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The decays of �cJ ! �þ��, KþK� (J ¼ 0; 2) are discussed within the standard and modified hard-

scattering approach when including the contributions from twist-3 distribution amplitudes and wave

functions of the light pseudoscalar meson. A model for twist-2 and twist-3 distribution amplitudes and

wave functions of the pion and kaon with BHL prescription are proposed as the solution to the end-point

singularities. The results show that the contributions from twist-3 parts are actually not power suppressed

comparing with the leading-twist contribution. After including the effects from the transverse momentum

of light meson valence-quark state and Sudakov factors, the decay widths of the �cJ into pions or kaons

are comparable with the their experimental data.
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I. INTRODUCTION

The factorization form in the framework of the hard-
scattering picture [1] is usually used in hadronic processes
with large momentum transfer. In this picture, the full
amplitude is factorized as a convolution of process inde-
pendent distribution amplitudes of hadrons and process-
dependent hard-scattering amplitude. However, the appli-
cability of this approach at experimentally accessible mo-
mentum transfers, typically a few GeV, is questionable [2].
One of the reasons is the large contributions from the soft
end-point regions. A modified perturbative approach, so-
call modified hard-scattering approach (mHSA), has been
proposed by Li and Sterman [3], where quark transverse
momenta and Sudakov suppressions are taken into ac-
count. The advantage of this modified perturbative ap-
proach is the strong suppression of the soft end-point
regions where the pQCD can not be applied.

The exclusive charmonium decays have attracted inter-
est for decades as they are an excellent laboratory for
studying quark-gluon dynamics at relatively low energies.
In the decay of P-wave charmonium �c0;2 to a pair of

pseudoscalars, one finds that the lowest Fock state, the
color-singlet contribution, alone is not sufficient to accom-
modate the experimental data. This discrepancy provides
an important arena in which to test our understanding of
the boundary domain between perturbative and nonpertur-
bative QCD. From a naive point of view, QCD radiative
correction is suppressed by the factor �sðQ2Þ and the
contribution from higher Fock states, higher twist distri-
bution amplitudes are suppressed by the factor 1=Q2. But
this is not always the real case. In Ref. [4], the author

showed that in the decay of �c0;2 ! PP (where P repre-

sents a light pseudoscalar meson.) the color-octet contri-
bution from the higher Fock state contributes the same
level as the color-singlet state.
To reveal the decay mechanism more clear, the systemic

reanalysis on the contributions from higher twist distribu-
tion amplitudes will be significative and interested. When
the amplitude of a physical process with large momentum
transfer Q2 is only related to one hadron wave function,
there is a suppression for the contribution from higher Fock
states and higher twist distribution amplitudes. For ex-
ample, the dominating contribution of �� � transition
form factor [5] comes from the leading-twist distribution
amplitude of valence-quark state. The QCD correction is
only about 10%–20% [6] and corrections from higher Fock
state and higher twist distribution amplitudes [7] are sup-
pressed by additional powers of 1=Q2. However, for the
exclusive processes with the overlap of the wave functions
of the initial hadron and final hadrons there are a lot of
space to discuss the contributions from higher twist terms.
For instance, the contribution of twist-3 distribution am-
plitudes to the pion electromagnetic form factor is compa-
rable and even larger than the contribution from the
leading-twist distribution amplitude of the pion at inter-
mediate energy region ofQ2, being 2–40 GeV2 in Ref. [8].
The similar result has also been obtained for the kaon
electromagnetic form factor in Ref. [9]. More discussion
about the contributions from the higher twist distribution
amplitudes can be found in the Heavy-to-light transition
form factors [10], the nonleptonic two-body decays of the
B meson [11], and so on.
In this paper, we apply both the mHSA and the sHSA to

reexamine the decay of �cJ ! �þ��, KþK� (J ¼ 0; 2)
including the contribution from the two-particle twist-3
wave functions and distribution amplitudes of the light
pseudoscalar meson. In the sHSA case, the end-point
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singularity can be avoided by using the BHL prescription
[12] in which the light meson distribution amplitudes are
rewritten with exponential suppression factors. Our results
show that the contributions from twist-3 wave function are
comparable with or even larger than the leading-twist
contribution. Comparing with [4], the present analysis
has an advantage that the theoretical uncertainty from light
meson higher twist wave functions is less than that from
the color-octet wave function and the constituent gluon
from the octet state of the charmonium. One can find the
discussion on light meson twist-3 wave functions in many
literatures [13–15].

The paper is organized as following. In Sec. II the main
calculation of the hard-scattering amplitude in the modi-
fied perturbative QCD approach is presented. In Sec. III,
we present our model for the light meson two-particle
twist-2 and twist-3 wave functions and the distribution
amplitude within the BHL scheme. The Sec. IV is the
numerical analysis and Sec. V is our conclusion. The
coefficients of hard-scattering amplitudes in the momen-
tum space and in the b space are given in Appendix A and
B. The Sudakov factor is presented in Appendix C.

II. CALCULATION OF HARD-SCATTERING
AMPLITUDES

The two-meson decays of �cJ can be described as c �c
quarks annihilate into two gluons and then materializing
into two final-state mesons as illustrated in Fig. 1. Wework
in the rest frame of �cJ meson and take approximation
M ¼ 2mc where M is the mass of the charmonium meson
andmc is the mass of c-quark. The masses of pion and kaon
are canceled in the Chiral limit. Under these conventions,
the momentums of the initial- and final-state mesons are
described in terms of light-cone variables as

P¼
�
Mffiffiffi
2

p ;
Mffiffiffi
2

p ;0T

�
; p1¼

�
Mffiffiffi
2

p ;0;0T

�
; p2¼

�
0;
Mffiffiffi
2

p ;0T

�
;

(1)

where P is the momentum of the charmonium and p1 and
p2 are the momentums of �þðKþÞ and ��ðK�Þ, respec-
tively. In the following, we only present the two-pion decay
of �cJ for the two-kaon decay is similar.

For the two-pion decay of �cJ, its decay width can be
written as:

�½�cJ ! �þ��� ¼ 1

16�M

1

2Jþ 1

X
Jz

jMð�cJ ! �þ��Þj2;

(2)

where M is the transitional matrix element. As usual, this
matrix element within the mHSA can be factorized as the
convolution with respect to the momentum fractions x, y
and transverse separation scales b1, b2 of the two pions,

Mð�cJ ! �þ��Þ ¼
Z 1

0
dxdy

Z d2b1

4�

d2b2

4�

X
i;j

�iðy;b2Þ

�T ij
HJðx; y;b1;b2Þ�jðx;b1Þ

� e�Sðx;y;b1;b2;t1;t2Þ; (3)

here the scripts (i, j ¼ �, p, �) mean the twist-2 and twist-
3 wave functions for the pion meson and S is the Sudakov

factor. T ij
HJðx; y;b1;b2Þ is the Fourier transform of the

hard-scattering amplitudes Tij
HJðx; y;k1;k2Þ

T ij
HJðx; y;b1;b2Þ ¼

Z d2k1

ð2�Þ2
d2k2

ð2�Þ2 T
ij
HJðx; y;k1;k2Þ

� e�ik1�b1�ik2�b2 : (4)

Tij
HJðx; y;k1;k2Þ can be calculated from the graphs shown

in Fig. 1 and the scripts of nonzero terms are ij ¼ ��, pp,
p�, �p, ��, k1 and k2 are the intrinsic transverse mo-
mentum of two final-state pion mesons, respectively.
To calculate the transitional matrix element, the wave

functions of the pion meson and the charmonium should be
introduced. Similar to the definition of distribution ampli-
tudes with leading and next-to-leading-twist [13], the light-
cone wave functions of pion are defined in terms of bilocal
operator matrix element

h�ðp�Þj �q�ðz1Þq�ðz2Þj0i¼if�
4

Z 1

0
dx

Z d2k?
16�3

�eiðxp��z1þð1�xÞp��z2�k?�ðz1�z2Þ?Þ

�
�
p6 ��5��ðx;k?Þ����5

�
�
�pðx;k?Þ����p

�
�ðz1�z2Þ�

���ðx;k?Þ
6

��
��

; (5)

where f� is the decay constant of pion and the parameter
�� ¼ m2

�=ðmu þmdÞ for charged pion. ��, �p and ��

are the twist-2 and twist-3 wave functions, respectively.
The twist-3 wave functions contributes power corrections.
But at mc energy scale, the Chirally enhanced parameter
r� ¼ ��=mc � 1 is large enough to consider the twist-3
contributions in charmonium decays.

