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Wilson loops and QCD/string scattering amplitudes
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We generalize modern ideas about the duality between Wilson loops and scattering amplitudes in N =
4 super Yang-Mills theory to large N QCD by deriving a general relation between QCD meson scattering
amplitudes and Wilson loops. We then investigate properties of the open-string disk amplitude integrated
over reparametrizations. When the Wilson-loop is approximated by the area behavior, we find that the
QCD scattering amplitude is a convolution of the standard Koba-Nielsen integrand and a kernel. As usual
poles originate from the first factor, whereas no (momentum-dependent) poles can arise from the kernel.
We show that the kernel becomes a constant when the number of external particles becomes large. The
usual Veneziano amplitude then emerges in the kinematical regime, where the Wilson loop can be reliably
approximated by the area behavior. In this case, we obtain a direct duality between Wilson loops and
scattering amplitudes when spatial variables and momenta are interchanged, in analogy with the N = 4

super Yang-Mills theory case.
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I. INTRODUCTION

The relation between planar diagrams and dual reso-
nance models has a long history since the pioneering works
[1]. A long-standing belief [2] is that SU(N) Yang-Mills
theory is equivalent at large N to a free string, while the
1/N expansion corresponds to interactions of the string.! A
great recent progress along this line is associated for N =
4 super Yang-Mills theory (SYM) with the AdS/CFT cor-
respondence [4,5] (see Ref. [6] for a review), where the
strong-coupling limit of SYM is described by supergravity
in anti-de Sitter space AdSs X S°.

The (finite part of the) 4-gluon maximally helicity-
violating on-shell scattering amplitude in SYM theory
has the form

Als, 1) = Atreeef(/\)logz(s/t)’ (1)

(where s and ¢ are usual Mandelstam’s variables) as was
conjectured [7] on the basis of three-loop calculations. To
explain Eq. (1), the Wilson-loop/scattering-amplitude
(WL/SA) duality was introduced [8] at large 't Hooft
couplings A, which has been then advocated in SYM
perturbation theory [9]. This duality (for a review see
Ref. [10]) states that the scattering amplitude (divided by
the kinematical factor A..) equals the Wilson loop for a
polygon whose vertices x; are related to the momenta p; of
scattering gluons by
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pi = K(x; — x;-y), (2)

where K = 1/27a’ is the string tension.

Our goal in this paper is to find out what features of the
described WL/SA duality (if any) remain valid for QCD
and, in particular, how is it possible to maintain the relation
of the type (2), which would relate large momenta in
scattering amplitudes with loops of large size. Of course
this is not possible in QCD perturbation theory, where
|pl ~ 1/|x| because of dimensional ground. But nonper-
turbatively a dimensional parameter K = (400 MeV)? ap-
pears in QCD, which shows up in the area-law behavior of
asymptotically large Wilson loops:

W(C) oclarge C efKSmin(C)’ (3)

where S,,;,(C) is the area of the minimal surface bounded
by C, which results in confinement. Strictly speaking, this
requires the limit of the large number of colors N or the
quenched approximation.

As is well known by now, a string theory, which QCD is
supposedly equivalent to, is not the simplest Nambu-Goto
string. Some extra degrees of freedom living on the string
are required, which are most probably conveniently de-
scribed by a presence of extra dimensions. The asymptotic
behavior (3) is nevertheless universal for large loops.

In this paper the main topic is an investigation of the
relation between the Wilson loop and the corresponding
amplitude in large N QCD, or, alternatively, quenched
QCD for any N. In general, this involves integration over
an infinite number of loops. However, if one considers
large loops there is a considerable amount of evidence
from lattice gauge calculations in 2 + 1 and 3 + 1 dimen-
sions for various N’s that the Nambu-Goto action describes
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the behavior of the Wilson loops quite well. To give an
example, in [11] it is shown with unprecedented precision
that the static quark potential in quenched SU(3) lattice
gauge theory is well described by the first two terms ( « r
and the Liischer term o 1/r) in a long-distance expansion
of the Nambu-Goto action. Furthermore, in both three and
four dimensions the transition from perturbative to string
behavior takes place ‘“‘at surprisingly small distances™
[11]. There also exists a number of other comparisons
between results from the Nambu-Goto action, e.g. the
closed string spectrum and SU(N) for various values of
N, see [12] where further references can be found.

