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We exploit the quantum coherence between pair-produced D0 and �D0 in c ð3770Þ decays to make a first

determination of the relative strong phase differences between D0 ! K0
S�

þ�� and �D0 ! K0
S�

þ��,
which are of great importance in determining the Cabibbo-Kobayashi-Maskawa angle �=�3 in B� !
D0ð �D0ÞK� decays. Using 818 pb�1 of eþe� collision data collected with the CLEO-c detector at Ecm ¼
3:77 GeV, we employ a binned Dalitz-plot analysis of K0

S�
þ�� and K0

L�
þ�� decays recoiling against

flavor-tagged, CP-tagged, and K0
S�

þ��-tagged events to determine these strong phase differences.
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I. INTRODUCTION

A central goal of flavor physics is the determination of
all elements of the Cabibbo-Kobayashi-Maskawa (CKM)
matrix [1], magnitudes and phases. Of the three angles of
the b� d CKM unitarity triangle, denoted �, �, and � by
some, �2, �1, and �3 by others, the least-well determined
is �=�3, the phase of Vub relative to Vcb. It is of great
interest to determine �=�3 using the decay B� ! K� ~D0,
since in this mode the �=�3 value obtained is expected to
be insensitive to new physics effects in B decays. Thus it
becomes a firm standard model reference for CP violation
phenomena. Here, ~D0 is eitherD0 or �D0, and both decay to
the same final state, and so their amplitudes add.
Sensitivity to the angle �=�3 comes from the interference
between two Cabibbo-suppressed diagrams: b ! c �us, giv-
ing rise to B� ! K�D0, and the color and CKM-
suppressed process b ! u �cs, giving rise to B� ! K� �D0.
One of the most promising ~D0 decays for measuring �=�3

using this method is ~D0 ! K0
S�

þ��, because it

is Cabibbo favored (CF) for both D0 and �D0 decays,
thus providing large event yields. To make use of this
decay, however, the interference effects between B� !
K� �D0ð! K0

S�
þ��Þ and B� ! K�D0ð! K0

S�
þ�Þ need

to be understood. These interference effects can be mea-
sured using CLEO-c data.

We first write the amplitude for the B� decay as follows:

A ðB� ! K� ~D0; ~D0 ! K0
S�

þ��ðx; yÞÞ
/ fDðx; yÞ þ rBe

i��f �Dðx; yÞ: (1)

Here, x � m2
K0

S
�þ , y � m2

K0
S
�� are the Dalitz-plot variables

in the ~D0 decay, fDðx; yÞðf �Dðx; yÞÞ is the amplitude for
D0ð �D0Þ decay to K0

S�
þ�� at ðx; yÞ, rB is the ratio of the

suppressed to favored amplitudes, and �� � �B � �,
where �B is the strong phase shift between the color-
favored and color-suppressed amplitudes. Ignoring the
second-order effects of charm mixing and CP violation
[2–5], we have f �Dðx; yÞ ¼ fDðy; xÞ, and Eq. (1) can then be
rewritten as

A ðB� ! K� ~D0; ~D0 ! K0
S�

þ��ðx; yÞÞ
/ fDðx; yÞ þ rBe

i��fDðy; xÞ: (2)

The square of the amplitude clearly depends on the phase
difference ��D � �Dðx; yÞ � �Dðy; xÞ, where �Dðx; yÞ is
the phase of fDðx; yÞ. Thus, for the determination of �=�3,
one must know ��Dðx; yÞ. Once ��Dðx; yÞ is determined
then a simultaneous fit to Bþ ! DCP�Kþ and B� !
DCP�K� data allows the separate determination of rB,
�B and � [2].

Previous analyses, reported by the BABAR [6,7] and
Belle [8] collaborations, extracted ��Dðx; yÞ by fitting a
flavor-tagged D0 ! K0

S�
þ�� Dalitz plot to a model for

D0 decay involving various 2-body intermediate states.
Such an approach introduces a 7� � 9� model uncertainty
in the value of �=�3,

1 which would be a limiting uncer-
tainty for LHCb [9] and future B-factory experiments.
In the analysis presented here, we employ a model-

independent approach to obtain ��Dðx; yÞ as suggested
by Giri et al. [2], by exploiting the quantum coherence of
D0 � �D0 pairs at the c ð3770Þ. Because of this quantum
correlation, K0

S�
þ�� and K0

L�
þ�� decays recoiling

against flavor tags, CP tags, and D0 ! K0
S�

þ�� tags,

taken together provide direct sensitivity to the quantities
cos��D and sin��D. This measurement will result in a
substantial reduction in the systematic uncertainty
associated with the interference effects between B� !
K� �D0ð! K0

S�
þ��Þ and B� ! K�D0ð! K0

S�
þ�Þ.

II. FORMALISM

Giri et al. proposed [2] a model-independent procedure
for obtaining ��Dðx; yÞ, as follows. The Dalitz plot is
divided into 2N bins, symmetrically about the line x ¼
y. The bin index i ranges from �N to þN , excluding
zero. The coordinate exchange x $ y thus corresponds to
the exchange of bins i $ �i. The number of events in the
i-th bin of a flavor-tagged K0

S�
þ�� Dalitz plot from a D0

decay is then expressed as

Ki ¼ AD

Z
i
jfDðx; yÞj2dxdy ¼ ADFi; (3)

where AD is a normalization factor. The interference be-
tween the D0 and �D0 amplitudes is parametrized by two
quantities

ci � 1ffiffiffiffiffiffiffiffiffiffiffiffiffi
FiF�i

p
Z
i
jfDðx; yÞjjfDðy; xÞj cos½��Dðx; yÞ�dxdy;

(4)

and

si � 1ffiffiffiffiffiffiffiffiffiffiffiffiffi
FiF�i

p
Z
i
jfDðx; yÞjjfDðy; xÞj sin½��Dðx; yÞ�dxdy;

(5)

where the integral is performed over a single bin. The
parameters ci and si are the amplitude-weighted averages
of cos��D and sin��D over each Dalitz-plot bin. It is
important to note that ci and si depend only on the D0

decay, not the B decay, and therefore CLEO-c data are
currently most suitable to measure these quantities. In
principle they could be left as free parameters in a ~D0 !
K0

S�
þ�� Dalitz-plot analysis from B� decays, but their

values can be more precisely determined from correlated

1BABAR claims 5� uncertainty on �=�3 in Ref. [7] by com-
bining K0

SK
þK� and K0

S�
þ�� modes.
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D0 �D0 pairs produced in CLEO-c. A Monte Carlo study
indicates that reaching an accuracy of 2� would require an
unrealistically large sample of 5� 106 reconstructed
B� ! ~D0K� decays which corresponds to a 5000 ab�1

sample at a B-factory [10].
Though the original idea of Giri et al. was to divide the

Dalitz plot into square bins [2], Bondar et al. noted [10]
that increased sensitivity is obtained if the bins are chosen
to minimize the variation in ��D over each bin. Thus, we
divide the Dalitz phase space into N bins of ��D, as
predicted by the BABAR isobar model [6], each of equal
size in ��D. In the half of the Dalitz plot m2ðK0

S�
þÞ<

m2ðK0
S�

�Þ, the i-th bin is defined by the condition

2�ði� 3=2Þ=N < ��Dðx; yÞ< 2�ði� 1=2Þ=N : (6)

The �i-th bin is defined symmetrically in the lower
portion of the Dalitz plot. Such a binning with N ¼ 8 is
shown in Fig. 1. One might suspect that because we are
using a model to determine our bins, we are not free of
model dependence. In fact any binning is correct in that it
will give a correct, unbiased answer for �=�3, at the cost of
larger uncertainties compared to an optimal binning with
respect to ��D.

