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For the Laser Interferometer Space Antenna (LISA) to reach its design sensitivity, the coupling of the
free-running laser frequency noise to the signal readout must be reduced by more than 14 orders of
magnitude. One technique employed to reduce the laser frequency noise will be arm locking, where the
laser frequency is locked to the LISA arm length. In this paper we detail an implementation of arm
locking. We investigate orbital effects (changing arm lengths and Doppler frequencies), the impact of
errors in the Doppler knowledge that can cause pulling of the laser frequency, and the noise limit of arm
locking. Laser frequency pulling is examined in two regimes: at lock acquisition and in steady state. The
noise performance of arm locking is calculated with the inclusion of the dominant expected noise sources:
ultrastable oscillator (clock) noise, spacecraft motion, and shot noise. We find that clock noise and
spacecraft motion limit the performance of dual arm locking in the LISA science band. Studying these
issues reveals that although dual arm locking [A. Sutton and D. A. Shaddock, Phys. Rev. D 78, 082001
(2008)] has advantages over single (or common) arm locking in terms of allowing high gain, it has
disadvantages in both laser frequency pulling and noise performance. We address this by proposing a
modification to the dual arm-locking sensor, a hybrid of common and dual arm-locking sensors. This
modified dual arm-locking sensor has the laser frequency pulling characteristics and low-frequency noise
coupling of common arm locking, but retains the control system advantages of dual arm locking. We
present a detailed design of an arm-locking controller and perform an analysis of the expected
performance when used with and without laser prestabilization. We observe that the sensor phase changes
beneficially near unity-gain frequencies of the arm-locking controller, allowing a factor of 10 more gain
than previously believed, without degrading stability. With a time-delay error of 3 ns (equivalent of 1 m
interspacecraft ranging error), time-delay interferometry (TDI) is capable of suppressing 300 Hz/~v/Hz of
laser frequency noise to the required level. We show that if no interspacecraft laser links fail, arm locking
alone surpasses this noise performance for the entire mission. If one interspacecraft laser link fails, arm
locking alone will achieve this performance for all but approximately 1 h per year, when the arm length
mismatch of the two remaining arms passes through zero. Therefore, the LISA sensitivity can be realized

with arm locking and time-delay interferometry only, without any form of prestabilization.
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L. INTRODUCTION

The Laser Interferometer Space Antenna (LISA) [1]is a
joint NASA-ESA mission to observe gravitational wave
signals of astronomical origin. LISA will consist of three
spacecraft arranged in a triangular formation with 5 X
10° m sides (arms). Laser interferometry will be used to
sense the spacecraft separation to a precision of dx =
40 pm/~/Hz increasing as f~2 below 3 mHz, giving a
strain sensitivity of 2 ~ 10720/+/Hz. Unlike ground based
gravitational wave detectors, which are based on
Michelson interferometers with equal arm lengths, the
LISA arm lengths vary over time and will be unequal for
the majority of the mission. Over the period of a year, the
arm lengths will vary by approximately 3% of the total arm
length, or by *£76500 km [2]. Given this level of arm
length mismatch, there are stringent laser frequency noise
requirements: coupling of the free-running frequency noise

*Also at The Centre for Gravitational Physics, Australian
National University, ACT 0200, Australia.
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of a Nd:YAG laser to the signal output must be reduced by
more than 14 orders of magnitude.

The frequency noise requirement is expected to be met
using three techniques in unison: (1) prestabilization,
where the laser frequency is locked to either the resonance
of a Fabry-Perot cavity [3,4], or to a mismatched arm
length Mach-Zehnder (MZ) interferometer [5]; (2) arm
locking [6-8], a technique based on transferring the stabil-
ity of the LISA arm length to the laser frequency; and
(3) time-delay interferometry (TDI) [9-11], a postprocess-
ing technique that synthesizes interferometers with equal
arm lengths by combining phase measurements with ap-
propriate delays.

The initial arm locking proposal by Sheard et al. [6]
showed that the round-trip propagation delay, 7 = 33 s, of
the LISA measurement scheme did not necessarily limit
the arm-locking control system to a low bandwidth, low
gain system. This is because instantaneous information of
the laser phase noise is obtained via the local oscillator
field used in each one-way phase measurement. By careful
design of the controller, the arm-locking control system
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can encompass many interferometer nulls to deliver a high-
bandwidth, high gain system over the LISA measurement
band.

High-bandwidth arm locking has been demonstrated in
hardware [12—14] and analyzed theoretically [8]. Dual arm
locking [15], built on the proposal of enhanced arm locking
by Herz [16], uses combinations of phase measurements
from two arms to increase the frequency of the first null of
the sensor from 1/7 = 30 mHz to 1/(2A7) = 2 Hz, where
At is the 1/2 difference in light travel round-trip times of
the two arms used. Moving the first null to outside the
LISA band allows a more aggressive controller design
below 2 Hz and eliminates from the LISA science band
noise amplification due to the nulls.

Although there have been many studies of arm locking,
there has been little analysis of how it would be imple-
mented in LISA, the operation of it, the performance
limitations due to noise sources, or the effects associated
with the changing arm lengths and Doppler shifts. This
paper is intended to provide a detailed study of these issues
and to predict the performance limitations of arm locking
in LISA. The analysis is performed for a continuous sys-
tem, though the implementation on LISA will be digital;
we expect the difference in performance will be minor. The
following issues are analyzed:

(1) The arm-locking measurement architecture. That is,
which phase meter signals should be used in the
arm-locking sensor.

(2) Laser frequency pulling due to an error in the
Doppler frequency estimate. The phase measure-
ments used in arm locking require an estimate of
the Doppler frequency to be subtracted. Estimation
error causes the laser frequency to ramp, pulled
from the starting frequency. Laser frequency pulling
occurs both at lock acquisition and throughout the
orbit. To prevent significant laser frequency pulling,
either the Doppler frequency estimate must be up-
dated regularly or low-frequency filtering should be
implemented.

(3) The significant noise sources in arm locking. These
are as follows:

(a) Noise of ultrastable oscillators (USO’s), or clocks
as we call them henceforth, which enters at each
phase meter measurement.

(b) Spacecraft motion, which is significantly larger
than the proof mass motion and is present in
most of the phase measurements.

(c) Shot noise, due to the quantized nature of the
electromagnetic field.

These effects are investigated using the common and
dual arm-locking sensors [15] and are written in a general
formalism applicable to any sensor. We introduce a modi-
fication to the dual arm-locking sensor that combines the
reduced noise and reduced frequency pulling of common
arm locking and the higher gain of dual arm locking. We
present a controller design that maximizes frequency noise
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suppression, including a factor of 10 more gain than pre-
viously assumed [15], while retaining a conservative phase
margin. This controller suppresses laser frequency to a
level low enough that arm locking and TDI alone, without
frequency prestabilization, are adequate for the ultimate
sensitivity requirement.

The paper is laid out as follows: In Sec. II the notation
used throughout the paper is introduced, and the various
possible arm-locking sensors previously published are
listed. The detailed study begins in Sec. III by examining
which phase meter signals should be used in the arm-
locking sensor. In Sec. IV laser frequency pulling is exam-
ined at lock acquisition and in steady state. The largest
noise sources of arm locking are examined in Sec. V, and
written into a general formalism for the noise floor of arm
locking in Sec. VI. In Sec. VII the new dual arm-locking
sensor is presented. In Sec. VIII we present a design of the
arm-locking controller. Finally, in Sec. IX we discuss the
performance limitations of arm locking to give a realistic
estimate of arm-locking performance in LISA.

II. NOTATION AND SPECTRA

In this section we introduce notation, and write down the
arm-locking sensors and the laser frequency noise spectra
we shall assume for the rest of the paper.

A. Notation

Figure 1 shows a simplified schematic of the LISA
measurement scheme and the signal routing for arm lock-
ing. For simplicity, only two of the three spacecraft are
drawn and only laser frequency noise is considered. In
Sec. VI shot noise, clock noise, and spacecraft motion
are added to the calculation. We label the three spacecraft
1, 2, and 3, and take spacecraft 1 to be the central space-
craft of the dual arm-locking configuration. The phase
meter output on each spacecraft is given by propagating
the laser noise source to the phase meter. To start with,
assume that all control loops are open. In the frequency

To/from Spacecraft 2

Locking
Sensor

A12

FIG. 1 (color online). Schematic of arm-locking control loop.
Laser frequency noise is represented by ¢, ;, with j representing
the number of the local spacecraft.
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domain, the phase measured at the output of the phase
meter on spacecraft 3, facing spacecraft 1 (represented by
the red circle labeled A31) is

dazi(w) = dr3(w) — ¢pi(w)e @™, (D

where ¢, () is the laser phase noise of the laser on the jth
spacecraft prearm locking expressed in units of
cycles/ VHz, and 713 is the light propagation time between
spacecrafts 1 and 3. For simplicity we assume' 7 ;= 7 1t
the laser on spacecraft 3 is phase locked to the incoming
light, the closed loop phase noise at the output of laser 3

(represented by the red circle labeled O3) is

¢L3(w) G3(w)

1+ G3(w) 1+ G3(w) ¢Ll(w)€7lw713, ()

(,2')03(6()) =

where G;(w) is the frequency response of the phase-
locking controller on spacecraft 3. With the laser on space-
craft 3 phase locked to the incoming light, but the arm-
locking control loop is open [G(w) = 0], the phase at the
phase meter output labeled A13 on spacecraft 1 is given by

¢L3(w) oo
b

daz(w) = ¢ (0)Py3(w) — I+ Gy(w)

3)

where P3(w) is the frequency response of the 1-3 arm,
including the prompt and delayed signals. The calculation
of phase ¢4,(w) follows a similar argument. The fre-
quency responses of the two arms are

G3(a))

Piw) =1 — ~i2wmy
13(@) 1+ Gs(w) "
GQ(&)) .
P =1 - — - Ty
12(@) 1+ Gyw) :

with G,(w) the controller gain of the phase-locking loop on
spacecraft 2. In the high gain transponder limit®
Gi(w)/(1+ Gj(w))— 1 and 1/(1 + G;(w)) — 0 for j =
2, 3, and the frequency responses of the two arms are
approximately

Pi3(w) =1 — e, Pp(w) =1 —e 2072, (5)
and the phases that enter the arm-locking sensor are

daiz(@) = ¢ (0)P3(w), (6)

dan(w) = ¢ (0)P(w). @)

We adopt the approximations of (5)—(7) in the sequel.

'"In general, the light propagation time to and from each
spacecraft will not be equal due to the motion of the
constellation.

>The phase-locking control loops are expected to have a unity-
gain frequency >30 kHz, yielding high gain across the LISA
science band.
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B. Arm-locking sensors

The phase measurements that enter the arm-locking
sensor on the central spacecraft are

_ daz(@)
P = [ dan(w) ] ®

We are interested in the performance of both common
and dual arm locking. This is because the modified dual
arm-locking sensor, introduced in Sec. VII, is a hybrid of
the two. In common arm locking, phase measurements
from both arms are simply added. The mapping of the
two input signals for common arm locking is given by
the vector

S,=[1 1] &)

The open loop noise at the output of the arm-locking sensor
(point B1 in Fig. 1) is simply

¢Bl|+(0)) =8S,Dy. (10)

We will be interested in the frequency noise at the laser
output with the arm-locking control loop closed. This is the
noise at the point O1 in Fig. 1. With the arm-locking
control loop closed [G(w) # 0] the frequency noise at
the laser output is given by

_ _G(0)P(0)d (o)
¢01|+(a)) = C/’L](w) 1+ Gl(a))P+(w) , (11)
¢L1(w) (12)

T 1+ G(0)Py (@)

where P, (w) = P;3(w) + Py(w) is the frequency re-
sponse of the common arm-locking sensor,” also given in
Table 1.