The various results from lattice gauge theories can be
summarized by the statement that the Nambu-Goto action
describes the large and not so large [11] distance behavior
of quenched QCD surprisingly well. This action has the
well-known anomaly for d # 26, which however is sup-
pressed for long strings [13]. The remarkable success of the
Nambu-Goto string as an effective action led us to recon-
sider the relation between the Wilson loop W(C) and the
corresponding amplitude. The idea is to perform the un-
pleasant sum over all C’s by inserting the Nambu-Goto
action in W(C). Then the sum over C becomes an integra-
tion over the string field x* (o, 7), and is at least in principle
controllable. In practice, in this paper we start out with a
more modest program, where only the area behavior of
W(C) is inserted in the form of the disk amplitude. Thus,I
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the effects of the Liischer term is not included in the
investigation reported in this paper.

The present paper is an extended version of Ref. [14],
but some of the reported results are novel. In Sec. II, we
derive a relation between the M-meson scattering ampli-
tude and the Wilson loop for the case of fermion and scalar
quarks, valid for QCD in the large N limit. Our results are
general in the sense that if the Wilson loop is known one
can obtain the scattering amplitudes by performing some
path integrations. In Sec. III, we then take up the old idea
that the large N QCD Wilson loop should be identified with
the disk amplitude in certain string models as far as the
leading large distance behavior is concerned. We empha-
size that it is crucial in this construction to integrate the
string disk amplitude over reparametrizations of the
boundary contour. In Sec. IV, we show, taking a functional
Fourier transform to momentum space, how the disk am-
plitude leads to the Koba-Nielsen amplitude. Integrating
over the reparametrizations, we also derive projective-
invariant off-shell scattering amplitudes.

In Sec. V, we return to the general formula from Sec. II
for the relation between the meson (made from fermion
quarks) scattering amplitude and the Wilson loop. Here, we
insert the area law (with no subleading perimeter term,
Liischer term, ...) and for the (off-shell) M-particle am-
plitude we derive the formula

GApr . Apy) Aﬁl /;)d’#l b, ﬁ[Sin[(¢j+1 — ¢,)/2]sin[(¢; — ¢jl)/2]]ApJZ'/47TK
1

Jj=1

Sin[(¢j+1 - ¢j—1)/2]Sin2(¢j/2)

| M
X CXP(H Z APiAPj In(1 — cos(¢p; — ¢j))>j<(¢1’ e byu—sApy, . Apy),

ij=1
i#j

¢0 = 0’ d)M = 277',

where the A p’s are particle momenta and where the “ker-
nel” XK in general has no momentum-dependent singular-
ities for ¢p; — ¢ ;. The exponential factor in the integrand
on the right-hand side is the well-known Koba-Nielsen
integrand, and it produces poles in the integral for ¢; —
¢ ;. Physically these poles only occur when the area law is
a good representation of the Wilson loop, which means
that the area should be large and correspondingly the
momenta should also be large. Thus, due to this condition
there is no tachyon (or other low lying states) in the
spectrum, as one would indeed expect in QCD. We further
show that in the case of large M the kernel K degenerates
to a factor that is essentially independent of the A p’s. This
implies that when the area behavior of the Wilson loop
dominates the dynamics we get the interesting result that
when many particles are produced in some collision then
the scattering is given by a Veneziano type of amplitude. Of
course, this is for large N QCD, but it would be interesting
to see to which extent this would be valid at the LHC
collider with N = 3.

