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(Received 28 July 2009; published 29 October 2009)

In the framework of supersymmetric grand unified theories, the minimal Higgs sector is often extended

by introducing multidimensional Higgs representations in order to obtain realistic models. However these

constructions should remain anomaly-free, which significantly constrains their structure. We review the

necessary conditions for the cancellation of anomalies in general and discuss in detail the different

possibilities for supersymmetric SU(5) models. Alternative anomaly-free combinations of Higgs repre-

sentations, beyond the usual vectorlike choice, are identified, and it is shown that their corresponding �

functions are not equivalent. Although the unification of gauge couplings is not affected, the introduction

of multidimensional representations leads to different scenarios for the perturbative validity of the theory

up to the Planck scale.
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I. INTRODUCTION

Supersymmetric grand unified theories (SGUT) [1–4]
have achieved some degree of success: unification of gauge
couplings, charge quantization, prediction of the weak
mixing angle, the mass-scale of neutrinos. Detection of
weak scale superpartners or proton decay, as well as some
patterns of FCNC/LFV and CP violation phenomena
would indicate that some form of SGUT lays beyond the
standard model (SM)[5]. Although this degree of success is
already present in the minimal models [SO(10) or some
variant of SU(5)] [6–8], there are open problems that
suggest the need to incorporate more elaborate construc-
tions [9], specifically the use of higher-dimensional repre-
sentations in the Higgs sector [i.e. SU(5) representations
with dimension >24]. For instance, a 45 representation is
often included to obtain correct mass relations for the first
and second families of d-type quarks and leptons [10],
while a 75 representation has been employed to address
the doublet-triplet problem [11].

When one adds these higher-dimensional Higgs repre-
sentations within the context of N ¼ 1 SGUTs, one must
verify the cancellation of anomalies associated to their
fermionic partners, i.e. the Higgsinos. The most straight-
forward solution to anomaly cancellation is obtained by
including vectorlike representations i.e. including both c
and �c chiral supermultiplets; up to our knowledge this
seems to be the option chosen by most models builders. It
is one of the purposes of this paper to find alternatives to
this option, namely, to create an anomaly-free Higgs sec-
tor, including some representation c and a set of other
representations of lower dimension f�1; �2; . . .g. It turns

out that different anomaly-free combinations of represen-
tations are not equivalent in terms of their � functions.
It is also known that the unification condition imposes

some restrictions on the grand unified theories (GUT) scale
masses of the gauge bosons, gauginos, Higgses, and
Higgsinos [12]. However the addition of complete GUT
multiplets does not change the unified gauge couplings,
and neither modifies the unification scale. On the other
hand, the evolution of the gauge couplings above the GUT
scale, up to the Planck scale, depends on the matter and
Higgs content, thus the perturbative validity of the model is
affected by the inclusion of additional multiplets. This is
important in order to determine whether gravitational ef-
fects should be invoked for the viability of the model [13].
In this paper we also study the effect of the higher-
dimensional Higgs multiplets on the evolution of the gauge
coupling up to the Planck scale, focusing on models that
invoke different sets of representations in order to satisfy
the anomaly-free conditions.
Our paper is organized as follows. In Sec. II we review

the different mechanisms proposed in the literature to get
anomaly-free gauge theories for general gauge groups.
Focusing on SU(N)-type models, we look for new alter-
natives to anomaly cancellation. The implications of our
results for specific SGUT SU(5) models are presented in
Sec. III. The issue of gauge coupling unification, and the
effect of higher-dimensional representations is discussed in
Sec. IV, where we include the 2-loop effect on the gauge
unification that is brought by the Yukawa couplings asso-
ciated with those representations at the 1-loop level.
Finally our conclusions are presented in Sec. V.

II. ANOMALIES IN GAUGE THEORIES

Whether a symmetry that holds at the classical level is
respected or not at the quantum level is signaled by the
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presence of anomalies. The importance of anomalies was
recognized almost immediately after the proof that Yang-
Mills theories with spontaneous symmetry breaking (SSB)
are renormalizable was presented in [14]. Anomalies can
be associated with both global or local symmetries, the
latter being most dangerous for the consistency of the
theory. The so-called perturbative anomalies arise in
Abelian gauge symmetries while non-Abelian symmetries
can have anomalies of a nonperturbative origin that turn
out to be of topological nature [15]. The need to require
anomaly cancellation in any gauge theory stems from the
fact that their presence destroys the quantum consistency
of the theory [16]. It turns out that all one needs in order to
identify the anomaly is to calculate the triangle diagrams of
the form AVV, with A ¼ Axial, and V ¼ Vector currents.