(a) (b)

FIG. 1. The hard-scattering diagrams for the decay �cJ !
�þ��, KþK� (J ¼ 0, 2).
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For simplification, the wave function of the charmonium
is taken as [16],

�ðP; q; J; JzÞ ¼
X
M;Sz

2�	

�
q0 � ~q2

2mc

�

�hLM; SSzjJJzic LMð ~qÞP SSzðP; qÞ; (6)

where q is the relative momentum between the quark and
antiquark, c LMð ~qÞ and P SSzðP; qÞ are the spatial wave

function and spin projection operators, respectively. The
spin projection operators P SSzðP; qÞ are

P SSzðP; qÞ ¼
ffiffiffiffiffiffiffiffiffi
3

8m3
c

s �
mc þ

�
P6
2
þ q6

��

�
�
1þ P6

M

�
�SSz

�
mc �

�
P6
2
� q6

��
(7)

with �SSz ¼ ��5 for S ¼ 0 and �SSz ¼ �"6 ðSzÞ for S ¼
1. Here "ðSzÞ refers to the spin part of the wave function,

"ðSzÞ ¼ ð0; 0; 0; 1Þ for Sz ¼ 0 and "ðSzÞ ¼
ð0;�1;�i; 0Þ= ffiffiffi

2
p

for Sz ¼ �1.
With the definition of the wave functions for the initial-

and final-state hadrons, the transition matrix element of the
two-pion decay for �cJ can be calculated in the coordinate
space by standard method and then hard-scattering ampli-

tudes Tij
HJðx; y;k1;k2Þ can be extracted as

Tij
HJðx; y;k1;k2Þ ¼ � 32�2

27
�sðt21Þ�sðt22ÞT̂ij

��

Z d4q

ð2�Þ4

� Tr½�ðP; q; J; JzÞÔ��ðqÞ�
ðl21 þ i
Þðl22 þ i
Þ

þ ðl1 $ l2Þ; (8)

where l1 ¼ xp1 þ yp2 þ k1 � k2 and l2 ¼ ð1� xÞp1 þ
ð1� yÞp2 � k1 þ k2 are the momentum of two intermedi-

ate gluons, respectively. The operator Ô��ðqÞ, which is
related to the two-gluon annihilation of charmonium, reads

Ô ��ðqÞ ¼ ��ðk6 c þmcÞ��

k2c �m2
c þ i


; (9)

where kc ¼ ðl1 � l2Þ=2þ q is the corresponding momen-

tum of the c-quark propagator. The operators T̂ij
�� are

related to the two-meson materialization of two gluons
with different twist wave functions and are expressed as

T̂��
�� ¼ f2�

16
Tr½��p6 2�5��p6 2�5�;

T̂pp
�� ¼ f2��

2
�

16
Tr½���5���5�;

T̂p�
�� ¼ �i

f2��
2
�

4� 24
Tr½���5������5�p�

1

�
@

@l1�
� @

@l2�

�
;

T̂�p
�� ¼ i

f2��
2
�

4� 24
Tr½������5���5�p�

2

�
@

@l1�
� @

@l2�

�
;

T̂��
�� ¼ � f2��

2
�

16� 36
Tr½�����p

�
2�5���	�p

	
1�5�

�
�

@

@l1�
� @

@l2�

��
@

@l1�
� @

@l2�

�
; (10)

where the partial ð @
@l1�

� @
@l2�

Þ comes from the ðz1 � z2Þ�
term of Eq. (5). Here we do not take the momentum
projection of Eq. (5), which can be obtained by transform-
ing the parameters in terms of coordinate variable in
Eq. (5) into the momentum space configuration, in
Ref. [17] or [18].
For P-wave charmonium decay, the dominant contribu-

tion is given by q� term of Tr½�ðP; q; J; JzÞÔ��ðqÞ� and the
result after the integration of momentum q can be rewritten
as

X
M;Sz

ffiffiffiffi
3

�

s
R0
pð0Þ
4

h1M; 1SzjJJzi"�ðMÞ

� Tr½Ô��
� ð0ÞP 1SzðP; 0Þ þ Ô��ð0ÞP 1Sz;�ðP; 0Þ�; (11)

with the definition of the partial of the P-wave function at
the origin

Z d3q

ð2�Þ3 q
�c 1Mð ~qÞ ¼

ffiffiffiffi
3

�

s
R0
pð0Þ
4

"�ðMÞ; (12)

where "�ðMÞ refers to the orbital part of the wave function
and

Ô��ð0Þ ¼ ��½ðl6 1 � l6 2Þ=2þmc���

ðl1 � l2Þ2=4�m2
c

;

Ô��
� ð0Þ ¼ �����

�

ðl1 � l2Þ2=4�m2
c

� ðl1 � l2Þ���½ðl6 1 � l6 2Þ=2þmc���

½ðl1 � l2Þ2=4�m2
c�2

;

P 1SzðP; 0Þ ¼
ffiffiffiffiffiffiffiffiffi
3

8m3
c

s �
mc þ P6

2

��
1þ P6

M

�
�1Sz

�
mc � P6

2

�
;

P 1Sz;�ðP; 0Þ ¼
ffiffiffiffiffiffiffiffiffi
3

8m3
c

s �
��

�
1þ P6

M

�
�1Sz

�
mc � P6

2

�

þ
�
mc þ P6

2

��
1þ P6

M

�
�1Sz��

�
: (13)

The final hard-scattering amplitudes with transverse
momentum can be expressed as
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TI
HJðx; y;k1;k2Þ ¼ 16

9
ffiffiffi
6

p CI

�
�2

�

m2
c

�
tI�2

N0�J

� �sðt21Þ�sðt22Þ
DdI

1 D
dI
2 N

nI

XiI
i¼0

CI
i ðJÞNi; (14)

where N0 ¼ 16�3=2f2�m
5=2
c R0

pð0Þ, �0 ¼ 1 for �c0 and

�2 ¼ 1=
ffiffiffi
2

p
for �c2. The coefficients CI, tI, dI, nI, iI are

listed in Table I. The virtualities of the internal c-quark and
the two intermediate gluons are

D1 ¼ 4m2
cxy�K2 þ i
;

D2 ¼ 4m2
cð1� xÞð1� yÞ �K2 þ i


N ¼ 2m2
cðxþ y� 2xyÞ þK2 � i


(15)

with K ¼ k1 � k2. The coefficients C��
0 ðJÞ ¼ 1 and

C��
1 ðJÞ ¼ ð�2ÞJ=2m2

cðx� yÞ2 are in agreement with the
results from Ref. [4] and the others coefficients are showed
in Appendix A.

Next, the fact that hard-scattering amplitudes Tij
HJ de-

pend on k1 and k2 only in the combination K implies the
following result for the Fourier transform of them

T I
HJðx; y;b1;b2Þ ¼ 2

9
ffiffiffi
6

p CI

�
�2

�

m2
c

�
tI�2

N 0�J	ðb1 � b2Þ

� �sðt21Þ�sðt22Þ
�
i

�XdI�1

i¼0

AI
1iðJÞHð1Þ

i ðr1Þ

� XdI�1

i¼0

AI
2iðJÞHð1Þ

i ðr2Þ
�

þ XnI�1

i¼0

BI
i ðJÞKiðr3Þ

�
; (16)

where N 0 ¼ 16�3=2f2�R
0
pð0Þ=m3=2

c , r1 ¼ ffiffiffiffiffi
xy

p
b, r2 ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1� xÞð1� yÞp

b and r3 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðxþ y� 2xyÞ=2p

b with b ¼
2mcb1. H

ð1Þ
i and Ki denote Hankel and modified Bessel

functions, respectively. The 	-function, which simplifies
the numerical work enormously, means that the two pions
emerge from the decay with identical transverse separa-
tions. The coefficients AI

1iðJÞ, AI
2iðJÞ and BI

i ðJÞ are listed in
Appendix B.

The novel ingredient of the mHSA is the Sudakov factor
e�S, which takes into account those gluonic radiative

corrections not accounted for in the QCD evolution of
the wave function. In next-to-leading-log approximation,
the Sudakov exponent reads

Sðx; y;b1;b2; t1; t2Þ
¼ sðx; b1; 2mcÞ þ sð1� x; b1; 2mcÞ

þ sðy; b2; 2mcÞ þ sð1� y; b2; 2mcÞ

� 1

�1

ln
lnðt1=�QCDÞ lnðt2=�QCDÞ

lnð1=ðb1�QCDÞÞ lnð1=ðb2�QCDÞÞ ; (17)

where the function sðx; bi; QÞ with next-to-leading-log
correction is given in Appendix C. The last term in
Eq. (17) arises from a renormalization group transforma-
tion from the factorization scales �Fi to the renormaliza-
tion scales tj at which the hard-scattering amplitudes

T I
HJðx; y;b1;b2Þ are evaluated.
The renormalization scales appearing in �s and in the

Sudakov exponent are chosen as

t1 ¼ maxf2mc

ffiffiffiffiffi
xy

p
; 1=b1; 1=b2g;

t2 ¼ maxf2mc

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� xÞð1� yÞ

q
; 1=b1; 1=b2g

(18)

by the virtualities of the intermediate gluons, which depend
nontrivially on the integration variables. This choice of the
renormalization scale avoids large logs from higher-order
pQCD. The factorization scale is given by the quark-
antiquark separation bi, �Fi ¼ 1=bi. The ratio 1=bi marks
the interface between nonperturbatively soft momenta,
which are implicitly accounted for in the pion wave func-
tions, and the contributions from semihard gluons, incor-
porated in a perturbative way in the Sudakov factor.
Replacing e�S by 1 and ignoring the transverse mo-

menta in TI
HJðx; y;k1;k2Þ, one finds the decay amplitude

within the sHSA as derived by Duncan and Mueller [19],

Mð�cJ ! �þ��Þ ¼ X�;p;�
i;j

Z 1

0
dx

Z 1

0
dyiðx;�FÞ

� Tij
HJðx; y;m2

cÞjðy;�FÞ; (19)

where the renormalization scale tj is taken as the charm-

quark mass and customarily identified with the factoriza-

tion scale. The hard-scattering amplitudes Tij
HJðx; y;m2

cÞ are
expressed as follows

TABLE I. The values of coefficients CI, tI, dI, nI, and iI in the
Eq. (14).