“4)

|

The condition that the various momentum transfers
should be large in order that the area behavior for the
Wilson loop can be inserted is only a necessary but not
sufficient condition for the validity of our approach. This is
important in view of one of the historical reasons for not
using the Veneziano amplitude in strong interaction phe-
nomenology: at large transverse momenta this amplitude
decreases exponentially in contrast to the experimental
data. If we consider the 4-point function in terms of the
usual Mandelstam variables s and ¢, our approach is valid
when 1/a’ = —t < s in Minkowski space, because it
dominates over other contributions. However, if —¢ ~ s,
this is no longer true, because then the Veneziano ampli-
tude becomes a tiny exponentially decreasing function and
other contributions lead to a power decrease of the ampli-
tude, which of course is far more important than an ex-
ponential decrease. Therefore, the area behaved Wilson
loop no longer dominates when —¢ ~ s.

In Sec. VI, we find a relation between the space variables
and the external momenta, which is the QCD analogue of
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the SYM WL/SA duality exhibited in Eq. (2). If z(¢)
describes the contour of the Wilson loop as a function of
an angular parametrization ¢, then

M
(P) = D PO~ $)OB — b))
i=1

where p; are related to the external momenta Ap; by
Ap; = p;-1 — p;» and O is the usual step function. If
this expression is inserted in the z-dependent Wilson
loop, it reproduces the scattering amplitude with a large
number M of external particles when the ¢;’s are inte-
grated over. Thus, the relevant contours are given by the
constant momentum vectors, in complete analogy with
Eq. (2). The difference with the supersymmetric case is
that in QCD we have to integrate over the parameters ¢;,
which represent the points in parameter space where the
momenta enter. Otherwise (5) is like Eq. (2), since z(¢)
equals p;/K in the interval from the point x; to x;, so the
vector x;,; — x; equals Ap;/K, as in Eq. (2).

Some more technical details are discussed in the appen-
dices. In Appendix A, we give an example of how to
operate with path integrals related to the ordering of
gamma matrices. In Appendix B, we review the modern
approach to the minimal area as a boundary functional. To
illustrate the asymptotic area behavior, we evaluate in
Appendix C the integral over reparametrizations in the
disk amplitude for a large circle. Appendix D is devoted
to calculations of the path integral over reparametrizations.
In Appendix E, we consider a scattering amplitude, which
appears in QCD, when the Wilson loop is substituted by an
exact area law, i.e. Eq. (3) holds not only asymptotically
but for all contours.

II. QCD AMPLITUDES DUAL TO WILSON LOOPS:
GENERAL RESULTS

In large N QCD, Green’s functions of M colorless
composite quark operators (e.g. G(x;)g(x;)) are given by
the sum over all Wilson loops passing via the points x; (i =
1,..., M), where the operators are inserted. This approach
was first advocated on the lattice [15] and then extended
[16] to the continuum. To obtain a scattering amplitude,
one makes the Fourier transformation with respect to x;
and takes the corresponding momenta p; on shell.

The weight for the summation over paths depends on
both the quark spin and the quantum numbers of the
operators (see Refs. [3,17] for more detail). The simplest
results are for fermion quarks and the scalar operators
g(x;)q(x;) when the connected Green’s function is

M
Glxi-oon) = ([atwatx)) = 3w
i=1

conn COxy,..n Xy
(6)
Here, W(C) is the Wilson loop in pure Yang-Mills theory at
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large N. For finite N, correlators of several Wilson loops
have to be taken into account.

In Euclidean space the standard weight for the summa-
tion over paths in Eq. (6) reads explicitly

<ﬁ EI(X")Q(X")LM - lAj fooo drie™™ /() Dz(1)

zi(j)=x;

X f@k(l)spPexp(i fon di[z,(0) k(1)
- y(r)k(r)])vv(cx )

where the i segment of loop C from x;_; to x; is repre-
sented by the function z;(r) (0<r<7;) and xy = x;
(since the loops are closed). The integration over the
variable gamma matrix y,(#) is explained in
Appendix A. Above we have introduced the convention
to be used in the rest of the paper that dot means derivative
with respect to whatever argument a function has. Thus, for

some function f we have f(x)= df(x)/dx, whereas

f(y) = df(y)/dy.

