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Solutions of coupled BPS equations for two-family Calogero and matrix models
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We consider a large N, two-family Calogero and matrix model in the Hamiltonian, collective-field
approach. The Bogomol’'nyi limit appears and the solutions to the coupled Bogomol’ nyi-Prasad-
Sommerfeld equations are given by the static soliton configurations. We find all solutions close to
constant and construct exact one-parameter solutions in the strong-weak dual case. Full classification of

these solutions is presented.
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L. INTRODUCTION

Recently, a specific duality-based generalization of the
Hermitian matrix model has been analyzed [1]. The exis-
tence of two collective fields allows one to interpret the
generalized matrix model as a two-family Calogero model,
implying their equivalence in the collective-field approach.
The soliton sector of these models was studied in
Refs. [1,2]. The multivortex solutions of the coupled
Bogomol’nyi-Prasad-Sommerfeld (BPS) equations were
interpreted as giant gravitons [3]. Moreover, the multi-
vortex singular solutions have motivated the authors of
Refs. [1,2] to propose a realization of open-closed string
duality [4]. The same BPS equations were studied in
Refs. [5-7], and no multivortex solutions were found.

The purpose of this paper is to give a systematic pertur-
bative method for solving coupled BPS equations and find
all solutions close to the constant solution. In addition, we
present the construction of all one-parameter exact solu-
tions which can be continuously connected to the constant
solution, in the strong-weak dual variant of the model.

The outline of the paper is as follows. In Sec. II, we
briefly sketch the collective-field derivation of coupled
BPS equations of the two-family Calogero model. In
Sec. 1II, we propose a perturbative method to find the
periodic solutions close to constant. In Sec. IV, we present
the construction of a one-parameter solution. Section V is
devoted to detailed classification of all solutions, which
can be continuously connected with the constant solution,
in terms of a new, more suitable parameter. Finally, in
Sec. VI, we present our discussion and conclusions.

II. TWO-FAMILY MODELS IN THE
COLLECTIVE-FIELD APPROACH

The Hamiltonian of the two-family Calogero system [8]
reads
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Here, the first family contains N, particles of mass m; at

positions x;, i = 1,2, ..., Ny, and the second one contains
N, particles of mass m, at positions x,, « = 1,2,..., N,.
All particles interact via two-body inverse-square

potentials.

The interaction strength between particles of the first
and the second families is parametrized by A;,. The inter-
action strengths within each family are parametrized by the
coupling constants A; and A,, respectively. In Eq. (1), we
imposed the restriction that there be no three-body inter-
actions, which requires [9-11]
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It follows from (2) that
)1%2 = /\1)\2. (3)

In addition, we restrict ourselves to the so-called strong-
weak dual variant of the model in which the coupling
parameters are related by

Aidy = Ap =1 4)

In Ref. [5], we studied the collective-field theory of the
two-family Calogero model given by Hamiltonian (1). The
corresponding collective Hamiltonian is
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which is a straightforward generalization of (1). Here p;
and p, are the collective density fields of the first and the
second family, respectively, and 7r; and 7, are their con-
jugate momenta. The collective fields p; and p, are nor-
malized as

depl(x) =Ny, /dez(x) = N,. (6)
Designation p”(x) denotes the Hilbert transform of p(x):
1 (dyp(y)
pH(x)=—f 0 @)
) y—x

The Hamiltonian (5) is essentially the sum of two posi-
tive terms. Its zero-energy classical solutions are zero-
momentum, and therefore time-independent, configura-
tions of the collective fields, which are also solutions of
the coupled BPS equations

A — 10,
B S P— Nmpll) = A () = 0. ®)

A — 1 ax
P2 Nympli(x) — Apmpli(x) = 0. (9)

2 P2

Finding the general exact solutions of these coupled
equations for arbitrary couplings and masses is still an
open problem, which we briefly discuss in Sec. VI. Our
main interest here is simpler and concerns investigating
whether the above pair of equations is exactly solvable for
a special choice of parameters (4).