I �� pp p� �p ��

CI 1 1
4

1
3

1
3

1
9

tI 2 3 3 3 3

dI 1 1 2 2 3

nI 2 2 3 3 4

iI 1 1 3 3 6
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T��
H0 ðx; y;m2

cÞ ¼ N 0�
2
sðm2

cÞ
36

ffiffiffi
6

p
m2

c

x2 þ ð2� 6yÞxþ yðyþ 2Þ
xð1� xÞyð1� yÞðxþ y� 2xyÞ2 ;

Tpp
H0ðx; y;m2

cÞ ¼ N 0�
2
sðm2

cÞ
72

ffiffiffi
6

p
m2

c

�2
�

m2
c

x2 þ ð3� 8yÞxþ yðyþ 3Þ
xð1� xÞyð1� yÞðxþ y� 2xyÞ2 ;

Tp�
H0 ðx; y;m2

cÞ ¼ �N 0�
2
sðm2

cÞ
432

ffiffiffi
6

p
m2

c

�2
�

m2
c

y3 þ xð�2y2 � 5yþ 5Þyþ x2ð8y2 � 8yþ 1Þ
xð1� xÞy2ð1� yÞ2ðxþ y� 2xyÞ3 ;

T�p
H0 ðx; y;m2

cÞ ¼ �N 0�
2
sðm2

cÞ
432

ffiffiffi
6

p
m2

c

�2
�

m2
c

ð1� 2yÞx3 þ yð8y� 5Þx2 þ ð5� 8yÞyxþ y2

x2ð1� xÞ2yð1� yÞðxþ y� 2xyÞ3 ;

T��
H0 ðx; y;m2

cÞ ¼ �N 0�
2
sðm2

cÞ
2592

ffiffiffi
6

p
m2

c

�2
�

m2
c

1

x2ð1� xÞ2y2ð1� yÞ2ðxþ y� 2xyÞ4 ðð24y
3 � 36y2 þ 14y� 1Þx5

þ ð48y4 � 156y3 þ 145y2 � 42yþ 3Þx4 þ yð8y4 � 116y3 þ 218y2 � 129yþ 17Þx3
þ yð�12y4 þ 89y3 � 97y2 þ 24yþ 4Þx2 þ y2ð6y3 � 26y2 þ 9yþ 4Þx� ðy� 3Þy4Þ (20)

for J ¼ 0 and

T��
H2 ðx; y;m2

cÞ ¼ N 0�
2
sðm2

cÞ
36

ffiffiffi
3

p
m2

c

xþ y� x2 � y2

xð1� xÞyð1� yÞðxþ y� 2xyÞ2 ;

Tpp
H2ðx; y;m2

cÞ ¼ �N 0�
2
sðm2

cÞ
72

ffiffiffi
3

p
m2

c

�2
�

m2
c

ðx� yÞ2
xð1� xÞyð1� yÞðxþ y� 2xyÞ2 ;

Tp�
H2 ðx; y;m2

cÞ ¼ N 0�
2
sðm2

cÞ
432

ffiffiffi
3

p
m2

c

�2
�

m2
c

ð8y2 � 8yþ 1Þx2 þ 2yð�4y2 þ 2yþ 1Þxþ y2ð4y� 3Þ
xð1� xÞy2ð1� yÞ2ðxþ y� 2xyÞ3 ;

T�p
H2 ðx; y;m2

cÞ ¼ N 0�
2
sðm2

cÞ
432

ffiffiffi
3

p
m2

c

�2
�

m2
c

ð4� 8yÞx3 þ ð8y2 þ 4y� 3Þx2 þ 2ð1� 4yÞyxþ y2Þ
x2ð1� xÞ2yð1� yÞðxþ y� 2xyÞ3 ;

T��
H2 ðx; y;m2

cÞ ¼ N 0�
2
sðm2

cÞ
2592

ffiffiffi
3

p
m2

c

�2
�

m2
c

1

x2ð1� xÞ2y2ð1� yÞ2ðxþ y� 2xyÞ4 ðð24y
3 � 36y2 þ 14y� 1Þx5 þ ð�144y4 þ 228y3

� 119y2 þ 30y� 3Þx4 þ ð8y5 þ 268y4 � 424y3 þ 210y2 � 46yþ 3Þx3 þ yð�12y4 � 175y3 þ 242y2

� 84yþ 10Þx2 þ 2y2ð3y3 þ 23y2 � 27yþ 5Þx� y3ðy2 þ 3y� 3ÞÞ
(21)

for J ¼ 2.

III. THE WAVE FUNCTIONS OF LIGHT MESONS

In the above calculation, the twist-2,3 wave functions
and distribution amplitudes of pion and kaon are the main
nonperturbative input parameters for mHSA and sHSA,
respectively. In this section, we will discuss them in detail.
According to BHL prescription [12], one can connect the
equal-time wave function in the rest frame and the light-
cone wave function by equating the off-shell propagator in
the two frames. The wave function for quark-antiquark
systems at the infinite momentum frame can be got from
the harmonic oscillator model at the rest frame

�ðx;k?Þ / exp

�
� 1

8�2

�
k2
? þm2

1

x
þ k2

? þm2
2

1� x

��
; (22)

where mi and � are the constitute quark mass and the
harmonic parameter, respectively. The distribution ampli-

tude can be obtained from the integration of wave function
over the transverse momentum

ðx;�FÞ ¼
Z
jk?j<�F

d2k?
16�3

�ðx;k?Þ; (23)

where �F is the ultraviolet cutoff.
Upon expansion over Gegenbauer polynomials, twist-2

wave functions of pion and kaon with the transverse mo-
mentum dependence can be characterized as

��
�ðx;k?Þ ¼ A�

�½1þ B�
�C

3=2
2 ð2x� 1Þ

þ C�
�C

3=2
4 ð2x� 1Þ� exp

�
� k2

? þm2
q

8�2
�xð1� xÞ

�

(24)

and
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�K
Kðx;k?Þ ¼ AK

K½1þ BK
KC

3=2
1 ð2x� 1Þ

þ CK
KC

3=2
2 ð2x� 1Þ� exp

�
� 1

8�2
K

�
k2
? þm2

q

x

þ k2
? þm2

s

1� x

��
; (25)

where C3=2
n are Gegenbauer polynomials and qmeans light

quark u or d. For the SU(2) isotopic symmetry, the odd
expansion terms do not appear in the pion wave functions.
On the contrary, the odd expansion terms are not zero in the
Kaon wave functions for SU(3)-flavor symmetry breaking.
Estimates of first two Gegenbauer moments for twist-3
distribution amplitudes are more uncertain than that of
leading-twist distribution amplitudes. To simplify the fol-
lowing numerical analysis, we take twist-3 wave functions
as

��
p ðx;k?Þ ¼

A�
p

xð1� xÞ exp
�
� k2

? þm2
q

8�2
�xð1� xÞ

�
;

��
�ðx;k?Þ ¼ A�

� exp

�
� k2

? þm2
q

8�2
�xð1� xÞ

� (26)

and

�K
p ðx;k?Þ ¼

AK
p

xð1� xÞ exp
�
� 1

8�2
K

�
k2
? þm2

q

x

þ k2
? þm2

s

1� x

��
;

�K
�ðx;k?Þ ¼ AK

� exp

�
� 1

8�2
K

�
k2
? þm2

q

x
þ k2

? þm2
s

1� x

��

(27)

for pion and kaon, respectively.
Substituting Eq. (24)–(27) into Eq. (23), the distribution

amplitudes of pion and kaon are written as

�
�ðxÞ ¼ A�

��
2
�

2�2
xð1� xÞ½1þ B�

�C
3=2
2 ð2x� 1Þ

þ C�
�C

3=2
4 ð2x� 1Þ� exp

�
� m2

q

8�2
�xð1� xÞ

�
;

(28)

K
KðxÞ ¼

AK
K�

2
K

2�2
xð1� xÞ½1þ BK

i C
3=2
1 ð2x� 1Þ

þ CK
i C

3=2
2 ð2x� 1Þ� exp

�
�ð1� xÞm2

q þ xm2
s

8�2
Kxð1� xÞ

�
;

(29)

for twist-2 distribution amplitudes and

�
p ðxÞ ¼

A�
p�

2
�

2�2
xð1� xÞ exp

�
� m2

q

8�2
�xð1� xÞ

�
;

�
�ðxÞ ¼ A�

��
2
�

2�2
exp

�
� m2

q

8�2
�xð1� xÞ

�
;

(30)

K
p ðxÞ ¼

AK
p�

2
K

2�2
exp

�
�ð1� xÞm2

q þ xm2
s

8�2
Kxð1� xÞ

�
;

K
�ðxÞ ¼ AK

��
2
K

2�2
xð1� xÞ exp

�
�ð1� xÞm2

q þ xm2
s

8�2
Kxð1� xÞ

� (31)

for twist-3 distribution amplitudes. With the help of the
above distribution amplitudes from BHL prescription, the
end point problem can be cured in the standard HSA since
the exponential suppression appears in x ¼ 0 and x ¼ 1
point.
For definiteness, we take the conventional values for the

constitute quark masses: mq ¼ 0:30 GeV and ms ¼
0:45 GeV. The parameters, Aj

i , B
j
j, C

j
j and �j (i ¼ �, K,

p, �; j ¼ �, K) can be determined by some constraints on
the general properties of the light mesons wave functions.
In the pion and kaon case, the harmonic parameters�� and
�K are obtained by the constraints hk2

?iK � hk2
?i� �

ð0:356 GeVÞ2, which are the average values of the trans-
verse momentum square defined as

hk2
?ii ¼

f2i
24

Z
dx

d2k?
16�3

jk2
?jj�iðx;k?Þj2=Pi

q �q (32)

with i ¼ �, K and�i stand for twist-2 wave functions�
�
�

and �K
K. The decay constants are taken as f� ¼

0:132 GeV for the pion and fK ¼ 0:160GeV for the
kaon. The probability of finding the q �q leading-twist
Fock state in a pion or kaon should be not larger than unity,

Pi
q �q ¼ f2i

24

Z
dx

d2k?
16�3

j�iðx;k?Þj2 	 1: (33)

The others coefficients are extracted by the normaliza-
tion condition

Z
dx

d2k?
16�3

�j
i ðx;k?Þ ¼ 1 (34)

with (i ¼ �, K, p, �; j ¼ �, K) and first two Gegenbauer

moments of twist-2 distribution amplitudes aji (i ¼ 2, 4 for

j ¼ �; i ¼ 1, 2 for j ¼ K.). The coefficients aji at some
reference scale �F are nonperturbative quantities and have
to be evaluated using a nonperturbative technique or must
be extracted from experiment. It turns out that the deter-
mination of a�2 receives large errors, whether by direct
calculations using QCD sum rules [20] or by analysis of
experimental data on the pion electromagnetic and transi-
tion form factors [21]. Totally, the averages of the second
moment are probably
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a�2 ð1 GeVÞ ¼ 0:25� 0:15;

aK2 ð1 GeVÞ ¼ 0:25� 0:15;
(35)

in Ref. [14], including radiative corrections to the sum
rules.

