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We present numerical results for the phase diagram of lattice QCD at finite temperature in the

formulation with twisted mass Wilson fermions and a tree-level Symanzik-improved gauge action. Our

simulations are performed on lattices with temporal extent N� ¼ 8, and lattice coupling � ranging from

strong coupling to the scaling domain. Covering a wide range in the space spanned by the lattice coupling

� and the hopping and twisted mass parameters � and �, respectively, we obtain a comprehensive picture

of the rich phase structure of the lattice theory. In particular, we verify the existence of an Aoki phase in

the strong coupling region and the realization of the Sharpe-Singleton scenario at intermediate couplings.

In the weak coupling region we identify the phase boundary for the physical finite temperature phase

transition/crossover. Its shape in the three-dimensional parameter space is consistent with Creutz’s

conjecture of a cone-shaped thermal transition surface.
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I. INTRODUCTION

The quark-hadron transition predicted by quantum chro-
modynamics (QCD) is a central aspect in describing
strongly interacting matter at finite temperature T. The
early universe has passed through this transition, which is
now hoped to be reproduced in ultrarelativistic heavy ion
collision experiments. With a transition temperature Tc �
150–200 MeV, the relevant energy scale is in the inher-
ently nonperturbative regime of QCD, calling for numeri-
cal simulations of lattice QCD. We consider net baryon
density zero, for which Monte Carlo methods are directly
applicable (cf. [1,2] for a review). Most previous inves-
tigations of lattice thermodynamics have used the Kogut-
Susskind (KS) staggered fermion formulation or the
Wilson fermion formulation, amended by the improvement
program originally laid out by Symanzik [3–6]. Both ap-
proaches have led to predictions for the nature of the
transition, the transition temperature, and the equation of
state [7–12]. In particular, based on simulations of a stag-
gered action, Ref. [10] states that the finite temperature
transition in continuum QCD at the physical point is ana-
lytic with a transition temperature depending on the ob-
servable it is extracted from. Given these results on the one
hand and the continuing controversy on the universality of
the staggered formulation [13,14] on the other, a check of
these findings with fermions of the Wilson type appears
desirable—even though the phase structure of the latter is
more complex compared to KS fermions due to explicit
chiral symmetry breaking at OðaÞ.

An economic alternative to the computationally in-
volved Symanzik improvement and/or smearing tech-
niques for the Wilson fermion formulation might be
Wilson twisted mass (Wtm) fermions [15,16]. This formu-

lation allows for automatic OðaÞ improvement of physi-
cally relevant operators by merely tuningWilson’s hopping
parameter � to its critical value (so-called maximal twist,
cf. [17] for a detailed review), without computational over-
head. This fermion discretization has been studied exten-
sively at zero temperature by the European Twisted Mass
Collaboration (ETMC) [18–23] providing a growing
amount of data relevant for tuning to maximal twist, re-
normalization factors and setting the scale [24–27]. In
particular, simulations at pseudoscalar masses mPS �
300 MeV are now feasible, and considerable progress in
controlling cutoff and finite size effects has been achieved
by using lattice chiral perturbation theory [28]. The price to
pay for automatic improvement is a more complex phase
structure of the lattice model due to the introduction of an
additional parameter, the twisted mass �0, as well as
explicit flavor symmetry breaking by the twisted mass
term for �0 � 0.
The aim of our present study is to investigate the appli-

cability of Wtm fermions for lattice thermodynamics with
two degenerate quark flavors. For intermediate quark
masses only a smooth crossover is expected in this case,
which should turn into either a second or first order phase
transition as the chiral limit is approached. The latter
situation is, of course, very difficult to establish and cur-
rently still under debate; for some of the most recent
attempts with opposing conclusions, see [29,30]. In this
work, we restrict ourselves to a study of the phase structure
of the Wtm fermion model with a temporal lattice size
N� ¼ 8. This is a prerequisite to establish whether simu-
lations in the physically interesting regime and using au-
tomatic OðaÞ improvement are feasible without running
into unphysical phases. The results we present here answer
this question in the affirmative.
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In Sec. II we specify the action and observables used in
our simulations. The current knowledge about the phase
structure for Wilson-type fermions at finite temperature
and that of Wtm fermions at zero temperature is summa-
rized in Sec. III. We present our simulation results in
Sec. IV and discuss them in the light of lattice chiral
perturbation theory. Finally, Sec. V contains a discussion
and our conclusions. Preliminary results of this work have
already been reported in [31–33].