We observe that p; and p, are connected in a very
simple way. Namely, by multiplying the second equation
(9) with A, and subtracting it from the first equation (8), we
easily get

pP1pP2 = (10)

where ¢ is some positive constant. This is a direct conse-
quence of the special choice (4).

Now, eliminating p, in terms of p;, we can concentrate
only on the first equation (8):

)‘1 -1 axpl
2 Pi

d;In(p;py) =0, or

1\H
= M mpll(x) + WC(E) , (11)

which upon introducing abbreviations a = f‘"—‘” and b =
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/\21‘271 takes the form

% Inp(x) = ap™(x) + b(ﬁ)h{. (12)

III. SOLUTIONS CLOSE TO CONSTANT

By having in mind the fact that the Hilbert transform of a
constant is zero [12], it is evident that there always exists a
uniform solution of Eq. (12):

p(x) = po. (13)

Now we are going to construct the most general solu-
tions of Eq. (12) which are continuously connected with
constant solution (13).

They are of the form

p(x) = py Y. & pi(x), (14)
i=0

where € is a small parameter (e < 1) and @y(x) = 1.
Expandlng Inp and ( ) in powers of small parameter

g, we find the 1nﬁn1te set of recursive equations for ¢;(x) of
the form:

o = koot (152)
@5 = koo§ + = (so ) + (<p A, (15b)
oh = koo + (p12) + p—(¢1¢z) - —(90 )

0
- —(%)H (15¢)
Po
where
b
ko =apy — — (16)

Po

and the prime denotes derivative with respect to x. The
solutions up to the second order in & expansion are given
(up to a phase) by

¢ (x) = ¢, coskyx, (17a)
©5(x) = ¢, cos2kox + & coskx, (17b)
where constants ¢; and ¢, are interrelated via
apo o
=—c, 18
Cr = 2k, 1 (18)

and ¢y, and ¢; are arbitrary. Note that ¢; can be removed by
redefinition of parameter ¢ — & = ¢ + C’ €%, up to the
second order in €.

In obtaining ¢; and ¢,, we have used well-known
Hilbert transform formulas [12]
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(19a)
(19b)

(coskx)? = —signk sinkx,

(sinkx)" = signk coskx.

Relations (17a) and (17b) suggest that p(x) is a periodic
function. Therefore, we restrict our search for solutions
p(x) to periodic functions. In this respect, we accommo-
date our expansion (14):

p(x) = py Y &'C;cosikx. (20)
=0

Inserting this expansion into the infinite set of recursive
relations (15), we get

Ci= Y Cirne™, (21a)
m=0
k=" ky,e™, (21b)
m=0
C, i—1
Cio C10<2k0ap0> . 21c)

All other periodic solutions can be brought to the form (20)
by a suitable change of parameter &.
Let us now define truncated function

pa(¥) = po Y. 6'[C; cosikx]—p, (22)
i=0

where an index in parentheses denotes the order of the
polynomial in parameter e. Then it is easy to see that

Pn—1(x). (23)

In this way we can rederive relations (17a) and (17b) and
obtain, for example, ¢3(x):

&"@,(x) = p,(x) =

e3p3(x) = £3C3 cos3kgx + eCy g[cos(ky + kye?)x]p)

+ 8[C1‘282 - Cl,O] COSkox, (24)
where
C 2
Cso = C"0(211<0 apo) (25)
1 b Cio )2
k, ==k 26
O(LIPO) <2k0 (26)

In the next section, we shall give the analytic form for
the periodic solution p(x), k> 0, and the aperiodic solu-
tions in the limit k — 0.

Finally, we note that in the special case b = 0, the
expansion (20) can be easily summed. Namely, in this case

k= ko = ap, 27)
and choosing C;, = 1 we find

c,=2", i=1,
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p) = pof 1+ 3 e cosik | (28)
i=1

V1 —é? €
= pyg— e =
Pol — e coskyx

=1 (29)
1+2

Note that the expansion in e is different from the expansion
in g, but they are both of the type given by Eq. (20) and
describe the same solution. The one-parameter solutions
given in (29) coincide with corresponding solutions in
Refs. [2,7,13].