The numerical value of the first moment aK1 was the
subject of significant controversy until recently. The exist-
ing estimates are all obtained using different versions of
QCD sum rules [22–25] and yield an average [14]

aK1 ð1 GeVÞ ¼ 0:06� 0:03: (36)

Estimates of yet higher-order Gegenbauer moments are
rather uncertain. The fourth Gegenbauer moment of the
pion twist-2 distribution amplitude [26] was constrained

a�4 ð1 GeVÞ ¼ 0:04� 0:11; (37)

which is consistent with the results from the light-cone sum
rule calculations of the transition form factor F���
 in

Refs. [27–29].
According to QCD evolution of the wave function, the

coefficients aji at a factorization scale �F can be expressed

as aji ð�2
FÞ ¼ aji ð�2

0Þð�sð�2
FÞ=�sð�2

0ÞÞ�i . aji ð�2
0Þ are a non-

perturbative coefficients, �0 is a typical hadronic scale,
0:5 	 �0 	 1 GeV, and �i are the anomalous dimensions.
In this work, a reasonable factorization scale should be
chosen as �F ¼ mc, 1:35 	 mc 	 1:8 GeV. The values of

the coefficients aji at �F ¼ 1 GeV and �F ¼ 2 GeV are
listed in Table III of Ref. [14]. For example, aK1 ð1 GeVÞ ¼
0:06� 0:03 and aK1 ð2 GeVÞ ¼ 0:05� 0:02. By analyzing
these data, we find that it is feasible to choose Gegenbauer

moments aji at �F ¼ 1 GeV in our calculation.
Taking account of the above Gegenbauer moments for

the pion and kaon twist-2 distribution amplitudes, we
figure out harmonic parameters ��;K, probabilities of find-

ing the q �q leading-twist Fock state P�;K
q �q and Gegenbauer

coefficients Aj
i , B

j
j, C

j
j (i ¼ �, K, p, �; j ¼ �, K). Those

values are list in Table II. According to uncertainties of
twist-2 Gegenbauer moments, the parameters of the pion
and kaon are given in three parts: upper limit, central value

and lower limit. Since P�
q �q 	 0:270 and PK

q �q 	 0:492 are

much smaller than unity, higher twist and higher Fock
states are important components of the pion and kaon.
In the mHSA, the convolutions of wave functions and

hard- scattering amplitudes are presented in transverse
configuration b-space. We need to define wave function
in b-space by Fourier transformation

�iðx;bÞ ¼
Z d2k?

ð2�Þ2 �
iðx;k?Þe�ik?�b

¼ 4�iðxÞ exp½�2�2
i xð1� xÞb2�; (38)

where �i and i stand for wave function �i
j and distribu-

tion amplitudei
j (i ¼ �,K, p,�; j ¼ �,K), respectively.

One may observe that wave functions in the b-space are
also highly suppressed in the end-point region. Such fea-
ture is necessary to suppress the end-point singularity
coming from the hard-scattering amplitudes and then to
derive a more reasonable results.

IV. NUMERICAL ANALYSIS

In our calculations for the decay ratio of �cJ to light
pseudoscalar pairs, the partial of P-wave function at the
origin R0

pð0Þ is also an important nonperturbative input

parameter. It is shown that this parameter is a function of
the charm-quark mass mc both in the well-know quark-
onium potential models [33,34] and in the global fit of
charmonium parameters [35]. To obtain its expression
relative to the charm-quark mass, which is consisted with
our approach, the decay width of the �c0 annihilating into
two photons need to be calculated by the same approach.
With the help of Refs. [35–38], we obtain

�½�c0 ! ���

¼ 27Q4
c�

2
em

jR0
pð0Þj2
m4

c

�
1þ

�
�2

3
� 28

9

�
�sðm2

cÞ
�

�
;

(39)

where the one-loop QCD radiative correction is included,
Qc ¼ 2

3 is the charge of the c-quark and �em ¼ 1
137 is the

electromagnetic coupling constant.
The running coupling constant �sðQ2Þ up to next-to-

leading-log is written as

�sðQ2Þ
�

¼ 1

�1 lnðQ2=�2
QCDÞ

� �2

�3
1

lnlnðQ2=�2
QCDÞ

ln2ðQ2=�2
QCDÞ

(40)

with �1 ¼ ð33� 2nfÞ=12 and �2 ¼ ð153� 19nfÞ=24.
Here we take quark-flavor number nf ¼ 4 and the QCD

scale �QCD ¼ 0:25 GeV.
The decay width of the �c0 annihilating into two photons

can be obtained from Refs. [30,39]. Using the above data
and formulas, the relation between R0

pð0Þ and mc is shown

in Fig. 2 with uncertainty of the �c0 two-photon decay
width. The solid curve comes from taking central-value

TABLE II. The parameters of twist-2,3 wave functions for the
pion and kaon mesons in Eqs. (24)–(31). The dimensions of
harmonic parameters ��;K and normalization coefficients Aj

i

(i ¼ �, K, p, �; j ¼ �, K:) are GeV and ðGeVÞ�2, respectively.
The others parameters is dimensionless.

� �� P�
q �q A�

� B�
� C�

� A�
p A�

�

upper limit 0.512 0.270 672.28 0.628 0.354 106.92 574.47

central value 0.461 0.249 849.18 0.469 0.213 140.88 747.55

lower limit 0.418 0.259 1034.30 0.259 0.023 184.29 965.85

K �K PK
q �q AK

K BK
K CK

K AK
p AK

�

upper limit 0.461 0.492 1108.83 0.253 0.618 170.59 883.49

central value 0.442 0.422 1196.66 0.215 0.477 193.81 998.32

lower limit 0.417 0.398 1353.56 0.175 0.323 232.44 1188.23
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�½�c0 ! ��� ¼ 2:37 keV. The dot-dashed and dashed
curves are given by taking upper limit �½�c0 ! ��� ¼
2:71 keV and lower limit �½�c0 ! ��� ¼ 2:03 keV, re-
spectively. We find that uncertainty with different �c0 two-
photon decay width is less than 10%. So we will take the
result of the central value in the following. The region of
the charm-quark mass is mc ¼ 1:35–1:8 GeV from
Ref. [4]. Comparing our R0

pð0Þ with values of Ref. [4],

there are some differences that our value is less than one of
Ref. [4] asmc¼1:35GeV and vice versa asmc¼1:8GeV.
On the other hand, the chiral enhancing scales �� and

�K, which are scales characterized by the chiral perturba-
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1.4 1.5 1.6 1.7 1.8
0.15

0.20

0.25

0.30

mc GeV

R
p'

0
G

eV
5

2

FIG. 2. Dependence of the partial of P-wave function at the
origin R0

pð0Þ for P-wave charmonium on the c-quark mass mc

with uncertainty of the �c0 two-photon decay width.
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FIG. 3 (color online). Dependence of the prediction for the �c0 ! �þ�� and KþK� decay widths on the c-quark mass mc with
contribution from twist-3 distribution amplitudes of the pion and kaon meson in sHSA, respectively.

MING-ZHEN ZHOU AND HAI-QING ZHOU PHYSICAL REVIEW D 80, 094021 (2009)

094021-8



tion theory, are important parameters which can affect
contributions from twist-3 parts sensitively. However,
they are difficult to give precise numbers as long as the
current quark masses are not more accurately known. To
obtain reasonable numerical analysis with acceptable esti-
mates for the chiral enhancing scales, we take
��ð1 GeVÞ ¼ 1:5 GeV and �Kð1 GeVÞ ¼ 1:7 GeV,
which are consistent with the results from pQCD applica-
tion [40,41] and chiral perturbation theory [42].

In the above discussion, nonperturbative input parame-
ters appearing in our calculation are obtained by a model
wave function or distribution amplitude, a fit experimental
data and a reasonable evaluation. Next, we will do numeri-
cal analysis for the charmonium �c0;2 decay rates into two

pions or two kaons with the charge case in the sHSA and in
the mHSA, respectively.
The decay widths of �cJ ! �þ�� and KþK� (J ¼

0; 2) by the sHSA are shown in Figs. 3 and 4 with the
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FIG. 4 (color online). Dependence of the prediction for the �c2 ! �þ�� and KþK� decay widths on the c-quark mass mc with
contribution from twist-3 distribution amplitudes of the pion and kaon meson in sHSA, respectively.
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c-quark mass mc as a variable parameter. We take the
central-value of Table II as the input parameters for the
top two and middle two figures. The top two figures are the
decay amplitudes for two-pion and two-kaon decays,
where the dashed curve is the contribution from twist-2
part, the dotted and dot-dashed are contributions from
twist-3 parts named a and b and the solid curve is the
sum. The twist-3a is the positive and the twist-3b is the
negative which are corresponding to the positive and nega-
tive terms in Eq. (20) and (21).

The large enhancement of the total amplitudes in the �2

channel indicates that the twist-3 distribution amplitudes
play important pole. The results for the decay width are

shown in the middle two figures of Fig. 4 where the solid
curve is the total decay width and the dashed curve is the
for twist-2 part. In the �0 channel, the corrections are not
so large since the two contributions from twist-3a and b
parts have opposite sign and have large cancellation. The
results with the uncertainty of twist-2 distribution ampli-
tude are shown in the bottom two figures, where the solid
curve is for the central value, the dashed and dot-dashed
curve are for lower limit and upper limit, respectively. We
can see the uncertain is very large which shows the sensi-
tivity on the distribution amplitude.
Comparing the results with experimental data [30–32],

which are list in Table III, we see that the decay widths of
�0 channel are smaller than experimental data for all
variable mc and the decay widths of the �2 channel are
in agreement with the experimental data in the regionmc <
1:5 GeV.
In Fig. 5, we show the curves of the widths of the �c0;2

into two pions or two kaons on the c-quark mass mc by the
mHSA method. The solid curve is the decay width where
only the twist-2 contribution is considered and the parame-
ters are taken as the central values. The shadow is the total
decay width where the uncertainty of twist-2 Gegenbauer
moments are considered. Here we see that the shade region
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FIG. 5 (color online). Dependence of the prediction for the �cJ ! �þ�� and KþK� (J ¼ 0, 2) decay widths on the c-quark mass
mc with contribution from twist-3 distribution amplitudes of the pion and kaon meson in mHSA, respectively.