Equation (7) is essentially derived in [3], where further
references can be found. For the readers convenience we
repeat the essential steps. In QCD the quark fields can be
integrated out, and we have the Feynman disentangling2

1 00
x) = f dr(yle”TuVutm]x)
m 0

= '[0 dTe_”” / Dk#
X spPe [ dry, ()i, (1)=iA,, (1)

uVu
X 8k, (1) +10,(1))8(x —y),  (8)

where sp and P act on the gammas and color matrices. The
functional delta function has the representation

0, (1) + 10, (0)30x — ) = [ Dt fosmatsuorin
X &(x = y). )

Here, v, (1) has no restrictions. Then

0k, (1) + 10,000 — ) = [ Do Jostrat
X 5<x + /0 dru(t) — y).
(10)

With z,,(1) = x, + [§dtf'v, (1) we get

2We use the notation of [3]. The states |x), etc. are eigenstates
of x and the standard Feynman disentangling is used in (8).
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8(k, (1) +1i9,()8(x —y) = [ Dz,e i [} dz, Wk, (1)
T) y

(11D
Introducing Eq. (11) in Eq. (8), we obtain

[m dr(yle ™ vuVutm|xy = /w dre " / Dk,
0 0

X Dz
20)=x H
z(r)=y

X spPe' Sk = vkt v,A,),
(12)

Shifting the integration by k, — k, + A, we get

[Do dr{yle T ruVutm|y) = foo dre™ "7 f Dk,
0 0

X Dz
20)=x M
z(7)=y

x spPel Jo dMiuku=vukutAuz,)
(13)

This result leads immediately to Eq. (7) since the contour
of C is composed of pieces each of which can be repre-
sented as in Eq. (13).

Introducing new proper-time variables

Tt’ = iT',
Jj=l1

we rewrite Eq. (7) in a time-ordered form

o M1 T i
=/ dTe—mT]'[f dT,
0 i=1 Jo

% [ . Da())Dk(1)
:ZT-);Bi

A(T)=xpr=xq

T="T, (14)

G(xy, ..., xy)

x sppel J T M=y OKO T ()] (15)

where the loop is represented by a single function z,,()
0<t<T)

C3xy,...,xy =1{z,(0),
2(0) = xg, ..., 2(T ) = x;, ..
describing a closed loop passing via the (ordered) set of

points x;. It is essential here that 7; = T ;..
Finally, we introduce the angular-type variables

. Z(T) =Xy = Xof (16)

t T,
¢ = 277'? 0< ¢ =2m), b, = T a7
0<¢; =iy =2m), by =2m
so that
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G(xy, ..., xy) = L drf(T) fm,

X f A Dz(e) f Dk(¢h)

-)—)»,

X spPet Jo ALOKD) =T y($)K($)/27]
X Wlz(¢)] (18)

The on-shell M-particle amplitude can be obtained from
the Green function (18) by applying the standard Lehman-
Symanzik-Zimmerman reduction formula. When making
the Fourier transformation, it is convenient to represent M
momenta of the (all incoming) particles by the differences

Ap; = pi-1 — pi (19)

Then momentum conservation is automatic while an (infi-
nite) volume V is produced, say, by integration over x,. We
therefore define

iZAPixi

G(Apy, ..., Apy) =< nfd4xe i G(xy, ..

. XM).
(20)

We can further rewrite this formula, introducing a
momentum-space loop p,(¢), which is piecewise con-
stant:

p(p) = p; for ¢; < < ;4. (21)
Noting that
_ZAf%ﬁ((ﬁ — b)), Ap; = piy — Pi
(22)

we write

> Ap = - [0 T dpp(d) - ()

= [T agp)

which is manifestly parametric invariant.
Inserting (18) into Eq. (20) and noting that

M
[T/
i=1

_ / Dz($)F(z($)), (24)
2(0)=z(27)

- 2(e), (23)

., DH®FC)

wpi)=x;
Z(Zﬂl-)=;(l,

where F' is some functional, we obtain
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G(Ap,,....,Apy)

0 =1 Jo

x [ Dro) [ Dz(¢)
2(0)=z(2m)=0
x spPet Jo  AHEB)Tp(@) 28 -T YOS 271 - 4)]

(25)

where p(¢) is a piecewise constant as is given by Eq. (21).
We do not integrate over z(0) = z(27r), which would pro-
duce the (infinite) volume factor because of translational
invariance.