IV. CONSTRUCTION OF ONE-PARAMETER
SOLUTIONS

Let us now show that there exists a particular one-
parameter family of solutions to (12) which is not neces-
sarily close to constant. To this end we define a family of
functions R, (x) depending on parameter & and wave vector
k:

V1 — &2

R =—) 30
+(x) 1 — & coskx (30)
where |[e]| = 1, e € R, and k > 0.
These functions satisfy
R.(x I}lm—[ dxR (x) = 1. 3D
We can easily verify that R, can be written as
ikx —ikx
Rix)=1+-—"2C 4+ Y
I —ye™ 1 —ye '™
1— 2
? (32)

T+ ¥? — 2y coskx’

where [y| <1,y €ER, and & = l?y

;X,kk is analytic in the x-upper-half-

Since function -

plane for k > 0 and vanishes at infinity in that half-plane,
then

ikx H ) ikx
(1 _ ,yeikx) = ll _ ,yeikx' (33)
Similarly, we have
e ikx H ) e ikx
(1 - ye_ikx> - ye (34
Making use of (32)—(34), we obtain
& sinkx 1
R =——""_=_(InR,). 35
(R,) T oosks k(n s) (35)

This is nothing but the one-family Calogero model BPS
equation. Namely, for b = 0, Eq. (12) reduces to
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P = apt, (36)

implying that corresponding one-parameter solutions are
in fact given by

p(X) = pORs(x)’ (37)

where k = apy > 0.

We are now in a position to construct a class of one-
parameter solutions of coupled BPS equations (8) and (9).
Let us proceed in a few steps. First note that

10
=7

R,(x) = ——,
7 1 — 7 coskx

(39)

where || = 1, n € R. Using this important relation we
construct a general solution of Eq. (12) given by two
equivalent forms

R.(x)
R, (x)

px) =s = roR.(x) + a, (40)

where s >0, ro, « € R, and p(x) = p,.
Namely, after inserting solution (40) into Eq. (12), we
find

(hlp)l = k[Rs - Rn]H

as n b €
=——(1- —)Rf + 7<1 - —)RH.
m( ) T e\ )
41
The construction (40) satisfies Eq. (12), provided that
_aste—n) _ ble—1)

el — 92 sVl —&?
From the p(x) = p, condition, we find
s(1 =7 N syV1 — g2
V1 —1n? s\/l—nz.

Solving Egs. (42) and (43), we find parameters s and 7

as functions of € and B = al;z. The solutions are

0

k

> 0. (42)

po =19t a= (43)

be |1 —
s(B, &) = £ —

j
NS

2
= po[l + %3(1 —B) + (9(84)], (44)

n(B, &) = Be + 1B(1 — B)?&* + O(&d), (45)

where 7 satisfies the equation

PHYSICAL REVIEW D 80, 085014 (2009)

Ble — n(1 = V1 — )P = enyl — V1 — &% (46)
Parameter & is fixed due to (42):
e—n
end(1 — )1 — 7?)

= ko[l + %stz + (9(84)]. 47)

b
k=6lp0_;:ap0\/E

Let us now discuss some special values of parameters
and their implications. For » = 0 and a > 0, we have B =
0, 7 =0, and k = apy > 0. The solution (40) reduces to

V1 — g2
p(x) = po T (48)
1 — ecoskx
found in Sec. III. Fora = 0, we have ¢ = 0, k = — ? >0,

and s = pgy/1 — n°. Note that k > — %. The correspond-
ing solution reads

p(x) = po(1 — ncoskx). (49)
Finally, for @ # 0 and b # 0, we find

k{ V1 —g?
P =pot o (oo 1) G0
a\l — ecoskx

In other words, the general solution (50) is proportional to
a solution (39) shifted by a constant a = p, — f

A couple of limiting cases of solution (50) are worth
mentioning. If we let £ tend to zero, we obtain the small &
expansion (14), which was introduced in Sec. III. Note
that, by choosing C,y = a%, both expansions of k (21b)
and (47) are equal up to the second order in &.