For a given fermionic representationD of a gauge group
G, the anomaly can then be written as [12]:

AðDÞdabc � Tr½fTDi
a ; TDi

b gTDi
c �; (1)

where TDi
a denotes the generators of the gauge group G in

the representation Di, and dabc denotes the anomaly asso-
ciated with the fundamental representation. The anomaly
coefficients aD � AðDÞ for the most common representa-
tions are shown in Table I for SU(N) groups; a result that is
known in the literature [12]. In order to obtain these results
one makes use of the following relations:

(1) For a representation R that is a direct sum of two
representations, R ¼ R1 � R2, the anomaly is given
by

AR ¼ AðR1 � R2Þ ¼ AðR1Þ þ AðR2Þ: (2)

(2) For a representation R that is the tensor product of
two representations, the anomaly is given by

AR ¼ AðRÞ ¼ AðR1 � R2Þ
¼ DðR1ÞAðR2Þ þDðR2ÞAðR1Þ; (3)

with DðRiÞ denoting the dimensions of representa-
tions Ri.

Then, starting from the fundamental representations F, we
have taken the tensor products and evaluated the unknown
coefficients that appear in the products in terms of AðFÞ.
The dimension of the representations has been verified
using the chain notation ð�;�; �; . . .Þ. Results for some
SU(N) representations can be read off from tables in [17].
We have extended these results to include additional
higher-dimensional representations, with the correspond-
ing expressions shown in Table II.
Then, given the previous results, one can try to identify

possible ways that will enable us to construct anomaly-free
models. As it has been considered in the literature [18,19],
there are several ways to obtain anomaly-free theories,
namely:
(i) The gauge group itself is safe, i.e. it is always free of

anomalies. This happens, for instance, for SO(10)
but not for SU(5).

(ii) The gauge group is a subgroup of an anomaly-free
group, and the representations form a complete rep-
resentation of the anomaly-free group. For instance,

this happens in the SU(5) case for the 5þ 10 repre-
sentations, which together are anomaly-free, and this
can be understood because they belong to the 16
representation of SO(10), i.e. under SU(5) the 16

decomposes as 16 ¼ 5þ 10þ 1.
(iii) The fermionic representations appear in conjugate

pairs, i.e., they are vectorlike. This is the most com-
mon choice when the Higgs sector of SGUT is ex-

tended.1 For instance, a 45þ 45 pair is considered to
solve the problem associated with the wrong Yukawa
unification for first and second families within SU(5)
models.

Here, we shall show that there are also other accidental
possibilities that result when several lower-dimensional
Higgs multiplets contribute to the anomaly associated
with a larger-dimensional Higgs representation. This will
be illustrated with the SU(5) case in the following section.

III. ANOMALY CANCELLATION IN SUSY SU(5)

Let us consider an SU(5) SGUT model. There are three

copies of 5 and 10 representations to accommodate the
three families of quarks and leptons. Breaking of the GUT
group to the SM: SUð5Þ ! SUð3ÞC � SUð2ÞL � Uð1Þ, is
achieved by including a (chiral) Higgs supermultiplet in

the adjoint representation (24). Regarding anomalies, the 5
and 10 contributions cancel each other. This situation
corresponds to case (ii) in the previous section, that results
from the fact that the SU(5) gauge symmetry is a subgroup
of SO(10). On the other hand, the 24 representation is itself

TABLE I. Dimensions, Dynkin indexes, and anomaly coeffi-
cients for some representations of SU(N).

Irreducible

representation

Dimension (r) 2TðrÞ AðrÞ

N 1 1

Ad N2 � 1 2N 0

NðN�1Þ
2 N � 2 N � 4

NðNþ1Þ
2 N þ 2 N þ 4

NðN�1ÞðN�2Þ
6

ðN�3ÞðN�2Þ
2

ðN�3ÞðN�6Þ
2

NðNþ1ÞðNþ2Þ
6

ðNþ2ÞðNþ3Þ
2

ðNþ3ÞðNþ6Þ
2

NðN�1ÞðNþ1Þ
3 N2 � 3 N2 � 9

N2ðNþ1ÞðN�1Þ
12

NðN�2ÞðNþ2Þ
3

NðN�4ÞðNþ4Þ
3

NðNþ1ÞðNþ2ÞðNþ3Þ
24

ðNþ2ÞðNþ3ÞðNþ4Þ
6

ðNþ3ÞðNþ4ÞðNþ8Þ
6

NðNþ1ÞðN�1ÞðN�2Þ
8

ðN�2ÞðN2�N�4Þ
2

ðN�4ÞðN2�N�8Þ
2

1Although Higgs scalars do not contribute to the anomaly, in
supersymmetric (SUSY) models they come with the Higgsinos,
their fermionic partners, which can contribute to the anomaly.
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anomaly-free. The minimal Higgs sector needed to break

