1.5}

1.0}

05

‘ log(Mq;)

log(Aq)
2.0t

dy=7/2

151

101

0.5+

- : —— log(Ma;)
3 4 5 6 7

Regions in the Aq; — M<q; plane corresponding to various freeze-out and thaw-in scenarios for dq; = 3/2, 2, 3, and 7/2.

Dark grey: SM-NP decoupling in the unparticle phase only; light grey: no SM-NP decoupling; in the white regions Ty < v (Aq,
My, are in TeV units). We assumed gov = gz = gu = 100, g5 = 4, g5> = 50, and g/, = dy;. For the BZ phase: ngy = nyp =
2, dey = 2, and dyp = 3, while for the U phase: ngy = 2, nyp = 2(dqy — 1), dey = 2, and dyp = dqj.
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(26), and imposing also the consistency condition A >
Tq-5, we obtain (here g is evaluated at Tq;-f)

Ty-f |:(477')”SI\4+2"U_3 Ay (Mfu>2k:|1/(2dsm+2du—9)

Aqy ATt/ My \Aqy.
<1. 7)

For dy < 4.5 — dgy, I'/H has the singular property of
increasing as T drops, whence SM and NP will equilibrate
for T <Tq-y (thaw-in); due to the constraints’ on dq;
(dy < 1isexcluded [17]), this can only happen for Ogy; =
&1 . The opposite occurs if dq; > 4.5 — dgy (freeze-out).
For d¢yy = 4.5 — dg\;, the approximations (16) and (21) are
insufficient and a detailed calculation is required to deter-
mine freeze-out and/or thaw-in conditions; we will not
consider this special case further.

There are various possible scenarios for decoupling of
the NP sector. The situation in the very early Universe (7" >
M ;) depends on the UV completion (including the me-
diator interactions) of the NP and will not be considered
here. If (24) holds then we have a standard freeze-out
scenario: the SM and NP sectors will be in equilibrium
down to T~ T'gz-; and decouple below this value; there-
after the two sectors evolve keeping their entropies sepa-
rately conserved. Since no mass thresholds or phase
transitions are crossed,8 the SM and NP temperatures
remain equal down to 7 ~ Aq.

The situation for A¢; = T is more complicated. If (27)
holds (which defines a region in the Aq — Mq; plane),
decoupling occurs in the unparticle phase. For 7 > v the
most relevant operator is Oy = ¢ T ¢, and both thaw-in
(for dq <2.5) and freeze-out (for dqy >2.5) may be
present. For v > T all the relevant SM operators have
dgy = 4, and only freeze-out is possible; in this case
Tq-y may be significantly smaller than v.

Other parameter values lead to more complicated sce-
narios, e.g. a double decoupling: freeze-out in the BZ,
thaw-in in the unparticle phase, and then freeze out below
v. In spite of the many possibilities, there is always a
temperature below which the SM and NP decouple.

In Fig. 1 we show regions in the (Aq;, Mq;) space that
correspond to various freeze-out and thaw-in scenarios for
a reasonable parameter choice. For this calculation we
assumed that Ogy; = ¢T ¢ is responsible for maintaining
the equilibrium between the SM and NP (so dgy; = 2). For
consistency that choice implied an additional constraint
Ty-y > v (below v other SM operators are relevant). For
interactions with the BZ phase an operator « (¢t¢) X
(gpzqgz) was adopted (in which case dgz = 3).

"The bounds on dq strictly hold in the conformal limit; we
expect deviations o g(T) — g. ~ (T/Aq)* which we neglect.