In the case of scalar quarks the above procedure can be
repeated, and we obtain for the amplitude in position space

M
Gl o) = ([Tt let)) = 3 w(o)
i=1

conn COxy,eXy

(26)

or, more explicitly,
T

1 oodT M—1 —mZT/ZMil
o = [TaT() e TR

¢i+l
< ["as |, .. Do)
0 AO=<0m=x

2(gj)=x;

o (/2 [ d¢z‘2(¢)W[Z(¢)]’ 27

G(xl, .o

where u = 277/7 . In momentum space this gives

1 0 T — ) M-1

GApy, ..., Apy) = M ’[0 dT(*)M le*m T/2 l_[
i=1

Dz(¢)

27T
i
Xf +1 b,
0 2(0)=z(2m)=0

w o~ /) [T de2(@)+i [iTddp(d)- )

X Wlz(¢)] (28)

In this case there is no k integration and no term involving
the gamma matrices. The > term is specific for the scalar
case. It is related to the occurrence of the second derivative
in the Klein-Gordon operator. Introducing an auxiliary k
integration, we can rewrite Eq. (28) in the form
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"APM)ZQ}W_[:dT(Z)M_Ie‘sz/Zﬁij
X f%] dd’i[@k(q&)

0
< [ Dz(¢)
2(0)=z(27)=0
« o Ji7 dBLK(d)+p(@))-2()— TR () /4]

X Wlz(é)] (29)
which looks similar to Eq. (25).

III. WILSON LOOP AS STRING DISK AMPLITUDE

An old idea is to identify the Wilson loop of large N
QCD with the (tree level) disk amplitude in a certain string
theory, which QCD is equivalent to. As is already pointed
out, the simplest Nambu-Goto string in flat space appears
to be surprisingly accurate for large loops and reproduces
the asymptotic area law (3). We shall therefore first review
the known results for the bosonic string.

The calculation of the tree level disk amplitude for the
Polyakov string has a subtlety associated with fixing con-
formal gauge [18-21]. The decoupling of the Liouville
field ¢(r, o) is possible only in the interior of the disk,
while its boundary value ¢(1, o) determines the metric at
the one-dimensional boundary

h(o) = e?1.0)/2, (30)

At the classical level this fixes the parametrization of the
boundary contour. The path integral over the boundary
value of the Liouville field then restores an invariance
under reparametrizations of the boundary in quantum case.

A. Unit-circle parametrization

Let us parametrize the unit disk D) by the variables 0 <
r = land o € [0, 27). Alternatively, one can map the unit
disk onto the upper half plane

1+ reie
Z=1

—. 31
1 — re'v G

Then the boundary 9D, associated with » = 1, is mapped
onto the real axis parametrized by —oo < s < +o00, so that

s(o) = — cotg. (32)

Integrating over the string fluctuations inside the disk,
i.e. over X(r, o) with r <1, we arrive at the boundary
action, which is a functional of the field

X(1, o) = o) (33)

at the boundary.
Actually, the original Fradkin-Tseytlin calculation [22]
used the disk parametrization. Their result for the disk
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amplitude of bosonic string in d = 26 implies
K =
W[H(o)] = exp(—E f dordosi (o)
0
X G (o)~ i), (34)

where

K = (35)

is the string tension and

1 ] =1
= log(2 — 2coso) = - Z P cosmo (36)

m=1

Glo) =

is the corresponding Neumann function for the disk. It
obeys

1
27 (1 — coso)

d
G (o) = G( )= —
1 o0
= Z mcosma. (37)

Using Eq. (37) we can rewrite the disk amplitude (34) as

Y[x(o)] = exp(—g f;ﬂ dodo,x(o)

X Glo| — az)j?(az)). (38)

This formula is pure classical: the exponent is just the
classical boundary action, while determinants coming
from the integration over the fields inside the disk are
ignored. For this reason the same result holds for the
bosonic part of the classical boundary action of superstring
in d = 10. But more subtle phenomena, such as the
Liischer term, which are due to determinants, are not
captured by Eq. (38).