We now describe how CLEO-c data can be used to
determine ci and si. The event yields in the i-th bin of
both flavor-tagged and CP-tagged ~D0 ! K0

S�
þ�� Dalitz

plot are required. Because the c ð3770Þ has C ¼ �1, the
CP of the ~D0 ! K0

S�
þ�� decay can be determined by

reconstructing the companion ~D0 in a CP eigenstate. With
a CP-tagged ~D0 ! K0

S�
þ�� decay, the amplitude is given

by

fCP�ðx; yÞ ¼ 1ffiffiffi
2

p ½fDðx; yÞ � fDðy; xÞ�; (7)

for CP-even and CP-odd states of a ~D0 ! K0
S�

þ�� de-

cay. Since the event rate is proportional to the square of this
amplitude, the number of events in the i-th bin of a
CP-tagged Dalitz plot is then

M�
i ¼ hCP�ðKi � 2ci

ffiffiffiffiffiffiffiffiffiffiffiffiffi
KiK�i

p þ K�iÞ; (8)

where hCP� ¼ S�=2Sf is a normalization factor that de-

pends on the number Sf of single flavor-tagged signal

decays, and the number S� of single CP-tagged signal
decays. Thus, access to ci is enabled by measuring the
number of eventsM�

i in aCP-taggedK0
S�

þ�� Dalitz plot,

and the number of events Ki in a flavor-tagged K0
S�

þ��
Dalitz plot.
Unfortunately, as evident from Eq. (4), the sign of ��D

is undetermined in each of the i bins. However, sensitivity
to both ci and si can be obtained by analyzing D0 !
K0

S�
þ�� vs �D0 ! K0

S�
þ�� data. The amplitude for

c ð3770Þ decays to two K0
S�

þ�� decays is as follows:

fðx; y; x0; y0Þ ¼ fDðx; yÞfDðy0; x0Þ � fDðx0; y0ÞfDðy; xÞffiffiffi
2

p :

(9)

The primed and unprimed Dalitz-plot coordinates corre-
spond to the Dalitz-plot variables of the two ~D0 !
K0

S�
þ�� decays and the minus sign is due to the

c ð3770Þ initial state with C ¼ �1. Defining Mij as the

event rate in the i-th bin of the first and the j-th bin of the
second ~D0 ! K0

S�
þ�� Dalitz plots, respectively, we have

Mij ¼ hcorrðKiK�j þ K�iKj � 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
KiK�jK�iKj

q
� ðcicj þ sisjÞÞ: (10)

Here, hcorr ¼ ND �D=2S
2
f, whereND �D is the number ofD0 �D0

pairs, and as before Sf is the number of flavor-tagged

signal decays. Equation (10) then relates the product
(cicj þ sisj) to the measured yields of events in the

flavor-tagged ~D0 ! K0
S�

þ�� Dalitz plot (Ki;j’s) and the

yields in the D0 ! K0
S�

þ�� vs �D0 ! K0
S�

þ�� (Mij’s)

Dalitz plots. The sensitivity to this product leads to a four-
fold ambiguity: change of sign of all ci or all si. In
combination with the CP-tagged analysis though, where
the sign of ci is determined, this reduces to a two-fold
ambiguity. One of the two solutions can be chosen based
on a weak model assumption [6].
The decay D0 ! K0

L�
þ��, due to its close relationship

withD0 ! K0
S�

þ��, can be used to further improve the ci
and si determination. Since the K0

S and K0
L mesons are of

opposite CP, and we assume the convention that AðD0 !
K0

S�
þ��Þ ¼ Að �D0 ! K0

S�
��þÞ; it then follows that

FIG. 1 (color online). Phase binning of the D0 ! �K0
S�

þ��
Dalitz plot.
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AðD0 ! K0
L�

þ��Þ ¼ �Að �D0 ! K0
L�

��þÞ. Then, for
K0

L�
þ��, the Dalitz-plot rates of Eq. (8) (CP vs D0 !

K0
S�

þ��) and Eq. (10) (D0 ! K0
S�

þ�� vs �D0 !
K0

S�
þ��) become

M�
i ¼ hCP�ðK0

i � 2c0i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
K0

iK
0�i

q
þ K0�iÞ; (11)

Mij ¼ hcorr½KiK
0�j þ K�iK

0
j þ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
KiK

0�jK�iK
0
j

q
� ðcic0j þ sis

0
jÞ�; (12)

for CP vs D0 ! K0
L�

þ�� and D0 ! K0
S�

þ�� vs �D0 !
K0

L�
þ��, respectively, where c0i, s0i are associated with

D0 ! K0
L�

þ�� decay.
ForD0 ! K0

L�
þ�� decays to benefit our determination

of ci and si, we must determine the differences�ci � c0i �
ci, and �si � s0i � si. In addition to the relative sign
change in Eq. (11) and (12), doubly Cabibbo-suppressed
decays (DCSD) of D0= �D0 also contribute with opposite
signs in D0 ! K0

S�
þ�� and D0 ! K0

L�
þ�� decays. We

can see this by inspecting the D0 decay amplitude for each
Dalitz plot

AðK0
S�

þ��Þ ¼ 1ffiffiffi
2

p ½AðK0�þ��Þ þ Að �K0�þ��Þ�; (13)

AðK0
L�

þ��Þ ¼ 1ffiffiffi
2

p ½AðK0�þ��Þ � Að �K0�þ��Þ�: (14)

The effect of this relative minus sign is to introduce a 180�
phase difference for all DCSD K	 resonances in the
K0

L�
þ�� model. We can use U-spin symmetry to relate

the amplitudes for resonances of definite CP eigenvalue,
e.g. K0

S;L�
0ð770Þ. We find that these states acquire a factor

of rei�. To convert a D0 ! K0
S�

þ�� model to the corre-

sponding D0 ! K0
L�

þ�� model, we multiply all DCSD
amplitudes by �1 and multiply each CP eigenstate ampli-
tude by (1� 2rei�), with r ¼ tan2�C and � ¼ 0� fixed for
every resonance (here �C is the Cabibbo angle). We then

determine central values for the corrections, �ci � c0i �
ci, �si � s0i � si using the D

0 ! K0
S�

þ�� BABAR model

[6]. We ascribe uncertainty to both the choice of r and �, as
well as the usage of the BABAR model to determine the
uncertainties on �ci and �si. The former are estimated by
varying the phase � between 0 and 2�, and r by�50%. For
the latter, we estimate �ci and �si using the Belle [8] and
CLEO [11] D0 ! K0

S�
þ�� isobar model fits, and take the

largest resulting deviation from the value found with the
BABAR model as a model-dependent systematic uncer-
tainty. The total systematic uncertainties in the corrections
are the quadrature sum of these two uncertainties. The
central values and uncertainties on �ci and �si are shown
in Table I.