For dual arm locking, the signal mapping vector is [15]

sD=[1—M 1+M]. (13)

ioAT ioAT

The open loop noise at the output of the arm-locking sensor
(point B1 in Fig. 1) is

dpilp(@) = Spdy, (14)
and the closed loop output is

_ $ri(w)
1+ Gi(w)Pp(w)’

$o1lp(w) (15)
with P (w) the frequency response of the dual arm-locking
sensor. The signal mapping vectors of, and frequency
responses for, single, common, and dual arm locking are
contained in Table I. The parameter E(w) in the dual arm-
locking signal mapping vector is a filter designed to ensure

*In defining the sensors in this paper we have assumed the high
gain transponder limit; thus we use the approximation of P,(w)
and Pj,(w) given in Eq. (5).
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TABLE I.
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The signal mapping vector and frequency response of different arm-locking configurations. Here 7;; is the one-way light

travel time of the ijth arm, 7 is the average round-trip time of the two arms, and E(w) is a filter used to combine the common and
difference sensors, given in Table II. The parameters H, (w) and H_(w) are defined in Egs. (70) and (71).

Configuration Signal mapping Frequency response
Single Ss=1[1 0] Ps(w) = 2isin(7;;w)e "7
Common Sy =[1 1] P.(®) =2(1 — cos(ATw)e ®7)
Difference S.=[1 —1] P_(w) = —2isin(Atw)e '*T
Dual Sp=[1-E2 4 Hal] Pp(w) = Po(w) — 22 P_(w)

Modified dual

Sy = [H.(0) = H(0) Hy(w)+ H_(0)]

Py(w) = P (w)H,(w) = P_(w)H_(w)

stability when the common and difference sensors are
combined [15]. The values used in this paper are given in
Table I1.

The sensors in this paper that contain the addition of the
two arms (common, dual, and modified dual) have a fre-
quency response magnitude up to twice that of the single
arm-locking sensor. To take account of this factor of 2
difference, we define the controller for any such sensor
as G(w) = w For dual arm locking, which has a
frequency response of magnitude 2 at f < 1/2Ar, this
means that we can design a controller G}(w) as if we had

TABLE II. Parameters of the filter contained in the dual arm-
locking sensor. The filter is defined as E(w) = E | E;.

Filter ~ Zeros (rad/s) Poles (rad/s)

E, p1 =27 X0.1394/A7 g, = p,
E, 7, =27 X 10/A1 p, =27 X 5/(2A7) & = P2/

Gain

10°

S o : : — Measured
107 b \\ pmin SETHEY I Al)FR(f)

Frequency noise [Hz/rtHz]

10 , , ,
10° 107 107 10° 10’

Frequency [Hz]

FIG. 2 (color online). A measurement of the frequency noise
between two NPRO Nd:YAG lasers (solid trace), and the as-
sumed free-running laser noise assumed in this paper (dashed
trace). The phase of the beat note was measured using the LISA
phase meter. The dashed trace is given by Eq. (16).

a sensor with unity magnitude, making the design process
more intuitive.

C. Laser frequency noise spectra

The level and shape of the laser frequency noise spec-
trum is required for a number of calculations in this paper.
We use three different initial laser noise levels: free-
running laser noise, and laser noise predicted for two types
of prestabilization, Fabry-Perot cavity stabilization and
Mach-Zehnder stabilization. The corresponding laser fre-
quency noise levels are (square root of power spectral
density)

H
7 (f) = 30000 X 1 Hz/f \/T_Zi (16)

H
7 vz (f) = 800 X (1 + (2.8 mHz/f)?) JTiz 17)
5 en(f) = 30 X (1 + (2.8 mHz/f)?) -2 (13

N

The free-running laser noise level quoted here is conserva-
tive. A measurement of the beat between two free-running
laser Nd:YAG nonplanar ring oscillator (NPRO) lasers is
shown in Fig. 2. These results were taken by interfering
two free-running lasers on a beam splitter (both Lightwave
model 126), detecting one output of the beam splitter on a
photodetector and measuring the resultant phase of the beat
note using the LISA phase meter [17]. This measurement is
always under 25000 X 1 Hz/f Hz/+/Hz which, assuming
the two lasers have identical noise properties, indicates a
free-running laser noise of one laser of less than 18 000 X

1 Hz/f Hz/\Hz.

III. MEASUREMENT ARCHITECTURE FOR ARM
LOCKING

The LISA science measurement is performed between
proof masses on the local spacecraft and distant spacecraft
using the postprocessing technique, TDI. Time-delay in-
terferometry will be implemented on Earth by forming
linear combinations of low bandwidth ( ~ 3 Hz) phase
measurements with delays determined by interspacecraft
ranging [18]. This process requires five phase measure-
ments on each optical bench (with two optical benches per
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spacecraft). These phase measurements are [19] (1) inter-
spacecraft measurement, (2) the backlink measurement,
(3) the proof mass to optical bench measurement, and (4)
and (5), the beat notes of the upper-upper and lower-lower
clock sidebands. Time-delay interferometry forms the dis-
placement measurement using the strap-down architecture
[20], which combines the interspacecraft measurements,
the proof mass to optical bench, and the backlink measure-
ment to remove spacecraft motion. Clock noise in the
measurement can be removed using the beat note of clock
sidebands [21-25].

Unlike TDI, arm locking requires high-bandwidth sig-
nals ( ~ 20 kHz), in real time, and has significantly less
stringent noise requirements than the LISA science mea-
surement. Given the relaxed noise requirements, we as-
sume that arm locking will operate with the most simple
measurement architecture—using only the interspacecraft
phase measurements. A consequence of choosing this
measurement architecture is that both clock noise and
spacecraft motion will be present in the phase measure-
ments used for arm locking. In Sec. V we see that clock
noise and spacecraft motion represent the largest noise
sources for arm locking in the science band.

IV. LIMITING LASER FREQUENCY PULLING

The heterodyne frequency of the interspacecraft mea-
surement is set by the Doppler shift of the laser light, due to
the relative motion of the spacecraft. The relative velocities
in each arm will be up to 18 m/s, corresponding to a
Doppler shift of up to 18 MHz [26]. For arm locking to
operate stably, this round-trip Doppler frequency must be
estimated and subtracted in the phase measurements used
in the arm-locking sensor [27]. In the limit of a high gain
DC coupled arm-locking control system, an error in the
estimated Doppler frequency is compensated for by chang-
ing the local laser frequency to maintain the desired beat
note frequency. In single arm locking, this frequency
change will appear on the light returning from the distant
spacecraft 33 s later, necessitating a further change by the
local laser frequency to maintain the desired beat note
frequency. The closed loop master laser frequency, vy,
will be changed by the error in the Doppler frequency, vpg,
each round-trip, or an average rate of

1) VL

ot

= vpg i [Hz/s]. (19)

For example, if the Doppler frequency can be estimated to
100 kHz, the laser frequency will be forced to change by
1 GHz in 4 days. Such large pulling of the laser frequency
is undesirable, as it could drive the master laser through a
mode-hop region, compromising instrument sensitivity.
The other lasers in the constellation are also at risk of
being pulled into a mode-hop region as they will be locked
to the master laser frequency. Additionally, ramping of
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laser frequency combined with scattered light sources
can couple noise into the science band [28].

We study frequency pulling in two regimes: (1) in steady
state operation, and (2) at lock acquisition. At lock acquis-
ition, the laser frequency can be pulled significantly by an
error in the initial Doppler frequency estimate and also in
the time derivatives of the Doppler frequency.

The solution to this problem explored in detail here is to
add high pass filters to the arm-locking control loop at a
frequency below the LISA science band. This low-
frequency modification to the controller limits the laser
frequency pulling at lock acquisition and allows indefinite
operation of the arm-locking control system with an ac-
ceptable level of pulling. An alternate and closely related
solution presented by Gath [29], is based on a DC coupled
controller with an additional control loop operating at low
frequencies to limit the amplitude of the controller signal at
these frequencies. This active solution may have precision
advantages in implementation.

The arm-locking control system operates as follows:
before arm locking is engaged, measurements of the
Doppler frequency and the Doppler rate (the first time
derivative of the Doppler frequency) will be made
(Appendix A) and subtracted from the phase meter mea-
surement. After the control loop is closed the error in the
Doppler frequency measurement will cause the laser fre-
quency to ramp at a rate proportional to the product of the
error and the step response of the controller. While locked,
the Doppler frequency estimate will not need to be up-
dated. The arm-locking control loop will be unlocked and
relocked periodically to perform mission tasks, such as to
change the heterodyne frequencies [26]. At these times the
Doppler frequency and its time derivatives will be known
very accurately (as many weeks or months of data can be
averaged to measure it) and the impulse to laser frequency
will be much smaller than the first time arm locking is
engaged.

In the following sections we describe the extent of the
frequency pulling and how to limit it. We shall examine the
lock acquisition and steady state operation regimes sepa-
rately. We start by calculating the frequency response of
the Doppler frequency error into the stabilized laser fre-
quency. These results are considered in the controller
design process presented in Sec. VIII, where we show
that with the frequency pulling limited to an acceptable
level, high gain can be achieved across the LISA science
band.

A. Frequency response to Doppler frequency error
1. Single arm locking

The block diagram in Fig. 3 shows where the Doppler
frequency error enters the single arm-locking control loop.
Here vy is the initial (open loop) laser frequency, vy, the
stabilized (closed loop) laser frequency, and Pg(w) and
G (w) are the frequency responses of the single-arm sensor
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Sensor N

+
\Z/ P(w) z
Phase meter
Controller
G (o)

FIG. 3. Block diagram of the single arm-locking control sys-
tem showing where the Doppler frequency error vpg enters the
control loop. Pg(w) and G,(w) are frequency responses of the
sensor and controller, respectively. The laser frequency with the
control loop open and closed are vq; and vy .

and controller, respectively. The Doppler frequency error
enters the phase measurement in the phase meter, where an
estimate of the Doppler frequency is subtracted from the
phase measurement. The closed loop frequency will be
pulled by

—G(w)vpg

veLls = (20)

The frequency response of the Doppler frequency error
to the stabilized laser frequency for single arm locking is
simply

Yo(w) = vewls _ —G(w)

. 21
e 1+ G@Ps@)

The frequency pulling due to error in the Doppler fre-
quency can be examined in the extreme cases of low and
high loop gain. At high gain,

Ys(w) ~ [for Gy(w)Ps(w) > 1],  (22)

1
Ps(w)
which, as Pg(w) = iwT at low frequencies (f =< 1 mHz),

gives the constant-rate frequency pulling described in
Eq. (19). At low gain,

Y¢(w) ~ G(w) [for G(w)Ps(w) < 1] (23)

This equation shows that for an AC coupled control loop
the Doppler error is multiplied by the low-frequency gain.

2. Common and dual arm locking

When phase measurements from two arms are used to
create the arm-locking sensor the analysis becomes more
complex. Figure 4 shows the block diagram for a two
signal arm-locking control loop, such as is used in common
or dual arm locking. Common arm locking would use only
the signal paths with solid lines, whereas dual arm locking
uses both solid and dashed lines. There are two errors in the
Doppler frequency, one enters at each phase meter: vpgj,
and vpg3. The way the Doppler frequency errors enter the
control loop with these sensors is less intuitive than in the
single arm-locking case. The Doppler frequency error is
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Phase meter

Voei
+
+
z

Pi(®) ORREO
S
E : :
g IVDEIS +>@> E(w) ,f,(z)
£ Phase meter OAT
3Q
(&) Controller
G(o)
Glo) |« 12

FIG. 4. Block diagram of the common or dual arm-locking
control system. Common arm locking would use only the signal
paths with solid lines, whereas dual arm locking uses both solid
and dashed lines. The Doppler frequency errors that enter at the
two phase meters are labeled wpg;, and vpg;3. Pja(w) and
P ;(w) are the single-arm frequency responses.

added after the individual arm frequency responses and
before the combination of the phase measurements to form
the common or dual arm-locking sensors.