II. ACTION AND OBSERVABLES

Our setup consists of a hypercubic lattice N3
� � N� with

periodic boundary conditions for the gauge fields, whereas
the fermionic fields are subject to (anti) periodic boundary
conditions in the (time) space direction. We use the tree-
level Symanzik-improved gauge action given by

Sg½U� ¼ �

�
c0
X
P

�
1� 1

3
ReðTr½UðPÞ�Þ

�

þ c1
X
R

�
1� 1

3
ReðTr½UðRÞ�Þ

��
; (1)

where � ¼ 6=g20 with g0 the bare gauge coupling and

UðPÞ, UðRÞ denote the path-ordered products of link var-
iables along closed loops of length 4a (plaquettes) and 6a
(rectangles), respectively. The weight coefficients satisfy
c0 þ 8c1 ¼ 1 (normalization) and c1 ¼ �1=12 (tree-level
improvement condition). This choice of gauge action
is motivated by allowing us to exploit ETMC’s data for
T ¼ 0.

The Wilson twisted mass action for the fermion sector in
the so-called twisted basis reads

S F½c ; �c ; U� ¼ a4
X
x

½ �c ðxÞðDW þm0 þ i�0�5�
3Þc ðxÞ�;

(2)

with DW ¼ ��
1
2a ðr� þr�

�Þ � ar
2 r�r�

� the Wilson-

Dirac operator. This action can be rewritten as

S F½�; ��; U� ¼ a4
X
x

�
��ðxÞ

�
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1

2a
ðr� þr�

�Þ

� ar
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e�i!�5�

3r�
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(3)

in the so-called physical basis ��,�, which is related to the
twisted basis �c , c by the nonanomalous chiral rotation

� ¼ exp

�
i
!

2
�5�

3

�
c ; �� ¼ �c exp

�
i
!

2
�5�

3

�
; (4)

with

M0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

0 þ�2
0

q
; tanð!Þ ¼ �0=m0 (5)

denoting the bare polar quark mass and the bare twist
angle, respectively. Finally, introducing Wilson’s hopping

parameter � ¼ 1=ð2am0 þ 8rÞ and rescaling the fermion

fields according to c ! ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a3=ð2�Þp

c leads to the familiar
form,

S F½c ; �c ; U� ¼ X
x

�
�c ðxÞð1þ i2�a�0�5�

3Þc ðxÞ

� �
X
�

�c ðxÞððr� ��ÞU�ðxÞc ðxþ �̂Þ

þ ðrþ ��ÞU�ðx� a�̂Þyc ðx� �̂ÞÞ
�
:

(6)

Because of the spin-flavor structure of the twisted mass
term, ia�0�5�

3, parity is only a symmetry when combined
with a discrete flavor rotation or a sign change�0 ! ��0,
while flavor symmetry is broken explicitly according to the
pattern SUVð2Þ ! Uð3Þð1Þ, whereUð3Þð1Þ is the subgroup of
flavor rotations generated by �3.
For our numerical simulations we use a generalized

hybrid Monte-Carlo algorithm with even-odd precondi-
tioning [34], Hasenbusch trick [35,36] and multiple time
scale integration according to the Sexton-Weingarten
scheme [37] (cf. [38] for algorithmic benchmarks and
[39] for a more recent collection of algorithmic
improvements).
In our investigation of the phase structure we measure

and analyze the following observables:
(1) (averaged) plaquette P

P ¼ 1

6N3
�N�

X
x

X
�<�

Tr½U�ðxÞU�ðxþ �̂Þ

�U�ðxþ �̂ÞyU�ðxÞy�; (7)

(2) (real and imaginary part of the) Polyakov loop L

L ¼ 1

3N3
�

X
~x

Tr

� YN��1

i¼0

U4ð ~x; iÞ
�
; (8)

(3) their susceptibilities according to

�ðOÞ ¼ N3
�ðhO2i � hOi2Þ; (9)

(4) fermionic observables: scalar condensate h �c c i, the
order parameter for parity-flavor symmetry break-
ing h �c i�5�

3c i, and the pion norm

j	j2 ¼ X
x

�
�c ðxÞ�5

�þ

2
c ðxÞ �c ð0Þ�5

��

2
c ð0Þ

�
;

(10)

where �� ¼ �1 � i�2.

Discontinuous phase transitions are in principle indicated
by any observable, but depending on the particular dynam-
ics one may be more sensitive than the other. In particular,
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the Polyakov loop is an order parameter for ZðNÞ breaking
and hence susceptible to signals of deconfinement, which
get more pronounced the heavier the quark mass. On the
other hand, the pion norm and scalar condensate are sensi-
tive to small eigenvalues of the Wtm operator and hence
detect signals of chiral symmetry breaking in the light mass
regime. The pseudoscalar condensate is the order parame-
ter for spontaneous parity-flavor symmetry breaking in the
plane f�0 ¼ 0g of the ð�; �;�0Þ-parameter space [40–42].