TABLE III. The decay widths for �cJ ! �þ�� and KþK�
(J ¼ 0; 2) from experimental data. The BES results are evaluated
with the BES result for the total width. In the other cases the
PDG average values for the total widths are used.

PDG [30] BES [31] Belle [32]

�½�c0 ! �þ��� [kev] 50� 8 67� 36 60� 21
�½�c0 ! KþK�� [kev] 60� 10 81� 45 57� 19
�½�c2 ! �þ��� [kev] 2:8� 0:5 3:0� 1:0 3:4� 1:3
�½�c2 ! KþK�� [kev] 1:5� 0:4 1:6� 0:7 2� 0:9
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is very narrow which means the unsensitivity on the twist-2
distribution amplitude of the light mesons. The decay
widths including twist-3 corrections are improved remark-
ably. Detailedly, the predictions for the decay widths of
�2 ! �þ�� and �0 ! KþK� are comparable with ex-
perimental data in the region mc 2 ð1:4; 1:6Þ GeV and
mc 2 ð1:35; 1:6Þ GeV, respectively. This is very different
with the sHSA method which suggests the necessary of the
mHSA method.

V. CONCLUSION

In this paper, we presented a detailed analysis of �c0;2

decays into two pions and two kaons including the twist-3
contribution within the framework of the sHSA and mHSA
methods. In the sHSA, the end-point problem is overcome
by using BHL prescription where a exponential suppres-
sion is introduced in the expression of hadronic wave
functions or distribution amplitudes. The uncertainty of
the results on the twist-2 Gegenbauer moments for the

pion and kaon is analyzed and is rather small in the
mHSA method. The results indicate the larger contribu-
tions from twist-3 distribution amplitude which have not
been analyzed before. And both the decay widths of �c0;2

to �þ�� and KþK� are found to be comparable with the
experimental data in the region mc 2 ð1:35; 1:8Þ GeV
when including twist-3 correction in the mHSA.
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APPENDIX A: THE COEFFICIENTS OF HARD-
SCATTERING AMPLITUDES

In this Appendix we present the explicit expression of
the coefficients CI

i ðJÞðI ¼ pp; p�;�p;��Þ appearing in
the Eq. (14) for hard-scattering amplitudes.

Cpp
1 ð0Þ ¼ 5; Cpp

0 ð0Þ ¼ 2m2
cðx2 þ 2ðy� 1Þxþ ðy� 2ÞyÞ; (A1)

Cpp
1 ð2Þ ¼ 2; Cpp

0 ð2Þ ¼ �4m2
cðx2 � 4yxþ xþ y2 þ yÞ (A2)

for hard-scattering amplitude Tpp
HJðx; y;k1;k2Þ with J ¼ 0; 2.

Cp�
3 ð0Þ ¼ 5m2

c; Cp�
2 ð0Þ ¼ 4m4

cð4x2 þ ð4y� 6Þx� 2y� 3Þ;
Cp�
1 ð0Þ ¼ �4m6

cð11x2 þ 2ð7y� 9Þxþ yð3y� 10ÞÞ;
Cp�
0 ð0Þ ¼ �16m8

cð2x4 þ ð6y� 7Þx3 þ 3ð2y2 � 5yþ 2Þx2 þ yð2y2 � 9yþ 8Þx� ðy� 2Þy2Þ
(A3)

and

Cp�
3 ð2Þ ¼ 8m2

c; Cp�
2 ð2Þ ¼ �8m4

cð4x2 � 8yxþ 4yþ 3Þ; Cp�
1 ð2Þ ¼ 16m6

cð4x2 þ ð3� 14yÞxþ 7yÞ;
Cp�
0 ð2Þ ¼ 64m8

cðx4 � 2x3 � 3ðy� 1Þyx2 � 2yðy2 � 3yþ 1Þxþ ðy� 2Þy2Þ (A4)

for hard-scattering amplitude Tp�
HJ ðx; y;k1;k2Þ with J ¼ 0; 2.

C�p
3 ð0Þ ¼ 5m2

c; C�p
2 ð0Þ ¼ 4m4

cð4y2 � 6yþ xð4y� 2Þ � 3Þ;
C�p
1 ð0Þ ¼ �4m6

cð3x2 þ 2ð7y� 5Þxþ yð11y� 18ÞÞ;
C�p
0 ð0Þ ¼ �16m8

cðð2y� 1Þx3 þ ð6y2 � 9yþ 2Þx2 þ yð6y2 � 15yþ 8Þxþ y2ð2y2 � 7yþ 6ÞÞ
(A5)

and

C�p
3 ð2Þ ¼ 8m2

c; C�p
2 ð2Þ ¼ �8m4

cð4y2 þ xð4� 8yÞ þ 3Þ; C�p
1 ð2Þ ¼ 16m6

cðxð7� 14yÞ þ yð4yþ 3ÞÞ;
C�p
0 ð2Þ ¼ �64m8

cðð2y� 1Þx3 þ ð3y2 � 6yþ 2Þx2 þ ð2� 3yÞyx� ðy� 2Þy3Þ (A6)

for hard-scattering amplitude T�p
HJ ðx; y;k1;k2Þ with J ¼ 0; 2.
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C��
6 ð0Þ ¼ 7m2

c; C��
5 ð0Þ ¼ �2m4

cð7x2 � 7xþ 11y2 � 11yþ 39Þ;
C��
4 ð0Þ ¼ 2m6

cðð26� 52yÞx3 þ ð�104y2 þ 182y� 101Þx2 � 2ð26y3 � 91y2 þ 173y� 85Þxþ 26y3 � 69y2 þ 138yþ 40Þ;
C��
3 ð0Þ ¼ �16m8

cðx4 þ ð8y� 6Þx3 þ 2ð5y2 � 11y� 3Þx2 � 2ð5y2 þ 18y� 18Þx� 3y4 þ 6y3 � 6y2 þ 28y� 6Þ;
C��
2 ð0Þ ¼ 32m10

c ðð8y� 4Þx5 þ 4ð8y2 � 13yþ 5Þx4 þ 2ð24y3 � 68y2 þ 62y� 19Þx3
þ ð32y4 � 136y3 þ 200y2 � 130yþ 35Þx2 þ 2ð4y5 � 26y4 þ 54y3 � 53y2 þ 31y� 9Þx
þ yð�4y4 þ 12y3 � 14y2 þ 19y� 18ÞÞ;

C��
1 ð0Þ ¼ 32m12

c ðx6 þ ð1� 8yÞx5 þ ð�45y2 þ 65y� 9Þx4 � 2ð40y3 � 105y2 þ 50yþ 6Þx3
þ ð�65y4 þ 250y3 � 214y2 � 36yþ 36Þx2 þ yð�24y4 þ 125y3 � 164y2 � 20yþ 72Þx
þ y2ð�3y4 þ 21y3 � 41y2 þ 4yþ 36ÞÞ;

C��
0 ð0Þ ¼ �96m14

c ðx2 þ 2ðy� 1Þxþ ðy� 2ÞyÞ3ð�2yþ xð4y� 2Þ � 1Þ (A7)

and

C��
6 ð2Þ ¼ 4m2

c; C��
5 ð2Þ ¼ 4m4

cð7x2 � ð12yþ 1Þxþ 11y2 � 5y� 6Þ;
C��
4 ð2Þ ¼ 4m6

cð26ð2y� 1Þx3 þ ð�208y2 þ 130y� 61Þx2 þ ð52y3 þ 130y2 � 32yþ 25Þx� 26y3 � 93y2 þ 57y� 4Þ;
C��
3 ð2Þ ¼ 32m8

cðx4 þ ð21� 46yÞx3 þ ð118y2 � 49yþ 15Þx2 � yð54y2 þ 37yþ 6Þx� 3y4 þ 33y3 þ 15y2 � 8yþ 6Þ;
C��
2 ð2Þ ¼ �32m10

c ð8ð2y� 1Þx5 þ ð�32y2 � 8yþ 7Þx4 þ ð�96y3 þ 208y2 � 166yþ 53Þx3 þ ð�32y4 þ 208y3 � 26y2

� 29yþ 10Þx2 þ ð16y5 � 8y4 � 198y3 þ 19y2 � 56yþ 30Þxþ yð�8y4 � 9y3 þ 101y2 � 22yþ 30ÞÞ;
C��
1 ð2Þ ¼ �64m12

c ðx6 þ ð13� 32yÞx5 þ ð51y2 þ 29y� 12Þx4 þ 2ð80y3 � 171y2 þ 64y� 12Þx3 þ ð31y4 � 302y3

þ 248y2 þ 24y� 24Þx2 þ yð�48y4 þ 89y3 þ 64y2 þ 40y� 48Þx� y2ð3y4 � 33y3 þ 44y2 þ 8yþ 24ÞÞ;
C��
0 ð2Þ ¼ 192m14

c ðx2 þ 2ðy� 1Þxþ ðy� 2ÞyÞ2ðð4y� 2Þx3 þ ð�16y2 þ 10y� 3Þx2
þ ð4y3 þ 10y2 � 1Þx� yð2y2 þ 3yþ 1ÞÞ (A8)

for hard-scattering amplitude T�p
HJ ðx; y;k1;k2Þ with J ¼ 0; 2.