For common arm locking, the closed loop laser fre-
quency driven by the Doppler frequency error is

—G(o)(vpE12 + YpE13)

vek S G @) P T Py Y
_ —G(w)S, Vpg
T T4 Gl@)P, () =
where
Ve =[¥pei2 VpEis | (26)

For common arm locking, the frequency pulling is caused
by the sum of the Doppler frequency errors, vpgy =
vpe12 T vpejs. The relevant frequency response is

-G (o)

_ VCL|+ _
Vo) = s T TGP 2

The closed loop laser frequency driven by the Doppler
frequency error in dual arm locking can be given in a
similar form to Eq. (25) by replacing the signal mapping
vector and frequency response

verlp = —G(@)Sp Vpg
L2 1 4+ G(w)Pp(w)

(28)

There are two relevant frequency responses to Doppler
frequency errors in dual arm locking: due to the sum and
the difference in the Doppler frequency errors

—G(w)

dver |
Y () = Pelp _ ’
b (@) 7 Gy (0)Pp(@)

dVpE+

(29)

102003-6



PERFORMANCE OF ARM LOCKING IN LISA

—G(0)E(w)
iwA7(1 + G (w)Pp(w))’

_ J
Y(D )((1)) _ VCLlD _

o (30)

where vpg— = Vpgi2 — Vpg3- Because of the additional
filtering in the difference path of the dual arm-locking

Sensor, Yg)(w) is inversely proportional to wAT, causing
it to dominate the frequency pulling in dual arm locking.

B. Doppler frequency error

We now consider what the Doppler frequency error will
be. There will be an error associated with the initial esti-
mate of the Doppler frequency. Also, because the Doppler
frequency estimate will not be updated while arm locking
is operating (to prevent adding noise in the science band),
there will be an error due to the Doppler frequency chang-
ing throughout the year. Thus, the Doppler frequency error
must be written as a function of time. The Doppler fre-
quency error in the ij arm in the time domain is

1 t (1
VDEij(t) = V()ij + [0 ')/”(t)dt + /;) L a,](t)dt/dt
+ (higher order terms), (31)

where v,,; is the initial error in Doppler frequency, y;;(?) is
the error in the Doppler rate (the first time derivative of the
Doppler frequency), and «a;;(z) is the error in the second
time derivative of the Doppler frequency. We neglect
higher order time derivatives of the Doppler frequency
because they are sufficiently small.

C. Doppler frequency error at lock acquisition

The analysis in this section is restricted to the study of
transients that occur at lock acquisition. We shall design
the controller such that the transients will occur over a
period of a few days. Over this period the terms ,;(¢) and
a;;(t) will change little, and for simplicity we shall ap-
proximate these terms as constants equal to their initial
errors. The Doppler error as a function of time is then

ao,»jtz
vpEij(t) = vo;; + Yot + 5, (32)

with the initial errors in the Doppler rate and change in the
Doppler rate given by y(;; and ay;;.

In the frequency domain, the Doppler error at lock
acquisition is
Yoij _ %oij
iw 20%

(33)

VpEij = Voij

Because we are interested in common and dual arm-
locking configurations, we write

@
VDE+ = Yo+ + & - L;: (34)
iw 2w
Yo-  Qp-
Vpg- = Vo-— + - PR (35)
iw 2w
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where vy« = vg;n £ vo13, and
Yoiz & Yoi3 and ap+ = agp T agy3.

At lock acquisition, the closed loop laser frequency
driven by the Doppler error in common arm locking can
be found using Eqs. (27) and (34),

—G(w) Yo+ _ %o+
I+ Gl(w)m(w)(”o+ e ﬁ) (36)

similarly — yo+ =

VCL|O+ =

The frequency responses to the error in each term in Eq.
(36) written separately are

_ —Gi(w)
Vilo) =13 G ()P () 37)

_ _G1(w)
e ) R
A (w) = Gi(w) (39)

20°(1 + G ()P4 (@)

These equations show the error in the initial Doppler rate,
vo+ and change in Doppler rate, «, are integrated over
time and as such they can cause significant pulling.

To limit pulling due to v, the control loop must be AC
coupled. The lower unity-gain frequency can be deter-
mined from the maximum allowable pulling and the error
in the Doppler frequency. At the unity-gain frequency,

|Gl(wAC)P+(wAC)| =1 (40)

At frequencies well below 1/7, with 7 the average round-
trip light travel time of the two arms, the common arm
sensor can be well approximated by

P (0)lf<01mn, = i207. (41

If the controller gain is flat at low frequencies, the response
is rolled off purely by the arm response, and the unity-gain
frequency and the low-frequency gain are by
1
|G (0ad)l = |Gy, | = ——, (42)
WDACT

where we have substituted G}(w) = 2G(w). This gain
gives the factor of amplification of the Doppler knowledge
error. Equation (42) can be rearranged to obtain the AC
coupling frequency for a given low-frequency gain

1

= 43
fAClI/ 2777—'|G1y| ( )

This result sets the lower bound on the unity-gain fre-
quency based on the allowable gain of the Doppler fre-
quency error. To give maximum gain, we set the lower
unity-gain frequency as low as possible, for example, if we
allow |Gy,| = 1000, then fac = 4.8 X 107 Hz. To limit

pulling due to 7y, and «q., further constraints are
required.
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At lock acquisition, the frequency responses to Doppler
errors in dual arm locking can be calculated following a
similar method. Using Eqgs. (29) and (34) the frequency
responses for the common path of dual arm locking are

_Gl(w)

(+) —
V@ S G wew Y
() N —G(w)
P i Gy
AD(w) = Gi(@) (46)

20*(1 + G(w)Pp(w))’

The frequency responses for the difference path can be
found using Egs. (30) and (35),

-G (w)E(w)

(=) _
Vo) = i ey A7
(=) N G (w)E(w)
p (@)= A1+ G Py@)
a g)(w) _ G1(W)E((U) (49)

203A7(1 + G,(0)Pp(w))

A comparison of the frequency responses to common
and differential Doppler frequency errors in dual arm lock-
ing again reveals that it is the differential Doppler fre-
quency errors which will dominate the frequency pulling
at start-up. This is because the differential path response
has an extra zero at DC and is inversely proportional to A7.

D. Laser frequency pulling at lock acquisition

We now have the tools needed to examine the frequency
pulling in steady state and at lock acquisition. The magni-
tude of the pulling at lock acquisition depends on the
sensor used, the controller design, and the Doppler fre-
quency estimate. The estimate is made by simply observ-
ing the beat note frequency between the incoming and
outgoing fields prior to switching arm locking on
(Appendix A). In this section we determine the pulling
that would occur for both common and dual arm locking at
lock acquisition. We shall use the low-frequency part of the
controller in Sec. VIII, which was designed to provide
sufficient gain over the LISA science band to suppress
free-running laser frequency noise to below the expected
TDI capability and to limit laser frequency pulling. This
design has gain less than unity at f <4.8 wHz, imple-
mented with a series of 4 high pass filters. Further details
can be found in Appendix B. Although this controller was
not designed specifically for these sensors, the calculation
gives both an estimate of pulling that can be expected with
each sensor, and a comparison of the two sensors. We
calculate the frequency pulling that would occur with
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Doppler frequency estimates with 7 = 200 s averaging,
as part of arm-locking initialization.

1. Common arm locking

The accuracy of the Doppler frequency estimation
needed for common arm locking depends on 7, the average
arm length. Estimation errors for two assumptions of the
laser frequency noise—free-running lasers and Mach-
Zehnder prestabilization—are given in Table III, with de-
tails in Appendix A. In the case of free-running laser noise,
the estimates of y,+ and @ have an error larger than the
maximum value determined by the orbital motion
(Appendix C). Thus we do not use the laser measurement
of these quantities; rather we estimate them to be zero.
With prestabilization the error in the measurement of «a
is larger than its maximum value and thus we estimate it to
be zero.

Frequency pulling during lock acquisition is determined
by the step response of the control system. The step re-
sponse follows from the closed loop control system vy (s)
according to

Vep(t) = £1<VL(S)), (50)

N

where s = iw and L7 is the inverse Laplace transform
operator. Step responses from the error in the three Doppler
derivatives are plotted in Fig. 5, for both free-running and
prestabilized lasers. The small stairstep pattern at the start
of acquisition has amplitude v, /2 and period 7. The
maximum pulling from the errors in all the derivatives of
vo+ 18 460 and 90 MHz, for the respective cases of free-
running and prestabilized lasers.

TABLE III. Initial errors in the common and differential com-
ponents of Doppler frequency, v, vo_, Doppler rate, ¥4, Yo,
and second time derivative of Doppler frequency, «, a(—, for
T = 200 s averaging (Appendix A). The columns free-running
laser and Mach-Zehnder refer to the initial laser noise spectrum,
given by Eqgs. (16) and (17), respectively. The numbers with * are
the values of the Doppler rate and change in Doppler rate at the
nominal start of the mission; the measurement of these parame-
ters with 200 s averaging yields errors larger than the mean
values. For the differential Doppler frequency estimates and time
derivatives we have taken A7 = 0.123 s.

Parameter Free-running laser Mach-Zehnder Units
Vot 6.0 X 10° 45 Hz
Vo 2.3 X 10° 0.51 Hz
Yo+ —4.3* 22 Hz/s
Yo 1.2* 0.02 Hz/s
apy —0.37* —0.37* uHz/s?
g 1.0* 1.0* uHz/s?
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FIG. 5 (color online). Step response of the different drivers of
Doppler frequency error for common arm locking with Doppler
frequency estimate errors with 200 s averaging made with free-
running laser noise (top plot), and prestabilized laser noise
(lower plot).

2. Dual arm locking

The error in Doppler estimation for dual arm locking is
computed the same as in common arm locking, except the
relevant delay is A7 = 0.123 s, corresponding to the arm
length mismatch of the 12-13 arm combination at the start
of the mission. This smaller delay results in smaller error
vo— < Vg4, but larger pulling. As with common arm lock-
ing, when the measurement errors in 7y,_ and a_ are
larger than the maximum values taken from the orbits,
they are estimated as zero. The estimation errors are tabu-
lated in Table III and the step responses are plotted in
Fig. 6. The maximum pulling with estimation based on
free-running lasers is 13 GHz, unsuitably large for Nd:
YAG lasers that have a typical mode-hop free range of
approximately 10 GHz. With prestabilization, the pulling
is dominated by the «_ term, with a peak-to-peak value of
250 MHz.

E. Laser frequency pulling in steady state

We now consider frequency pulling in steady state, long
after lock acquisition. In steady state operation the pulling
will be driven by the change in Doppler frequency which
occurs as the constellation orbits the Sun. We determine
the pulling in the time domain using a model of the
Doppler frequencies over the mission shown in
Appendix C.
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FIG. 6 (color online). Step response of the different drivers of
Doppler frequency error for dual arm locking with Doppler
frequency estimate errors with 200 s averaging, made with
free-running laser noise (top plot) and prestabilized laser noise
(lower plot).