III. CURRENT KNOWLEDGE OF THE PHASE
STRUCTURE

A. Wilson fermions at T � 0

The phase structure for standard and improved Wilson
fermions is determined by two phenomena: spontaneous
parity-flavor symmetry breaking and the finite temperature
transition. The existence of a phase of spontaneously bro-
ken parity-flavor symmetry, commonly called Aoki phase,
was introduced theoretically and verified numerically in
[40,41,43–45]. References [42,46–48] demonstrated that
the Aoki phase is located in the strong coupling region and
ends in a cusp at a finite �cusp, from which the chiral

critical line �cð�Þ emanates and continues towards the
weak coupling limit, cf. Fig. 1 (left). The Aoki phase is
repeated for larger values of �, corresponding to the fer-
mion doubling phenomenon. The value of �cusp depends

on the choice of action and the temporal lattice extent.
Being a lattice artifact, the Aoki phase does not affect
physics in the weak coupling region.

The finite temperature transition or crossover is charac-
terized by a physical transition temperature which depends
on the renormalized quark mass, TcðmRÞ, and therefore,
through mR, on the bare quark mass. Since T ¼
1=ðað�ÞN�Þ on the lattice and the bare quark mass is

parametrized in terms of �, pairs of ðmR; TcÞ translate to
pairs ð�tð�cÞ; �cÞ on the lattice describing the phase
boundary for finite temperature transitions at fixed N�.
This line has been mapped out in detail by the CP-PACS
[7,49,50] and DIK [8,51,52] collaborations for the case of
an OðaÞ-Symanzik-improved fermion action on one hand
and the standard plaquette or the renormalization group
improved gauge action on the other with the following
results:
(1) The thermal line for fixed N� runs from a finite �qu

in the quenched limit (�t ¼ 0), where the transition
is of first order, towards the zero temperature chiral
critical line �cð�; T ¼ 0Þ and lower �. This is con-
sistent with the physical expectation that the tran-
sition temperature increases with the quark mass.

(2) In the vicinity of �cð�; T ¼ 0Þ and the cusp of the
Aoki phase, the thermal line appears to run close
and parallel to the critical line; despite large com-
putational efforts a clear separation of the thermal
line from the border line of the Aoki phase has not
yet been achieved onN� ¼ 4 lattices [48] in the case
of the pure Wilson gauge action.

B. Twisted mass fermions at T ¼ 0

The zero temperature phase structure of Wilson twisted
mass fermions has been investigated in a series of publi-
cations by the ETM Collaboration [18–23]. The parameter
space is extended from the f�; �g plane to the 3D f�; �;�0g
space. Hence, in the strong coupling region an Aoki phase
should exist in the �� � plane for 0 � � � �cusp,

cf. Fig. 1 (right). Adjacent to it a surface of first order
phase transitions extends into the weak coupling region. It
is perpendicular to the Aoki phase and includes the chiral
transition line at zero twist. This surface is predicted from
chiral perturbation theory [53,54] and has been established

FIG. 1 (color online). Left: Aoki phase and thermal transition �tð�Þ for untwisted Wilson fermions. �cusp denotes the tip of the Aoki
phase and �qu the critical coupling for the deconfinement transition in the quenched limit. Right: Aoki phase and first order bulk

transition for twisted mass Wilson fermions at zero temperature [17].
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in zero temperature simulations [18]. This transition for
�0 > 0 is also a lattice artifact; correspondingly, its width
in the �0 direction decreases with increasing � and can be
made smaller at a fixed value of � by using improved
gauge actions [20]. Finite temperatures correspond to finite
N� on the lattice, which will amount to small shifts of the
transition surface compared to T ¼ 0.

These unphysical first order transitions and their sup-
pression are a crucial issue for simulations at small quark
and corresponding pseudoscalar masses. At maximal twist
[25,26], realized by setting � ¼ �cð�Þ, the width of the
surface in �0 direction implies a lower bound �0cð�Þ for
the twisted mass and hence for the quark mass [cf. Eq. (5)]
at fixed �, in order to avoid unphysical phase transitions.

C. Twisted mass fermions at T � 0: Creutz’s cone
conjecture

In [55,56] Creutz conjectured a finite temperature phase
structure for untwisted and twisted Wilson fermions based
on continuum symmetry arguments.