III. EVENT SELECTION

We analyze 818 pb�1 of eþe� collision data produced
by the Cornell Electron Storage Ring (CESR) at Ecm ¼
3:77 GeV and collected with the CLEO-c detector. The
CLEO-c detector is a general purpose solenoidal detector
which includes a tracking system for measuring momen-
tum and specific ionization (dE=dx) of charged particles, a
ring imaging Cherenkov detector (RICH) to aid in particle
identification, and a CsI calorimeter for detection of elec-
tromagnetic showers. The CLEO-c detector is described in
detail elsewhere [12].
Standard CLEO-c selection criteria for ��, K�, �0, and

K0
S candidates are used, and are described in Ref. [13]. To

distinguish electrons from hadrons, we use a multivariate
discriminant [14] that combines information from the ratio
of the energy deposited in the calorimeter to the measured
track momentum (E=p), ionization energy loss in the
tracking chamber (dE=dx), and the ring-imaging
Cherenkov counter. For K0

S decays, we select candidates

with jMð�þ��Þ �MK0
S
j< 7:5 MeV=c2, and require the

decay vertex to be separated from the interaction region
with a significance greater than 2 standard deviations (ex-
cept for D0 ! K0

S�
þ�� vs �D0 ! K0

S�
þ�� candidates).

Reconstruction of 	 ! �� proceeds analogously to �0 !
��, with the requirement that jMð��Þ �M	j<
42 MeV=c2. We form ! ! �þ���0 candidates and re-

TABLE I. Predicted values for �ci � c0i � ci and �si � s0i � si with the systematic uncertainties.

i ci c0i �ci si s0i �si

1 0.769 0.868 0:099� 0:040 0.032 �0:002 �0:034� 0:068
2 0.570 0.737 0:167� 0:029 0.396 0.332 �0:064� 0:084
3 �0:044 0.283 0:327� 0:122 0.765 0.752 �0:013� 0:097
4 �0:570 �0:317 0:253� 0:192 0.644 0.777 0:133� 0:136
5 �0:842 �0:765 0:077� 0:061 �0:152 �0:111 0:041� 0:080
6 �0:626 �0:406 0:220� 0:084 �0:574 �0:612 �0:038� 0:065
7 �0:006 0.410 0:416� 0:160 �0:766 �0:671 0:095� 0:063
8 0.410 0.594 0:184� 0:024 �0:386 �0:371 0:015� 0:086
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quire their mass to be within 20 MeV of the nominal !
mass [15].

In this analysis, we reconstruct D0 mesons in several
flavor-tagged modes, CP-tagged modes, and in K0

S�
þ��.

From these selected events, we also reconstruct the com-
panion D0 from the c ð3770Þ decay in either K0

S�
þ�� or

K0
L�

þ�� to form ‘‘double tags.’’ The single-tag yields
enter our analysis through the Sf and S� factors, whereas

the double tags provide the Ki, Mi, and Mij yields across

their respective Dalitz plots. The double-tagged events we
consider are shown in Table II (all the notations include
charge conjugate if not otherwise specified). We thus con-
sider flavor tags: K��þ, K��þ�0, K��þ�þ��; semi-
leptonic tag: K�eþ
; CP-even tags: KþK�, �þ��,
K0

S�
0�0, K0

L�
0; and CP-odd tags: K0

S�
0, K0

S	, K0
S!,

with �0=	 ! ��, ! ! �þ���0, and K0
S ! �þ��. We

also reconstruct double-tag (DT) events with ~D0 !
K0

S;L�
þ�� vs ~D0 ! K0

S�
þ�� as discussed in the preced-

ing section. We do not reconstruct K0
L�

þ�� in some DT
modes when there are two missing particles (K�eþ
 and
K0

L�
0 cases) or the backgrounds are large (as for K0

S�
0�0

and K0
S!).

The event yield in the i-th Dalitz-plot bin of each tagged
~D0 ! K0

S;L�
þ�� sample is determined by evaluating the

phase difference for each data point according to the
BABAR isobar model. The contribution of each isobar to
the total amplitude is evaluated as a function of all three
invariant mass-squared combinations computed directly
from the four-momentum of the ~D daughters as described
in Ref. [16]. The phase difference is well defined beyond
and continues smoothly across the kinematically allowed
Dalitz-plot boundary. A small number of candidate events
(� 1–3% depending on tag and signal mode) included in
this analysis are reconstructed outside the kinematically
allowed region due to finite detector resolution.

A. Single tags

The c ð3770Þ resonance is below threshold for D �D�
production, and so the events of interest eþe� !
c ð3770Þ ! D �D have D mesons with energy equal to the
beam energy and a unique momentum. Thus, for identify-
ing D0 candidates, we follow Mark III [17] and define two
kinematic variables: the beam-constrained candidate mass

Mbc �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2
0=c

4 � P2
D=c

2
q

, where PD is the D0 candidate

momentum and E0 is the beam energy; and �E � ED �
E0, where ED is the sum of the D0 candidate daughter
energies. Candidate tags are required to have �E within
about 3 standard deviations of zero [18].
For events with a K��þ, KþK�, and �þ�� single tag

(ST) that have no additional charged particles, we apply
additional selection requirements to suppress cosmic ray
muons and Bhabha events. We do not allow tracks identi-
fied as electrons or muons to be used in the tag. We demand
evidence of the other D by requiring at least one electro-
magnetic shower in the calorimeter above 50 MeV not
associated with the tracks of the tag, where a single mini-
mum ionizing particle deposits the equivalent of 200 MeV.
For KþK� ST candidates, additional geometric require-
ments are needed to remove doubly radiative Bhabha
events followed by pair conversion of a radiated photon.
We accept only one candidate per mode per event; when
multiple candidates are present, we choose the one with
smallest j�Ej.
The resultingMbc distributions are shown in Fig. 2. Each

distribution is fit to a signal shape derived from simulated
signal events and to a background ARGUS [19] threshold
function. The ST yield is given by the area in the signal
peak in the mass region from 1:86<Mbc < 1:87 GeV.

B. Double tags with K0
S�

þ��

We form K0
S�

þ�� DTs by combining a K0
S�

þ�� tag

with a ST candidate. We choose one DT candidate per
mode per event with �M closest to the measured D0 mass,
where �M � ½MðD0Þ þMð �D0Þ�=2.
Since the D0 ! K0

S�
þ�� vs �D0 ! K0

S�
þ�� sample

plays a key role in extracting si values, we drop the require-
ment on the flight distance significance for K0

S candidates

to increase the statistics. We find 421 D0 ! K0
S�

þ�� vs
�D0 ! K0

S�
þ�� candidates which include about 9% back-

ground. We increase the yield by about 15% (additional 54
candidates, �15% background) by reconstructing the
K0

S�
þ�� vs K0

S�
þ�� candidates when one �� is not

reconstructed. The presence of the �� is inferred from
the missing four-momentum calculated from the well
known initial state and the reconstructed particles.

