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2Centro de Fı́sica Teórica de Partı́culas, Avenida Rovisco Pais, 1049-001 Lisboa, Portugal

3College of William and Mary, Williamsburg, Virginia 23185, USA
4EBAC in Theory Center, Thomas Jefferson National Accelerator Facility, Newport News, Virginia 23606, USA

(Received 6 July 2009; published 19 August 2009)

We compute the �� electromagnetic form factors and the decuplet baryon magnetic moments using a

quark model application of the covariant spectator theory. Our predictions for the �� electromagnetic

form factors can be tested in the future by lattice QCD simulations at the physical strange quark mass.
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I. INTRODUCTION

The �� baryon has a unique position in the baryon
decuplet. A naive SU(6) quark model describes �� as a
state with three strange quarks in a totally symmetric
flavor-spin space, e.g.,

j��;S ¼ 3
2; Sz ¼ þ3

2i ¼ js " s " s "i: (1)

As the strange quark decays via the weak interaction, the
�� has an extremely long lifetime (� ’ 8� 10�11 s) com-
pared to the other decuplet members which have at least
one light quark. Because of this, the world’s average of the
measurements of the magnetic dipole moment has a high
precision, ��� ¼ ð�2:02� 0:05Þ�N [1], with �N the
nuclear magneton.

Long before its experimental determination, the ��
magnetic moment was estimated using a SU(6) symmetric
quark model [2], which gave ��� ¼ ��p ¼ �2:79�N

(where �p is the proton magnetic moment in units of

nuclear magneton). That model was improved considering
the individual contributions of the quark magnetic mo-
ments and the SU(3) symmetry breaking (naive or static
quark model) leading to ��� ’ �1:8�N [3,4]. The naive
result was then corrected including nonstatic corrections,
sea quark contributions, quark orbital momentum effects,
relativistic effects, and others, using several formalisms
[5–12]. In 1991 the �� magnetic moment was measured
at Fermilab [13]. The result was ��� ¼ ð�1:94�
0:22Þ�N. The most recent measurement is from 1995 and
gives ��� ¼ ð�2:024� 0:056Þ�N [14]. The combination
of the two results leads to ��� ¼ ð�2:019� 0:054Þ�N

[1,14]. Several works followed with estimations of ���

[15–29]. The �� electric quadrupole moment was also
predicted [22,23,30–40], although there is no experimental
result. Several works estimate the �� electromagnetic
radius [11,15,21,22,37–39,41]. Also the �� magnetic
octupole moment was estimated [30,40,42].

The magnetic moment [43–46] and the�� form factors
[44,47] (including the electric quadrupole and magnetic
dipole moments) have also been calculated using lattice
QCD. The study of the �� mass in lattice QCD is nowa-

days an important topic of investigation helping to con-
strain the (physical) strange quark mass in the quenched
and dynamical calculations [48–51].
In this work we extend the quark model based on the

covariant spectator theory [52,53], originally developed to
describe the nucleon form factors and properties of the �,
to the full decuplet of baryons containing strange quarks.
In the previous work this spectator formalism was applied
to the �N ! � transition form factors [54–56] as well as
the nucleon [57] and � [58,59] electromagnetic form
factors. The flavor-spin structure of the �� is very similar
to that of the �. One gets the �� either by replacing the u
quarks by the s quarks in the �þþ, or replacing the d
quarks by the s quarks in the ��.
However, the� is significantly more unstable (�� ’ 6�

10�24 s) than ��, and this makes it very hard to measure
the � electromagnetic form factors experimentally. At
present, to compare with theoretical predictions, we usu-
ally have to rely on the pseudodata, namely, those extracted
from lattice QCD. Even then one must be careful, since the
lattice QCD results are obtained with unphysical pion
masses (heavy quark masses) which induce extra ambigu-
ities, as discussed in Refs. [58,59]. On the other hand, the
situation for the �� is completely different. It is presently
possible to extract the magnetic dipole moment [45,46] and
the electric and magnetic dipole form factors [47] in lattice
QCD with the physical strange quark mass of ms �
100 MeV. Thus, theoretical predictions of the Q2 depen-
dence for the �� electromagnetic form factors can be
directly compared with the lattice QCD data.

II. SPECTATOR QUARK MODEL

The covariant spectator quark model that we are using
(developed in Refs. [54,55,57] for the SU(2) light quark
sector) describes spin 1=2 and 3=2 three-quark systems as
states of an off-shell quark and an on-shell spectator di-
quark [57,60]. The diquark is intended to be a simple
representation of the two noninteracting on-shell spectator
quarks, with a mass that varies from 4m2

q to infinity (mq is

the quark mass). To simplify the calculation while still
preserving the important physics, the integral over this
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mass is evaluated at some mean value mD (this mass was
previously denotedms, but in this workms will be reserved
for the strange quark mass), which becomes a parameter of
the model. As it turns out, this parameter scales out of all
form factor integrals, so that the results are independent of
it and it does not enter into the fits [54,57]. The vertex
functions are symmetrized so that (in the relativistic im-
pulse approximation) all form factors and transition am-
plitudes become a sum over terms in which the photon
couples to each flavor of (off-shell) quark in turn with the
other two (on-shell) quarks composing the on-shell di-
quark. In this way interactions with all of the quarks are
counted without including couplings to the diquark (in fact,
to include them would be to over count). Finally, our
quarks are constituent quarks, with a form factor of their
own, modeled using vector meson dominance.