In the continuum theory the twist angle tanð!Þ ¼
�0=m0 is an irrelevant parameter and the rotation
expði!=2�5�

3Þ a mere change of integration variables in
the path integral, leaving the path integral measure invari-
ant. Hence, Tc can only be a function of the renormalized

quark mass MR ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

R þ�2
R

q
, i.e. Tc is constant on lines

of constant MR, which correspond to circles. In bare pa-
rameter space, because of the renormalization factors for
the masses these curves are ellipses. This picture should
translate to the lattice, modified by cutoff effects. For fixed
�, the lines of constant MR are closed curves that become
ellipses in the continuum limit. Hence, for fixed N� there
should be an interval �cusp & � & �qu where the surface

of finite T transitions wraps around the chiral transition
line. Since Tc grows with MR, this surface should have a
conical shape opening in the direction of growing �.
Figure 2 gives a schematic summary of the expected phase
structure.

While the existence of a finite temperature transition for
every value of the twist angle is dictated by the continuum
theory, the strength and nature of the transition are subject
to discretization effects and thus generically dependent on
the twist angle !. This will lead to a distortion of the
ellipse and conical shape. For sufficiently light quarks,
this expectation can be made more quantitative in the
framework of lattice chiral perturbation theory. At next-
to-leading order (NLO), the expression for the pion mass is
[57,58]

m2
	� ¼ M0 þ 16

f2
ðð2L68 � L45ÞðM0Þ2

þM0â cosð!Þð2W � ~WÞ þ 2â2cos2ð!ÞW 0Þ

þ ðM0Þ2
2�2

�

ln

�
M0

�R

�
; (11)

where the quark masses are now renormalized ones,

� ¼ Z��0, m ¼ Zmðm0 �mcÞ. Furthermore, M0 ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�̂2 þ ðm̂0Þ2p

, â ¼ 2W0a, and �̂ ¼ 2B0Z��0, m̂0 ¼
2B0Zmðm0 �mcÞ. The B’s, W’s, and L’s can in principle
all be fixed by fitting lattice chiral perturbation theory to
zero temperature simulation results. Currently, this is not
completed yet. Once the NLO formula describes the data
sufficiently well, knowledge of one thermal transition point
on the cone will suffice to predict the entire distorted
ellipse for a given � and pion mass.

IV. SIMULATION RESULTS

The goal of our numerical simulations is to establish and
locate the different phases discussed in the previous sec-
tion. The following analysis of our numerical data thus
proceeds along the � axis from strong coupling (� & 1:8)
to the scaling region (� * 3:8). The parameter sets for
which simulations have been carried out are quoted in
Table I in the Appendix. Throughout this paper we have
used lattices with temporal size N� ¼ 8 and spatial size
N� ¼ 16, except in a few cases where it will be indicated
explicitly.

A. Strong coupling: The Aoki phase

We checked for the existence of an Aoki phase at � ¼
1:8; 3:0; 3:4. For the analysis we consider so-called
Fisher plots showing h �c i�5�

3c i2 as a function of
2��0=h �c i�5�

3c i (cf. [42] and references therein for a
motivation of this approach). One then inspects the behav-
ior in the limit 2��0=h �c i�5�

3c i ! 0: for ð�; �Þ points
outside the Aoki phase, the curves will hit the abscissa at a
nonvanishing value of 2��0=h �c i�5�

3c i, a point on the
phase boundary would lead to a straight line through the
origin, and a point within the Aoki phase would show a
positive intercept with the ordinate axis. Our results are
shown in Fig. 3.

FIG. 2 (color online). Schematic view of Creutz’s cone con-
jecture, derived from [56].

E.-M. ILGENFRITZ et al. PHYSICAL REVIEW D 80, 094502 (2009)

094502-4



The upper left panel shows the situation for the strongest
coupling we considered, � ¼ 1:8. We checked for finite-
volume effects on lattices with N� ¼ 16; 24; 32 and found
them to be negligible within the statistical uncertainty.
From the curves we conclude that the point ð�; �Þ ¼
ð1:8; 0:24Þ lies inside the Aoki phase, whereas ð�; �Þ ¼
ð1:8; 0:23Þ is outside. At � ¼ 3:0 the upper right panel
suggests that the Aoki phase has narrowed to the interval
0:203< �< 0:204. The curve for � ¼ 0:2035 was mea-
sured for N� ¼ 16 only. The point ð�; �Þ ¼ ð3:0; 0:2035Þ
appears to be a candidate for spontaneous parity-flavor
symmetry breaking.