1. Common arm locking

The laser frequency pulling in steady state for common
arm locking is given by the convolution of the y, (¢), the
inverse Laplace transform of Y, (w), and the common
Doppler frequency,

veL(t) =y (1) = AL (n), (51)

where * is the convolution operator and A, (z) is the
common Doppler shift in the two arms used in common
or dual arm locking shown in Fig. 35. The resulting pulling
of the laser is shown in the upper plot of Fig. 7. It can be
seen that the laser frequency pulling with the controller
designed in Sec. VIII is very modest, less than 8 MHz peak
to peak while operating in steady state. The pulling is
independent of the laser frequency noise as no Doppler
frequency estimates are used and will be an insignificant

4 T T
—Common arm locking steady state]
N o2r
=
o Or
£
g -2
-4
10i 200 300 400 500 600 700 800
Time [days]
10 T T T r T : B
[—Dual arm-locking steady state]
N 5 4
T
S
o 0 r
£
g -5 1
_10 i i L H H
100 200 300 400 500 600 700 800
Time [days]

FIG. 7 (color online). The steady state laser frequency pulling
of common arm locking (upper plot) and dual arm locking
(lower plot).
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change compared to the laser frequency drift over this
period.

2. Dual arm locking

The laser frequency pulling in steady state for dual arm
locking is given by

vl () =y O = A () +y) D =A_(1),  (52)

where A_ () is the differential Doppler shift of the two
arms used by dual arm locking and yg)(t) and yg) (¢) are
the inverse Laplace transforms of Yg) (w) and Yg)(w),
respectively. The y(l;)(t) term in Eq. (52) is inversely
proportional to the arm length mismatch, which changes
significantly throughout the year, dominating the pulling in
dual arm locking. The expected pulling for dual arm lock-
ing is shown in the lower plot of Fig. 7. This shows
unsustainably large pulling of greater than 10 GHz. The
pulling which occurs when the arm length mismatch ap-
proaches zero becomes rapid and it is unlikely that the
lasers could follow this. Also, the time that the frequency
pulling is unsustainably large would also be a concern. For
example, when the difference in the 12-13 arm passes
though zero, the pulling is above 2 GHz for 35 days. If
all three arms are available, the central spacecraft in the
dual arm-locking sensor can be switched around to prevent
the arm length mismatch going to zero. In this case the
pulling would be reduced.

F. Discussion of pulling in common and dual arm
locking

While maintaining large laser frequency noise suppres-
sion over the LISA science band (using the controller
designed in Sec. VIII), the laser frequency pulling caused
by the Doppler frequency errors in common arm locking
are relatively modest and do not pose a significant threat of
driving the lasers into a mode-hop region. At lock acquis-
ition, with a measurement of the Doppler frequency with
200 s of averaging, the laser frequency pulling will be less
than 460 MHz, if the lasers are free running, or less than
90 MHz if using Mach-Zehnder—type prestabilization. This
will be further reduced if Fabry-Perot prestabilization is
selected. In steady state, the laser frequency pulling is
expected to be less than 10 MHz peak to peak, insignificant
compared to the drift of a laser frequency over a similar
period.

In contrast, in the form presented in Ref. [15], dual arm
locking would have larger pulling, posing a significant
threat of driving the lasers into a mode-hop region, and
also of coupling in noise from scattered light sources into
the science band. At lock acquisition, with a measurement
of the Doppler frequency with 200 s of averaging, the laser
frequency pulling will be approximately 13 GHz, if the
lasers are free running, or approximately 250 MHz if using
prestabilization. While 250 MHz of pulling at lock acquis-
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ition poses only a small threat of pulling the lasers into a
mode-hop region, the laser frequency pulling of dual arm
locking in steady state is unsustainable. The laser fre-
quency pulling in steady state is dependent on the arm
length mismatch, which passes through zero twice per year
for each pair of arms. Thus the viability of dual arm locking
in the form presented in Ref. [15] would depend critically
on the availability of all interspacecraft laser links. If all
laser links were available, the pulling could be reduced by
switching the central spacecraft when the arm length mis-
match becomes small.

The laser frequency pulling in dual arm locking can be
reduced in three ways: (1) reduce the low-frequency gain
of the controller, which sacrifices the frequency noise
suppression in the science band, (2) implement a scheme
to continuously update the Doppler frequency estimate,
which would have to be done with a view to not adding
noise in the science band or, the solution we explore here,
(3) create a modified dual arm-locking sensor, a hybrid
common dual arm-locking sensor designed in Sec. VIL
This sensor has the frequency pulling of common arm
locking, but maintains other control system advantages of
dual arm locking.

V. NOISE SOURCES IN ARM LOCKING

Significant noise sources in the arm-locking control
system are clock noise, spacecraft motion, and shot noise.
These noise sources are common to all arm-locking con-
figurations (e.g. single, common, and dual). We develop a
general formalism applicable to all arm-locking configu-
rations. First though, an overview and approximate ampli-
tude of each of these noise sources is given.

A. Clock noise

The phase of the photodetector signal is determined by
comparing it to an onboard clock (i.e. USO) signal.
Consequently, the noise of the clock signal contributes an
error in the phase measurement that enters at the phase
meter. The amplitude of the clock noise added to the phase
measurement depends on the fractional frequency noise of
the clock and scales linearly with heterodyne beat note
frequency, A;; (in units of Hz). The clock noise added at
the ith spacecraft, when measuring the incoming light from
the jth spacecraft, is given by

beii(f) = A Ci(f) [cycles/vHz), (53)

where C;(f) is the clock phase noise normalized to a 1 Hz
clock frequency, given by

¥i(f)

[cycles/Hz+/Hz), (54)
27 f

Ci(f) =

and j(f) is the fractional frequency fluctuations of the
clock. The amplitude and frequency dependence of F(f)
is dependent on the type of clock and operational environ-
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ment; we use y(f) = 2.4 X 107'2/\/f 1/v/Hz, corre-
sponding to an assumption of the clock stability in LISA
[29].

Clock noise is correlated for measurements on each
spacecraft. Thus, clock noise that enters phase meter sig-
nals on the central spacecraft can add or subtract coher-
ently with common or dual arm locking.

B. Spacecraft motion

To minimize the disturbances of the space environment
on the measurement the spacecraft will fly drag free around
the local proof masses [1]. This means the location of the
spacecraft relative to the proof mass is sensed and con-
trolled to follow the proof mass. Along the axis which the
science measurement is made, the spacecraft follows the
proof mass with an error of approximately AX = 2.5X

V1 + (/0.3 Hz)* nm/+/Hz [29]. The interspacecraft

phase measurements will contain this jitter. Even with
this spacecraft motion, the arms represent an excellent
frequency reference, as the fractional length stability is
still small given the very long arm length. Because dual
arm locking utilizes the fractional stability of the arm
length mismatch of two arms, the fractional stability is
degraded accordingly. Although it is possible to subtract
this motion in real time using the same optical measure-
ments as the LISA science measurement, this adds com-
plexity and, as we show in Sec. VI, the noise performance
of arm locking is limited by spacecraft motion for only
short periods, twice per year.

If the ith spacecraft moves by an amount of AX; ;(f) in
the direction of the jth spacecraft, the associated phase
shift of the laser field traveling from spacecraft i to space-
craft j is*

AXy(f)

! [cycles/vHz), (55)

¢Xij(f) =
where A is the laser wavelength. Note that in the propaga-
tion between the ith and jth spacecraft the laser field will
pick up phase noise due to the motion of both spacecraft.

C. Shot noise

Shot noise is a phase error due to the quantization of the
electromagnetic field. The phase error of shot noise is
inversely proportional to the square root of the optical
power received from the distant spacecraft. Here, we
model shot noise as phase error added at the photoreciever.
Shot noise is given by [1]

he 1 \12
bsij = (i A—Pd) [cycles/vHZ]L,  (56)

“The spacecraft motion on the central spacecraft will be
correlated in the two arms to some extent. We expect the
correlation to be small and neglect it here.
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where A is the laser wavelength and P, is the optical power
received from the distant spacecraft. Shot noise at each ij
phase measurement is independent and uncorrelated.

VI. QUANTIFYING THE NOISE PERFORMANCE
OF ARM LOCKING

A. Calculation of noise in arm locking

In this section we calculate the noise coupling into the
arm-locking control system, building on the calculation in
Sec. II. The schematic in Fig. 8 indicates where all three
noise sources described in Sec. V enter the phase measure-
ments. The phase meter output can be written down in a
similar fashion to Sec. II, by propagating each noise source
to the phase meter. Again, to start with, we assume that all
control loops are open. The phase measured at the phase
meter on spacecraft 3, facing spacecraft 1 (represented by
the red circle labeled A31) is given by

bazi(@) = ¢r3(w) = Ppi(w)e™ ™ — dyi3(w)e™ T
— dx31(w) + dgz(w) + de3i(w), (57)

where ¢ ; is the laser phase noise of the laser on the jth
spacecraft prearm locking. If the laser on spacecraft 3 is
phase locked to the incoming light, the closed loop phase
noise at the output of laser 3 (represented by the red circle
labeled O3) is

_ ¢L3(w) G3(w) —iwT3
¢03(w) = 1+ Gs(@) 1+ G3(w) (¢L1(w)€
+ pxiz(w)e ™ + dys(w)
— ¢s31(w) — 3 (w)), (58)

where Gi(w) is the frequency response of the phase-
locking controller on spacecraft 3. With the laser on space-
craft 3 phase locked to the incoming light [G3(w) > 1],
but the arm-locking control loop open [G(w) = 0], the
phase at the phase meter output on spacecraft 1 is given by

da3(@) = ¢ (@)P3(0) — dy3(w)(1 + e 2073)
= 2¢y31(w)e™ ™5 + dgi3(w)
+ dszi(@)e™ ™ + dop3(w)
+ deai(w)e s, (59)

where successive terms represent laser phase noise, motion
of the spacecraft, shot noise, and clock noise. Similarly, the
phase at point A12 is

bap(@) = ¢ (0)Pa(@) — dypp(w)(1 + e 2072)
= 2¢xo(w)e T2 + gpp(w)
+ ¢sar(w)e ™2 + ¢pepp(w)
+ deai(w)e ™, (60)

The phase measurements that enter the arm-locking sensor
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To/from Spacecraft 2
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FIG. 8 (color online).
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Schematic of dual arm-locking control loop showing where the different noise sources enter the system. These

are laser frequency noise, ¢, ;, clock noise, ¢;;, spacecraft motion, ¢y;;, and shot noise, ¢;; with i and j representing the numbers of

the local and distant spacecraft, respectively.

on the central spacecraft can be rewritten in the compact
form:

— Paz(@) _
D = GO | =[N+ N+ Ne+ N (6D

where N; is the laser noise sensed at the central spacecraft
photorecievers, Ny is the shot noise, N is the clock noise,
and Ny is the optical bench displacement noise. These are
given by

_ [ Pp(w)¢(w)

N pEesnie ]
N. = [ (o) + ¢sz1(w):|

5 L psiz(w) + dgai(w) [
_[AnCi(o) + Cz(w))]

L Aj3(Ci(w) + C3(w)) [

N, — [ —dxin(w)(1 + 371:2“”'2) - 2¢X21(w)]

XL —pxis(@) (1 + e72075) = 26331 (w) I

(62)

where we have dropped the time delays in uncorrelated
noise terms and assumed the heterodyne frequency on
spacecraft 2 and 3 is equal to the one-way Doppler shift.

The frequency noise at the laser output with the common
arm-locking control loop closed (point O1 in Fig. 8) is
given by

doil+(@) = ¢1(w) — G(0)pp |+ (w),
_ ¢ri(w)
1+ Gi(w)P ()
_ G (o)
1+ G(w)P(w)

S+[NS + NC + NX]»

(63)

where ¢pg;|. =S, ®,,. The control loop acts differently
on laser frequency noise, compared to noise from other
sources. In the high gain limit, the laser noise is suppressed
by the closed loop gain, P, (w)G,(w), whereas the other
noise sources are maximumly imposed on the laser light.