A decuplet baryon (B) with a spin 3=2 wave function
based on this quark-diquark model with a pure orbital
S state can be generically written [54,55]:

�0
BðP; k;�; �BÞ ¼ �c BðP; kÞjBi"��P ð�Þu�ðP;�BÞ

¼ �BðP; kÞjBi; (2)

where �B (which suppresses the polarizations � and �B

and extracts jBi) is a shorthand notation we will use
through this paper. Here P (k) is the baryon (diquark)
momentum, � ¼ 0, �1 the diquark polarization, �B ¼ 0,
�1=2, �3=2, the baryon spin projection, u� the Rarita-
Schwinger vector spinor, "��P the polarization state of the
outgoing diquark, and jBi is a flavor state which will be
specified later. As for c BðP; kÞ, it is a real scalar function
that models the momentum distribution of the quark-
diquark system. For the diquark polarization states we
adopt the fixed-axis basis [53], where the diquark spin
states are characterized by the momentum of the baryon
P, instead of the diquark momentum k. Although this
choice might be unconventional, it generalizes the non-
relativistic structure for both the spin 1=2 and spin 3=2
cases [54,57]. In addition, the wave function �BðP; kÞ
satisfies the equation ðMB � P6 Þ�B ¼ 0, where MB is the
baryon mass [53–55,57].1 Equation (2) is the flavor gen-
eralization of the � S-state wave function we have used
successfully in the past [54,58]. In this work we assume
that the decuplet baryons can be approximated as a quark-
diquark in a spatial S-wave state. Although there is strong
evidence for the presence of D states in the �, the D-state
admixtures are small [56], and the dominant form factors,
such as the electric charge and magnetic dipole moment,
can be well described without the D-state components
[58,59,61].

A. Electromagnetic current

The electromagnetic current of the baryon in an elastic
process can be written in the covariant spectator quark
model [54,55,57,59]:

J
�
B ðqÞ ¼

X3
a¼1

X
�

Z
ka

��0
BðPþ; kaÞj�a ðqÞ�0

BðP�; kaÞ; (3)

where P� (Pþ) is the initial (final) baryon momentum, ka
the momentum of the ath diquark (the companion to the
ath quark, which has momentum P� ka), and q ¼ Pþ �
P�. As for j

�
a it represents the ath quark current operator.

Note that Eq. (3) corresponds to an impulse approximation
in which the electromagnetic interaction is described as a
sum over terms in which the photon couples to each of the
three quarks in turn. The integral sign

R
k is a shorthand

notation for

Z
k
�

Z d3k

ð2�Þ3ð2EDÞ
; (4)

the covariant integration volume, where ED ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

D þ k2
q

is the energy of the on-mass-shell diquark with mass mD.
The sum over a includes the interactions with all three
quarks included in the jBi state (as described further be-
low), but since the wave function must be exactly symmet-
ric in spin-flavor-coordinate space, each of the three terms
in the sum is exactly identical, so that the current matrix
element is simply

J
�
B ðqÞ ¼ 3

X
�

Z
k

��BðPþ; kÞhBjj�ðqÞjBi�BðP�; kÞ; (5)

where, for definiteness, we take k ¼ k3 to be the four-
momentum of the third diquark (but the choice does not
matter).
The quark electromagnetic current can be expressed in

terms of a Dirac j1 and a Pauli j2 form factor [54,57]:

j�ðqÞ ¼ j1ðQ2Þ�� þ j2ðQ2Þ i�
��q�

2MN

; (6)

where MN is the nucleon mass, and Q2 ¼ �q2. The Dirac
and Pauli form factors ji (i ¼ 1, 2) are diagonal operators
in the 3� 3 flavor space which can be written

jiðQ2Þ ¼ 1
6fiþðQ2Þ�0 þ 1

2fi�ðQ2Þ�3 þ 1
6fi0ðQ2Þ�s; (7)

where finðQ2Þ, with n ¼ �, 0, represents, respectively, the
isoscalar (þ ), isovector (� ), and s quark (0) form fac-
tors, and �0, �3, and �s are the diagonal matrices

�0 ¼
1 0 0
0 1 0
0 0 0

0
@

1
A; �3 ¼

1 0 0
0 �1 0
0 0 0

0
@

1
A; (8)

1The fixed-axis polarization basis also has the advantage of
allowing a complete identification of the angular momentum
components of the wave function. See Refs. [54,55] for details.
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�s �
0 0 0
0 0 0
0 0 �2

0
@

1
A (9)

that act on the quark wave function in flavor space

q ¼
u
d
s

0
@

1
A: (10)

Using the normalization f1nð0Þ ¼ 1, we recover the usual
relation for the quark charge:

j1ð0Þ ¼ 1

2
�3 þ 1

2
ffiffiffi
3

p �8; (11)

with �8 ¼ 1ffiffi
3

p ½�0 þ �s�, the SU(3) generator. Equation (7)

generalizes the current in Refs. [54,57] to include s quarks.
In Ref. [57], f2�ðQ2Þ was normalized to f2�ð0Þ ¼ 	� in
order to reproduce the nucleon magnetic moments,�p and

�n. This fixes the values, 	þ ¼ 1:639 and 	� ¼ 1:825.
The extension of this strange quarks gives es	s ¼
1
6 f20ð0Þ�s which leads to the normalization f20ð0Þ ¼ 	s.