B. Intermediate coupling: the Sharpe-Singleton
scenario

The situation changes notably when proceeding to � ¼
3:4, as shown in the lower panels of Fig. 3. Neither below
nor above �c � 0:1825 do we see any indication of sponta-
neous symmetry breaking. Hence, within our resolution the
existence of an Aoki phase is ruled out for � ¼ 3:4. This
assertion is supported by the emergence of another phe-

nomenon. We find clear signals of metastability in all
observables when scanning in � across the region of the
chiral critical line, provided �0 was chosen small enough.
Figure 4 shows this behavior for two different observables.
We interpret these two-state signals as tied to the surface of
first order phase transitions discussed in Sec. III B. (Note
that in [59] metastability signals were also reported in
simulations with pure Wilson fermions at finite tempera-
ture and N� ¼ 6.)

C.Weak coupling: finite temperature transition near �c

In this section we discuss our observations of the finite
temperature transition, specifically its evolution along the
� axis. Despite the reasonable statistics of typically
Oð15 KÞ trajectories per data point, our results are still
noisy and remain somewhat qualitative. This is also due to
the fact that we are, most likely, dealing with a very soft
crossover rather than a true phase transition.
Let us start by reconsidering the right panel of Fig. 4.

The real part of the Polyakov loop rises significantly when
� is increased, indicating the transition to a deconfined

 0

 0.01

 0.02

 0.03

 0.04

 0.05

 0  0.01  0.02  0.03  0.04  0.05  0.06  0.07

<
ψ- iγ 5

τ3 ψ
>

2

2κµ0/<ψ- iγ5τ3ψ>

κ=0.23
κ=0.24

 0

 0.001

 0.002

 0.003

 0.004

 0.005

 0  0.02  0.04  0.06  0.08  0.1  0.12  0.14

<
ψ- iγ 5

τ3 ψ
>

2

2κµ0/<ψ- iγ5τ3ψ>

κ=0.2030
κ=0.2035
κ=0.2040

 0

 0.0002

 0.0004

 0.0006

 0.0008

 0.001

 0.0012

 0.0014

 0  0.05  0.1  0.15  0.2  0.25  0.3  0.35  0.4

<
ψ- iγ 5

τ3 ψ
>

2

2κµ0/<ψ- iγ5τ3ψ>

κ=0.1800
κ=0.1810
κ=0.1825

 0

 0.0002

 0.0004

 0.0006

 0.0008

 0.001

 0.0012

 0.0014

 0  0.05  0.1  0.15  0.2  0.25  0.3  0.35  0.4

<
ψ- iγ 5

τ3 ψ
>

2

2κµ0/<ψ- iγ5τ3ψ>

κ=0.1825
κ=0.1835
κ=0.1850

FIG. 3 (color online). Fisher plots for � ¼ 1:8 (upper left panel), � ¼ 3:0 (upper right panel) and � ¼ 3:4 (lower panels) for � <
�c � 0:1825 (left) and � > �c (right).
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regime. Upon crossing �c, however, it enters the meta-
stability region discussed in the previous section and then
drops again. We interpret the rise and fall of the Polyakov
loop along the qualitative expectations from Fig. 2 as an
indication for two finite temperature transitions: first a
confinement ! deconfinement transition when approach-
ing �c from below, followed by a deconfinement !
confinement transition at � > �c. This finite temperature
transition is masked by the unphysical bulk transition
around �c if �0 is chosen too small. However, according
to Sec. III B this should be disentangled at larger values
of �.

Indeed, choosing � ¼ 3:65 while keeping �0 constant,
we observe the behavior displayed in Fig. 5. The meta-
stabilities are now suppressed and hReðLÞi peaks before
gently declining again. Similar signals are obtained from
other observables, with a sharper peak in the pion norm
marking the chiral transition at �c, a remnant from the zero
temperature bulk transition.

An inspection of the data points and their statistical
uncertainties reveals an asymmetry between � < �c and
� > �c. This is because for � > �c the spectrum of the
twisted mass Dirac operator is shifted in the negative real
direction, which implies the occurrence of very small
eigenvalues and negative quark masses [60]. The results
of an autocorrelation analysis are shown in Fig. 6. The
integrated autocorrelation time �int of the Polyakov loop
rises notably when passing �c, and it continues on a
heightened plateau at negative quark masses. Hence, while
we believe to have good evidence for its existence, the
upper half cone of thermal transitions �t > �c is not easily
accessible by simulations.
By a further increase of � to � 	 3:75, we approach the

physically interesting weak bare coupling region. Looking
at the left panel of Fig. 7, we once more find the real part of
the Polyakov loop displaying a maximum around �c,
which is consistent with the cone structure. Note also
that, in agreement with qualitative expectations, the cone
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FIG. 4 (color online). Metastability signals in the order parameter h �c i�5�
3c i (left) and the Polyakov loop (right) in the