the SM gauge group can be formed with a pair of 5 and 5
representations, which is indeed vectorial and therefore
anomaly-free [this corresponds to case (iii) discussed
above].

Now, within this minimal model with a Higgs sector

consisting of 5þ 5, one obtains the mass relations mdi ¼
mei , which works well for the third family, but not for the

second family, while it may or may not work for the first
family, depending on whether or not one includes weak
scale threshold effects [20]. One way to solve this problem
is to add a 45 representation, which couples to the d-type
quarks but not to the up-type, and one then obtains the
Georgi-Jarlskog factor [10] needed for the correct mass
relations. Most models that obtain these relations with an
extended Higgs sector, include the conjugate representa-

tion in order to cancel the anomalies, i.e. 45þ 45 [21].
This is however not the only possibility, and this is one of
the main results of our paper.

The results for the anomaly coefficients for some repre-
sentations of SU(5) (and their conjugates) are shown in
Table III; we can see that the 45 anomaly coefficient is 6.

Then taking into consideration that the 5 and the 10 have
the anomaly coefficient A ¼ 1, we can write down the
following anomaly-free combinations:

Að45Þ þ Að45Þ ¼ 0; (4)

Að45Þ þ 6Að5Þ ¼ 0; (5)

TABLE II. Dimensions and anomaly coefficients for higher-dimensional representations of
SU(N).