B. Computing the flavor matrix elements of the current

The flavor wave functions for the baryons in the decuplet
are given in Table I. They can be expressed in two ways:
first, as a direct product of the flavor states of the three
quarks, suitably symmetrized, or second, as a sum over
direct products of a diquark state described by isospin, I, z
projection of the isospin, Iz, and strangeness, S, times the
appropriate flavor of quark number 3. For example, the
flavor wave function of the ��0, the completely symmetric
uds (in this notation, particle 1 is a u quark, particle 2 a d
quark, and particle 3 an s quark), can be written in two
equivalent forms

j��0i ¼ 1ffiffiffi
6

p ½ðduþ udÞsþ ðdsþ sdÞuþ ðusþ suÞd�

¼ 1ffiffiffi
3

p
�
j1; 0; 0iDjsi þ

��������1

2
;� 1

2
;�1

�
D
jui

þ
��������12 ;

1

2
;�1

�
D
jdi

�
; (12)

where the diquark states are defined in Table II. In the
second line of Eq. (12) we have written the state as a sum of
terms with particles 1 and 2 treated as a diquark, and
particle 3 as a single quark. At this stage these two repre-
sentations are completely equivalent, but later, when we
convert these states to the covariant quark-diquark model,
we allow quark 3 to be off shell, and treat the diquark pair
as a single particle of mass mD, as described above. This
will break the symmetry between the three quarks, which is
then restored by symmetrizing the state again. When the
electromagnetic matrix elements are calculated, these
separate off-shell pieces do not interfere with each other,
and the total matrix element is simply 3 times the matrix
element with particle 3 off shell (as discussed above).
Using these flavor wave functions we compute the flavor

matrix elements of the current

TABLE I. Flavor wave functions jBi expressed both in terms of their three-quark content and their quark-diquark content, using the
diquark notation of Table II. The right column gives �jiB. One gets the contribution of the electric charge function ~eB for i ¼ 1, while for
i ¼ 2 one gets the contribution of the anomalous magnetic moment function ~	B.

B jBi �jiB

�� ddd ¼ j1;�1; 0iDjdi 1
2 ½fiþ � 3fi��

�0 1ffiffi
3

p ½dduþ dudþ udd� ¼
ffiffi
2
3

q
fj1;�1; 0iDjui þ 1ffiffi

2
p j1; 0; 0iDjdig 1

2 ½fiþ � fi��
�þ 1ffiffi

3
p ½uudþ uduþ duu� ¼

ffiffi
2
3

q
fj1; 1; 0iDjdi þ 1ffiffi

2
p j1; 0; 0iDjuig 1

2 ½3fiþ � fi��
�þþ uuu ¼ j1; 1; 0iDjui 1

2 ½fiþ þ 3fi��
��� 1ffiffi

3
p ½ddsþ dsdþ sdd� ¼

ffiffi
2
3

q
f 1ffiffi

2
p j1;�1; 0iDjsi þ j 12 ;� 1

2 ;�1iDjdig 1
3 ½fiþ � 3fi� � fi0�

��0 1ffiffi
6

p ½udsþ dusþ usdþ sudþ dsuþ sdu� ¼ 1ffiffi
3

p fj1; 0; 0iDjsi þ j 12 ; 12 ;�1iDjdi þ j 12 ;� 1
2 ;�1iDjuig 1

3 ½fiþ � fi0�
��þ 1ffiffi

3
p ½uusþ usuþ suu� ¼

ffiffi
2
3

q
f 1ffiffi

2
p j1; 1; 0iDjsi þ j 12 ; 12 ;�1iDjuig 1

3 ½fiþ þ 3fi� � fi0�
��� 1ffiffi

3
p ½dssþ sdsþ ssd� ¼

ffiffi
2
3

q
fj 12 ;� 1

2 ;�1iDjsi þ 1ffiffi
2

p j0; 0;�2iDjdig 1
6 ½fiþ � 3fi� � 4fi0�

��0 1ffiffi
3

p ½ussþ susþ ssu� ¼
ffiffi
2
3

q
fj 12 ; 12 ;�1iDjsi þ 1ffiffi

2
p j0; 0;�2iDjuig 1

6 ½fiþ þ 3fi� � 4fi0�
�� jsssi ¼ j0; 0;�2iDjsi �fi0

TABLE II. Diquark wave functions, with I and Iz the diquark
isospin and its z projection, and S, the diquark strangeness.

jI; Iz; SiD jq1q2i
j1; 1; 0iD juui
j1; 0; 0iD 1ffiffi

2
p fjudi þ jduig

j1;�1; 0iD jddi
j 12 ; 12 ;�1iD 1ffiffi

2
p fjusi þ jsuig

j 12 ;� 1
2 ;�1iD 1ffiffi

2
p fjdsi þ jsdig

j0; 0;�2iD jssi
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�j iB ¼ 3hBjjið3ÞjBi; i ¼ f1; 2g; (13)

where jBi is the flavor wave functions described above, and
we have incorporated the factor of 3 from Eq. (5) into the
definition of �jiB. Using (13), the current (5) becomes