The closed loop laser frequency noise for other arm-
locking sensors can be calculated in a similar fashion. The
vector representation and frequency response of different
arm-locking sensors are listed in Table I. The closed loop
noise at the laser output for the dual arm locking is given by

do1lp(w) = ¢ (@) — G(w)dp|p(w),
_ $r1(w)
1+ Gi(w)Pp(w)
_ G (w)
1+ G(0)Pp(w)

Sp[Ns + N¢ + Ny,
(64)

where ¢pilp = SpDy;.
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B. The noise floor of arm locking

Armed with Egs. (63) and (64), the noise floor of com-
mon and dual arm locking can be found. In this section we
neglect laser frequency noise, equivalent to assuming the
controller has infinite gain. In Sec. VIII an arm-locking
controller is designed and the total noise budget, including
laser noise, is plotted in Sec. IX. In the limit of high
controller gain, noise sources other than laser frequency
noise have little dependence on the controller gain, de-
pending primarily on the sensor and the transfer function
into the phase measurement.’

The noise floors of common and dual arm locking are
plotted in Figs. 9 and 10 respectively, in units of frequency
noise. These figures were generated assuming high con-
troller gain, the maximum arm length difference that oc-
curs in the mission, 2A7 = 0.51 s, and parameters listed in
Table IV. The total noise (dashed black curve) is a quad-
rature sum of shot noise (red curve), spacecraft motion
(green curve), and the clock noise (blue curve). For the
parameters used here, clock noise represents the limiting
noise source of dual arm locking below 20 mHz and space-
craft motion represents a noise limit at frequencies above
this. Note that clock noise is linearly dependent on the
heterodyne frequency at each phase meter and this noise
budget has the worst combination of heterodyne frequen-
cies that can occur for dual arm locking: a maximum
difference in Doppler shifts between the two arms, A3 —
A, = 29 MHz. In the science band, shot noise is always
smaller than both the clock and the spacecraft motion,
though it dominates above the band as clock noise and
spacecraft motion roll off.

Also plotted in Figs. 9 and 10 is the expected TDI
capability (light green curve), equal to the frequency noise
requirement before TDI is applied. The amount of fre-
quency noise suppression of TDI will be limited primarily
by the time-delay errors. For the currently expected time-
delay error of 3 ns [30] (equivalent of 1 m interspacecraft
ranging error), TDI is capable of suppressing 300 Hz/ JVHz
down to the required residual frequency noise [31] (fre-
quency noise equivalent displacement is 2 pm/ VHz per
interspacecraft link). The TDI capability is given by

Hz
—_, 65
o (65)

V2 s V4
where the TDI capability is relaxed below 3 mHz, where
acceleration noise of the proof mass becomes signiﬁcant.6

Comparison of Figs. 9 and 10 shows the noise floor of
common arm locking is lower than that of dual arm locking

The high controller gain assumption mentioned here is valid
over the LISA science band as the magnitude of the controller
gain is always greater than 100. If the controller gain is low, the
noise coupling will be reduced.

®An alternate estimate of the TDI capability used in the FCST
White Paper is Dpp(f) = 300 X 4/1 + (3 mHz/f)* Hz//Hz
[28].
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Common arm locking

- TDI Capability

Noise [Hz/rtHz]

10 F

Frequency[Hz]

FIG. 9 (color online). Noise of common arm locking at the
laser output. The total comprises clock noise, spacecraft motion,
and shot noise. This noise budget is plotted for arm length
mismatch 2A7 = 0.51 s, corresponding to the maximum arm
length mismatch.

over most of the science band, although it peaks higher at
frequencies corresponding to nulls in the common arm-
locking sensor. The noise floors of both common and dual
arm locking are substantially lower than the expected TDI
capability. The noise floor in Fig. 10 is the optimal noise
performance of dual arm locking, as it is plotted with the
maximum arm length difference. While the noise floor of

10

Dual arm locking

TDI Capability

Noise [Hz/rtHz]

Frequency[Hz]

FIG. 10 (color online). Noise of dual arm locking at the laser
output. The total comprises clock noise, spacecraft motion, and
shot noise. This noise budget is plotted for arm length mismatch
2A7 = 0.51 s, corresponding to the maximum arm length mis-
match.
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TABLE IV. LISA parameters and amplitude of noise sources.

Parameter Symbol Value Units
Average arm length L 5 10° m
Differential arm length AL = 76500000 m
Laser wavelength A 1064 nm
Doppler shift arm 13 Az 15 MHz
Doppler shift arm 12 A —14 MHz
Fluctuations of clock $(f) 2.4 X 10712/ /F 1/VHz
Shot noise bsij 10 weycles/Hz
Spacecraft motion Dxij 2.5 X /1 + (f/0.3 Hz)* meycles/v/Hz
TDI capability Urpi(f) 300 X (1 + (3 mHz/f)?) Hz/Hz

dual arm locking varies with inverse proportionality to the
arm length mismatch, the noise floor of common arm
locking is largely independent of arm length mismatch.
Only the magnitude of the peaks at frequencies of f = 1/7
and integer multiples change with differential arm length
change. The dual arm-locking noise floor is plotted with
smaller arm length mismatches in Fig. 11. The lower curve
(dotted black curve) is plotted with 2A7T = 0.026 s, corre-
sponding to the minimum arm length that arm locking
would have to operate with if all interspacecraft links are
available and the central spacecraft were switched to give
the maximum arm length difference [29]. The noise floor is
a factor of 100 below the TDI capability at the closest
point, showing that if all three interspacecraft links are

10
10*
% TDI Capability
ERRTS
° i T T e W Y,
2 e : Noise Floor, Yy
2 .  2AT=15x10%
10° ;
Ngise“ I;Ioor T
2AT=0.026s T,
10” 4 x 3 x 2 : 1 0
107 107 107 107 10

Frequency[Hz]

FIG. 11 (color online). Total noise of dual arm locking at the
laser output for different arm length mismatches. The lower
curve has arm length mismatch of 2A7 = 0.026 s, correspond-
ing to the minimum arm length mismatch that occurs during the
mission if any two of three arms are available to choose from.
The upper curve has arm length mismatch of 2A7 =
1.5 X 10™* s, which is the smallest arm length mismatch that
the total noise is below the TDI capability (green solid curve).

available, the noise floor of dual arm locking is sufficient
for the entire mission.

In the case where an interspacecraft laser link fails, only
two arms will be available, and therefore the central space-
craft cannot be switched when the arm length mismatch
becomes small. In this case, the arm length difference will
pass through zero twice per year (Fig. 34) and at this time
the noise floor becomes infinite. The upper curve (dashed
blue) in Fig. 11 shows the smallest arm length mismatch
where the total noise floor is below the TDI capability,
which occurs for 2A7 = 150 us, equivalent to 2AL =
44 km. Here, the clock noise, the dominant effect, becomes
equal to the TDI capability near 3 mHz. The spacecraft
motion is also less than a factor of 10 away from the TDI
capability at this arm length mismatch. With arm length
mismatches smaller than this, the TDI capability cannot be
met with dual arm locking.

The variation of the dual arm-locking noise floor due to
the changing arm length mismatch can be seen in Fig. 12.
This shows the noise sources at 3 mHz over the first two
years of the LISA mission assuming only two of the three
LISA arms are available. In this case, the noise floor at
3 mHz is below the TDI capability for the vast majority of
the time and breaches the TDI capability for only short
periods, twice per year. It also provides some indication of
how infrequently and how short a duration dual arm lock-
ing cannot meet the TDI capability in case of a critical
failure of one arm. The noise performance is insufficient to
meet the TDI capability for approximately 1 h, twice per
year.

VII. MODIFICATION OF THE DUAL
ARM-LOCKING SENSOR

The benefits of the dual arm-locking sensor in terms of
achieving high gain across the science band as well as
moving the first null in the sensor to above 2 Hz are
significant, but the laser frequency pulling that occurs in
steady state is unsustainable. The frequency pulling at lock
acquisition is also larger than in common arm locking. In
terms of noise performance, for the majority of the LISA
orbit the noise floor of dual arm locking is well below the
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FIG. 12 (color online).

The noise sources of dual arm locking measured at 3 mHz over the first two years of the LISA mission. This

plot assumes only two of the three LISA arms are available, preventing the central spacecraft from being switched at small arm length
mismatch. The heterodyne frequency assumed for the clock noise curve here is pessimistic, as we have assumed the worst case that
occurs in the mission (A}, — A3 = 29 MHz) for the duration of this plot. The heterodyne frequency over the mission lifetime depends
on the Doppler shift, whose variation we have neglected for simplicity.

TDI capability. However, when the arm length mismatch is
small the noise performance of dual arm locking is de-
graded substantially. Here we introduce a modification to
the dual arm-locking sensor to combine the benefits of
common and dual arm locking.

The modified dual arm-locking sensor comprises the
common arm sensor at frequencies below the first null of
the arm response and the dual arm-locking sensor at fre-
quencies above the first null, with a smooth transition
between the two. This sensor provides the stability and
gain advantages of dual arm locking and recovers fre-
quency pulling characteristics and the low-frequency noise
floor of common arm locking. There are no hardware
changes associated with the control system modification.

A. Design of the modified dual arm-locking sensor

A block diagram of the modified dual arm-locking sen-
sor is shown in Fig. 13. The Bode plot of the modified dual
arm-locking sensor is plotted in Fig. 14 (grey curve) along
with the dual arm-locking sensor proposed by Sutton and
Shaddock [15] (blue curve). The sensor is located on the
“central” spacecraft and uses the usual interspacecraft
phase measurements from two phase meters that measure
the interspacecraft signal, ¢ 4;3(w) and ¢ 41,(w) (assuming
spacecraft 1 is the central spacecraft). These phase mea-
surements are combined to make the common and differ-
ence sensors, by taking the sum and difference,
respectively. These combinations are then used to construct
the modified dual sensor.

The modified dual arm-locking sensor is designed so
that the common arm sensor dominates below the first null
of the arm (f < 1/7) and the dual sensor dominates above
this frequency. The components of the modified sensor are

plotted in Fig. 15. The frequency response of the sensor is
given by

Py(w) = \Fc(w)PJr(wz + fD(w)PD(w} (66)
common part

v
dual part

where the functions F(w) and Fj(w) are filters designed
to smooth the crossover from the common to dual sensors
given by

Fc(a)) _ gagb(s + Zb) (67)

s(s + pp)
(—i

Phase meter

LN J
——Phase meter-

¢A] 3

To Controller

Modified dual AL sensor

FIG. 13 (color online).
arm-locking sensor.

Block diagram of the modified dual
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TABLE V. Parameters of modified dual arm-locking filters.

Filter Poles (rad/s) Gain

Fe(w)

Zeros (rad/s)

g ="
g = Pu/%

Pa=0
7, =27 X 5/(137) p, =27 X 5/(27)
FD(w) 0 Pe = 7/(57_-) 8c = 1
0 pg = 11/(207) ga=1
0 p, =2mw X 1/(907) g, =1

Phase [degrees]
o

1072 107" 10
Frequency [Hz]

FIG. 14 (color online). Bode plot of the modified dual arm-
locking sensor (grey curve) and the Sutton and Shaddock [15]
(S&S) dual arm-locking sensor (blue curve).

8c8a8es"
(s + p)(s + pa)s + p.)*’

with the parameters given in Table V.
Equation (66) can be rewritten as a function of the
common and difference sensors,

Fp(w) = (68)

Py(w) =P, (w)H,(0) — P_(w)H_(w), (69)
with
H,(w) = Fc(w) + Fp(w), (70)
E(w)
H_(w) = ——=Fp(w) (71)
iwAT
[ 100
3
'Z§, — F(@)P,(0)
= — Fy(0)Py(w)
” /. ‘ ‘ ‘
10 107 107 107 10™ 10° 10"
Frequency [Hz]
= 300F
[0]
o 200}
[@2]
8 100t
§ 0
£ -100f
107 107° 107 10™" 10° 10"

Frequency [Hz]

FIG. 15 (color online). Common and dual components of the
modified dual arm-locking sensor. The sum of these gives the
modified dual arm-locking sensor.