Irreducible representation Dimension (r) AðrÞ
NðN�1ÞðN�2ÞðN�3Þ

24
ðN�4ÞðN�3ÞðN�8Þ

6

NðNþ1ÞðNþ2ÞðNþ3ÞðNþ4Þ
120

ðNþ3ÞðNþ4ÞðNþ5ÞðNþ10Þ
24

NðNþ1ÞðNþ2ÞðNþ3ÞðN�1Þ
30

ðN�2ÞðNþ3ÞðNþ5Þ2
6

N2ðNþ1ÞðNþ2ÞðN�1Þ
24

NðNþ5Þð5N2�3N�50Þ
24

N2ðNþ1ÞðN�1ÞðN�2Þ
24

NðN�5Þð5N2þ3N�50Þ
24

NðNþ1ÞðNþ2ÞðN�1ÞðN�2Þ
20

ðN4�17N2þ100Þ
4

ðN�3ÞðN�2ÞðN�1ÞNðNþ1Þ
30

ðN�5Þ2ðN�3ÞðNþ2Þ
6

NðN�1ÞðN�2ÞðN�3ÞðN�4Þ
120

ðN�5ÞðN�4ÞðN�3ÞðN�10Þ
24

NðNþ1ÞðNþ2ÞðNþ3ÞðNþ4ÞðNþ5Þ
720

ðNþ3ÞðNþ4ÞðNþ5ÞðNþ6ÞðNþ12Þ
120

NðNþ1ÞðNþ2ÞðNþ3ÞðNþ4ÞðN�1Þ
144

ðNþ3ÞðNþ4ÞðNþ6ÞðN2þ5N�12Þ
24

ðN�1ÞN2ðNþ1ÞðNþ2ÞðNþ3Þ
80

3
40 ðN � 3ÞNðN þ 3ÞðN þ 4ÞðN þ 6Þ

ðN�2ÞðN�1ÞNðNþ1ÞðNþ2ÞðNþ3Þ
72

ðNþ3ÞðN4þ3N3�16N2�36Nþ144Þ
12

ðN�1ÞN2ðNþ1Þ2ðNþ2Þ
144

ðN�4ÞNðNþ1ÞðNþ3ÞðNþ6Þ
24

ðN�2ÞðN�1ÞN2ðNþ1ÞðNþ2Þ
45

2
15 ðN � 4ÞðN � 3ÞNðN þ 3ÞðN þ 4Þ

ðN�3ÞðN�2ÞðN�1ÞNðNþ1ÞðNþ2Þ
72

ðN�3ÞðN4�3N3�16N2þ36Nþ144Þ
12

ðN�2ÞðN�1Þ2N2ðNþ1Þ
144

ðN�6ÞðN�3ÞðN�1ÞNðNþ4Þ
24

ðN�3ÞðN�2ÞðN�1ÞN2ðNþ1Þ
80

3
40 ðN � 6ÞðN � 4ÞðN � 3ÞNðN þ 3Þ

ðN�4ÞðN�3ÞðN�2ÞðN�1ÞNðNþ1Þ
144

ðN�6ÞðN�4ÞðN�3ÞðN2�5N�12Þ
24

ðN�5ÞðN�4ÞðN�3ÞðN�2ÞðN�1ÞN
720

ðN�6ÞðN�5ÞðN�4ÞðN�3ÞðN�12Þ
120

TABLE III. Dimension, anomaly coefficients, and Dynkin in-
dexes for different representations of SU(5).

Irreducible representation Multiplet Dimension (r) AðrÞ2TðrÞ
[5] (0, 0, 0, 0) 1 0 0

[1] (1, 0, 0, 0) 5 1 1

[2] (0, 1, 0, 0) 10 1 3

[1, 1] (2, 0, 0, 0) 15 9 7

[4, 1] (1, 0, 0, 1) 24 0 10

[1, 1, 1] (3, 0, 0, 0) 35 44 28

[2, 1] (1, 1, 0, 0) 40 16 22

[3, 1] (1, 0, 1, 0) 45 6 24

[2, 2] (0, 2, 0, 0) 50 15 35
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Að45Þ þ 6Að10Þ ¼ 0: (6)

Alternatively we can write a general anomaly-free condi-
tion with these fields,

Að45Þ þ fAð5Þ þ f0Að10Þ ¼ 0; with fþ f0 ¼ 6: (7)

One could also invoke a 15 representation, which has
A ¼ �9, through the following anomaly-free combina-
tion:

Að45Þ þ Að15Þ þ 3Að5Þ ¼ 0: (8)

These are nonequivalent models with different physical
consequences. This is explicitly shown in the next section
where we discuss the issue of gauge coupling unification.

IV. GAUGE COUPLING UNIFICATION AND
PERTURBATIVE VALIDITY

The � functions for a general SUSY theory with gauge
group G and matter fields appearing in chiral supermultip-
lets, at the 1-loop level, are given by

�1 ¼
X
R

TR � 3CA; (9)

where TR denotes the Dynkin index for the representation
R, and CA is the quadratic Casimir invariant for the adjoint
representation. For SU(N) type gauge groups CA ¼ N,
while the TR index for most common SU(5) representa-
tions are also shown in Table III.

The renormalization group equations (RGEs) with 1-
loop � functions for the gauge couplings of the MSSM are

d�i

dt
¼ �i�

2
i ; (10)

where

�i ¼
33=5
1
�3

0
@

1
Aþ �X (11)

and t ¼ ð2�Þ�1 lnM, withM ¼ mass scale. The index i ¼
1, 2, 3 refers to the U(1), SU(2) and SU(3) gauge groups,
respectively. The term �X ¼ P

�Tð�Þ denotes the contri-
butions of the additional representations beyond those
included in theMSSM [the sum is over all SU(5) additional
multiplets�]. AssumingMSUSY � Mt, one obtains that the
unified gauge coupling is approximately �5ðMGUTÞ ¼
0:0416, and unification occurs at MGUT ¼ 2� 1016 GeV
[22].

These simple 1-loop results can be improved by using
the 2-loop RGEs [23–25]. In such case we solve numeri-
cally the corresponding RGE and we find that at the GUT
scale MGUT ¼ 1:28� 1016 GeV, the unified gauge cou-
pling is �5ðMGUTÞ ¼ 0:040, and htðMGUTÞ ¼ 0:6572,
where ht is the top Yukawa coupling.