J�B ðqÞ ¼
X
�

Z
k

��BðPþ; kÞ
�
�j1B�

� þ �j2B
i���q�
2MN

�

��BðP�; kÞ: (14)

To calculate the matrix elements �jiB we use the flavor
wave functions from Table I. As an example, let us calcu-
late �jiB for the ��0 state. Using the quark-diquark repre-
sentation with the notation B ¼ ��0, and recalling that all
of the diquark wave functions are orthonormal, we obtain
three identical terms

�ji��0 ¼ 3h��0jf16fiþ�0 þ 1
2fi��3 þ 1

6fi0�sgj��0i
¼ hsjf16fiþ�0 þ 1

2fi��3 þ 1
6fi0�sgjsi

þ hdjf16fiþ�0 þ 1
2fi��3 þ 1

6fi0�sgjdi
þ hujf16fiþ�0 þ 1

2fi��3 þ 1
6fi0�sgjui

¼ �1
3fi0 þ ð16fiþ � 1

2fi�Þ þ ð16fiþ þ 1
2fi�Þ

¼ 1
3fiþ � 1

3fi0; (15)

where the diquark states appear in the second to fourth
lines only as a normalization factor of unity. All of the
matrix elements, calculated in the same manner, are given
in the third column of Table I.

Similarly, we can evaluate the electric charge ~eB and
anomalous magnetic moment ~	B quark form factors de-
fined by

~e BðQ2Þ ¼ �j1BðQ2Þ; ~	BðQ2Þ ¼ �j2BðQ2Þ: (16)

In the limitQ2 ¼ 0 the form factors give the electric charge
eB and anomalous magnetic moment 	B.

III. BARYON FORM FACTORS

The spin 3=2 baryon (B) electromagnetic form factors,
F�
i ðQ2Þ (i ¼ 1; . . . ; 4), are defined by the current

[58,62,63]:

J
�
B ¼ � �u�

��
F�
1g

�
 þ F�
3

q�q


4M2
B

�
��

�
u


� �u�

��
F�
2g

�
 þ F�
4

q�q


4M2
B

�
i���q�
2MB

�
u
: (17)

Using the wave function (2), the hadronic current (5)
defined by the model, and the generic structure of
Eq. (17), we can write the form factors F�

i ðQ2Þ in terms
of the charge ~eB and anomalous magnetic moment ~	B form
factors defined in Eq. (16). Using the multipole form
factors given by a linear combination of F�

i [58,62,63],
we get the expressions for the electric charge and magnetic
dipole form factors,

GE0ðQ2Þ ¼
�
~eBðQ2Þ � �

MB

MN

~	BðQ2Þ
	
IBðQ2Þ; (18)

GM1ðQ2Þ ¼
�
~eBðQ2Þ þ MB

MN

~	BðQ2Þ
	
IBðQ2Þ; (19)

where � ¼ Q2

4M2
B

. Note that the Q2 ¼ 0 limit of these form

factors defines the charge [eB ¼ GE0ð0Þ] and magnetic
dipole moment [�B ¼ GM1ð0Þ e

2MB
]. The factor IB is the

overlap integral between the initial and final scalar part of
the wave function in Eq. (2),

I BðQ2Þ ¼
Z
k
c BðPþ; kÞc BðP�; kÞ; (20)

and is real. In the limit Q2 ¼ 0, charge conservation re-
quires IBð0Þ ¼ 1.
The derivation of Eqs. (18) and (19) is given in Ref. [58]

for the � case in the same S-state approximation. The
remaining form factors are GE2 and GM3. In the S-state
approximation, GE2 and GM3 vanish [58]. The differences
between Eqs. (18) and (19) and the corresponding expres-
sions in Ref. [58] are the baryon mass MB (which replaces
M�) and ~eB and ~	B (which replace ~e� and ~	�). Note that

the mass ratio, MB

MN
, results from the simplification of the

Pauli current contribution of Eq. (6), possible because the
states satisfy the Dirac equation, ðMB � P6 Þu�ðP; �BÞ ¼ 0
[54,55,58].

A. Baryon decuplet magnetic moments

The Q2 ¼ 0 limit of GM1 gives the baryon magnetic
dipole moment�B in units of

e
2MB

Converting the result into

nuclear magnetons �N gives

�B ¼ GM1ð0ÞMN

MB

�N; (21)

or

�B ¼
�
eB þ MB

MN

	B

	
MN

MB

�N: (22)

Recalling that 	B ¼ �j2Bð0Þ and using the formulas for �j2B
from the third column of Table I with f2þð0Þ ¼ 	þ ¼
2	u � 	d and f2�ð0Þ ¼ 	� ¼ 2

3	u þ 1
3	d, the decuplet

magnetic moments can be expressed in terms of the
anomalous moments of the three quarks (and their
charges), as listed in Table III. If we ignore some pion
cloud effects (discussed further below), the anomalous
moments of the u and d quarks can be determined by a
fit to the neutron and proton magnetic moments [57],
giving 	u ¼ 1:778 and 	d ¼ 1:915. These values lead to
the predictions [58]: ��þþ ¼ 5:11�N , ��þ ¼ 2:51�N ,
��0 ¼ �0:09�N , and ��� ¼ �2:70�N . For the other
members of the decuplet results are dependent on the
strange quark anomalous magnetic moment, 	s, to be
determined next.
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B. �� magnetic moment