For the sensor in Fig. 14, F-(w) has a pole at DC along
with a lead compensator with a zero at 5/(137) and a pole
at 5/(27). Fp(w) is a high pass filter made from four zeros
at DC plus poles at 7/(1077), 11/(2077), and two poles at
1/(907). The frequency response of the modified dual arm-
locking sensor is similar to the dual arm-locking sensor,
with an almost flat response below the first null with a
magnitude of 2.

B. Frequency pulling in modified dual arm locking

Following the formalism set out in Sec. IV, the laser
frequency pulling in modified dual arm locking is

_Gl(w)SMVDE

el TG WPy 72

where S, is the signal mapping vector given in Table I. As
in dual arm locking, there will be pulling due to both the
common and differential errors in the Doppler frequency.
The frequency responses written in terms of Eqgs. (70) and
(71) are

verlu _ —Gi(w)H+(w)
vpe= 1+ Gi(w)Py(w)’

Y (0) = (73)

where the + is used for the common path and the — for the
difference path. Figure 16 is a block diagram showing
where the Doppler error enters the modified dual arm-
locking sensor.

Phase meter

VDEIZ
4
1 +
P]z((")) z ; @4» H+((x)) N

- o
E P (w) (e )~
= B H H
e pet L +
° : )
3 b | @ w5
-8 Phase meter
= Controller

G(o)

Glo) | 12 |«

FIG. 16. Block diagram of the modified arm-locking control
system showing where the Doppler frequency errors vpg;, and
vpg13 enter the control loop.
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Pulling at lock acquisition

The frequency responses at lock acquisition can be
found using Eq. (73) with the appropriate + or — sign
along with Egs. (34) and (35). The frequency responses are
written compactly as

()( () = —G(0)H.(0)
Vi@ S G e Y

() () = —G(0)H.(0)
Gl =i+ by T
ﬂﬁ)(w) _ Gl(w)Hi(w) (76)

20°(1 + G(w)Py(w))’

again with the = set to a + for the common path and the —
for the difference path.

C. Noise performance
For modified dual arm locking, the noise at the laser
output is given by
¢r1(w)
1+ Py(0)G (o)
_ G (o)
1+ Py(0)G (o)

¢01|M(w) =

Syu[Ng + N + Nyl
(77)

The improved noise performance of modified dual arm
locking can be seen by comparing the total noise in Fig. 17
to the upper curve in Fig. 11. Figure 17 was plotted
assuming the controller has infinite gain (so laser fre-
quency noise is suppressed to zero). The noise floor of

10°

: Modified dual arm locking

TDI Capability

._—'-""“-\Igtal

e
Pleth

Noise [Hz/rtHz]
3

107 107° 1072 107" 10°

Frequency[Hz]

FIG. 17 (color online). Noise at the laser output for modified
dual arm locking with arm length mismatch of 2A7 = 1.5 X
1074 s,
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modified dual arm locking is similar to that of dual arm
locking above ~10 mHz but asymptotes to the noise floor
of common arm locking below this. The noise floor of
modified dual arm locking at this arm length mismatch
no longer breaches the TDI capability.

VIII. DESIGN OF THE ARM-LOCKING
CONTROLLER

The arm-locking controller is designed for a sensor that
has a flat frequency response below 2 Hz with a magnitude
of 2, and above 2 Hz has nulls in the response and a
maximum amplitude of 4. Both the dual and modified
dual arm-locking sensors have this frequency response.
This factor of 2 is normalized out of the controller by
including a 1/2 multiplier at the beginning of the control-
ler. Although the controller is designed for the maximum
arm length mismatch, it will operate stably for smaller arm
length mismatch.

A. Goal of the arm-locking control loop

The goal is to design a controller such that the arm-
locking control system has sufficient gain across the LISA
science band to suppress the laser noise to lower than the
TDI capability. The required suppression of laser noise,
Sreq(f), is a ratio of the laser noise before arm locking,
7oL (f), and the TDI capability,

oL (f)
Proi(f)

If arm locking operates without any prestabilization, v is
given by Eq. (16). If we assume this level of laser fre-
quency noise and a time-delay error of 3 ns, the required
suppression is

Sreq (f) = (78)

30/[f/Hz] %

300 X (1 + (2.8 mHz/f)?) 7Hﬁ-

_ 100/[f/Hz] (79
1 + (2.8 mHz/f)?

for 100 uHz = f = 1 Hz

Sreq (f) =

If prestabilization is implemented the required gain will
be relaxed.

B. Constraints on the controller design

Compared to a standard phase-locking control loop, the
arm-locking control loop has two additional design con-
straints. These are

(1) The controller should have appropriate low-

frequency filtering to limit the laser frequency
pulling.

(2) The controller must allow for the nulls in the sensor

and the additional phase delay associated with them.
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The nulls in the dual arm-locking sensor occur at
frequencies above 2 Hz.
These additional constraints limit the achievable gain in the
LISA science band and necessitate careful design to ensure
loop stability.

In the following sections we design a controller in two
parts, treating the low-frequency design (at f <1 mHz)
and high-frequency design (at f > 1 Hz) separately.
Finally, we combine the parts to complete the controller
design.

C. Low-frequency filtering

In Sec. IV the laser frequency pulling that arises at lock
acquisition and in steady state operation was studied. At
lock acquisition, it was found that low-frequency filtering
is required to limit frequency pulling due to imperfect
knowledge of the Doppler frequency, Doppler rate, and
second time derivative of the Doppler frequency. The
frequency pulling that occurs for modified dual arm lock-
ing, calculated in Sec. VIIB, is almost identical to that
calculated in Sec. IV for common arm locking.

The lower bound on the lower unity-gain frequency for
common arm locking [Eq. (43)] was designed to be foc =
4.8 X 107° Hz. If the Doppler frequency estimate has an
error of vy = 600 kHz (free-running laser for an averag-
ing time of 200 s), the pulling due to the Doppler frequency
error will be under 460 MHz, 4.6% of the mode-hop-free
range.’

The frequency pulling at lock acquisition due to error in
the Doppler rate and second time derivative of the Doppler
frequency can be limited by further low-frequency filter-
ing. We find that three unity-gain high pass filters with a
corner at 0.8 wHz placed in series with the rest of the
controller are sufficient to limit this frequency pulling. This
low-frequency part of the controller limits the frequency
pulling in steady state to less than a 10 MHz peak to peak
for modified dual arm locking.

D. Rolling up the gain at low frequencies

To ensure a stable control system the controller-sensor
system crosses the lower unity-gain frequency, foc, with a
slope of f. To optimize the gain in the LISA science band
we consider various slopes that can be used to roll the gain
up steeply. To design the roll up we set a >30 deg phase
margin at the unity-gain frequency, and aim for the maxi-
mum gain at 100 uHz [S,q(100 uHz) = 10° is the
requirement].

Accounting for the ~30 deg added by the 0.8 wHz high
pass filters, a phase margin of 30 deg and the f slope for
crossing the unity-gain frequency, leaves an additional
30 deg of phase at 4.8 wHz, which can be allocated to
the increased roll up of the controller. We find that an

"The separation of mode hops in the Nd:YAG NPRO laser are
typically ~10 GHz.

PHYSICAL REVIEW D 80, 102003 (2009)

additional £ roll up with 5 zeros at 36.6 uHz and 5 poles
at 185 uHz gives a gain at 100 wHz of = 1900 and meets
the phase requirements.

E. High-frequency design of the arm-locking controller

The nulls in the dual arm-locking sensor mean careful
design of the controller is needed to ensure loop stability
and to limit noise amplification. The nulls in the sensor
have additional phase associated with them and mean that
there are many unity-gain crossings above the first null
(located at 2 Hz for maximal arm length mismatch).

To design the controller slope above 2 Hz we account for
all phase delays in the control loop, specify a phase margin,
then allocate the remaining phase difference from 180 deg
to the slope of the controller. The delays in the control
system are summarized in Table VI. A 30 deg phase margin
(O margin) has been chosen at frequencies where there are
nulls in the sensor (f > 2 Hz for the dual arm-locking
sensor). The delays accounted for are the delay associated
with the arm-locking sensor, 6., the delays in the piezo-
electric transducer (PZT) actuator, 7., the phase meter
processing, Tom> and in the interaction with the transponder
spacecraft and the prestabilization loop, denoted as 7.
and 7, respectively.® The remaining phase to be allocated
to the controller is

econtroller = 180 — Hmargin - esensor - adelay’ (80)

where 6014y 1s the total phase due to delays in the control
loop given by

Bdelay = 360f(7act + Tpm + Tgans + Tps)- (81)

F. Phase of the sensor at unity-gain points

In arm-locking studies published to date [6,15] the phase
delay associated with the nulls in the sensor has been set to
Osensor = — /2. This phase delay was allocated because it
is the maximum possible phase delay of the sensor at the
nulls [6]. Here, we show that this allowance is overly
conservative when the controller gain is low. To determine
the sensor phase at frequencies where the total open loop
gain crosses unity, Ogeneorlug(®), we solve for the phase of
the sensor when the loop gain has a magnitude of 1,
|G, (w)| = 1. The open-loop frequency response of the
control system is

Gy (w) = 1@

Py(w)e ™ Oay, (82)

The common arm-locking sensor dominates the frequency
response of modified dual arm-locking above the first null;

PM(w)|f>(1/2AT) ~ Pp(w) = P, (w), (83)

8The phase delay of the prestabilization control loop can be
removed, as suggested by Sheard et al. [32].
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TABLE VI. Arm-locking system delays.
Type of delay Symbol Delay Notes
Phase margin O margin 30° Control system margin
Arm-locking sensor Oensor UG — arccos(|2G7 (w)| 1) Phase of the sensor at unity gain
Actuator delay Tact 5 pus PZT delay (4 us measured)
Phase meter processing delay Tpm 2 us Digital-to-analog converters have an inherent 1 us delay
Transponding S/C phase delay Tirans 5.3 us 30 kHz unity-gain frequency assumed *
Prestabilization phase delay Tps 5.3 us 30 kHz Unity-gain frequency assumed

“By approximating the phase accrued in the transponding phase-locking system (and that in the prestabilization system) by a time

delay we underestimate the accrued phase at 10 kHz by 0.3 deg.

= 2(1 — cos(ATw)e @7). (84)

We are interested in the nulls in the sensor that occur when
cos(ATtw) = 1. Thus let

Py(0)l =187 = 2(1 — e77). (85)
Define 6 = 7/2 — w7/2, giving
Py(@)l =1 0an = 2(1 + €*°). (86)

Using the identity 1 + ¢?? = 2 cosfe’® we see that 6 is the
phase of the sensor. At unity gain, |G, (w)| = |G](w)] -
20080 nsorlug = 1. That  gives  c0SOgensorlug =
1/12G’(w)], or for the sensor phase at unity gain

O ensorlug = — arccos(|2Gi(w)|7!)  for [2Gj(w)] = 1.
(87)

We have selected the negative solution for Ognerlug be-
cause that gives maximum phase delay, which is of interest
for stability considerations.

At high controller gain, say [2G](w)| > 100, the point
on the sensor which crosses unity gain is very close to the
null. Accordingly, the phase delay of the sensor at the unity
gain is Oypr = —7/2. For a controller gain of
|2G}(w)| =1 the peak of the sensor response will cross
unity gain. The corresponding phase at this point ap-
proaches zero (g nor — 0). The sensor phase at several
unity-gain frequencies is illustrated in the Nyquist plot in
Fig. 18.