C. Double tags with K�eþ�
Candidate K�eþ
 vs K0

S�
þ�� DTs are reconstructed

by combining a K0
S�

þ�� ST candidate with a kaon can-

didate and an electron candidate from the remainder of the

TABLE II. Single-tag and K0
S=L�

þ�� double-tag yields.

Mode ST yield K0
S�

þ�� yield K0
L�

þ�� yield

Flavor tags

K��þ 144 563� 403 1447 2858

K��þ�0 258 938� 581 2776 5130

K��þ�þ�� 220 831� 541 2250 4110

K�eþ
 123 412� 4591 1356

CP-even tags

KþK� 12 867� 126 124 345

�þ�� 5950� 112 62 172

K0
S�

0�0 6562� 131 56

K0
L�

0 27 955� 2013 229

CP-odd tags

K0
S�

0 19 059� 150 189 281

K0
S	 2793� 69 39 41

K0
S! 8512� 107 83

K0
S�

þ�� tags 475 867
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event. Events with more than two additional tracks (aside
from the K0

S�
þ�� daughters) are vetoed. Signal discrimi-

nation for D ! K�eþ
 uses the variable U � Emiss �
cj ~pmissj, where Emiss and ~pmiss are the missing energy and
momentum in the semileptonic D0 meson decay, calcu-
lated using the difference of the four-momenta of the tag
and that of the K� and eþ candidates. For correctly iden-
tified events, U ¼ 0, since only the neutrino is undetected.
After all selection criteria are applied, multiple candidates
are rare for K�eþ
. The U distribution for D0 ! K�eþ

candidates is shown in Fig. 3. The points with error bars are

data and the shaded histogram represents a simulation of
the background, which is less than 1% in the signal region,
jUj< 50 MeV.

D. Double tags with K0
L�

0

The K0
S�

þ�� vs K0
L�

0 DT mode is reconstructed with a

missing-mass technique since the K0
L mesons produced at

CLEO-c are not reconstructed. A fully reconstructed
K0

S�
þ�� ST is combined with a �0 candidate, and we

compute the recoil-mass squared against the ST-�0 system
M2

miss. SignalK
0
L�

0 decays are identified by a peak inM2
miss

FIG. 2 (color online). Data Mbc distribution for various tag modes. The solid lines show the total fits, and the dashed lines show the
background shapes.
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atM2
K0
L

. Backgrounds fromD ! K0
S�

0,�0�0, and 	�0 are

suppressed by vetoing events with additional unassigned
charged particles, or 	 ! �� or �0 ! �� candidates. We
further suppress backgrounds by making requirements on
the energy of showers in the calorimeter that are not
associated with the decay products of the K0

S�
þ�� or

the �0. We compute the angle � between each unassigned
shower and the direction of the missing momentum. For
cos� < 0:9, we require the energy of showers Eshower <
100 MeV for any single shower. If 0:9< cos� < 0:98, we
require Eshower < 100þ 250� ðcos�� 0:9Þ MeV. The
M2

miss distribution for K0
L�

0 is shown in Fig. 4. The points

with error bars are data and the shaded histogram repre-
sents a simulation of the backgrounds. Signal candidates
are required to be within the range 0:1<M2

miss <
0:5 GeV2=c4.

E. Double tags with K0
L�

þ��

Candidate K0
L�

þ�� decays are reconstructed in DTs

using a similar missing-mass technique as described in
Sec. III D. We require the signal side (associated with the
K0

L�
þ�� candidate) to have exactly two charged tracks.

Backgrounds are reduced by applying �0, 	, and K0
S

vetoes. Using the measured momenta of the tagged D0

and the two additional pions, we compute the missing
momentum and missing energy on the signal side. We
apply the same requirements to the energy of the unas-
signed showers as described in Sec. III D. The M2

miss dis-

tributions for K0
L�

þ�� are shown in Fig. 5. The points

with error bars are data and the shaded histograms show a
simulation of the backgrounds. Signal events are required
to have a missing-mass squared in the region 0:21<
M2

miss < 0:29 GeV2=c4.

F. Yields in data

The ST yields for the tag modes and DT yields for
K0

S=L�
þ�� versus different tags are shown in Table II.

To determine theD0 ! K�eþ
 andD0 ! K0
L�

0 STyields

we use the integrated luminosity, measured D0 �D0 cross
sections [13], and measured branching fractions [20,21].
Combining all modes of the same CP, we show in Fig. 6
the Dalitz-plot distribution of CP-even and CP-odd tagged
~D0 ! K0

S�
þ�� decays. Figure 7 shows the corresponding

distributions for CP-tagged ~D0 ! K0
L�

þ�� decays. The

clear absence of a �0K0
S component (CP-odd) in CP-odd

tagged K0
S�

þ�� decays is an illustration of the quantum

correlations that exist in the c ð3770Þ ! D0 �D0 decay. For
K0

L�
þ��, �0K0

L is absent in the CP-even tagged samples.
The signal-to-background ratios in our K0

S=L�
þ�� DT

samples range from 10 to better than 100, depending on tag
mode. The tag side �E, K0

S, and ! sidebands are used for

combinatorial and nonresonant background subtraction.

FIG. 3 (color online). U � Emiss � cj ~pmissj distribution for
K�eþ
 in events with a D0 ! K0

S�
þ�� signal candidate. The

points with error bars are data and the shaded histogram repre-
sents a simulation of the backgrounds.

FIG. 4 (color online). M2
miss distributions for K

0
L�

0 when one
D is identified as K0

S�
þ��. The points with error bars are data,

and the shaded histogram represents the simulation of the back-
grounds. The enhancement of the data relative to the simulated
backgrounds near 0:9 GeV2=c4 corresponds to the decay
K	0�0 ! K0

L�
0�0 where both the K0

L and �0 from the K	0
are undetected. The Dalitz-plot model of this process is not
implemented in our simulation.
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FIG. 5 (color online). M2
miss distributions for K

0
L�

þ�� for flavor tags (left), CP-even tags (middle), and CP-odd tags (right). The
points with error bars are data and the shaded histograms represent simulations of the backgrounds.

(a) (b)

(c) (d)

FIG. 6. CP-even tagged K0
S�

þ�� Dalitz plot (a), and its m2ð�þ��Þ projection (b). CP-odd tagged K0
S�

þ�� Dalitz plot (c), and its
m2ð�þ��Þ projection (d).
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On the signal side, the background level is 1.9% for
K0

S�
þ�� after applying the K0

S flight significance require-

ment. This part of the background is considered as a
systematic error. The background-to-signal ratio for the
K0

L�
þ�� signal side is about 5%, of which about 2% is

a peaking background from K0
S�

þ��, K0
S ! �0�0 decays

that pass the K0
L�

þ�� selection criteria. We estimate this
peaking background yield using K0

S�
þ�� data and a mis-

identification rate determined from a quantum-correlated
Monte Carlo simulation. The combinatorial background
contribution is estimated using the M2

miss sidebands. The

expected yields from these two background sources are
subtracted from the observed signal yields to obtain
background-corrected yields.