APPENDIX B: THE COEFFICIENTS OF THE FOURIER TRANSFORM

In this appendix we present the explicit expression of the coefficients AI
1iðJÞ; AI

2iðJÞ and BI
i ðJÞ appearing in the Eq. (16)

for the Fourier transform of hard-scattering amplitude. First, we show some useful formulas for Fourier transform,

Z d2k

ð2�Þ2
e�ik�b

ðs� k2 þ i
Þn ¼
ð�Þn

ðn� 1Þ!
� i
4

dn�1

dsn�1 ½Hð1Þ
0 ð ffiffiffi

s
p

bÞ� for s > 0
1
2�

dn�1

dsn�1 ½K0ð
ffiffiffiffiffiffiffi�s

p
bÞ� for s < 0

(B1)

with n ¼ 1; 2; � � � .
The coefficients AI

1iðJÞ, AI
2iðJÞ and BI

i ðJÞ, coming from the Fourier transform of hard-scattering amplitudes, are given as,

A��
10 ðJÞ ¼

2ðxþ yÞ þ ð�2ÞJ=2ðx� yÞ2
8ðxþ y� 1Þðxþ yÞ2 ; A��

20 ðJÞ ¼
2ð2� x� yÞ þ ð�2ÞJ=2ðx� yÞ2

8ðxþ y� 1Þð2� x� yÞ2 ;

B��
0 ðJÞ ¼ ðxþ yÞð2� x� yÞ þ ð�2ÞJ=2ðx� yÞ2

�ðxþ yÞ2ð2� x� yÞ2 ; B��
1 ðJÞ ¼ ð�2ÞJ=2bðx� yÞ2

4
ffiffiffi
2

p
�ðxþ yÞð2� x� yÞ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

xþ y� 2xy
p

(B2)

with b ¼ 2mcb1 for T ��
HJ ðx; y;b1;b2Þ,
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App
10 ð0Þ ¼

xþ yþ 3

4ðxþ y� 1Þðxþ yÞ ; App
20 ð0Þ ¼

5� x� y

4ðxþ y� 1Þð2� x� yÞ ;

Bpp
0 ð0Þ ¼ 3

�ðxþ yÞð2� x� yÞ ; Bpp
1 ð0Þ ¼ � b

2
ffiffiffi
2

p
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xþ y� 2xy

p
(B3)

for T pp
H0ðx; y;b1;b2Þ,

App
10 ð2Þ ¼

4xy� x2 � y2

2ðxþ y� 1Þðxþ yÞ2 ; App
20 ð2Þ ¼

4ð1� xÞð1� yÞ � ð1� xÞ2 � ð1� yÞ2
2ðxþ y� 1Þð2� x� yÞ2 ;

Bpp
0 ð2Þ ¼ �6ðx� yÞ2

�ðxþ yÞ2ð2� x� yÞ2 ; Bpp
1 ð2Þ ¼ �bððx� yÞ2 þ xþ y� 2xyÞffiffiffi

2
p

�ðxþ yÞð2� x� yÞ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xþ y� 2xy

p
(B4)

for T pp
H2ðx; y;b1;b2Þ,

Ap�
10 ð0Þ ¼ � 4x2 þ ð2y� 3Þx� 2y2 þ y

8ðxþ y� 1Þ2ðxþ yÞ3 ; Ap�
20 ð0Þ ¼

4x2 þ ð2y� 7Þx� 2y2 þ yþ 2

8ðxþ y� 1Þ2ð2� x� yÞ3 ;

Ap�
11 ð0Þ ¼

�bx

16ðxþ y� 1Þðxþ yÞ ffiffiffiffiffi
xy

p ; Ap�
21 ð0Þ ¼

�bð1� xÞ
16ðxþ y� 1Þð2� x� yÞ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1� xÞð1� yÞp

Bp�
0 ð0Þ ¼ 1

32�ðxþ yÞ3ð2� x� yÞ3ðxþ y� 2xyÞ ð2b
2x6 þ b2ð10y� 11Þx5 þ 5b2ð4y2 � 9yþ 4Þx4

þ 2ðð10y3 � 35y2 þ 32y� 6Þb2 � 160yþ 80Þx3 þ 2ð5b2y4 � 25b2y3 þ 4ð9b2 � 16Þy2
þ ð304� 14b2Þy� 96Þx2 þ yð2b2y4 � 15b2y3 þ 32ðb2 þ 6Þy2 � 20ðb2 þ 8Þy� 128Þx
� y2ðb2y3 � 4b2y2 þ 4ðb2 þ 24Þy� 64ÞÞ

Bp�
1 ð0Þ ¼ bð2x4 þ ð26y� 17Þx3 þ ð14y2 � 53yþ 18Þx2 þ yð�10y2 þ yþ 16Þxþ y2ð5y� 2ÞÞ

8
ffiffiffi
2

p
�ð2� x� yÞ2ðxþ yÞ2 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

xþ y� 2xy
p ð2xy� x� yÞ

Bp�
2 ð0Þ ¼ b2ð2x2 þ ð2y� 3Þx� yÞ

32�ðxþ yÞð2� x� yÞðxþ y� 2xyÞ (B5)

for T p�
H0ðx;y;b1;b2Þ,

Ap�
10 ð2Þ ¼

4x2 þ ð2y� 3Þx� 2y2 þ y

4ðxþ y� 1Þ2ðxþ yÞ3 ; Ap�
20 ð2Þ ¼ � 4x2 þ ð2y� 7Þx� 2y2 þ yþ 2

4ðxþ y� 1Þ2ð2� x� yÞ3 ;

Ap�
11 ð2Þ ¼

bxðx� 2yÞ
8ðxþ y� 1Þðxþ yÞ2 ffiffiffiffiffi

xy
p ; Ap�

21 ð2Þ ¼
bðx� 1Þðx� 2yþ 1Þ

8ðxþ y� 1Þð2� x� yÞ2 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1� xÞð1� yÞp
Bp�
0 ð2Þ ¼ 1

8�ðxþ yÞ3ð2� x� yÞ3ðxþ y� 2xyÞ ð�b2x6 � 2b2ðy� 2Þx5 þ b2ð2y2 þ 3y� 4Þx4

þ 4ð2b2y3 � 4b2y2 þ ðb2 þ 40Þy� 20Þx3 þ ð7b2y4 � 26b2y3 þ 8ð3b2 þ 8Þy2 � 4ðb2 þ 76Þyþ 96Þx2
þ 2yðb2y4 � 6b2y3 þ 2ð5b2 � 24Þy2 � 4ðb2 � 10Þyþ 32Þx� y2ðb2y3 � 4b2y2 þ 4ðb2 � 12Þyþ 32ÞÞ

Bp�
1 ð2Þ ¼ �bðx4 þ 2ð8y� 5Þx3 þ ð�11y2 � 13yþ 6Þx2 � 2yðy2 � 7y� 1Þxþ ðy� 4Þy2Þ

2
ffiffiffi
2

p
�ð2� x� yÞ2ðxþ yÞ2 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

xþ y� 2xy
p ð2xy� x� yÞ

Bp�
2 ð2Þ ¼ �b2ðx2 � 2xyþ yÞ

8�ðxþ yÞð2� x� yÞðxþ y� 2xyÞ (B6)

for T p�
H2ðx; y;b1;b2Þ,
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A�p
10 ð0Þ ¼

2x2 � ð2yþ 1Þxþ ð3� 4yÞy
8ðxþ y� 1Þ2ðxþ yÞ3 ; A�p

20 ð0Þ ¼
�2x2 þ 2yxþ xþ 4y2 � 7yþ 2

8ðxþ y� 1Þ2ð2� x� yÞ3 ;

A�p
11 ð0Þ ¼

�by

16ðxþ y� 1Þðxþ yÞ ffiffiffiffiffi
xy

p ; A�p
21 ð0Þ ¼

�bð1� yÞ
16ðxþ y� 1Þð2� x� yÞ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1� xÞð1� yÞp

B�p
0 ð0Þ ¼ 1

32�ðxþ yÞ3ð2� x� yÞ3ðxþ y� 2xyÞ ðb
2ð2y� 1Þx5 þ b2ð10y2 � 15yþ 4Þx4 þ 2ðð10y3 � 25y2 þ 16y� 2Þb2

þ 96y� 48Þx3 þ 2ð10b2y4 � 35b2y3 þ 4ð9b2 � 16Þy2 � 10ðb2 þ 8Þyþ 32Þx2
þ yð10b2y4 � 45b2y3 þ 64ðb2 � 5Þy2 þ ð608� 28b2Þy� 128Þxþ y2ð2b2y4 � 11b2y3 þ 20b2y2

� 4ð3b2 � 40Þy� 192ÞÞ

B�p
1 ð0Þ ¼ bðð5� 10yÞx3 þ ð14y2 þ y� 2Þx2 þ yð26y2 � 53yþ 16Þxþ y2ð2y2 � 17yþ 18ÞÞ

8
ffiffiffi
2

p
�ð2� x� yÞ2ðxþ yÞ2 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

xþ y� 2xy
p ð2xy� x� yÞ

B�p
2 ð0Þ ¼ b2ðyð2y� 3Þ þ xð2y� 1ÞÞ

32�ðxþ yÞð2� x� yÞðxþ y� 2xyÞ (B7)

for T �p
H0ðx; y;b1;b2Þ,

A�p
10 ð2Þ ¼

�2x2 þ 2yxþ xþ yð4y� 3Þ
4ðxþ y� 1Þ2ðxþ yÞ3 ; A�p

20 ð2Þ ¼ ��2x2 þ 2yxþ xþ 4y2 � 7yþ 2

4ðxþ y� 1Þ2ð2� x� yÞ3 ;

A�p
11 ð2Þ ¼

byðy� 2xÞ
8ðxþ y� 1Þðxþ yÞ2 ffiffiffiffiffi

xy
p ; A�p

21 ð2Þ ¼
bðy� 1Þðy� 2xþ 1Þ

8ðxþ y� 1Þð2� x� yÞ2 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1� xÞð1� yÞp
B�p
0 ð2Þ ¼ 1