With the phase associated with the sensor at unity gain
and the other delays in Table VI we find that approximately
60 deg of phase can be assigned to the controller, corre-
sponding to a controller slope of f~%%. With this slope, a
unity-gain frequency of up to 14.9 kHz can be achieved. A
Bode plot of such a controller is shown in Fig. 19. The
magnitude is given by |567/(i f /Hz)%%|. The total phase of
the control system (black curve) is a sum of the system
delays (dotted green curve), the phase of the sensor at unity
gain (dashed red curve), and phase associated with the
controller (blue solid curve). Note the behavior of the
system delays and the sensor phase at unity gain is com-
plementary at high frequencies. This effect allows the
control bandwidth to be increased and the controller slope

to be steeper, giving a factor of 10 higher gain at 1 Hz than
without this effect. With Opor = —77/2 allocated, the
maximal constant controller slope is £~ and the control
bandwidth is 1.2 kHz, giving a gain at 1 Hz of 61.

G. The complete frequency response of the controller

The low- and high-frequency components of the con-
troller can be combined to obtain the complete frequency
response. Analytically, the controller can be designed with
a precise slope at all frequencies. Here, we present a
controller using only poles and zeros. A block diagram
of the controller architecture is shown in Fig. 20. The
controller consists of five stages. Stage 1 is the very low-

A

G w)=1
0 | =0

sensor UG

(0,-1) 2G(w)=2

6. l,,=-60°

sensor UG

Y RG @)= 10
0 1, =-842°

sensor UG

FIG. 18 (color online). Nyquist plot of the open loop fre-
quency response, Gy (w), for three different controller gains,
|G’ (w)|. The phase delay associated with the sensor corresponds
to the angle from the x axis to the point at which the sensor times
gain crosses the dashed line which has a radius of 1.
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FIG. 19 (color online). Bode plot of the arm-locking control-
ler. The lower plot shows the total open loop phase of the control
system and the three components of which it is comprised. These
are the controller ( — 59.4 deg), the system delays (for parame-
ters used in Table VI), and the sensor phase at unity gain, given
by Eq. (87).

frequency part of the controller and comprises three zero-
pole pairs to form unity-gain high pass filters at 0.8 wHz in
series. Stage 2 sets the lower unity-gain frequency and has
azero at DC and a pole at 210 wHz. Stage 3 is a lead stage,
which has five zero-pole stages in series to roll up the gain
steeply between the lower unity-gain frequency and the
low-frequency part of the controller. Stage 4 consists of
two poles in series and provides the transition between the
low-frequency gain and the shallow slope high-frequency

FIG. 20. Block diagram of the arm-locking controller. The
controller is built from five stages: stage 1 consists of three
very low-frequency high pass filters; stage 2 defines the lower
unity-gain frequency; stage 3 rolls up the gain below the LISA
science band; stage 4 has two poles in parallel to effectively
transition between stages 3 and 5; and stage 5 has 9 poles in
parallel, with gains individually chosen to generate a slope of
approximately f %66

PHYSICAL REVIEW D 80, 102003 (2009)

part of the controller. Stage 5 is the shallow sloped part of
the controller. It consists of nine poles in parallel, with the
gain for each pole chosen to achieve the required slope of
approximately f~%%_ The frequency response of the con-
troller is given by

Gl(w) = ( g1 )3 2 ( 828 ) % (83(S + Z3))5
s+ py s+ p) s+ p3
( g4 n 2 85k
(s + ps)ls + p) &5+ pse

), (88)

with values of the zeros, poles, and gains listed in
Table VIL.”

The open loop gain of the control system with the
modified dual arm-locking sensor is given by

Gy (@) = Gy (@)Pyy(w)e 1@ Tact Tom+ Tuans +750), (89)

The Bode plot of G (w) is plotted in Fig. 21. Note that in
this plot we have assumed no prestabilization and thus set
7ps = 0. It can be seen that G, (w) exceeds the required
gain, S,.4(f), Eq. (79). Note that looking at the open loop
phase is somewhat deceptive. At high frequencies it ap-
pears that the open loop phase crosses 180 deg before
1 kHz, making the 14.9 kHz bandwidth control loop un-
stable. In fact, the total phase at the unity-gain points is
always greater than —150 deg which is indicated by the
red solid curve, given by

. 180
0UG = LGl(w) X 7 + HsensorlUG

+ 360f(7act + 7'pm + Ttrans)’ (90)
valid for f = 1/(2A7).

H. Closed loop performance of the controller

The closed loop disturbance suppression function is
shown in Fig. 22. This function is given by

1

157G, (@) On

SD(CU) =

This shows the suppression of the control loop, as well as
amplification of the noise at the nulls in the sensor and
above the control loop unity-gain frequency. Also plotted is
the required suppression to meet the TDI capability. Note
that the amplification at the nulls is always less than a
factor of 2 except near the final unity-gain frequency, near
15 kHz, where the amplitude increases to 5.

°An additional low pass filter in series with the controller is
generally required to roll off the loop gain at the resonance
frequency of the laser PZT actuator (near 100 kHz)
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TABLE VII. Parameters of the arm-locking controller.
Stage Zeros (rad/s) Poles (rad/s) Gain
1 Z]=0 p1:27T><8><10_7 glzl
2 7,=0 Py =2 X210 X 1076 g =095/f, X1 Hz
4 p41=27T><3><1073
pap =27 X 238 X 1073 84 = Pa1Pa
5 P51 = 27 X 3 X 10_3 851 = 1.3 X 10_3 X 1 Hz

Psy =27 X 3 X 1072
Ps3 = 2m X 3 X 107!

8520 = 3.7 X 1073 X 1 Hz
853 = 4.2 X 1073 X 1 Hz

p54:2’7TX3
p55:277><3><101
Pse = 21 X 3 X 10?
ps; =27 X 3 X 10°
p58:27TX3X104
p§9:27T><3><105

854 = 16 X 10_3 X 1 Hz

g5s = 30X 1073 X 1 Hz

g5 = 69 X 1073 X 1 Hz
gs7=0.11 X 1 Hz
858 = 0.33 X 1 Hz
859 = 0.70 X 1 Hz

*If arm locking is implemented with prestabilization, p; = 27 X 178 X 107°.

IX. EXPECTED PERFORMANCE OF ARM
LOCKING

The performance of arm locking can be predicted using
the frequency pulling analysis of Sec. I'V, the noise analysis
of Sec. VI, the controller design given in Sec. VIII, and an
assumption of the laser frequency noise. Here, we calculate
noise budgets for three different initial laser noise levels:
free-running laser noise, and laser noise predicted for two

pen Loop M’agnitude

107 - Gain Requirement
8 1%}
2
c
&
= 100}

1072}

Frequency [Hz]
300 T T T T
Open Loop Phase
200 1

‘o'
]
5 100 : . 1
g Phase at unity gain
<
o

-100

-150 degrees

-200

Frequency [Hz]

FIG. 21 (color online). Open loop frequency response, G; (),
of modified dual arm locking. Also shown in the magnitude plot
is the gain required to meet the TDI capability, assuming no
prestabilization. In the phase plot, the red curve indicates the
total phase of the control loop at unity gain [given by Eq. (90)].
The arm length mismatch is assumed to be 2A7 = 0.51 s.

types of prestabilization, Fabry-Perot cavity stabilization
and Mach-Zehnder stabilization.

A. Performance assuming free-running laser noise

The expected frequency pulling that would occur at lock
acquisition is shown in the upper plot in Fig. 23. In this case
the Doppler frequency errors are the values of vy, o+,
and «, given in the free-running laser column in Table II1.
These results are near identical to those for common arm
locking shown in Sec. IV because the common arm-
locking sensor dominates the frequency response at low
frequencies. Likewise, the result for pulling in steady state
of modified dual arm locking, shown in Fig. 24, is similar

Magnitude

—Required Suppression |
—Suppression function

-6 L L L L L L

-4 -2 0 2 4 6

10 10 10 10 10 10 10 10
Frequency [Hz]

FIG. 22 (color online). Plot of the disturbance sensitivity
Sp(w) and the required suppression 1/S.,(w). Plotted with
2A7 = 0.55s.
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FIG. 23 (color online). The step responses of different drivers
of Doppler frequency error for modified dual arm locking. The
upper, middle, and lower plots assume free-running laser noise,
Mach-Zehnder—type prestabilization, and Fabry-Perot cavity
prestabilzation, respectively, with the Doppler frequency esti-
mates averaged for 200 s.

to that of common arm locking, with less than 8 MHz peak-
to-peak pulling. This is significantly less pulling than
occurs with dual arm locking (compare the lower plot of
Fig. 7 to Fig. 24), which has unsustainable pulling when
the arm length mismatch is small.

Figure 25 shows the noise budget of modified dual arm
locking with free-running laser noise and an arm length
mismatch of 2A7 = 0.51 s. For this arm length mismatch
the laser frequency noise is the limiting noise source (the
system is gain limited) with the other system noise sources
well below the laser frequency noise. Figure 25 shows that
even without any form of laser prestabilization, arm lock-
ing will meet the TDI capability across the entire LISA
science band. At the most sensitive frequency of LISA,
3 mHz, the frequency noise is more than a factor of 4 below

4 T T T T

— Common component
5 /\ — leference component
0

Pulling [MHz]

_2/\\/\/

-4
100 200

600 700 800

FIG. 24 (color online). The steady state laser frequency pulling
of modified dual arm locking. The pulling due to the common
Doppler shift is the dominant term.
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FIG. 25 (color online). The noise budget of modified dual arm
locking with arm length mismatch of A7 = 0.51 s. The per-
formance was calculated with free-running laser noise as an
initial condition.

the TDI capability. If there is not a failure of one interspa-
cecraft laser link, the dual arm-locking central spacecraft
can be switched when the arm length mismatch becomes
small, and arm locking alone has sufficient performance to
meet the TDI capability for the mission.

The performance of arm locking with an interspacecraft
laser link failure is similar to the no failure case. For the
majority of the mission the system will be gain limited as it
is in the no link failure scenario. The difference is for a few
hours per year the system will become noise limited, when
the arm length mismatch is close to zero. The noise per-
formance will be insufficient to meet the TDI capability for
approximately 30 min, twice per year. Note that this noise
limited time could be reduced by either flying a clock with
better stability or by implementing the clock noise removal
algorithm inside the arm-locking sensor. '’

B. Performance assuming prestabilized laser noise

The frequency pulling that would occur at lock acquis-
ition assuming Mach-Zehnder and Fabry-Perot prestabili-
zation is shown in the middle and lower plots in Fig. 23,
respectively. The Doppler frequency errors assumed for
Vo+s Yo+, and aq, for the former prestabilization are given
in the Mach-Zehnder column in Table III and for the latter
are vy, = 1.68 Hz, and y,, = 0.08 Hz/s. This shows less
than 90 MHz peak-to-peak pulling over a period of 10 days
for the Mach-Zehnder prestabilization or less than 4 MHz
for Fabry-Perot prestabilization.

loHowever, to remove clock noise using this method, the clocks
at the end spacecraft would need to be phase locked to the central
spacecraft clock in an analogous way to the lasers.
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FIG. 26 (color online). Noise floor of modified dual arm lock-
ing with different initial laser frequency noise conditions: free-
running laser noise (blue curve), Mach-Zehnder prestabilization
(red curve), and Fabry-Perot cavity prestabilization (black
curve). Arm length mismatch of A7 = 0.51 s.