We neglect the possibility of right-handed neutrino
decoupling.
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IV. BIG-BANG NUCLEOSYNTHESIS

The light-element abundances resulting from BBN are
sensitive to the expansion rate that determines the tem-
perature of the Universe (see e.g. [18]), which can be used
to restrict possible additional RDF, or, in our case, gjr. We
express our results in terms of the number of extra neutrino
species, AN, defined through

3 7(4\43
== (=) AN,TS, 28
PNp 77_2 4<11) viy ( )
which is valid for T below the ete™ annihilation (T,
stands for the photon temperature). For AN, we adopt
the recent bounds obtained in [18]: AN, =0.0 =
0.340(20) * 0.3

We first consider the case where SM and NP were in
equilibrium down to a temperature 7y > v, and decoupled
thereafter. Then the entropy conservation for the NP and
SM sectors implies

SXp(T(TrR;)? = gkp(Tnp)(TnpR)?,
gsm(T (TR = g§u(T,)(T,R)?,

where Ry is the scale factor at the decoupling, while R
corresponds to temperature of photons 7, (Typ is the
corresponding NP temperature); gxp and g%, stand for
the NP and SM effective numbers of RDF conventionally
[14] adopted for the entropy density. After et e~ annihila-
tion neutrinos and photons generate the dominant SM
contribution, but their temperatures differ. Using standard
expressions [14] we find

8yt 8 1t &

, (30)
8y 1 &

gsu(Ty) = g,
where g; stands for the number of RDF corresponding to
the species i. Assuming that gnp is almost constant in the
temperature range we are interested in and neglecting
possible right-handed neutrino decoupling effects, the
two sectors had the same temperature down to the electro-
weak phase transition. Thereafter, the temperatures split as
the SM crossed its various mass thresholds and the entropy
was pumped into remaining species. Entropy conservation
(29) in both sectors then implies

g, g&lye V)]1/3
gyt 8 gsm) 1’

TNP = Ty[ (31)
where gsv(y, e, v) = g, + g, + g,, while ggy(v) stands
for the total number of SM RDF active above T = v. Note
that the above relation holds regardless if the decoupling
happened during the BZ or unparticle phase. Then com-
bining with (28) we obtain

7[ gsm(v)

]4/3AN (32)
SR = 4 gsm(, € ) v

Using the standard expressions for the SM quantities [14]
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the BBN constraint on AN,, then implies gig =< 20 at 95%
C.L. It is worth mentioning here that I' measures the decay
rate of unparticles into SM states. After decoupling, when
I' < H these decays become very rare (the NP — SM life-
time becomes larger than the age of the Universe ~1/H).

More severe constraints could be obtained if NP and SM
remained in equilibrium down to the BBN temperature.
That occurs for Aq;, My ~ TeV, and dq; ~ 1, the relevant
operator being B, B*”Oq,. Then, since temperatures of
the NP and SM sectors are the same, one obtains

T( & )4/3
=—-|— AN, 33
SR = 4 (gy sy v (33)

which leads to gig = 0.25 at 95% C.L.

When decoupling occurs between v and Tggy the bound
on g lies between 0.25 and 20. When the SM and NP are
never in equilibrium, the BBN constraints can be used to
bound pyp, but not g, since Tp is then not known. These
bounds should be compared to gig = 100 typical of spe-
cific models [4], e.g., for an SU(3) gauge theory with 16
fundamental fermion multiplets, and expected from AdS/
CFT correspondence [12]. We conclude that many unpar-
ticle models will have difficulties accounting for the ob-
served light-element abundances.

V. SUMMARY

Using the trace anomaly we argue for a form of the
equation of state for unparticles that contains powerlike
corrections to the expression for relativistic matter; this
allows us to determine temperature dependence of the
energy and entropy density for unparticles. We then derive
the Boltzmann equation for the BZ phase and postulate a
plausible form for this equation for unparticles; using this
we determine the conditions for NP-SM equilibrium.
Finally we derive useful constrains on the NP effective
number of degrees of freedom imposed by the BBN.
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APPENDIX A: DERIVATION OF THE REACTION
RATE USING THE KUBO FORMALISM

In this Appendix we closely follow the arguments pre-
sented in [19]. We consider a thermodynamic system, not
necessarily in equilibrium, with macroscopic observables
{a;} associated with operators {a;}. We assume the ther-
modynamics of the system is described by a density matrix

p

(AL)

p= exp[B(Q —H+ Z,U«iai)]y

where the w; and B are parameters, and ) = Q(u, B) is a
function chosen such that Trp = 1, that is,