For the �� with eB ¼ �1 and 	B ¼ �	s one gets

��� ¼ �
�
1þM�

MN

	s

	
MN

M�

�N: (23)

For a simple estimate of ��� we use 	s ¼ 1
2 ð	u þ 	dÞ

corresponding to an approximate SU(3) limit, since SU(2)
is already broken (	u � 	d). This estimate, which we
denote by SU0ð3Þ, gives ��� ¼ �2:41�N , where the ex-
perimental value is ��� ¼ ð�2:02� 0:05Þ�N , which de-
viates by about 20%. The results for �� and �� magnetic
moments in the SU0ð3Þ approximation are also given in
Table III together with the nonrelativistic naive SU(6)
quark model (NRQM) values [3,4].

Unfortunately there is no experimental data for the other
members of the decuplet aside from the � (with no strange
quarks). Under these circumstances the experimental value
for ��� is the only physical constraint available to fix 	s.
Following the procedure used in Ref. [57] where 	u and 	d

were constrained to fit the nuclear magnetic moments (�p

and �n), we use Eq. (23) and adjust 	s to fit the ��
magnetic moment exactly. This fixes 	s ¼ 1:462.

Once 	s is fixed, we can make predictions for all the
strange decuplet baryon magnetic moments. The results
are presented in Table III with the label CST for the quark
model based on the covariant spectator theory.

IV. MODEL FOR THE s QUARK CURRENTAND
WAVE FUNCTIONS

In previous work [54,55,57] the quark form factors were
defined in the SU(2) sector ðu; dÞ by using a parametriza-
tion for the isoscalar and isovector components inspired by
vector meson dominance (VMD):

f1� ¼ �þ ð1� �Þ m2
v

m2
v þQ2

þ c�
M2

hQ
2

ðM2
h þQ2Þ2 ; (24)

f2� ¼ 	�
�
d�

m2
v

m2
v þQ2

þ ð1� d�Þ M2
h

M2
h þQ2

�
; (25)

where mv is the lightest vector meson mass fixed to mv ¼

m� (for I ¼ 1) or m! (for I ¼ 0), and c�, d� are VMD

coefficients adjusted to fit the nucleon form factors. The
model explicitly allows for the quarks to emerge as point-
like particles at infinite Q2 (as required by QCD) with an
effective charge of �eq. Fits to deep inelastic scattering

fixed � ¼ 1:21 (for our most efficient model II). The
second term with the large massMh is intended to approxi-
mate the sum over contributions from heavy vector me-
sons, which characterize the short range structure of the
VMD processes important at high Q2. We take Mh to be
twice the nucleon mass (Mh ¼ 2MN) as in previous work
[54–59,64].
We extend the model to the strange sector by defining

the strange quark form factors:

f10 ¼ �þ ð1� �Þ m2
�

m2
� þQ2

þ c0
M2

hQ
2

ðM2
h þQ2Þ2 ; (26)

f20 ¼ 	s

�
d0

m2
�

m2
� þQ2

þ ð1� d0Þ M2
h

M2
h þQ2

�
: (27)

This parametrization adds two more parameters to the
model, ðc0; d0Þ, in addition to 	s. Note that the � meson
is introduced to model the strange quark sector in the VMD
framework. In this framework the dressed electromagnetic
interaction (in the t ¼ q2 channel) is described as a suc-
cession of u �u and d �d pairs interacting to generate the �
meson (for I ¼ 1) or the!meson (for I ¼ 0), while for the
strange quark sector this succession of s�s interactions
forms the � meson.
The baryon scalar functions, c B, that describe the mo-

mentum dependence of the quark-diquark system, are pa-
rametrized in the following way:

c �ðP; kÞ ¼ N�

mDð�1 þ �Þ3
; (28)

c �� ðP; kÞ ¼ N��

mDð�1 þ �Þ2ð�2 þ �Þ
; (29)

c�� ðP; kÞ ¼ N��

mDð�1 þ �Þð�2 þ �Þ2
; (30)

c�ðP; kÞ ¼ N�

mDð�2 þ �Þ3
; (31)

where

B ¼ ðMB �mDÞ2 � ðP� kÞ2
mDMB

¼ 2P � k
mDMB

� 2 ! 2

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ k2

m2
D

s
� 1

	

’ k2

m2
D

; if k2 	 m2
D; (32)

TABLE III. Magnetic moments in nucleon magneton units
�N ¼ e

2MN
, where MN is the nucleon physical mass. Note that

��� is not a prediction because it was used to fix 	s.

B 	B NRQM SU0ð3Þ CST

��� � 1
3 ½2	d þ 	s� �2:47 �2:57 �2:44

��0 1
3 ½2	u � 	d � 	s� 0.32 �0:07 0.06

��þ 1
3 ½4	u � 	s� 3.11 2.43 2.56

��� � 1
3 ½	d þ 2	s� �2:11 �2:43 �2:23

��0 2
3 ½	u � 	s� 0.64 �0:05 0.21

�� �	s �1:83 �2:41 �2:02
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where the penultimate form holds in the rest frame of the
baryon and shows that, in this frame, the argument B is
independent of the baryon mass. We will therefore choose
the parameters �1 and �2 to also be independent of the
baryon mass.