In Figs. 26 and 27 the total noise after arm locking is
plotted for no prestabilization, Fabry-Perot cavity presta-
bilization, and Mach-Zehnder prestabilization. Figure 26 is
plotted for the maximum arm length mismatch, while
Fig. 27 is plotted for the minimum arm length mismatch,
which will be used if there is no failed interspacecraft laser
links. It is clear that either prestabilization type in combi-
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: Total, MZ Erestabilizatfon
“— g ,
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FIG. 27 (color online). Noise floor of modified dual arm lock-
ing with different initial laser frequency noise conditions: free-
running laser noise (blue curve), Mach-Zehnder prestabilization
(red curve), and Fabry-Perot cavity prestabilization (black
curve). Arm length mismatch of A7 = 0.026 s.
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nation with arm locking will deliver performance several
orders of magnitude better than the TDI capability. With
either prestabilization system the performance is limited
by clock noise and spacecraft motion in the region of a few
mHz. This is the case even with the largest arm length
mismatch.

Again, the performance of arm locking with a single link
failure is similar to the no failure case with prestabilization,
except at some frequencies the system will be noise limited
for the whole mission. The ultimate performance at 3 mHz,
for example, will be entirely dictated by the noise sources.
The noise floor will exceed the TDI capability as the arm
length mismatch passes through zero. The performance is
insufficient to meet the TDI capability for about 30 min,
twice per year.

X. CONCLUSIONS

We have performed a detailed analysis of the expected
performance of arm locking in LISA. This analysis in-
cludes many of the orbital effects expected on LISA:
changing arm lengths and Doppler frequencies as well as
laser frequency pulling due to errors in the Doppler fre-
quency estimate. It was found that laser frequency pulling
could be limited to an acceptable level by high pass filter-
ing the control loop. We also noted that not only will the
Doppler frequency error cause laser frequency pulling at
lock acquisition, but because the Doppler frequencies con-
tinuously change, the error in Doppler rate can too be
significant. In terms of the magnitude of the pulling, if
arm locking is used without prestabilization, the Doppler
frequency can be estimated to 600 kHz over 200 s, giving
460 MHz of pulling at lock acquisition for the controller
designed here. This magnitude of pulling would occur only
the first time the control loop is engaged, as after LISA has
been operating over longer periods the Doppler frequency
estimate would be improved. Less pulling at lock acquis-
ition will be achieved if either a longer estimate of the
Doppler frequency was made, or if arm locking was used in
combination with prestabilization.

The noise analysis presented here included the expected
dominant noise sources in arm locking: clock noise, space-
craft motion, and shot noise. It was found that clock noise
and spacecraft motion are the dominant noise sources in
the LISA science band and that they will limit the noise
performance when the arm length mismatch is small.

We introduced a new sensor design for the dual arm-
locking sensor, which uses a combination of the common
and dual arm sensor at frequencies below 1/7 and the dual
arm-locking sensor frequencies above 1/7. This modified
dual sensor has the control system advantages of dual arm
locking with the frequency pulling characteristics and low-
frequency noise performance of common arm locking.
Obtaining the frequency pulling characteristics of common
arm locking is of particular importance, as the frequency
pulling that occurs in steady state is negligible. In com-

102003-23



MCKENZIE, SPERO, AND SHADDOCK

parison, when the arm length mismatch becomes small, the
pulling of dual arm locking in steady state would be large
enough to drive the lasers into their mode-hop regions,
compromising instrument sensitivity.

We designed an arm-locking controller which maxi-
mizes gain in the science band, minimizes frequency pull-
ing, and has a phase margin of greater than 30 deg to ensure
stability. We noted an effect where the arm-locking sensor
phase changes beneficially near the unity-gain frequencies
of the control system. With this effect taken into account, it
was found that the control bandwidth could be up to
14.9 kHz and still maintain a 30 deg phase margin. This
control bandwidth is 10 times higher than if this frequency
dependent phase effect is not taken into account.

Using the noise analysis of Sec. VI and the controller
design given in Sec. VIII, we calculated noise budgets for
different initial laser frequency noise levels. The laser
frequency noise levels we chose correspond to the noise
of lasers free running, prestabilization to a Mach-Zehnder
interferometer and to a Fabry-Perot cavity. A key result is
that arm locking alone can meet the TDI capability. With
prestabilization, the TDI capability would be met by more
than 2 orders of magnitude across the science band.

We analyzed the expected performance of arm locking
with and without the failure of an interspacecraft laser link.
If there is no failure, arm locking will have sufficient noise
performance to meet the TDI capability for the entire
mission, independent of whether prestabilization is used
or not (though the performance is significantly better with
prestabilization). If there is a loss of one interspacecraft
laser link, the noise floor of arm locking will exceed the
TDI capability for approximately 30 min, twice per year,
when the arm length mismatch is less than 12 km. This
would occur with or without prestabilization.
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APPENDIX A: DOPPLER FREQUENCY
ESTIMATION

The measurement concept for initial estimation of the
Doppler rate of a given arm is illustrated in Fig. 28.

The transponded, interfered, and detected LISA science
signal ¢,; (M for measured) contains the Doppler signal
vy = v/ A, where v is the relative velocity between space-
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FIG. 28 (color online). Measurement of Doppler frequency
before initialization of arm locking can be made by comparing
the prompt and delayed (and Doppler frequency shifted) laser
frequencies.

craft. The variance of the measured frequency, o2, is
defined as the integral of the power spectral density #2,(f):

o = [: df i, (f). (A1)

Averaging over a window of duration 7 introduces the filter
H(f) = sinc(fT) = sin(wfT)/(7fT). The phase measure-
ment is

Pu() = (1) — ¢t — 7), (A2)
where ¢(7) is the inherent phase of the laser output and 7 is

the round-trip travel time. Differentiating, the correspond-
ing frequency values are

vy (t) = v(t) — v(t — 7). (A3)

Equation (A1) then becomes
o= [TaPOHOPLOP (o)

with
L(f) = 1 — expQmifT). (A5)
Using
L(A)]? = 2[1 — cosQamf7)] = 4sin’*(7f7), (A6)
o’ = 4/00 dfi?sinc®(fT)sin?*(wf 7). (A7)
0

We consider #(f) = f*, k =[—1, —1,0], corresponding,
respectively, to random-walk frequency noise, flicker fre-
quency noise, and white frequency noise. These shapes are
typical for the respective sources: free-running lasers, USO
phase noise, and unequal-arm Michelson interferometry
limited by white phase meter noise. Analytic expressions
for o are in Table VIII, and representative numerical values
of 7(f) and the resulting values of ¢ are plotted in Figs. 30
and 29, respectively.
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TABLE VIII. Error in Doppler frequency estimation, o, for
various spectra of frequency noise #(f). Round-trip travel
time = 7, averaging time = T, and n = T/7. Note the distinc-

tion between absolute-value brackets | - - - | and grouping brack-
ets[---]or (--°).

o(f) o

Kpf™! Kp(m/mNT/3In = 1P + (n + 1)* = 2(n® + 1)
Kuf "% Kyflogllt = n 2111 = 2]/ ([ + 1)/In — 11)%"]

Ky Ky /(2T +n =11 —al

The estimation based on USO noise is a new concept
that requires some explanation. The USO signals are im-
posed as = 10 GHz modulation sidebands on the carrier,
for clock correction. Just as the carrier is transponded by
phase locking the distant laser to the incoming laser, so too
the USO sideband can be transponded by feeding back the
sideband/sideband beat to the phase-locking input of the
USO. Then at the master (local) spacecraft, the measured
sideband/sideband beat is representative of the Doppler
shift. The measurement is made insensitive to laser fre-
quency noise by subtracting the measured carrier/carrier
phase, leaving noise only from the clock. In this manner,
the USO can substitute for an optical frequency reference
for the purpose of measuring Doppler frequency.

The error in the average of the kth time derivative of the
Doppler shift is a generalization of Eq. (A1):

ot = [ s PR, (A8)

Generalizing Eq. (A7) to allow for j stages of averaging of
the kth time derivative,

0% =4 [ Y df Q) Psinc¥ (fT)sin2(wfr).  (A9)
0

For 7 = f7, Eq. (A9) gives finite o j; only for j = 1 + p +

10° Doppler estimation error
~\
10*t 1
N
=
. \ \
©
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-—F \
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FIG. 29 (color online). Doppler estimation error o(7) from
averaging the spectra p(f) of Fig. 30 over period T.
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FIG. 30 (color online). Various assumptions of frequency
noise 7(f) as input to estimation of the initial Doppler rate »
The uppermost curve F represents the noise in a free-running
laser, 7(f) = k¢/f, ky =1 X 10* Hz%/2; the flat W curve repre-
sents white laser frequency noise, #(f) = K,, = 1 X 10* Hz!/2,
and the U curve is a typical USO spectrum, #,(f) = kvo//f,
where k =24 X 107'? and v, is the laser frequency, 2.8 X
10'* Hz.

k. Therefore, to estimate the first and second derivatives of
the Doppler shift (k = 1, 2, respectively) with white fre-
quency noise (p = 0) requires at least two and three stages
of averaging (j = 2, 3), respectively. Note that j stages of
averaging requires data of duration j7'. For the spectrum of
free-running lasers (p = —1), the minimum number of
averages to compute the first and second derivatives are
J =1, 2, respectively. We have computed o, for k =
(0,1,2) and p = (0, 1) with up to j = 3 stages of averag-
ing, using the Symbolic Math package of MATLAB [33].
Sample numeric results are shown in Fig. 31.

o for 1st derivative of Doppler shift
v(f) = K/, K = 30 kHz*rthz, tau = 33.00 s

.
) \

=1 Avg
—2 Avg
=3 Avg

o [Hz/s]

Tls]

FIG. 31 (color online). Error in the estimate of the first time
derivative of the single-arm Doppler shift, assuming the noise of
free-running lasers, Fig. 30. For averaging times 7 < 7 = 33 s,
there is no advantage to more than one stage of averaging. For
T > 33 s, two stages of averaging gives less error than one, but
there is no advantage to three stages. The estimation error from
two stages, each of duration 7 = 100 s, is 8 kHz/s.
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FIG. 32 (color online). Common arm-locking sensor and its
approximation used in step responses.

APPENDIX B: APPROXIMATION OF THE
SENSORS

In Sec. IV we performed a study of the frequency pulling
caused by the closed arm-locking control loop. Because of
the high computational time required to simulate the fre-
quency pulling using the sensors in their exact form, the
simulations spanning over a period of days after lock
acquisition were performed using approximations of the
sensors. These approximations are very good below the
null frequencies, that is, for f < 10 mHz in common arm
locking, and f <2 Hz for dual arm locking. This fre-
quency band is responsible for the most significant pulling
occurs.

=)
>

PHYSICAL REVIEW D 80, 102003 (2009)

In the study of pulling in common arm locking we
approximate the frequency response of the sensor by

4s

s+ 277 B

P+(w)|appr0x =

which is plotted in Fig. 32 along with the common arm-
locking sensor.

In the study of pulling in dual arm locking and modified
dual arm locking we approximate the frequency response
of the sensor by

PD(w)lapprox = 2’ (BZ)
which is plotted in Fig. 33 along with the dual arm-locking
Sensor.

The controllers used in calculating the frequency pulling
in Sec. IV were based on the controller design presented in
Sec. VIII. The shape of the common arm-locking sensor
differs significantly from that of the dual arm-locking
sensor (for which the controller was designed). To calcu-
late the frequency pulling in common arm locking the
controller response was modified to account for this. The
controller used in common arm-locking frequency pulling
calculations was simply

Gi(w)

Gilw) =5—5—
! P+(w)|approx

(B3)

where G(w)* is given by Eq. (88).

APPENDIX C: ORBITS

The orbit data used in this paper were provided by Gath
[34]. Plots of the relevant parameters are shown in
Figs. 34-36.
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FIG. 33 (color online).
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FIG. 34 (color online). Arm length mismatch of the sets of two
arms. Calculations in this paper were performed using arm 12-
13.
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35 (color online). (a) Common Doppler frequency,

(b) common Doppler rate, and (c) 2nd time derivative of com-
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