neighborhood of the critical line, �0 � 0:0068. The lines were added for visual guidance.
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FIG. 5 (color online). Real part of the Polaykov loop (left) and the pion norm (right) around �c at � ¼ 3:65 and �0 ¼ 0:0068.
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is widening at larger �. It is customary to locate phase
transitions more precisely by generalized susceptibilities,
which mark the points of maximal fluctuations. These are
shown on the right-hand side of Fig. 7 for the Polyakov
loop. The first transition appears to weaken with decreas-
ing � and turns into a rather flat shoulder at � ¼ 3:75.
Decreasing � implies decreasing Tc, and since Tc is an
increasing function of quark mass, the transitions for de-
creasing � values belong to a sequence of decreasing mass
parameters. Our signals are thus consistent with a weak-
ening of the deconfinement transition when moving away
from the quenched regime. The latter was roughly located
for the tree-level Symanzik-improved gauge action by
performing a series of � scans at very large quark mass
and �0 ¼ 0:005. As expected [45], the finite temperature
transition line bends down from the chiral critical line
towards the � axis and hits the latter at a finite value �qu *

4:50ð5Þ (cf. Table II).

Figure 8 shows that the qualitative picture obtained from
the Polyakov loop is repeated in the plaquette susceptibil-
ity (left) and the pion norm (right). Note that in all cases the
location of the first thermal transition is at �t < �c, con-
sistent with the qualitative expectations in Figs. 1 and 2.
This becomes more obvious in Fig. 9, where we compare in
detail the relative position of �c and �t for the
confinement-deconfinement transition for � ¼ 3:75, 3.8,
as observed in all three observables we consider. Whenever
a peak in a susceptibility can be isolated, the value for �t

can be consistently determined from any observable by
fitting Gaussian curves through the peaks. Our estimated
values for the critical couplings are collected in Table II.
An additional run on a larger lattice does not seem to

result in a growth of the susceptibility peaks, as displayed
in Fig. 10, a behavior consistent with a crossover. Our more
detailed study at � ¼ 3:75, which will be reported in
Sec. IVE, will indeed indicate a pion mass over
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400 MeV, for which only a smooth crossover behavior is
expected.

The situation changes drastically for � > �c: the persis-
tence of the Polyakov loop susceptibility at a high level—a
phenomenon we again relate to the peculiar dynamics and
its algorithmic problems in this region of quark masses—
leaves the localization of the second transition to be a

delicate task. However, we consider the descent of the
Polyakov loop as a clear signal for the deconfinement-
confinement transition at � > �c. We further tested this
interpretation by a � scan with � ¼ 0:17 above �c. A
signal for a transition was indeed detected and is also given
in Table II.
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In contrast to the situation at � < �c, these signals are
accompanied by a significantly weaker or altogether miss-
ing corresponding signal in other observables. This dem-
onstrates the influence of cutoff effects in the simulation of
the lattice theory: while the thermal transition in the con-
tinuum is manifestly invariant under changes of the twist
angle, we find this invariance broken by lattice artifacts
such that positive and negative values for the twist angle
can result in the two rather distinct signal scenarios we
encountered. Let us recall, however, that the physically
interesting region is the lower half of the cone with � � �c,
where the signal for the transition can be located and is
consistent among different observables.

D. Second branch of finite temperature transitions at
large �

In order to gain a global perspective of the phase struc-
ture, we extended our investigation towards � 
 �c, even

though this region is not relevant for continuum physics.
The results for the Polyakov loop and its susceptibility of
several � scans are collected in Fig. 11. There appears to be
another line of potential confinement ! deconfinement
transitions moving towards the chiral critical line with
increasing �. The existence of such a branch of transitions
is consistent with the conjecture in Fig. 2: it matches the
line bending upwards from the upper end of the cone at
large � towards the first doubler region. In order to give a
rough idea of the distance between the two branches we
present the data over a large � range including also the data
near �c for � ¼ 3:75. The distributions of the Polyakov
loop in Fig. 12 and especially the pronounced metastability
found when simulating on a spatially enlarged lattice with
hot and cold starts suggest a possible first order nature of
the transition in this parameter regime.