Since the momentum distribution is defined in the
baryon rest frame, we see that the wave functions of all
the baryons are spherically symmetric and that �i defines
the momentum ranges of the wave function in units of k2 

m2

D. For example, in the rest frame the � wave function is

c�ðP; kÞ ¼ N�

mDð�2 þ 2ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ k2

m2
D

r
� 1ÞÞ3

! N�

mDð�2 þ k2

m2
D

Þ3 ; if k2 	 m2
D; (33)

showing that c� behaves as a tripole at small k ¼ jkj, but
only goes like k�3 at large k. However, when the bound
state is moving in the z direction with large � ¼ Pz=MB,
the wave function is distorted and no longer spherical. In a
moving frame with � ! 1, and ignoring all terms in the
denominator of Oð��1Þ,

c�ðP; kÞ ! N�

mDð�2 � 2þ 2� k�
mD
Þ3 ; (34)

where k� ¼ ED � kz is the minus light-cone component of
the diquark momentum. In coordinate space this wave
function looks like a pancake.

With the inclusion of the factor 1=mD in the wave
function definition, the diquark mass dependence scales
out of the integral Eq. (20), and the final result becomes
independent of mD [57]. We note that the parameter �1 is
associated with the SU(2) sector (u and d quarks), while�2

is associated with the s quark. A similar form to Eq. (28)
was introduced in Ref. [54] to describe the dominant
contribution of the �N ! � transition in a model based
only on the S-wave components, as in this study.
(Originally the authors of Ref. [55] chose a wave function
dependent on two range parameters, but later on concluded
that one range parameter was enough, particularly at small
Q2 [56].)

As 	s was fixed in the previous section by the value of
��� , only c0, d0 in Eqs. (27) and �2 in the scalar functions
c BðP; kÞ are not constrained. The remaining parameters
are already fixed by the nucleon and � properties [55,57]:
the wave function parameter �1 was fixed in Ref. [55]; the
SU(2) current coefficients c�, d� were adjusted in
Ref. [57]; and � ¼ 1:21 from Ref. [57]. Because there is
no experimental data for the electromagnetic form factors,
except for the�� magnetic moment, we need to constrain
the other parameters of our model using the recent lattice
QCD data for the baryon decuplet [47]. In that work the
��þ, ���, and ��� electromagnetic form factors were
estimated using quenched lattice QCD at a momentum

squared of Q2 ¼ 0:230 GeV2, for several values of m�,
in the range 300 MeV to 1 GeV [47]. The work also
estimated the � electromagnetic form factors. However,
because we want to use the same wave function parame-
trization for the � as in previous work [55,56,59], we do
not use the � data in Ref. [47]. Study of the � electromag-
netic form factors with the inclusion of the D states can be
found in Refs. [59,61].

V. USING THE LATTICE DATA

To compare this model with lattice QCD data we follow
the procedure presented in Refs. [56,64]. Briefly, since
lattice calculations are normally carried out for a variety
of light quark masses larger than their physical values (as
reflected in pion masses heavier than the physical pion,
usually for m� from about 300 MeV to about 1 GeV), we
cannot compare our model to the lattice data unless we
determine how our model will vary with the mass of the
light quark.
To this end, we make the assumption that the range

parameters in the baryon wave functions (�1 and �2) can
be kept constant, but that the meson masses in the VDM
description of the quark form factors (mv ¼ m�, m!, or

m�, and Mh ¼ 2MN) will vary with the actual values

obtained in the lattice calculations. Furthermore, while
the baryon wave functions do not depend on the baryon
masses in their rest frame (justifying our assumption that
the range parameters are also independent of the baryon
masses), they do depend on the masses in the moving
frames encountered when the form factors are calculated
at nonzero Q2, and this is taken into account by using the
lattice values of the baryon masses. The dependence on
m� ’ m! in lattice calculations is parametrized by the

simple analytic form [65]

m� ¼ a0 þ a2m
2
�; (35)

with a0 ¼ 0:766 GeV and a2 ¼ 0:427 GeV�1, which are
consistent with the available quenched lattice QCD data.
As for the � mass, the parametrization in lattice QCD
requires some care. Different from the SU(2) sector, the
realistic strange quark mass is currently used in lattice
QCD calculations. In general, the proprieties of particles
with strange quarks are used to fix the strange quark mass
on the lattice. Although in dynamical simulations sea
quarks contribute for the � meson mass [48], in the
quenched simulation the�mass is independent of the light
quark masses, and thus independent of the pion mass.
Because we apply our model to the quenched lattice
QCD data determined at the physical strange quark mass
[47], it may be justified to use the physical � mass, m� ¼
1019 MeV.
The above procedure assumes that the valence quark

contributions are dominant, and that the quenched QCD
data simulate well enough the valence quark effects. The
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sea quark degrees of freedom associated with intermediate
meson states are not considered explicitly. In a formalism
where the baryons are the effective degrees of freedom the
virtual transitions between an initial baryon state and an
intermediate baryon plus meson state can also contribute to
the form factors. In that case the photon can also interact
with the intermediate meson adding extra contributions to
the form factors. According with PT the light meson
gives the more important corrections. It is known however
that in lattice QCD calculations the meson cloud effects are
small in general for m� > 400 MeV [66]. It is also known
that quenched QCD underestimates the �þ magnetic mo-
ment when the pion masses approach the physical point
[67]. That effect was indeed observed in Refs. [45,47].
However, the effects are not expected to be dominant in
the lattice data analyzed in the present work2 since the
magnitude of the meson cloud becomes smaller when
strange valence quarks are present.