For the K0
S�

þ�� vs K0
S�

þ�� sample, no K0
S flight

significance requirement was applied, resulting in a

background-to-signal ratio of �9%. About 7% (of 9%)
of this background comes from ~D0 ! �þ���þ�� faking
K0

S�
þ��. This background is subtracted using a

Monte Carlo simulation of this decay, where the
�þ���þ�� Dalitz-plot structure is taken from the
FOCUS experiment [22]. The impact of the remaining
�1:9% of background on our nominal fit results is small
and included in the systematic uncertainties.
The reconstruction efficiency is defined as the ratio of

reconstructed events to generated events in each bin. The
reconstruction efficiencies are calculated from large
Monte Carlo samples generated according to the BABAR
model [6] following the amplitude description of Eqs. (7)
and (9) for different tag modes. Dividing the observed
yields in each �D bin by this efficiency, we obtain the
efficiency-corrected yields M�

i and Mij.

(a) (b)

(c) (d)

FIG. 7. CP-even tagged K0
L�

þ�� Dalitz plot (a), and itsm2ð�þ��Þ projection (b). CP-odd tagged K0
L�

þ�� Dalitz plot (c), and its
m2ð�þ��Þ projection (d).

FIRST MODEL-INDEPENDENT DETERMINATION OF THE . . . PHYSICAL REVIEW D 80, 032002 (2009)

032002-9



IV. EXTRACTION OF ci AND si

We determine the coefficients ci, si by minimizing the
negative log-likelihood function

�2 logL ¼ �2
X
i

logPðM�
i ; hM�

i iÞðCP;K0
S
�þ��Þ

� 2
X
i

logPðM�
i ; hM�

i iÞðCP;K0
L�

þ��Þ

� 2
X
i;j

logPðMij; hMijiÞðK0
S
�þ��;K0

S
�þ��Þ

� 2
X
i;j

logPðMij; hMijiÞðK0
S
�þ��;K0

L�
þ��Þ þ �2;

(15)

where hM�
i i is calculated according Eqs. (8) and (11), and

hMiji is calculated according Eqs. (10) and (12), and

PðM; hMiÞ is the Poisson probability to getM events given
the expected number hMi. In our nominal fit, a �2 penalty
term

�2 ¼ X
i

�
c0i � ci ��ci

��ci

�
2 þX

i

�
s0i � si � �si

��si

�
2

(16)

constrains c0i and s0i to differ from ci and si, respectively, by
their expected differences �ci, �si, within errors. (Those
errors, ��ci, ��si, are the systematic uncertainties shown
in Table I.) This constraint has little impact on ci but is
important for si and will be relaxed and tightened as a
systematic variation.

From Monte Carlo studies, we found that DCSD decays
in flavor tag modes (K��þ, K��þ�0, K��þ�þ��) lead
to a significant bias in the Kð0Þ

i ’s due to an interference of
the wrong flavor of the ~D0 ! K0

S=L�
þ�� decay; this

results in a significant bias in the values of cð0Þi and sð0Þi
from the D0 ! K0

S�
þ�� vs D0 ! K0

S=L�
þ�� analyses.

Therefore, for the D0 ! K0
L�

þ�� vs D0 ! K0
S�

þ��
analysis, we use only the D0 ! K�eþ
 tagged K0

S�
þ��

sample and the D0 ! K��þ tagged K0
L�

þ�� sample for

counting Sð
0Þ
f andKð0Þ

i yields.2 For the latter, we estimate the

biases and adjust the Kð0Þ
i values using the correction factor

jAD0!K0
S
�þ��j2=jAD0!K0

S
�þ�� þ re�i�K�A �D0!K0

S
�þ��j2:

(17)

Here r ¼ jAðD0 ! Kþ��Þ=AðD0 ! K��þÞj and �K� are
the ratio of amplitudes of the DCSD to CF decay and the
relative strong phase, respectively. The amplitude ratio
squared, r2 ¼ ð3:44� 0:01� 0:09Þ � 10�3 and �K� ¼
ð22� 16:3Þ� are taken from Ref. [18]. This correction
factor is estimated in each of our eight Dalitz-plot bins
using the BABARD0 ! K0

S�
þ�� Dalitz-plot fit amplitude

[6]. The model dependence of this correction is negligible.
Uncertainties on these corrections due to the uncertainty
on �K� are small and are included in our systematic
uncertainties.
The fitting procedurewas tested using a simulatedC-odd

D0 �D0 Monte Carlo sample where we performed 100 toy
K0

S�
þ�� vs K0

S�
þ�� experiments with ci and si taken

from the BABAR model. The means and widths of the pull
distributions of the ci and si parameters were consistent
with zero and one, respectively, indicating no bias and
proper estimation of statistical uncertainties.
To enable the separation of the statistical uncertainty on

ci and si from the systematic uncertainty on �ci and �si
we perform a likelihood fit to ðci; siÞ with the values of
ðc0i; s0iÞ fixed according to Table I. The results of this fit and
of the nominal likelihood fit to ðci; siÞ, ðc0i; s0iÞ are shown in
Table III. The (statistical) correlation matrix among ci and
si in the constrained fit is shown in Table IV. Note that in
Table III, we choose the si and s0i signs based on BABAR
isobar model predictions [6] to resolve the two-fold ambi-
guity discussed in Sec. II.

TABLE III. Fit results for ci, si (with �ci and �si fixed), ci, c
0
i, si, and s0i (with �ci and �si constrained). See Table I for �ci and

�si.

�ci, �si fixed �ci, �si constrained

i ci si ci c0i si s0i
1 0:742� 0:037 0:004� 0:160 0:743� 0:041 0:840� 0:041 0:014� 0:166 �0:021� 0:164
2 0:606� 0:071 0:014� 0:215 0:611� 0:072 0:779� 0:072 0:014� 0:216 �0:069� 0:219
3 �0:008� 0:063 0:581� 0:190 0:059� 0:077 0:250� 0:078 0:609� 0:188 0:587� 0:188
4 �0:529� 0:101 0:138� 0:217 �0:495� 0:114 �0:349� 0:135 0:151� 0:225 0:275� 0:232
5 �0:889� 0:049 �0:053� 0:183 �0:911� 0:053 �0:793� 0:057 �0:050� 0:189 �0:016� 0:192
6 �0:742� 0:066 �0:317� 0:187 �0:736� 0:070 �0:546� 0:080 �0:340� 0:194 �0:388� 0:200
7 0:108� 0:074 �0:836� 0:185 0:157� 0:092 0:475� 0:094 �0:827� 0:190 �0:725� 0:196
8 0:403� 0:046 �0:410� 0:158 0:403� 0:046 0:591� 0:048 �0:409� 0:158 �0:374� 0:169