—BH—) u;a;)
e P = Tre Z ) (A2)
The w; are determined by the condition
Q)
ai='Dpai=-—< ). (A3)
O

It is important to note that p differs from the usual
grand-canonical density operator in that the a; are not
assumed to be conserved, so the «; will not be constant:

a;(1) = Tr{pa;(t)} = Tr{p(t)a;},
p(t) = e~ Mt peitlt,

ai(r) = eif'a,e~iH1,

(A4)
a;(t) denotes the average of a; at time ¢ for a distribution
for which the average of a; at r = 0 is a; = «;(0).

We now assume the w; are small, and then a straightfor-
ward calculation yields

O =00 =Y play+ -+, (AS)

where, for any operator &,

(&) = Trpo¢;

Po = eﬁ(Qo_H)y e BQ = Tre BH,
(A6)

Now let
al(t) = Trpal(t) = Tr{pe''ale 1}, ai=a; —{a;),
(A7)

so that, to first order in u,

o)=Y K ds((—ial,.  (AS)

Using now the cyclic property of the trace, (£(z)n(z)) =

(€(z — 2')m) = (én(Z — z)) for any operators &, n and
any complex times z, 7. From this it follows that

j—;@i»(—is)a}(t» = —(aj(—is)d}(1)), (A9)

hence
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[ a1 = Dait-imaen = cai-isya o
0 T,
- L Haj(~is)al(r)
— <a§(—is)a;->]. (A10)

Next, using the definition

E(n) = i[H, &(1)],

and the cyclic property of the trace,

(A11)

J! astai=isa = ~ila, ah = ~ilana). a12

Collecting all results and using &} = a;,

XL
J
Gy = [ as [ a1 = Da-i)a0)
+ i{[a;, a;]), (A13)

which is the celebrated Kubo equation. It is important to
note that the 7 — O limit is subtle [19].

Suppose that the system is composed of two subsystems,
labeled “1”” and “2” with a Hamiltonian

H:H1+H2+€H/; [Hl,Hz]ZO, e 1,

(Al14)

and take a; = H,, a, = H,; in this case p describes two
systems at different temperatures that weakly interact
through eH’. Then

a; =(H;)=Vp, (A15)

where p; denotes the energy density and V the space
volume of the system. We imagine that each subsystem
has a well-defined temperature 7; but that these change
slowly due to the presence of H'; we also require the
systems to be close to equilibrium with each other so that
|T — T;| < T. In this case the left-hand side of (A13)
corresponds to ¢!, while on the right-hand side we can
take the 7 — oo limit since the integrand is damped at
times larger than the characteristic times of systems 1
and 2; see Ref. [19] for details. In this case
pi=cdT; 8T, =T, —T, (A16)
where ¢; denote the heat capacities per unit volume at
temperature 7.
When € = 0, the density matrix (A1) becomes

pleg = ePABU—p)H = =p)H, (A17)

which corresponds to noninteracting subsystems at tem-
peratures T; = T/(1 — u;), whence
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1
—; (e =0).
B

1

Then (A13) gives
. 1
J

Gi; = /0 ? ds /0 T dKH (i) H (D), (A19)
where
H;,=i[H H;]=ie[H H]= H,z)

= e He " = O(e), (A20)

so that G is of order €’; since we work to the lowest
nontrivial order in H’, this also justifies the use of (A18).
Now we need to evaluate G. Following (14), we assume

H =— [d3x(91(92, (A21)

then

i[H', H]e=o = fd3Xi[H1, 0,10, = deXQ@z,
(A22)

and, similarly, i{[H, H,] = [ d*x©,0,. From this

Lancimmo} = [exeyoi-isxo6)
X{0y(—is, x)O,(t,y)),
Lancmmm}  ~ [exexo-isxo 0y

e=0

X (O,(—is, x)O0,(t, y)),

Lancwmm} = [exeyo-ixo0y)

e=0

X <@2(_isr X)@Z(t’ Y»,
Lancwmm} = [exeyo-isxo0y)

e=0

X (0,(—is, x)0,(t,y)), (A23)

where the (- - ) separates into a product because when € =
0 averages separate into averages over systems 1 and 2
which are independent. For the case where the O; are
scalars and even under time reversal all the above correla-
tors are equal up to a sign, so that