In this work we use the form factor data in Ref. [47] and
the lattice masses extracted for �� and��. For the nucleon
we use the nucleon mass derived from the same group, with
the same configuration in Ref. [68].3

To fix the strange quark mass in the quenched calcula-
tion, Ref. [47] chooses the symmetry point where the light
quark mass equals the strange quark mass. At this point

they findmK ¼ m� ¼ 697 MeV (andm2
� ¼ 0:485 GeV2),

which compares well with the experimental value of
2m2

K �m2
� ¼ ð0:693 GeVÞ2, a constraint on the strange

quark mass motivated by leading order chiral perturbation
theory.

VI. RESULTS

To determine the parameters c0, d0, and �2 we have
minimized the 2 for the GE0 and GM1 form factor data in
quenched lattice QCD from Ref. [47]. The data are com-
posed of 12 values of m� at one Q2 (Q2 ¼ 0:230 GeV2),
for ��þ, ���, and ���. The parameters c0, d0, and �2 are
unconstrained, except for the condition �2 > 0. For 	s we
keep the value 	s ¼ 1:462 as determined by the physical
�� magnetic moment. The results are presented in Fig. 1.
The values obtained from the fit, together with the other
parameters, are presented in Table IV.
The quality of the fit depends on the baryon considered.

With the exclusion of the ��� data for GM1, the fit is
excellent for heavy pion masses; if we include GM1 for
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FIG. 1 (color online). Results of our fit to the lattice data from Ref. [47].

TABLE IV. Results from the fit to the lattice QCD data. Only
the variables in bold were adjusted in this work; the others were
previously determined from fits to the nucleon form factors and
�N ! � transitions. The adjusted variables are 	s, fixed by the
experimental result for��� [14]; and c0, d0, and �2, fixed by the
fit to the lattice data [47] shown in Fig. 1. The normalization
factors are a consequence of the values of �1 and �2.

�1, �2 cþ, dþ c�, d� c0, d0 	u, 	d 	s N�, N�� N�� , N�

0.3366 4.160 1.160 4:427 1.777 1:462 2.594 0.901

0:1630�0:686 �0:686�1:860 1.915 1.553 0.510

2Considering the results of Ref. [47] for the �þ magnetic
moment, and the difference between the ��þ and the proton
magnetic moment �p as an upper estimate of the pion cloud
contribution, we conclude that these corrections are at most 30%.

3For the pion mass m2
� ¼ 0:6920ð35Þ GeV2 there was no

available MN mass in Ref. [68], so we took the result for m2
� ¼

0:6910ð54Þ GeV2. The difference between these m2
� values is

smaller than the statistical error bars.
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the ��� the fit is better for intermediate pion masses
(m� ¼ 690–830 MeV). Because we are assuming that
the momentum range parameters are independent of m�,
the failure of the model is expected for some high pion
mass. As for the pion masses lower than 400 MeV, we can
expect more deviation, since the effect of the pion cloud
should become more important. In particular, for the mag-
netic dipole form factors it is known that the quenched data
underestimate the valence quark contribution, as well as
the result from full QCD (including meson cloud effects),
particularly for the case of the � [47,67]. For the �� and
��, since the contribution of the light quarks (u or d) is
smaller, the effect of the pion cloud is also expected to be
smaller.

In Figs. 2 and 3 we show the electric charge GE0 and
magnetic dipole GM1 form factors versus Q2, for ��þ,
���, and ���. We present results for the following three
cases: m� ¼ 697 MeV corresponding to the SU(3) limit
(mu ¼ md ¼ ms), the lightest pion (m� ¼ 306 MeV), and
the physical point (m� ¼ 138 MeV), which corresponds to
our prediction.

Figure 2 shows that a very good description is achieved
for the electric form factor even for m� ¼ 306 MeV. As
for the magnetic dipole form factor shown in Fig. 3, the

deviation of the model from the quenched lattice QCD data
is noticeable, particularly for the systems with two light
quarks (��þ and ���). One can see that the model results
are closer for ���, particularly with the value, m� ¼
697 MeV. We can interpret this deviation as a consequence
of fact that the meson cloud effect included in the quenched
data has the wrong sign (as has been observed for �þ
[47,67]). For this reason it is natural to believe that the
quenched data will not only underestimate the absolute
value of the exact magnetic form factors, but also the
valence contributions to the magnetic form factors in-
cluded in our calculation.
Figure 4 compares the form factors of the different

baryons with each other. We show our predictions for the
absolute values jGE0j and jGM1j for ��þ ���, and ��� at
the physical point (m� ¼ 138 MeV). The results for both
form factors suggest very similar charge and magnetic
moment distributions for the three baryons, even though
the parametrization of the wave functions associated with
the strange quark is substantially different (compare �2

with �1 in Table IV). Another interesting point is that this
similarity implies that SU(3) symmetry is approximately
satisfied. Only the differences in masses of the baryons (��
and ��) are responsible for the different values of j�Bj.
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FIG. 2 (color online). GE0 form factors for ��þ, ���, and ���. The quenched lattice QCD data are from Ref. [47].
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Once the parameters c0, d0, and �2 are adjusted to the
lattice QCD data, the�� wave function at the physical��
mass, and the quark current with the physical quark masses
can be used to evaluate the �� electromagnetic form
factors. The results are presented in Table V and in
Fig. 5. At Q2 ¼ 0 the form factors are constrained by
e�� ¼ �1 and by the experimental result for ��� , but
the evolution in Q2 is a prediction.
Our results can be compared with the results in

Ref. [47] for the �� magnetic dipole form factor at
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FIG. 4 (color online). Comparing G� from ��þ with �G�

from ��� and ���.
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FIG. 3 (color online). GE0 form factors for ��þ, ���, and ���. The quenched lattice QCD data are from Ref. [47].