2All three hadronic flavor tag modes are used to determine Kð0Þ
i

for the CP-tag vs K0
S=L�

þ�� determination of cð0Þi .
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V. SYSTEMATIC UNCERTAINTIES

Systematic uncertainties on ðci; siÞ and ðc0i; s0iÞ come
from many sources. Tables V and VI summarize the main
contributions of the systematic uncertainties for ci and si,
respectively. Tables VII and VIII summarize the main

contributions of the systematic uncertainties for c0i and s0i,
respectively.
In the global fit, the fitter does not take the statistical

uncertainties associated with flavor-tagged samples into

account. That is Kð0Þ
i do not float in the global fit. We

TABLE IV. Correlation Matrix for the ci and si parameters. Labels 1–8 represent c1–c8 and 9–16 represent s1–s8.

i 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

1 1.000

2 �0:028 1.000

3 �0:007 �0:011 1.000

4 0.035 0.011 0.002 1.000

5 0.073 �0:022 0.006 0.004 1.000

6 0.016 0.069 �0:003 0.003 �0:104 1.000

7 0.018 0.013 �0:020 0.005 0.033 0.016 1.000

8 �0:020 �0:028 0.008 0.005 0.050 0.013 0.015 1.000

9 0.024 0.006 �0:072 �0:006 0.014 0.014 0.113 0.040 1.000

10 0.000 �0:033 0.017 �0:007 �0:003 0.038 �0:001 �0:001 �0:060 1.000

11 0.006 0.007 �0:025 �0:002 0.003 �0:008 0.041 0.029 0.323 �0:154 1.000

12 0.004 0.005 �0:020 0.035 0.002 0.000 0.014 0.005 0.149 �0:124 0.244 1.000

13 0.001 �0:001 �0:003 �0:014 �0:008 �0:072 �0:007 �0:004 0.158 �0:107 0.340 0.070 1.000

14 �0:011 �0:014 0.078 0.005 �0:004 �0:042 �0:086 �0:021 �0:448 0.085 �0:213 �0:124 �0:275 1.000

15 0.009 0.008 �0:053 �0:003 0.004 0.002 0.061 0.013 0.373 �0:139 0.314 0.228 0.269 �0:405 1.000

16 0.004 0.004 �0:056 �0:004 0.003 �0:007 0.026 0.041 0.234 �0:096 0.521 0.176 0.243 �0:133 0.106 1.000

TABLE V. Systematic uncertainties for ci.

c1 c2 c3 c4 c5 c6 c7 c8

Kð0Þ
i statistics error 0.010 0.015 0.016 0.019 0.009 0.015 0.018 0.008

Momentum resolution 0.008 0.015 0.012 0.019 0.011 0.012 0.017 0.009

Efficiency variation 0.004 0.007 0.011 0.008 0.005 0.008 0.010 0.006

Single-tag yields 0.006 0.007 0.013 0.011 0.005 0.008 0.015 0.008

Tag side background 0.007 0.007 0.014 0.013 0.006 0.008 0.014 0.011

K0
S�

þ�� background 0.001 0.002 0.009 0.027 0.012 0.006 0.003 0.002

K0
L�

þ�� background 0.006 0.018 0.004 0.024 0.017 0.012 0.020 0.006

Multi-candidate selection 0.002 0.003 0.003 0.008 0.004 0.006 0.003 0.002

Non-D= �D 0.010 0.016 0.004 0.007 0.004 0.005 0.006 0.005

DCSD 0.009 0.012 0.005 0.013 0.014 0.010 0.013 0.006

Sum 0.022 0.037 0.031 0.052 0.032 0.030 0.042 0.021

TABLE VI. Systematic uncertainties for si.

s1 s2 s3 s4 s5 s6 s7 s8

Kð0Þ
i statistics error 0.031 0.027 0.039 0.030 0.023 0.023 0.033 0.026

Momentum resolution 0.018 0.035 0.023 0.033 0.023 0.022 0.022 0.018

Efficiency variation 0.018 0.012 0.019 0.010 0.013 0.018 0.013 0.012

Single-tag yields 0.005 0.001 0.005 0.004 0.003 0.003 0.005 0.003

Tag side background 0.004 0.001 0.001 0.003 0.001 0.004 0.002 0.001

K0
S�

þ�� background 0.005 0.008 0.030 0.023 0.005 0.003 0.016 0.014

K0
L�

þ�� background 0.050 0.022 0.018 0.035 0.006 0.024 0.005 0.025

Multi-candidate selection 0.036 0.018 0.033 0.012 0.022 0.026 0.028 0.011

Non-D= �D 0.005 0.003 0.004 0.005 0.005 0.005 0.003 0.002

DCSD 0.023 0.004 0.030 0.019 0.015 0.006 0.027 0.020

Sum 0.077 0.055 0.076 0.069 0.045 0.052 0.060 0.050
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estimate this part of the uncertainties by varying the input

variables (Kð0Þ
i ) one by one according to their statistical

uncertainties, and by making new fits. At the end, we take
the quadratic sum of all the variations as the systematic
error.

Since our Dalitz-plot binning results in bins with un-
usual shapes and in some cases very narrow regions (see
Fig. 1), the migration of events from one bin to another bin
may bias our result. The position of an event in the Dalitz
plot depends on its momentum determination. The system-
atic error associated with momentum resolution is studied
by smearing the momentum of each fully simulated event
in the Monte Carlo sample 200 times, according to the
CLEO detector momentum resolution. The distributions of
the results for ðci; siÞ and ðc0i; s0iÞ are then fitted with
Gaussian functions, and the widths of the distributions
are taken as the systematic uncertainties.

The systematic uncertainties associated with
K0

S=L�
þ�� finding cancel under the assumption that the

efficiency systematic uncertainties are uniform across the
Dalitz plot. Under this condition Eqs. (8) and (10)–(12)
have the same dependence on efficiency. To account for a
small nonuniformity, we generate a large number of toy

experiments where we randomly distribute the relative
efficiency of each bin according to a Gaussian distribution
(width is taken to be 0.02—a conservative upper limit on
the relative efficiency variation across the Dalitz plot) and
repeat this process many times. The widths of the resulting
distributions for ðci; siÞ and ðc0i; s0iÞ are taken as systematic
uncertainties.
The systematic uncertainties associated with the single-

tag yields are evaluated by repeating the fit with the input
values varied by their own uncertainties. Assuming the
contributions are uncorrelated, we sum in quadrature to
obtain the uncertainties on ðci; siÞ and ðc0i; s0iÞ due to single-
tag yields given in Tables V, VI, VII, and VIII.
The systematic uncertainties due to the estimation of the

tag side background are studied mode by mode, and the
quadratic sum is given in Tables V, VI, VII, and VIII.
Though we used �E and Mð�þ��Þ mass sidebands for

the tag side backgrounds subtraction, we did not apply any
background subtraction for K0