G = 62GV< _1 | _11 ) (A24)

where V denotes the volume of space and
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G = foﬁdsfo‘” dtfd3x<@l(—is, X)0,(1,0))

X (0,(—is, x)Os(t, 0)). (A25)
Substituting (A24) in (A19) gives ¢,8T, = —c,8T, =
—(€2G/T)(8T, — 8T,), then
38T, — 8T,) = —I'(8T, — 8T>);
2 (A26)
r:(i+i)<f 9
Cq Cy T

The quantity G can be evaluated using the tools of finite-
temperature field theory. To facilitate this let

JO = _i@lgl@b

then, setting € = 0 and using invariance under space trans-

lations,
/ ds f di [ x{Jy(—is, X)Jo(t, 0))

=2 Re{ lim [ ds[d3xdte_’(“” SRI0)

(A27)

w,k—0

X (ol—is, 0)J(r, x)}}. (A28)
In this form G can be evaluated in terms of the correlator of
two J, currents. We took the real part, which is the one that
yields the relevant width, and introduced k as a regulating
4-momentum. The limit w, k — 0 requires care; for the
present case one should first set k = 0 and then take w to
zero [20].

In order to compare this result to the one derived using
the Boltzmann equation it proves convenient to do a
Lehmann expansion of G, which involves matrix elements
of the form (n|Jy|m). In terms of Feynman graphs, such
matrix elements will include pieces that are not connected
to Jy; these disconnected pieces factorize and cancel the
factor exp(8)) [20] that appears in the definition of the
average (A6). We then find

1
G= g z e'B(QO_E”)B|<n|J0|m>con|2(277)45(4)(pn - pm)

(A29)

Up to now we have assumed that the volume of the
system is kept fixed, but this can be easily relaxed. The
calculation involves obtaining the thermodynamic poten-
tial to order u? and will not be presented here. The final
result is the expected one: the time evolution equation
becomes p; +4Hp; = — Y. G;;6T,;/T, where V/V =
—3H.

APPENDIX B: THE BOLTZMANN EQUATION

We again imagine two sectors, labeled 1 and 2. Within
each the interactions are strong enough to maintain equi-

PHYSICAL REVIEW D 80, 103518 (2009)

librium at temperatures 7' ,; the sectors interact only
though (14). We denote by v the distributions of parti-
cles a in sector i; the correspondmg Boltzmann equation is

(21]
af OV a0 o v,
P <6x0‘ ) - BypﬁW( ) Clv,0l

ap®
where the right-hand side denotes the collision term.

We consider first a process of the form X; + X, — X| +
X}, where X;, X/(i = 1, 2) denote states in system i. If a
particle labeled by a'! is in X,, then the corresponding
collision term C[»,u] is given by

(B

Cy vl = - f 4P 5| MK = X)P Q7Y

X 8(K, + K, — K! — K3) Ny 1,

NX,X’ == [ l_[ (1 = Vb(l)) l_[ (1 * Vc(z)) l_[ v,

nVex| ?ex, dVex,

< 1T ye(.)]—[ I« + w0

6(2)6)(2 b(l)exl

X l_[ (1=*v.0) l_[ F0) l_[ V(l)],

cex, dVex! e?ex;

E;= Y Eun K=Y ku,

aVex; aVex;
] —
Z E o, K; = Z K0,
S aVex!
(B2)