B. Integration over reparametrizations

The exponent in Eq. (38) is not invariant under repar-
ametrization of the contour

X(o) = %(0(0)), (39)
where the reparametrizing function 6(o) obeys

0Q2m) = 2, de) = 0. (40)
do

6(0) =0,
Polyakov [23] proposed (see also Ref. [24]) to integrate
the disk amplitude (38) over the reparametrizations thus
providing a reparametrization-invariant disk amplitude,
which can be identified with the Wilson loop in large N
QCD. For a unit-circle parametrization this gives

PHYSICAL REVIEW D 80, 026002 (2009)

V()] = [ Dite0(0)
Diff(S")

K (2= R
X exp(—a j doda,x(0(a,))
0

X G (o)~ 2)i(6(0).) (41)
or, equivalently,

> K (2w "
WE()] = ,/D'ff(Sl) :Ddifo(H)eXP<—5jo d6,d6,x(0,)

X G(o(6)) — a(ez))f(ez)). 42)

Here, the path integration is over the (infinite) group of
diffeomorphisms of a circle Diff(S'), i.e. over functions
with non-negative derivative 6’(o), which obey Eq. (40).

An explicit expression for the measure for integrating
over reparametrizations can be given using an expansion
over the complete set of basis functions f;(o)

L
0(c) = D 0,f(0), (43)
j=1

where f; =1 at the j-th interval [o;_, 0;] (0 = 0 —
27) with arbitrary o ;’s and vanishes otherwise. A continu-
ous function is approached when the number L of intervals
becomes infinite and o; — o;—; — 0. We can then define
the measure Dy;0(0) by

or-1)

f DdlffH(a') = 111’1][ deLU‘IZQL%
Diff(s") L= -

10L ]|

[ﬁl Uj j 1)
J |610/ _ 610] ,l
(44)

If o is chosen to be the length of an arc of the unit circle,
then o; = 27j/L. Otherwise, we have o; = o(27j/L).
As distinct from the usual measure D6(o): the integrals in
Eq. (44) are ordered, while the additional factors are
needed to provide necessary symmetries as is explained
in Sec. IV.

If the unit circle is mapped onto the real axis by Eq. (32),
the disk amplitude takes the form

N K +o0o  ds.d
VIE()] = fD,fﬂR) Ddlfms)exp( [ L

47 ) oo (5 — 5,)?
X [(t(s,) — f(z(s2>>]2), (45)

where the path integral over #(s) restores the invariance
under reparametrizations

s—1(s), t(—o0)=—o00, f(+00)=+00 ﬂzo.

(46)
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The measure on Diff(R) can be given by

+ J—
f Ddifft(s) ter = hm dtL w
Diff(R) (lL —tr-1)
-1)
dt .,
[ ](t - t] 1)

(47)

which is of the same type as in Eq. (44).

The equivalence of Eq. (45) and Eq. (41) can be shown
using Eq. (32). For the real-axis parametrization the Green
function and the inverse one read

1
G(s) = —— log|s| (48)
T
and
1 1
G l(s) = -—. (49)
s

These formulas are the counterparts of Egs. (36) and (37),
while that of Eq. (42) is

N K +oo 5
Wil = [ Dansexo(y [ ananit)
% logls(ry) — s<r2>|iz<r2>). (50)

To show the equivalence of (45) and (50) [or (41) and (42)],
we integrate the exponent by parts

j»+oo dsldSZZ[ (t(s))) —x(t(Sz))]2

0o (Sl 2)
_ [redndns(t)st) L
_f—oo o) = s()f ) ~ 3P

+o00 >
=5 [ i) 5P 5 ol —s(e)P

_ _ /:r: dt,dt>%(1,)%(t,) log[s(1,) — s(t2) (51

C. Large loops and minimal area

In spite of the fact that the right-hand side of Eq. (45) is
derivable, as is already mentioned, for bosonic string in
d = 26 or superstring in d = 10, where the integration
over reparametrizations comes from the integration over
the boundary value of the Liouville field, we shall use it
only as an ansatz for asymptotically large loops or, equiv-
alently, very large K, when the integral over reparametri-
zations has a saddle point at #(s) = r.(s). This will be
crucial for reproducing the area-law behavior