TABLE V. Predictions for the �� form factors.

Q2 GE0ðQ2Þ GM1ðQ2Þ
0.00 �1:000 �3:604
0.25 �0:752 �2:635
0.50 �0:544 �1:862
0.75 �0:393 �1:322
1.00 �0:287 �0:954
1.25 �0:213 �0:700
1.50 �0:160 �0:524
1.75 �0:122 �0:399
2.00 �0:094 �0:308
2.25 �0:074 �0:242
2.50 �0:058 �0:192
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Q2 ¼ 0:230 GeV2, extracted from the simulation for the
�� at the pion mass m� ¼ 697 MeV: GM1ðQ2Þ ¼
�2:36� 0:11. The experimental value (used in our cali-

bration) which gives GM1ð0Þ ¼ ��� M�

MN
¼ �3:60� 0:10

with ��� in units �N [14], is also presented in the graph.
In addition, there are unquenched lattice data at Q2 ¼ 0
from Aubin et al. [46]: GM1ð0Þ ¼ �3:44� 0:14, and the
extrapolation from Ref. [47] for Q2 ¼ 0: GM1ð0Þ ¼
�3:14� 0:12.

Finally, our model predicts the �� squared radii of
hr2E0i ¼ 0:22 fm2 and hr2M1i ¼ 0:27 fm2. These values are

close to those estimated by the lattice QCD data in
Ref. [47], which we have used to calibrate the s quark
current and momentum distribution. In that work the cor-
responding results are hr2E0i ¼ hr2M1i ¼ 0:307�
0:015 fm2. It is expected that inclusion of the meson cloud
will increase that value [47]. Other estimates of the ��
charge radius [11,15,21,22,37,39,41] lead to a result be-
tween 0.16 and 0:61 fm2, but not all the estimates are
consistent with the experimental �� magnetic moment.
A chiral quark model with consistent exchange currents
[22] that agrees with the data to a precision of better than
6% predicts hr2E0i ¼ 0:61 fm2.

VII. CONCLUSIONS

In this work we have extended the covariant spectator
quark model (based on the covariant spectator theory) to

include the strange quark. We have chosen to study the
baryon decuplet as a first application of the model because
the structure (symmetric spin 3=2 state) is simpler than
the baryon octet, where the spin 1=2 structure requires
a mixture of diquark states with spin 0 and 1 [57]. Using
the measured �� magnetic moment and the recent
lattice QCD data for the baryon decuplet [47] we have
fixed the new model parameters associated with the s
quark contributions to the current and the baryon wave
functions.
The experimental result for ��� fixes the anomalous

magnetic moment of the strange quark, 	s, at a value
different from 1

2 ð	u þ 	dÞ, suggesting a violation of the

SU(3) symmetry at the level of 20%.
In this first study we have restricted the model to the

description of the dominant form factors: GE0 and GM1.
The subleading form factors GE2 and GM3 are also inter-
esting for future study. For example, the subleading form
factors can emerge in the present model when the D states
are included in the spin 3=2 systems. Although the D states
are important in the electromagnetic transition between the
octet and the decuplet baryons (as an example for the
�N ! � transition), the D states are not expected to be
dominant for GE0 and GM1, as was shown for the � case
[58,59,61].
After calibration of the model, we have predicted the

�� form factors. The �� is a very interesting object to
study since it is composed of three strange quarks. Lattice
QCD simulation for the �� form factors can presently be
performed at the physical strange quark mass [46,47]. As
the �� is considerably more stable than the octet baryons
and other members of the decuplet baryons except for the
nucleons, there is hope that the �� form factors can be
measured in the near future.
Our work so far is restricted to the valence quark degrees

of freedom. This framework can be regarded as a good
approximation since the meson cloud effects, the pion as
well as those of kaons, are expected to be smaller, when
strange quarks are present in the baryon. This statement is
more valid for higher Q2 and larger pion masses. The ��
meson cloud is expected to be small, although the differ-
ence between the extrapolation with the quenched lattice
QCD data from Ref. [47] and the experimental result
indicates that the meson cloud is not negligible. A possible
reason for this is that the quenched calculations do not
include the virtual transitions �� ! �K due to the omis-
sion of light quark loops (only the s quark is considered).
Finally the discrepancy can also be partially due to the��
mass that in the quenched lattice simulation exceeds the
physical mass by 3.6%. In the future we plan to study these
meson cloud effects.
We can also extend the present model to the study of the

octet baryons, and to the heavy quark sector (c and b
quarks), where valence quark degrees of freedom
dominate.
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