K; = (E, K;),

= (E,K), E=

where dd)g( X

space measure for all particles except a'!) (as indicated by
the prime), M is the Lorentz-invariant matrix element, and
E,, k, denote the energy and momentum of particle a. The
upper sign corresponds to bosons, the lower to fermions.
We will assume spatial homogeneity, so that the v will
depend only on time and energy, and also assume kinetic
equilibrium, so that the density functions take the usual
Fermi-Dirac or Bose-Einstein form, but with time depen-
dent temperature and, possibly, chemical potential. Then

NX,X’ -

denotes the corresponding invariant phase-

(e_El/Tl_EZ/TZ — e*EG/Tle/z/Tz)VXX,;

l—[ (1= I/b(z)) l—[ (1= VL.(I))-

bPex, X, cVex, x

(B3)

Vxx' =

Using this we can derive the time dependence of the
energy density; for simplicity we will carry out the calcu-
lation in flat space. The energy density associated with the
a is

d%

Pav = 2 )3

Integrating (B1) over p we find

a(l)Va(l) =

2 f d® 0 EX v, (B4)
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dpanlir = = [dxwE | MX = X)P@m
X 6([{1 + K2 - K{ - KQ)NX,X’J
dq)X,X’ = dq)xx'dq)a(”’ (BS)

where the notation on the left-hand side indicates that this
corresponds to the change in p ) generated by this par-
ticular X — X’ reaction. The total time derivative is ob-
tained by summing over all states X, X’ such that
d(l) eX 1-

p,H ==
X,X'i(a 1>eX )

X (277')48(1(1 + K2

[ Ay 3o E, 0| M(X — X')|2

KD N xx. (B6)

The time derivative of the total energy density for each
sector is then obtained by now summing over all a'!:

P = [dq)xxfE1|M(X — XP2m)*6(K, + K,

xx'

o K1 - KQ)NX,X’- (B7)

To make this look more symmetric consider the contri-

bution with X and X’ exchanged. Since |/M|? is the same
but N changes sign we can write

pr = ] Ay o (E, — E))| M(X — X))

XX’

X 8(K; + Ky — K| — K)) Ny y. (B8)

The corresponding expression for p, is obtained by switch-
ing the 1 and 2 subscripts.

We are interested in cases where the Maxwell-
Boltzmann statistics are adequate, so vy x» = 1, and when
the temperatures are similar: 7; = T + 6T;. Using the
energy conservation condition E; + E, = E’ + Ef, we
find

Ny =— ~wrer B~ B (8T, — 6T,) B9
xx = e —z 0T, 2. (BY)
Also, ignoring nonrelativistic contributions to the energy
density

pi=c;0T, (B10)

PHYSICAL REVIEW D 80, 103518 (2009)

where ¢, is the heat capacity per unit volume. Collecting all
expressions gives

6,(5T1 - 8T2) = _F((STI -

I'= <c1 )ZT Z [dcbx,x'ﬁ(El - E/1)2

X eiBExl.’M(X — XN|2Qm)*
>< 8(KX - le).

oT,),

(B11)
In order to compare this with the Kubo formula we use

M(X — X') = X'|Liy|X) = X'|0,0,|X), (B12)
where we work to lowest nontrivial order in the interaction.
Using J, defined in (A27), we find

X'olX)e—o = 2(E) — E}XX'|O,05[X) ey, (BI3)

where we took € = 0 since we are interested only in the
leading contributions to I'. Then

22
r=(-+ )y [ Ay e FE X )P 2m)*
i G
X 8(Ky — KX,). (B14)
Using then the Lehmann expansion (A29) we find
2
r= <i+i>e 1G] (B15)
C1 Cy T

exactly as in the Kubo formalism.’

Despite its intuitive appeal the Boltzmann approach
contains conceptual difficulties for the case of strongly
interacting theories, for which concepts such as the particle
densities v, are ill defined. In this case the definition of T’
(A26) obtained through the Kubo equation is preferable
where the relevant matrix elements can, at least in princi-
ple, be obtained numerically.

“We have used the Boltzmann approximation in identifying E,
in (A29), which is the total energy of state |n), with Ey which is
the sum of the energies of the particles in state |X). These
energies are approximately equal for a sparse system, where
this approximation holds.
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