S�
þ�� signal side, which is

believed to be small since we require the decay vertex of
K0

S to be separated from the interaction region with a

significance greater than 2 standard deviations. The back-
ground level in the K0

S�
þ�� signal region is estimated

TABLE VII. Systematic uncertainties for c0i.

c01 c02 c03 c04 c05 c06 c07 c08
Kð0Þ

i statistics error 0.009 0.014 0.011 0.013 0.009 0.012 0.017 0.008

Momentum resolution 0.008 0.016 0.014 0.020 0.010 0.013 0.019 0.010

Efficiency variation 0.006 0.006 0.009 0.009 0.004 0.007 0.011 0.006

Single-tag yields 0.005 0.007 0.007 0.007 0.003 0.005 0.006 0.007

Tag side background 0.005 0.007 0.007 0.007 0.004 0.005 0.005 0.009

K0
S�

þ�� background 0.002 0.001 0.005 0.012 0.007 0.003 0.001 0.002

K0
L�

þ�� background 0.008 0.020 0.017 0.046 0.019 0.014 0.015 0.006

Multi-candidate selection 0.003 0.003 0.001 0.004 0.003 0.004 0.002 0.002

Non-D= �D 0.012 0.018 0.005 0.006 0.004 0.004 0.008 0.005

DCSD 0.011 0.013 0.007 0.013 0.014 0.013 0.014 0.006

Sum 0.023 0.039 0.029 0.057 0.029 0.028 0.036 0.021

TABLE VIII. Systematic uncertainties for s0i.

s01 s02 s03 s04 s05 s06 s07 s08
Kð0Þ

i statistics error 0.030 0.028 0.037 0.026 0.022 0.025 0.034 0.028

Momentum resolution 0.022 0.042 0.031 0.042 0.029 0.028 0.031 0.033

Efficiency variation 0.018 0.012 0.015 0.009 0.012 0.018 0.013 0.013

Single-tag yields 0.005 0.001 0.005 0.003 0.004 0.003 0.004 0.003

Tag side background 0.003 0.000 0.002 0.002 0.002 0.004 0.003 0.001

K0
S�

þ�� background 0.006 0.009 0.028 0.021 0.004 0.003 0.015 0.015

K0
L�

þ�� background 0.052 0.022 0.013 0.033 0.003 0.025 0.004 0.025

Multi-candidate selection 0.038 0.018 0.031 0.007 0.020 0.027 0.028 0.013

Non-D= �D 0.005 0.003 0.004 0.005 0.004 0.005 0.003 0.002

DCSD 0.021 0.005 0.028 0.016 0.013 0.007 0.028 0.022

Sum 0.080 0.060 0.072 0.067 0.046 0.056 0.065 0.059
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fromMð�þ��Þ sidebands. We found there is about a 1.9%
background in the signal region. We estimate the back-
ground contributions from quantum correlated
Monte Carlo samples, then make a new fit with the back-
ground subtracted. The differences of the results between
the nominal fit and the new fit are taken as the systematic
uncertainties.

The systematic uncertainties due to the K0
L�

þ�� back-

ground shape are considered by repeating the fit assuming
the background across the Dalitz plot (with the same
normalization as in the nominal fit) is uniform. The un-
certainties due to the estimation of the background level
are negligible. The systematic uncertainties due to flavor-
tagged, CP-even tagged, CP-odd tagged, and K0

S�
þ��

tagged K0
L�

þ�� samples are considered separately and

summed in quadrature in Tables V, VI, VII, and VIII.
It is possible to select a wrong combination when there

are multiple signal candidates in an event, especially for
K0

S�
þ�� vs K0

S=L�
þ�� samples, since there are many

pions with similar momenta. The systematic uncertainties
are studied by applying correction matrices to the yield
matricesMij. The corrections are typically 2% (5%) for the

K0
S�

þ�� vs K0
S�

þ�� (K0
S�

þ�� vs K0
L�

þ��) event

samples.
Monte Carlo simulated continuum events are checked

for non-D0= �D0 backgrounds. No significant peaking back-

ground is seen for double-tagged K0
S�

þ�� samples. The

contributions for KþK�, �þ��, and K0
S	 tagged

K0
L�

þ�� samples are also negligible. For other samples,
there are 1� 2% contributions depending on the tag mode.
A systematic study is performed by assuming the back-
ground (with the same normalization as in the nominal fit)
is uniformly distributed over the Dalitz plot.
For the DCSD effect, we made corrections to K��þ vs

K0
S;L�

þ�� yields in Sec. IV by using results from

Ref. [18]. The systematic uncertainties due to r is negli-
gible since it is precisely measured. The systematic un-
certainties due to the strong phase � are studied by varying
it according to its error. For K��þ�0 and K��þ�þ��
tag modes, there are no relative strong phase measure-
ments, so we consider four cases, � ¼ ð0�; 90�; 180�;
270�Þ, and take the maximum variations among the four
cases as the systematic uncertainty.
The total systematic uncertainties on ðci; siÞ and

ðc0i; s0iÞ—excluding the systematic uncertainty on �ci and
�si that relate the K0

S�
þ�� and K0

L�
þ�� Dalitz-plot

models—are obtained from the quadrature sum of these
systematic uncertainties, are shown in Tables V, VI, VII,
and VIII.
In the global fit, �ci and �si are constrained using a �2

term. The errors on �ci and �si are determined by com-
paring BABAR, Belle, and CLEO II D0 ! K0

S�
þ��

TABLE IX. Fit results for ci and si. The first error is statistical, the second error is the
systematic uncertainty (excluding �ci, �si), and the third error is the systematic uncertainty due
to �ci and �si that relate the K0

S�
þ�� and K0

L�
þ�� Dalitz-plot models.

i ci si

1 0:743� 0:037� 0:022� 0:013 0:014� 0:160� 0:077� 0:045
2 0:611� 0:071� 0:037� 0:009 0:014� 0:215� 0:055� 0:017
3 0:059� 0:063� 0:031� 0:057 0:609� 0:190� 0:076� 0:037
4 �0:495� 0:101� 0:052� 0:045 0:151� 0:217� 0:069� 0:048
5 �0:911� 0:049� 0:032� 0:021 �0:050� 0:183� 0:045� 0:036
6 �0:736� 0:066� 0:030� 0:018 �0:340� 0:187� 0:052� 0:047
7 0:157� 0:074� 0:042� 0:051 �0:827� 0:185� 0:060� 0:036
8 0:403� 0:046� 0:021� 0:002 �0:409� 0:158� 0:050� 0:002

TABLE X. Fit results for c0i and s0i. The first error is statistical, the second error is the
systematic uncertainty (excluding �ci, �si), and the third error is the systematic uncertainty
due to �ci and �si.