8�ðxþ yÞ3ð2� x� yÞ3ðxþ y� 2xyÞ ðb
2ð2y� 1Þx5 þ b2ð7y2 � 12yþ 4Þx4 þ ðð8y3 � 26y2 þ 20y� 4Þb2

� 96yþ 48Þx3 þ 2ðb2y4 � 8b2y3 þ 4ð3b2 þ 8Þy2 � 4ðb2 � 10Þy� 16Þx2 þ yð�2b2y4 þ 3b2y3 þ 4ðb2 þ 40Þy2
� 4ðb2 þ 76Þyþ 64Þx� y2ðb2y4 � 4b2y3 þ 4b2y2 þ 80y� 96ÞÞ

B�p
1 ð2Þ ¼ bðð2y� 1Þx3 þ ð11y2 � 14yþ 4Þx2 þ yð�16y2 þ 13y� 2Þx� y2ðy2 � 10yþ 6ÞÞ

2
ffiffiffi
2

p
�ð2� x� yÞ2ðxþ yÞ2 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

xþ y� 2xy
p ð2xy� x� yÞ

B�p
2 ð2Þ ¼ �b2ðy2 � 2xyþ xÞ

8�ðxþ yÞð2� x� yÞðxþ y� 2xyÞ (B8)

for T �p
H2ðx; y;b1;b2Þ,
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A��
10 ð0Þ ¼

1

128ðxþ�1Þ3ðxþ yÞ4 ðb
2x6 þ ðð6y� 1Þb2 � 96yþ 64Þx5 þ ðb2ð15y2 � 5y� 1Þ � 8ð48y2 � 36yþ 1ÞÞx4

þ ðb2ð20y3 � 10y2 � 4yþ 1Þ � 48ð12y3 � 10y2 þ 4yþ 1ÞÞx3 þ ð3ð5b2 � 128Þy4 þ ð352� 10b2Þy3
� 2ð3b2 þ 88Þy2 þ 3ðb2 þ 48Þyþ 24Þx2 þ yð6ðb2 � 16Þy4 þ ð96� 5b2Þy3 � 4ðb2 � 48Þy2
þ 3ðb2 � 16Þy� 80Þxþ y2ðb2y4 � b2y3 � ðb2 � 184Þy2 þ ðb2 � 240Þyþ 88ÞÞ

A��
20 ð0Þ ¼

�1

128ðxþ y� 1Þ3ð2� x� yÞ4 ð8ð4ð3y� 1Þx5 þ 3ð16y2 � 40yþ 11Þx4 þ 2ð36y3 � 174y2 þ 240y� 67Þx3

þ ð48y4 � 364y3 þ 934y2 � 926yþ 249Þx2 þ 2ð6y5 � 72y4 þ 280y3 � 499y2 þ 397y� 100Þx� 12y5 þ 73y4

� 206y3 þ 305y2 � 216yþ 52Þ � b2ðxþ y� 3Þðxþ y� 2Þ3ðxþ y� 1Þ2Þ
A��
11 ð0Þ ¼

b

64ðxþ y� 1Þ2ðxþ yÞ3 ffiffiffiffiffi
xy

p ðð1� 8yÞx4 þ ð�24y2 � 28yþ 6Þx3 � ð24y3 þ 58y2 � 34yþ 3Þx2

þ 2yð�4y3 � 14y2 þ 17yþ 1Þxþ y2ðy2 þ 6y� 3ÞÞ
A��
21 ð0Þ ¼

b

64ðxþ y� 1Þ2ð2� x� yÞ3 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1� xÞð1� yÞp ðð7� 8yÞx4 � 2ð12y2 � 54yþ 37Þx3 þ ð�24y3 þ 202y2 � 430y

þ 231Þx2 � 2ð4y4 � 54y3 þ 215y2 � 307yþ 134Þxþ 7y4 � 74y3 þ 231y2 � 268yþ 100Þ

A��
12 ð0Þ ¼

�b2ðxþ yþ 1Þ
128ðxþ yÞðxþ y� 1Þ ; A��

22 ð0Þ ¼
b2ðxþ y� 3Þ

128ð2� x� yÞðxþ y� 1Þ
B��
0 ð0Þ ¼ 1

256�ðxþ yÞ4ð2� x� yÞ4ðxþ y� 2xyÞ2 ð10b
2ð2y� 1Þx9 þ ðb2ð336y2 � 426yþ 121Þ � 128ð1� 2yÞ2Þx8

þ 8ðð198y3 � 465y2 þ 309y� 59Þb2 þ 16ð�16y3 þ 40y2 � 26yþ 5ÞÞx7 þ 4ðb2ð892y4 � 3170y3 þ 3571y2

� 1482yþ 186Þ � 32ð12y4 � 80y3 þ 72y2 � 11y� 3ÞÞx6 þ 4ðð1110y5 � 5451y4 þ 9006y3 � 6006y2

þ 1516y� 96Þb2 þ 32ð32y5 � 44y4 � 110y3 þ 45y2 þ 34y� 12ÞÞx5 þ 2ðð1560y6 � 10230y5 þ 23235y4

� 22260y3 þ 8620y2 � 960y� 24Þb2 þ 64ð68y6 � 284y5 þ 246y4 þ 203y3 � 115y2 � 28yþ 12ÞÞx4
þ 8yðð142y6 � 1277y5 þ 3947y4 � 5225y3 þ 2868y2 � 464y� 24Þb2 þ 16ð48y6 � 304y5 þ 730y4 � 537y3

� 196y2 þ 168y� 16ÞÞx3 þ 4y2ðð36y6 � 570y5 þ 2603y4 � 4878y3 þ 3782y2 � 864y� 72Þb2
þ 32ð12y6 � 120y5 þ 496y4 � 967y3 þ 765y2 � 88y� 24ÞÞx2 � 2y3ðð6y6 þ 45y5 � 612y4 þ 1924y3

� 2264y2 þ 768yþ 96Þb2 þ 64ð12y5 � 78y4 þ 281y3 � 482y2 þ 348y� 48ÞÞx
þ y4ðb2ð6y3 þ 33y2 � 76y� 12Þðy� 2Þ2 þ 128ð3y4 � 15y3 þ 51y2 � 76yþ 44ÞÞÞ

B��
1 ð0Þ ¼ �b

512
ffiffiffi
2

p
�ðxþ yÞ3ð2� x� yÞ3ðxþ y� 2xyÞ5=2 ð�6b2ð1� 2yÞ2x8 � ð2y� 1Þð3b2ð24y2 � 40yþ 11Þ

� 16ð32y2 � 32yþ 13ÞÞx7 þ ð8ð512y4 � 1472y3 þ 1224y2 � 446yþ 61Þ � 3b2ð120y4 � 408y3 þ 428y2

� 161yþ 18ÞÞx6 þ ð16ð384y5 � 1728y4 þ 3318y3 � 2541y2 þ 863y� 103Þ � 3b2ð160y5 � 760y4 þ 1186y3

� 715y2 þ 148y� 4ÞÞx5 þ ð8ð512y6 � 3456y5 þ 10480y4 � 16590y3 þ 11011y2 � 2982yþ 236Þ
� 3b2ð120y6 � 760y5 þ 1636y4 � 1417y3 þ 430y2 � 4y� 8ÞÞx4 þ ð�16ð9b2 � 64Þy7 þ 8ð153b2 � 1472Þy6
þ ð43616� 3558b2Þy5 þ ð4251b2 � 109040Þy4 � 24ð75b2 � 5836Þy3 � 8ð3b2 þ 8428Þy2
þ 96ðb2 þ 100Þyþ 192Þx3 þ yð�24b2y7 þ 24ð13b2 � 64Þy6 þ ð4672� 1284b2Þy5 þ 33ð65b2 � 336Þy4
þ ð42904� 1290b2Þy3 � 24ðb2 þ 2084Þy2 þ 48ð3b2 þ 268Þyþ 576Þx2 þ y2ð24b2y6 þ ð672� 186b2Þy5
þ 3ð161b2 þ 816Þy4 � 4ð111b2 þ 1796Þy3 þ 12ðb2 � 196Þy2 þ 32ð3b2 þ 140Þyþ 576Þx
þ y3ð�6b2y5 þ ð33b2 � 80Þy4 � 6ð9b2 þ 196Þy3 þ 12ðb2 þ 204Þy2 þ 24ðb2 � 28Þyþ 192ÞÞ
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B��
2 ð0Þ ¼ b2

256�ðxþ yÞ2ð2� x� yÞ2ðxþ y� 2xyÞ2 ð10ð2y� 1Þx5 þ ð256y2 � 306yþ 81Þx4 þ 4ð110y3 � 293y2

þ 181y� 27Þx3 þ 2ð96y4 � 522y3 þ 619y2 � 162y� 6Þx2 � 2yð6y4 þ 81y3 � 282y2 þ 146yþ 12Þx
þ y2ð6y3 þ 33y2 � 76y� 12ÞÞ

B��
3 ð0Þ ¼ b3ð�2yþ xð4y� 2Þ � 1Þ

512
ffiffiffi
2

p
�ðxþ y� 2xyÞ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

xþ y� 2xy
p (B9)

for T ��
H0 ðx; y;b1;b2Þ and

A��
10 ð2Þ ¼

1

64ðxþ y� 1Þ3ðxþ yÞ4 ð�b2x6þðb2þ 96y� 64Þx5þðb2ð9y2� 7yþ 1Þ� 8ð24y2þ 36y� 19ÞÞx4

þðð16y3� 26y2þ 10y� 1Þb2þ 24ð�24y3þ 28y2þ 14y� 3ÞÞx3þð3ð3b2� 64Þy4þð800� 26b2Þy3
þ 2ð9b2� 200Þy2� 3ðb2þ 8Þy� 24Þx2þð96y5�ð7b2þ 96Þy4þ 2ð5b2� 24Þy3� 3ðb2� 56Þy2� 64yþ 24Þx
þ yð�b2y5þb2y4þðb2� 40Þy3�ðb2� 120Þy2� 88yþ 24ÞÞ