E. Thermal transition line at fixed �

Having established the overall qualitative phase struc-
ture, let us now focus on the shape of the thermal transition
surface in a plane of fixed �. To this end we supplement
our � scan at � ¼ 3:75, �0 ¼ 0:005 from Figs. 7 and 8 by
additional ones at larger �0 values. The qualitative behav-
ior remains unchanged, but the two thermal transitions
should approach each other with increasing �0, as ex-
pected for a slice of a conical shape. Eventually, for large
values of �0, one is outside the cone and the transition
signal should be lost. This is shown in Fig. 13 (left), where
the two transitions can be seen in the rise and fall of the real
part of the Polyakov loop. For the largest twisted masses
�0 ¼ 0:025, 0.035 this behavior is definitely lost.
In order to locate the transition points more precisely, we

have attempted to fit Gaussian curves through the peaks in
the susceptibilities, as shown in the examples in Fig. 14. In
particular, we may use the clear first transition in Fig. 14
(left) for a rough estimate of the corresponding pion mass.
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According to Table II the thermal transition point �t is in
this case very close to maximal twist �cð� ¼ 3:75Þ, for
which �0 ¼ 0:005 corresponds to a pion mass�400 MeV
[61]. Since smaller �t implies a slightly larger mass, the
thermal cone corresponds to a pion * 400 MeV.
As was discussed before, different observables display

signals of different quality, and our data are not precise
enough to do an unambiguous determination of both tran-
sitions in all observables. Moreover, the underlying physi-
cal transition is a broad crossover. For parameter values
where entry and exit of the deconfined phase are close, the
signals overlap and Gaussian fits do not work reliably,
cf. Fig. 14 (right). Nevertheless, in those cases that could
be resolved, the peak positions are consistent between all
observables, so we have used the observable with the
strongest signal in each case. This results in a qualitative
picture of the phase boundaries as shown in Fig. 13 (right).
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As discussed in Sec. III C, in principle the cone of
thermal transitions corresponding to a given pion mass at
fixed � can be described by lattice chiral perturbation
theory, Eq. (11), provided the mass and cutoff effects are
sufficiently small. We observe that the leading order for-
mula with only the first term in Eq. (11) is unable to
accommodate our data, even if an unknown constant is
left open as a fitting parameter. This is not surprising given
the large pion mass corresponding to the transition at � ¼
3:75. For the NLO curve in Fig. 13 (right), we employed
some very rough estimates for the unknown parameters in
Eq. (11) to check for consistency with that formula. It
would now be interesting to really determine the unknown
constants in the full NLO formula Eq. (11), in order to see
whether it correctly describes the data.

V. DISCUSSION AND CONCLUSIONS

We investigated the phase structure of two-flavorWilson
twisted mass fermions at nonzero temperature with special
interest in the thermal transition close to the zero tempera-
ture chiral critical line. Our estimates for transition points
from numerical simulations are summarized in Fig. 15,
augmented by data for �cð� 	 3:75Þ from the ETM col-
laboration [24,61] and the results of a rough tracking of the
thermal line towards the quenched limit.

In Fig. 16, we present an expanded view of the scaling
region. The values of r0T are shown along the upper
horizontal axis (cf. Ref. [21] for the value of r0=a in the
chiral limit). Note that for improved staggered and Wilson
fermions, extrapolations of the transition temperature to
the chiral limit give r0Tc � 0:45 [8,62], much smaller than
our explored range. This is consistent with our large value
of the pion mass and shows that larger Nt 	 10 are re-
quired to approach the chiral limit of two flavor QCD.

Using the tree-level Symanzik-improved Wilson gauge
action, we produced substantial results in support of both
the existence of an Aoki phase at strong coupling and the
realization of the Sharpe-Singleton scenario adjacent to the
Aoki phase, with a bulk transition surface narrowing to-
wards the weak coupling region. Our results for the thermal
transition are consistent with the conical structure pro-
posed in [56].
From our extensive studies exploring a wide range of

parameter space, we may then conclude that the global
phase structure of twisted mass lattice QCD is understood.
Moreover, we have shown that for lattices withN� 	 8 this
phase structure is beginning to show the features expected
in the continuum. In particular, it is then feasible to tune to
maximal twist by setting � ¼ �cð�Þ, thus ensuring auto-
matic OðaÞ improvement, and investigate the thermal tran-
sition in the f�;�0g plane without running into unphysical
phases. A recent perturbative study has shown that in this
case maximally twisted Wilson fermions show comparable
scaling behavior in the high temperature region as standard
staggered fermions [63], while such simulations should not
be any more complicated than those with untwisted Wilson
fermions. It would thus be interesting to apply the twisted
mass formulation to systematic investigations of QCD
thermodynamics.
With results in this direction we hope to come up soon.