Now we are interested in evaluating the effect of the
different representations in the running from MGUT up to

the Planck scale. Besides evaluating the effect of the differ-
ent anomaly-free combinations, we are also interested in
finding which representations are perturbatively valid up to
the Planck scale. The unified gauge coupling obeys the 1-
loop RGE

�
d��1

5

d�
¼ ��1

2�
¼ 3� �X

2�
; (12)

where ��1 ¼ �MIN � �X, with �MIN ¼ 3 denoting the
contribution to the SU(5) � function from the MSSM
multiplets, including the one from the gauge sector.
The 1-loop � functions for some interesting anomaly-

free combinations are found to be

�Xð45þ 45Þ ¼ 24;

�Xð45þ 6ð5ÞÞ ¼ 15;

�Xð45þ 6ð10ÞÞ ¼ 21;

�Xð45þ 15þ 2ð10Þ þ 5Þ ¼ 19;

�Xð50þ 40þ 5Þ ¼ 29:

(13)

As shown in Fig. 1, the model with �X ¼ 29 induces a
running of the unified gauge coupling that blows at the
scale M ¼ 6:61� 1018 GeV, while for �X ¼ 24 this hap-
pens atM ¼ 2:63� 1019 GeV. The models with�X ¼ 15,
19, 21 are found to evolve safely all the way up to the
Planck scale.
It is also interesting to consider the RGE effect associ-

ated with the Yukawa coupling that involve the additional
Higgs representations. In order to do this we shall consider
the 2-loop � functions for the gauge coupling [26], but will
keep only the 1-loop RGE for the new Yukawa couplings.
Thus, we shall consider the following superpotential for
the SUSY SU(5) GUT model:

FIG. 1. Evolution of the unified gauge coupling for the free
anomaly combinations listed in the text. The evolution is shown
all the way up to the Planck scale.
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W ¼ f

3
Tr�3 þ 1

2
fV Tr�2 þ � �H�ð��

� þ 3V��
�ÞH�

þ hij

4
"����	c

��
i c ��

j H	 þ ffiffiffi
2

p
fijc ��

i �j�
�H�: (14)

Note that this superpotential involves the Higgs represen-
tations 5, �5, and 24.

The 1-loop RGEs for the Yukawa parameters are given
by [7]

�
d�

d�
¼ 1

ð4�Þ2
�
�98

5
g25þ

53

10
�2þ 21

40
f2þ 3ðhtÞ2

�
�; (15)

�
df

d�
¼ 1

ð4�Þ2
�
�30g25 þ

3

2
�2 þ 63

40
f2
�
f; (16)

�
dht

d�
¼ 1

ð4�Þ2
�
� 96

5
g25 þ

12

5
�2 þ 6ðhtÞ2

�
ht; (17)

while the 2-loop RGE for the unified gauge coupling is
given by

�
dg5
d�

¼ 1

ð4�Þ2 ð�3g35Þ þ
1

ð4�Þ4
794

5
g55

� 1

ð4�Þ4
�
49

5
�2 þ 21

4
f2 þ 12ðhtÞ2

�
g3: (18)

We use values of the coefficients �, ht, and f that are
safe at the Planck scale, and look for their effects on the
unified gauge coupling. The resulting evolution is shown in
one of the lines in Fig. 2, where we show the 1-loop results,
as well as the 2-loop results with and without the Yukawa
1-loop contributions. The parameters used in the plots are
MGUT¼1:28�1016 GeV, �ðMGUTÞ ¼ 0:040, htðMGUTÞ ¼
0:6572, �ðMGUTÞ ¼ 0:6024, and fðMGUTÞ ¼ 1:7210. We
notice that there are appreciable differences for the evolu-
tion of the gauge coupling when going from the 1- to the 2-
loop cases, but this difference is reduced when one in-
cludes Yukawa couplings at the 1-loop level.

V. CONCLUSIONS

We have studied the problem of anomalies in SUSY
gauge theories in order to search for alternatives to the
usual vectorlike representations used in extended Higgs
sectors. The known results have been extended to include

higher-dimensional Higgs representations, which in turn
have been applied to discuss anomaly cancellation within
the context of realistic GUT models of SU(5) type. We

have succeeded in identifying ways to replace the 45þ 45
models within SU(5) SUSY GUTs. Then, we have studied
the � functions for all the alternatives, and we find that
they are not equivalent in terms of their values. We have
also considered the RGE effect associated with the Yukawa
coupling that involve the additional Higgs representations.
We found that there are appreciable differences for the
evolution of the gauge coupling when going from the 1-
to the 2-loop RGE, but this difference is reduced when one
includes the 1-loop Yukawa couplings at the 2-loop level.
These results have important implications for the perturba-
tive validity of the GUT models at scales higher than the
unification scale.
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