A��
20 ð2Þ ¼

�1

64ðÞðxþ y� 1Þ3ð2� x� yÞ4 ðb
2x6þð�5b2� 96yþ 32Þx5þðð�9y2þ 11yþ 7Þb2þ 24ð8y2� 8yþ 7ÞÞx4

þðð�16y3þ 58y2� 50yþ 1Þb2þ 8ð72y3� 228y2þ 222y� 79ÞÞx3þðð�9y4þ 58y3� 114y2þ 75y� 8Þb2
þ 8ð24y4� 212y3þ 434y2� 301yþ 51ÞÞx2þðð11y4� 50y3þ 75y2� 40yþ 4Þb2þ 8ð�12y5þ 142y3� 229y2

þ 64yþ 41ÞÞxþb2y6þð96� 5b2Þy5þð7b2� 152Þy4þðb2� 56Þy3� 8ðb2þ 5Þy2þ 4ðb2þ 114Þy� 320Þ
A��
11 ð2Þ ¼

b

32ðxþ y� 1Þ2ðxþ yÞ3 ffiffiffiffiffi
xy

p ðð8y� 1Þx4� 2ð12y2þ 7y� 3Þx3þð�24y3þ 22y2þ 20y� 3Þx2

þ 2yð4y3� 7y2þ 10y� 1Þx� y2ðy2� 6yþ 3ÞÞ
A��
21 ð2Þ ¼

b

32ðxþ y� 1Þ2ð2� x� yÞ3 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1� xÞð1� yÞp ðð8y� 7Þx4þð�24y2þ 30y� 4Þx3

þð�24y3þ 122y2� 146yþ 39Þx2þ 2ð4y4þ 15y3� 73y2þ 71y� 13Þx� 7y4� 4y3þ 39y2� 26y� 4Þ

A��
12 ð2Þ ¼

b2ðx2� 4yxþ xþ y2þ yÞ
64ðxþ y� 1Þðxþ yÞ2 ; A��

22 ð2Þ ¼
b2ðx2� 4yxþ xþ y2þ yÞ
64ðxþ y� 1Þð2� x� yÞ2 ;

B��
0 ð2Þ ¼ 1

128�ðxþ yÞ4ð2� x� yÞ4ðxþ y� 2xyÞ2 ð10b
2ð1� 2yÞx9þðð�72y2þ 162y� 55Þb2þ 128ð1� 2yÞ2Þx8

þðð192y3� 210yþ 49Þb2þ 128ð160y3� 256y2þ 134y� 23ÞÞx7þðð1160y4� 2992y3þ 2240y2� 765y

þ 150Þb2þ 128ð12y4� 584y3þ 732y2� 293yþ 36ÞÞx6þðb2ð1992y5� 8460y4þ 11538y3� 6591y2

þ 1868y� 228Þ� 128ð320y5� 764y4� 290y3þ 747y2� 284yþ 30ÞÞx5þðb2ð1608y6� 9804y5þ 19998y4

� 16821y3þ 6250y2� 996yþ 24Þ� 128yð68y5� 1004y4þ 2142y3� 799y2� 124yþ 62ÞÞx4
þð128ð5b2þ 96Þy7� 16ð341b2þ 1600Þy6þ 2ð7993b2� 35200Þy5þð196992� 19541b2Þy4þð9960b2
� 80896Þy3� 8ð247b2� 1728Þy2þ 32ð3b2� 224Þyþ 1536Þx3þ yð24ð5b2� 64Þy7� 96ð15b2þ 128Þy6
þ 32ð191b2þ 656Þy5þð33920� 11103b2Þy4þð8362b2� 96768Þy3� 8ð279b2� 5824Þy2
þ 144ðb2� 128Þyþ 4608Þx2þ y2ð12b2y7� 6ð29b2� 256Þy6þ 6ð173b2þ 640Þy5�ð2845b2þ 128Þy4
þ 4ð851b2� 5248Þy3þð33024� 1380b2Þy2þ 96ðb2� 160Þyþ 4608Þx� y3ð6b2y6þð384� 57b2Þy5
þð239b2þ 384Þy4þð1536� 470b2Þy3þ 4ð89b2� 1088Þy2� 8ð3b2� 512Þy� 1536ÞÞ
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B��
1 ð2Þ¼ �b

256
ffiffiffi
2

p
�ðxþyÞ3ð2�x�yÞ3ðxþy�2xyÞ5=2 ð6b

2ð1�2yÞ2x8�ð2y�1Þð3ð16y�5Þb2þ16ð32y2�32yþ13ÞÞx7

�ð3b2ð72y4�144y3þ64y2�13yþ3Þ�8ð256y4�64y3�384y2þ374y�91ÞÞx6þð8ð768y5�2688y4

þ1716y3þ786y2�940yþ179Þ�3b2ð128y5�536y4þ650y3�311y2þ74y�8ÞÞx5þð8ð256y6�2688y5

þ7616y4�5922y3þ1475y2�297yþ124Þ�3b2ð72y6�536y5þ1124y4�833y3þ221y2�8y�4ÞÞx4
�ð1024y7þð512�432b2Þy6þ50ð39b2�464Þy5þð71056�2499b2Þy4þ300ð3b2�176Þy3
þ16ð3b2þ1165Þy2�48ðb2þ124Þyþ864Þx3þyð24b2y7�96ðb2�16Þy6�64ð3b2�32Þy5
þ3ð311b2�7760Þy4þð56984�663b2Þy3�48ðb2þ751Þy2þ24ð3b2þ520Þy�2592Þx2þy2ð�24b2y6

þð78b2�672Þy5þð39b2�3024Þy4þð13472�222b2Þy3þ24ðb2�995Þy2þð13472�222b2Þy3
þ24ðb2�995Þy2þ16ð3b2þ692Þy�2592Þxþy3ð6b2y5þð80�15b2Þy4�9ðb2�104Þy3
þ 24ðb2 � 111Þy2 þ 12ðb2 þ 296Þy� 864ÞÞ

B��
2 ð2Þ ¼ b2

128�ðxþ yÞ2ð2� x� yÞ2ðxþ y� 2xyÞ2 ðð10� 20yÞx5 þ ð8y2 þ 42y� 15Þx4 þ ð280y3 � 436y2

þ 218y� 51Þx3 þ ð72y4 � 564y3 þ 466y2 � 117yþ 6Þx2 þ yð12y4 � 102y3 þ 378y2 � 149yþ 12Þx
þ y2ð�6y3 þ 33y2 � 83yþ 6ÞÞ

B��
3 ð2Þ ¼ b3

256
ffiffiffi
2

p
�ðxþ yÞð2� x� yÞðxþ y� 2xyÞ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

xþ y� 2xy
p ðð4y� 2Þx3 þ ð�16y2 þ 10y� 3Þx2

þ ð4y3 þ 10y2 � 1Þx� yð2y2 þ 3yþ 1ÞÞ (B10)

for T ��
H2 ðx; y;b1;b2Þ

APPENDIX C: THE FUNCTION sðx; b;QÞ IN THE SUDAKOV FACTOR

In this appendix we present the explicit expression of the exponent sðx; b;QÞ appearing in the Sudakov factor. Defining
the variables,

q̂ � ln
xQffiffiffi
2

p
�QCD

; b̂ � ln
1

b�QCD

; (C1)

the exponent sðx; b;QÞ is presented up to next-to-leading-log approximation [43]

sðx;b;QÞ ¼ Að1Þ

2�1

�
q̂ ln

�
q̂

b̂

�
� q̂þ b̂

�
þ Að2Þ

4�2
1

�
q̂

b̂
� 1

�
�
�
Að2Þ

4�2
1

� Að1Þ

4�1

ln

�
e2�E�1

2

��
ln

�
q̂

b̂

�
þAð1Þ�2

4�3
1

q̂

�
lnð2q̂Þþ 1

q̂

� lnð2b̂Þþ 1

b̂

�
þAð1Þ�2

8�3
1

½ln2ð2q̂Þ� ln2ð2b̂Þ�þAð1Þ�2

8�3
1

ln

�
e2�E�1

2

��
lnð2q̂Þþ 1

q̂
� lnð2b̂Þþ 1

b̂

�

�Að2Þ�2

16�4
1

�
2lnð2q̂Þþ 3

q̂
� 2 lnð2b̂Þþ 3

b̂

�
�Að2Þ�2

16�4
1

q̂� b̂

b̂2
½2 lnð2b̂Þþ 1�þAð2Þ�2

2

432�6
1

q̂� b̂

b̂3
½9ln2ð2b̂Þþ 6lnð2b̂Þþ 2�

þ Að2Þ�2
2

1728�6
1

�
18ln2ð2q̂Þþ 30lnð2q̂Þþ 19

q̂2
� 18ln2ð2b̂Þþ 30lnð2b̂Þþ 19

b̂2

�
(C2)

where the coefficients �i and AðiÞ are

�1 ¼
33� 2nf

12
; �2 ¼

153� 19nf
24

; Að1Þ ¼ 4

3
;

Að2Þ ¼ 67

9
� �2

3
� 10

27
nf þ 8

3
�1 ln

e�E

2
; (C3)

with �E the Euler constant.
The exponent sðx; b;QÞ is obtained under the condition

that xQ=
ffiffiffi
2

p
> 1=b, i.e. the longitudinal momentum should

be larger than the transverse momentum. So sðx; b;QÞ is
defined for q̂ � b̂, and set to zero for q̂ < b̂. As a similar

treatment, the complete Sudakov factor e�S is set to unity,

if e�S > 1, in the numerical analysis. This corresponds to a

truncation at large kT , which spoils the on-shell require-
ment for the light valence quarks. The quark lines with

large kT should be absorbed into the hard-scattering am-

plitude, instead of the wave functions.
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