W] oclarge loops o =K Syin[%()] (52)

for asymptotically large loops.
The appearance of the area of the minimal surface,
spanned by the contour X(+), as a minimum of the boundary
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action in Eq. (45) [or Eq. (41)] is related to the fact that it is
nothing but the functional known in mathematics as the
Douglas integral [25], whose minimum with respect to
reparametrizations does give the minimal area

. [x(t(s)) — x(#(s") ]
1?1?{ [oas | as 2 |
[ f d/[x(’*(s)) x(t.(s") P
(s — s')?
min[x(-)]. (53)

This issue is clarified in Appendix B.

The necessity of the function ,(s) [or .(o)], reparame-
trizing the boundary, is due to the fact that coordinates
describing the minimal surface have to obey the condition
of the conformal gauge for the quadratic action, used in the
Polyakov string formulation, to coincide with the area. In
particular, Eq. (33) has to be replaced for this reason by

S_S

X(1, o) = ¥6.(0)). (54)

For large loops X(+) the path integral over reparametri-
zations in Egs. (45) or (50) has a saddle point, which is
denoted above by 6.(o). The saddle-point value of the
boundary action recovers the minimal area S,,;,[X()], re-
producing the exponential in Eq. (52). To say in other
words, minimizing the exponential of the Douglas func-
tional over reparametrizations yields the precise area law

min{e~K/A4m [ 12 ds [ (@) > )P/ (=)

t(s)
= ¢ KSminlx()], (55)

We shall use this equation in Sec. V when calculating
scattering amplitudes in QCD.

The Gaussian fluctuations around the saddle point 6..(o)
result in an appearance of a pre-exponential factor, so
Eq. (52) is modified as

Wx(+)]

large loops

FIVRx()]e KSml O[T + O((KS i) )]
(56)

where the pre-exponential factor F[+/Kx(+)] is contour
dependent. Its calculation for a circle is performed in
Appendix C.

Therefore, the asymptotic area law (52) is recovered by
Egs. (41) [(42)] or (45) [(50)] modulo the pre-exponential,
which is not essential for large loops.

D. Remark on the area law for large loops in QCD

In general, the Wilson loops are not observable in QCD.
Observable quantities are scattering amplitudes that are
given by the sum over paths of the Wilson loops [see
Eq. (18)]. Nevertheless, some observables can be directly
expressed through the Wilson loop of a certain shape. An
example is the interaction potential between static quarks,
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which is determined by a 7' X R rectangular loop for T >
R.

It is well known [26-28] how this potential is calculable
for the Nambu-Goto string, including the Liischer term.
Then the most convenient choice is to parametrize the
string world sheet by the coordinates along the 7" and R
axes, which are conformal. The results described in the
previous subsection allow us to answer a natural question
as to how the linear potential can be reproduced for the
unit-circle parametrization, which does not obey in general
the conformal gauge. The reparametrizing function 6..(o)
is determined for the rectangular loop by the Schwarz-
Christoffel mapping. Once again, the path integral over
reparametrizations in Eq. (45) is crucial to identify the
asymptote of the string disk amplitude with the asymptotic
area-law behavior of the Wilson loop in QCD.

IV. DERIVATION OF THE KOBA-NIELSEN
AMPLITUDES

Scattering amplitudes in open-string theory are conven-
tionally obtained by inserting vertex operators in the path
integral over string fluctuations. Having the boundary ac-
tion, they are represented as the path integral over X(+) with
the vertex operators inserted at the boundary. The disk
amplitude plays, therefore, the role of a generating func-
tional for scattering amplitudes.

A. The Fourier transformation

It is convenient to perform a (functional) Fourier trans-
formation®

V()] = [ Diet [ 15 3()] (57)

where the exponent

f pdx = f dipx (58)

is invariant under reparametrizations. This functional
Fourier transformation is of the type as in Eq. (25) and
transforms the position-space disk amplitude to a
momentum-space one.