Employing the twisted mass formulation, we would like to
add an independent investigation to the resolution of the
ongoing controversy concerning the value of the critical
temperature(s) and the issue of a possible separation be-
tween the deconfining transition and the chiral transition
(for a recent paper on this subject see [64] and papers cited
therein). We are confident that the automatic OðaÞ im-
provement will be technically advantageous for this
task. Moreover, the extension to the more realistic case
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Nf ¼ 2þ 1þ 1 seems to be straightforward (see [65]).

For studying the thermodynamic state equation, i.e. for
computing the pressure or the energy density, as well as
the mesonic screening masses as a function of the tem-
perature we do not expect serious complications related to
the presence of the twisted mass term. The explicit flavor
symmetry breaking caused by the twist will appear at
Oða2Þ in thermodynamic quantities and disappear in the
continuum limit. How large this effect will be for available
lattice spacings remains to be seen.
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APPENDIX: SIMULATION PARAMETERS

In Table I we give a survey of all parameter sets for the
full scan of the phase diagram, ordered according to�. The
explored � range is given as well as the values of the
twisted mass parameter �0. The last four entries show
the � range for scans performed at fixed ð�;�0Þ.
In Table II we list the locations of the identified thermal

transitions �t and the observables, from which they were
extracted. For the large � values the estimate is based on
the distributions of real and imaginary parts of the
Polyakov loop. If two values of �t are given for the same
� and �0, this indicates that a sequence of two transitions
(interpreted as entrance into and exit out of the cone) could
be identified. For � ¼ 3:75; 3:8, and 3.9 the critical hop-
ping parameter for T ¼ 0 (found by the ETM
Collaboration [24] at �0 ¼ 0) is given for comparison. It
should be between the lower and upper �t for �0 � 0.

TABLE I. Parameter sets for the simulations.

� � �0

1.8 0:18 � � � 0:25 0:010=ð2�Þ
1.8 0:18 � � � 0:25 0:005=ð2�Þ
1.8 0:18 � � � 0:25 0:003=ð2�Þ
3.0 0:18 � � � 0:22 0:010=ð2�Þ
3.0 0:203 � � � 0:204 0:008=ð2�Þ
3.0 0:203 � � � 0:204 0:005=ð2�Þ
3.0 0:203 � � � 0:204 0:003=ð2�Þ
3.0 0.2035 0:0019=ð2�Þ
3.4 0:16 � � � 0:24 0:010=ð2�Þ
3.4 0:16 � � � 0:20 0:005=ð2�Þ
3.4 0:16 � � � 0:1875 0:0025=ð2�Þ
3.45 0:179 � � � 0:1835 0:0025=ð2�Þ
3.65 0:169 � � � 0:176 0.0068

3.75 0:1640 � � � 0:1689 0.005

3.775 0:1640 � � � 0:1660 0.005

3.8 0:1627 � � � 0:1675 0.005

3.9 0:1550 � � � 0:1625 0.005

3.75 0:1645 � � � 0:1685 0.007

3.75 0:1649 � � � 0:1677 0.008

3.75 0:1655 � � � 0:1678 0.010

3.75 0:1655 � � � 0:1680 0.012

3.75 0:1655 � � � 0:1670 0.014

3.75 0:1650 � � � 0:1680 0.025

3.75 0:1655 � � � 0:1675 0.035

3.4 0:20 � � � 0:26 0

3.5 0:20 � � � 0:26 0

3.4 0:21 � � � 0:25 0.0068

3.45 0:21 � � � 0:25 0.0068

3.65 0:18 � � � 0:24 0.0068

3.75 0:178 � � � 0:22 0.005

3:75 � � � 4:2 0.17 0.005

3:7 � � � 5:0 0.0001 0.005

3:9 � � � 4:6 0.05 0.005

4:0 � � � 4:5 0.1 0.005

TABLE II. Parameter values for identified transition points.

� �t �t �cðT ¼ 0Þ Observable

3.75 0.1656(8) 0.005 0.1660 �ðPÞ
3.75 0.1677(24) 0.005 j	j2
3.75 0.1657(5) 0.007 �ðPÞ
3.75 0.1675(4) 0.007 �ðReðLÞÞ
3.75 0.165 74(24) 0.008 j	j2
3.75 0.1658(4) 0.010 �ðPÞ
3.775 0.1645(1) 0.005 �ðPÞ
3.8 0.163 61(4) 0.005 0.164 111 j	j2
3.8 0.166 21(5) 0.005 �ðReðLÞÞ
3.9 0.1597(3) 0.005 0.160 856 �ðReðLÞÞ
3.95(10) 0.17 0.005 �ðReðLÞÞ
4.50(5) 0.0001 0

4.45(5) 0.05 0

4.43(5) 0.1 0
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