i c0i s0i
1 0:840� 0:037� 0:023� 0:014 �0:021� 0:160� 0:080� 0:036
2 0:779� 0:071� 0:039� 0:008 �0:069� 0:215� 0:060� 0:047
3 0:250� 0:063� 0:029� 0:102 0:587� 0:190� 0:072� 0:006
4 �0:349� 0:101� 0:057� 0:092 0:275� 0:217� 0:067� 0:058
5 �0:793� 0:049� 0:029� 0:036 �0:016� 0:183� 0:046� 0:042
6 �0:546� 0:066� 0:028� 0:038 �0:388� 0:187� 0:056� 0:072
7 0:475� 0:074� 0:036� 0:081 �0:725� 0:185� 0:065� 0:058
8 0:591� 0:046� 0:021� 0:011 �0:374� 0:158� 0:059� 0:054
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Dalitz-plot fit results. The constraint on c and c0 can be
removed with little impact on the result. The constraint on
s and s0 can be relaxed to a factor of 4, but cannot be
removed entirely, otherwise, the fit does not converge. To
assess our sensitivity to this constraint we consider the
following: (1) we relax the constraint by a factor of 2,
i.e. increase the errors by a factor of 2 and refit the data; and
(2) we fix�ci and�si and refit the data (see Table III). The
maximum difference for each ðci; siÞ and ðc0i; s0iÞ between
these fits and the nominal fit is interpreted as the systematic
uncertainty. An alternate assessment of this systematic
uncertainty is the difference in quadrature of the errors
reported for the ‘‘fixed’’ and ‘‘constrained’’ fits reported in
Table III. The quadrature average of these two methods is
reported as the third error on ðci; siÞ and ðc0i; s0iÞ in Table IX
and X.

The systematic uncertainties on ci and c0i tend to be
smaller than the corresponding systematic uncertainty on
si and s0i. There are two contributing factors: (1) the fact
that the CP-tagged vs K0

S=L�
þ�� samples can determine

the ci and c0i, however, these samples provide no con-
straints on si and s0i; and (2) the decay modes with one
Dalitz plot (CP-tagged vs K0

S=L�
þ��) have smaller sys-

tematic uncertainty than those with two (K0
S�

þ�� vs

K0
S=L�

þ��).

VI. CROSS-CHECK FOR MODEL PREDICTIONS

UsingCP-taggedK0
S=L�

þ�� samples, we can get ci and

c0i without any correlations, so the differences between ci
and c0i provide a good test of our predictions on the differ-

ences discussed in Sec. II. The comparison between mea-
sured �ci ¼ c0i � ci and the BABAR model predictions is

shown in Fig. 8. We find good agreement between the data
and the results obtained using the BABAR model, modified
to account for the difference between D0 ! K0

S�
þ�� and

D0 ! K0
L�

þ��.

VII. FINAL RESULTS AND IMPACT ON �=�3

MEASUREMENT

Our final results for ci, si, c
0
i, and s

0
i are shown in Fig. 9,

Tables IX and X, respectively. The statistical uncertainties
dominate for ci and si. The systematic uncertainty due to
�ci and �si which relate the strong phase difference of
D0 ! K0

S�
þ�� and D0 ! K0

L�
þ�� is comparable to all

other contributions to the total systematic uncertainty.
To see the impact of our results on the �=�3 measure-

ment, we generate toy Monte Carlo B� ! ~D0K� samples
with �=�3 ¼ 60�, �B ¼ 130�, and rB ¼ 0:1. The B� !
~D0K� sample is large enough so that the statistical uncer-
tainty associated with B decays is negligible. We assume
the reconstruction efficiency is 100% and that no back-
ground is present. We fit for �=�3, �B, and rB 10 000 times
by sampling ci and si according to their uncertainties and
correlations. We consider the full statistical correlation
matrix with (1) uncorrelated, (2) ci and si with fully
correlated, and (3) ci and si with fully anticorrelated
systematic uncertainties. For (1), we find the width of the
resulting �=�3 distribution, shown in Fig. 10, is 1.66

�. For
(2) and (3), the width of the resulting �=�3 distribution is

FIG. 8 (color online). Comparison of �ci ¼ c0i � ci between
CP-tagged K0

S=L�
þ�� CLEO-c data (circles) and predictions

from the BABAR model (squares).

FIG. 9 (color online). Comparison of ci and si from the
nominal fit to CLEO-c data (circles with error bars) presented
in Table IX and predictions from the BABAR model (stars)
presented in Table I.
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1.7� and 1.6�, respectively. A small bias of 0.5� is ob-
served, which is caused by the unphysical ci and si pairs
(5732 out of 80 000) with c2i þ s2i > 1. This corresponds to
ð7:2� 0:1Þ%. Excluding these bins from the fit reduces the
bias to 0.2� which is still significant given the large sample
size. However, if we reduce the uncertainties on ci and si
by a factor 3 only very few generated bins ( 
 1%) have
unphysical c2i þ s2i and the distributions of ci and si are
Gaussian distributed within the physical region. In this
case there is no bias. Therefore, the observed bias is either
due to non-Gaussian distributions truncated at the physical
boundary or nonphysical values of c2i þ s2i .

Comparing with a model uncertainty of 7� for BABAR
[7] and 9� for Belle [8], great improvement on the �=�3

measurement can be achieved by using a model-
independent approach incorporating CLEO-c’s results on
the strong phase parameters ci and si presented in this
article. This will be realized at LHCb where using
10 fb�1 of data a statistical error on �=�3 of 5.5� is

anticipated [9]. The weight of B ! ~DK, ~D ! K0
S�

þ��
in the combination of tree-level � measurements at LHCb,
which is predicted to have sensitivity of 1�–2� [23], de-
pends upon the CLEO-c’s results on the strong phase
parameters ci and si presented in this article.
Sensitivity to new physics is obtained through the com-

parison of �=�3 measured directly in tree-level processes
and indirect determinations of �=�3. One indirect deter-
mination, �=�3 ¼ ð67þ5

�4Þ�, arises from the intersection of

the BðsÞ mixing and sin2� contours in the ð ��; �	Þ plane [24].
The uncertainty is dominated by the LQCD calculations
for mixing [25] and is expected to improve. Another deter-
mination of �=�3 follows from the unitarity constraint
� ¼ 180� � �� � ¼ ð70þ6

�5Þ�. Here the uncertainty is

dominated by the determination of �=�2 ¼ ð88þ6
�5Þ� from

B ! ��, ��, �� [24].

VIII. SUMMARY

In summary, using 818 pb�1 of eþe� collisions pro-
duced at the c ð3770Þ, we make a first determination of
the strong phase parameters ci and si in Table IX. From a
toy Monte Carlo study with a large sample of B� ! ~D0K�
data generated with �=�3 ¼ 60�, �B ¼ 130�, and rB ¼
0:1, we find that the decay model uncertainty on �=�3 is
reduced to about 1.7� due to these newmeasurements. As a
result, the precision of the �=�3 measurement using Bþ !
~D0Kþ decays will not be limited by the strong interference
effects in the ~D0 ! K0

S�
þ�� decay. The improved preci-

sion in the direct determination of �=�3 enabled by this
measurement of the strong phase parameters ci and si
enhances sensitivity to new physics through the compari-
son with indirect determinations of �=�3.
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