If we let k tend to zero (or, equivalently, let the period
27 — 00) with 7 # &, and 7, € — 1, we obtain aperiodic
solutions
., Z(Ikz"]) + xZ
=Po3n—a -

z(lkz ) + xZ

p(x) D

Let us note that, if k =< 0, p(x) = py.
We will clarify and analyze these solutions in more
detail in the next section.

V. SOLUTIONS OF TWO COUPLED BPS
EQUATIONS

Having found the solution of Eq. (11), we are now in a
position to find the pair of solutions p;(x) and p,(x) of
coupled BPS equations (8) and (9). It is important to take
into account the normalization conditions

E— . ]\]1

= pyo = lim =, 52
p1(x) = pio Jim 7 (52)
N . N2

= pyo = lim =2, 53
p2(x) = poo = lim (53)
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which follow from the constraints (6). This means that both
averages po and p,q are fixed. Namely, it is important to
note that the numbers of particles Ny and N, and the length
of the system L are simultaneously taken to infinity, keep-
ing the particle densities p;q and p,q fixed. Thus from
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Therefore, after fixing both p, and p,(, the parameters ¢
and b = % become dependent on &. Hence, Eq. (46)

becomes

ple =l =V1 —e)]=n—e(l —4/1 = n?), (60)

R.(x)
= 4
pl(x) 51 Rn(x)’ (5 )
where
R, (x)
p2(x) = 5 Rn—(x) (55) P20
e m=- . (61)
we easily get 1P10
c = pi1(x)py(x) = 515, (56)  Note that
We use the relation (43) to write the following expressions
for P1o and P20 b 27
s k:aplo_::ﬁ(AlplO_sz)
po=—s[1-2a V=] 6D Lo
V1 —17n? € 2m
=————(Apy —51) >0 (62)
A — 1
__ % [ € 2
po=rs[1-20-yT-m]
1—g n implies
Hence, from (56)—(58), we obtain
s 1
= pp Ja =1 -7 A; =1, 2= (63)
= P1oP20 . 1P10 P M
[1-20-VT=)1 -2 - VT - 7]
(59) Equation (60) has two solutions for 7:
|
me  (u 12— e+ VT =& = 2u(u + D1 — &2 = VT - &3] + 1 o
€ (w4 1>+ p2(1—e*)+ &% —2u(p + V1 — &2 ’
with restriction n. < . 1= &2 n
Let us now classify solutions p;(x) and p,(x) with p1(x) = Pl & cos27p1ox) - 25<x - 7)
respect to values of parameter . P1o n€Z P1o
(i) Case w =0, 0 <& = 1.—From (62) and (64) it (67)
follows that
p2(x) = poo[l — cos2mp px)] (68)

52 = pyV1 — &> =0,

n_ =0, S1 = Pios
(65)
27
c=ppoVl —&e>=0 and k =%>0.
.
(66)

It is obvious that this case corresponds to p,o/p o —
0, or the A; — oo limit. In the latter case (the strong
coupling limit), a = 2, b = % —0,e—1,k=
27p 10, and solutions p;(x) and p,(x) are given by

(i1) Case 0 < u <1,0 = & = 1.—Solutions p,(x) and
p-(x) are close to constants p, and p,, for e < 1.
For € = 1 they are given by

Al ZB(x - i—”n) (69)

L aez 0

p1(x)

(u + D + 1)? = 1](1 — coskyx)
0 2_ B
ullp =+ 17 + 101 = (555 coskon]
(70)

pa2(x) = py

where
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2’77/\1
k =
0N -1

Pio- (71)

(iii) Case u = 1.—The allowed range for ¢ is V3 /2=
& = 1. The function - in that range reads

7 - ] (72)

e 5-4/1-&

In the interval 0 < ¢ < \/3/2, n_ = &, while for
the interval \/§ /2=¢e =1, n, = e. Hence solu-
tions p;(x) and p,(x) reduce to constants p;, and
Poo, Tespectively.

For ¢ = 1, the solutions are given by

A 2
pr() =2 gf(x o n), (73)
pala) = 129 (U~ coskor) oy

1 — 0.6 coskyx)

(iv) Case p > 1.—There are two solutions for "Ti if
&g, =& =1, where

1 ’ 2
Ecr & 5\]3 + 41— m (75)

Ate=¢,wefind n, = n_<eg, . Ate =1 we
have
n- _(w+1)7?-1

Do _WT U T and
e (utip+1 ™

D . (76)
E

_ (ut1)y’—1

T (w21
and k, = %plo, solutions p;(x) and p,(x) are periodic
of type (69) and (70).

The solutions p(x) and p,(x) are aperiodic for n, — 1,

For 7_ sp=polp+1), s5=0, c=0,

— P2

e—=1, 5= pup. 5 =% €= PP M=
J( = 75%)/(1 — %), and k — 0, and reduce to
2(1—mn) +x2
2
pi(x) = Ploz(lk_a)iz, )
k—2 + x
pa(5) = pp 5 (78)
2X) = Py
2(1k277) +x2

These solutions were already described in Refs. [5,14].
For A, <1, the first solution (77) behaves like the hole in
the condensate p(, and the second one (78) behaves like
the particle above the condensate p,,. The roles are inter-
changed for A; > 1.
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We point out that there are no other aperiodic solutions

which can appear from our construction p;(x) = s, 288
"

and p,(x) = m.

VI. DISCUSSION AND CONCLUSION

The perturbative method developed in Sec. III can be
applied to a wide class of coupled BPS equations. In the
general case for A;A, = A3, # 1, it can be shown that the
coupled BPS equations (8) and (9) lead to the following
relation between p; and p,:

/ /

(A= DA 2= (4, =y 22, (79)
P P2
This means that p,(x) = ¢p¥(x), where
()\1 B 1)/\12
K=-——""7-. (80)
(A = DAy
Hence, the most general coupled BPS equations reduce to
(Inpy) = apf + b(pH)", p1(x) =0, @0
p1(x) = po,
where a = % and b = T—f‘f&. The solutions of this

equation possess the following general properties:
(i) There are constant solutions p;(x) = p;y = const.
(ii) Solutions close to constant pq:

p1(x) = p1o + 91 (), leo(0)| < pio,

@1(x) =0, (82)
where ¢, (x) satisfies
@i = (api + kbpfy)ef (83)

and ky = apy + kbpf, > 0. It is easy to see that
the solution ¢, is given up to a phase by

@1 (x) = ¢ coskyx. (84)

(iii) Generally, there exist one-parameter & solutions
containing constant solution p.

(iv) There are periodic solutions if k > 0.

(v) Aperiodic solutions appear if k — 0.

Our perturbative method allows one to calculate higher
order terms in the expansion (14). However, we have not
found the solutions in closed analytic form for A2, # 1. We
have found the exact solutions only in two cases: Ay, =
+1and A, = —1.

In the case A{A, = 1, A, = 1, we have k = —1, and in
Sec. V we have found and classified all solutions of the
form:

p1(x) = (p1o — Aas2)R, + Ays, =0, (85)

p2(x) = (p2g — Ais)R, + Ays; =0, (86)
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where p,(x)p,(x) = s;s, = c=0 and s, s,, and 7 are
given by Egs. (57), (58), and (64), respectively.

Finally, we point out that, in the special case A{A, = 1,
A, = —1, and k = 1, the new exact duality appears with
nice properties and a physical interpretation connecting
particles and antiparticles [8,13,15].

In conclusion, we have studied the two-family Calogero
model on line in the limit in which each family contains a
large number of particles. We have found that, in the
strong-weak dual case, there exists only one nonperiodic
soliton-antisoliton, topological solution (77) and (78), and
periodic, stationary waves solutions (50). Our collective-
field approach can be analogously applied to the two-
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family Sutherland model on a circle of perimeter length
L. However, the Hilbert transform must be modified in
order to take into account the compact support of the
Sutherland model. Namely, the standard kernel Pﬁ

should be replaced by the cot? (x — y) kernel [16]. We
hope to report on these issues in a separate publication.
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