Substituting (45) into Eq. (57) and performing the
Gaussian integration, we arrive at the following
momentum-space disk amplitude:

! o0
V[p()] = f@difff(s)exl)<_i j+ A1y

2 —o0 (S] - 52)2
X [B(t(s,) — 5(1(32))]2)- (59)

Note that (59) has the same form as (45) only with K
replaced by 1/K = 27a’.

*Such a transformation of the Wilson loops was first advocated
in Ref. [29].
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In front of the exponential in Eq. (59) there is in fact the
determinant (in d = 4 dimensions)

[4etGs(oy) = s = expl =5 [ iy 10glGis(s)
~ st =)}

= exp{—g [dtl log[G(O)]}, (60)

which is an infinite constant. It can be regularized for the
unit-circle parametrization by modifying the Green func-
tion (36)

1
G,ylo) = — = log(1 + b*> — 2b coso)

1 « b"
=— Z — cosma, 61)
T m

which yields
[detGlor(0)) = (0] /% = exp{—dmlog[G, (0]}
(62)

What is important is that this regularized determinant does
not depend on the reparametrizing function () and there-
fore is an overall constant.

The main advantage of the momentum-dependent am-
plitude (59) is that the momentum variable can be chosen
to be a step function of #:

M
P = pif), (63)
j=1

where f; =1 at the j-th interval [#;_;, 7;] and vanishes
otherwise as in Eq. (43). Note that the stepwise discretiza-
tion of X(¢) itself is not possible since it would violate the
continuity of the worldline of the string end.

Since p(t) = p; at the j-th interval, the exponential in
Eq. (59) is in fact a function of M variables s;: 5; <s;..
The only effect of the reparametrization (46) is then to
change the values of s;’s keeping their cyclic order:

{s1 <...<sjo <s;<...<sy}
—{n <. <t <t;<..<tyh (64)

This is a discrete version of the transformation (46).

B. From disk amplitude to Koba-Nielsen amplitude

The stepwise discretization of the momentum-space
loop from the previous subsection naturally results in the
Koba-Nielsen amplitudes. We present here a simple on-
shell derivation, which is pretty close to the standard
derivations in string theory.

Integrating by parts as in Eq. (51), we rewrite the ex-
ponent in (59) as
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[T ) — s

- [ dndnpe) e ogls(r) — s()P. 65)
For the step functions (63), when

By = ~SApst—1),  Ap;=p;
J

we find

V(Apy, ..., Apy) = l_[(] — b)a’Aﬁ?f

S <o <8 <8 <...<Sy

X [ds;[ Tlse — sil*2P2P (67)

j k1

A few comments concerning Eq. (67) are in order. The
factor in front of the integral comes from the multipliers
with k = [. They are made finite by a regularization of the
type in Eq. (61). The integration over s;’s results from the
integration over s(z;) in the path integral over reparamet-
rizations in Eq. (59), while the integration over s(z) at the
intermediate points is naively ignored. This integration is
in the spirit of the integration over the positions of vertex
operators in string theory. Setting a’Ap7 = 1 (i.e. impos-
ing the tachyonic on-shell condition) and fixing the
PSL(2;R) invariance, appearing after this setting, in the
standard way, we obtain the on-shell tachyonic amplitude
in the Koba-Nielsen variables.

C. Projective-invariant off-shell amplitudes

As is well known, the amplitude (67) is invariant under a
transformation from the PSL(2; R) projective linear group

, ad — bc=1 (68)

only when a’Ap? = 1, i.e. only for tachyonic amplitudes.
On the contrary, we might expect that an M-particle am-
plitude, generated by the Fourier transformation of the
reparametrization-invariant momentum-space disk ampli-
tude (59), should be projective invariant because the pro-
jective group is a subgroup of reparametrization
transformations.

There are two reasons why (59) resulted in Eq. (67). The
first reason is the divergence of the double integral over s,
and s, in the exponent in Eq. (59) for s; = s,. This integral
is of course convergent for smooth p(#(s)), but it is diver-
gent for the stepwise p(#(s)) when s; and s, lie on adjacent
sides k = [ = 1. The correct procedure is to understand this
integral according to the principal-value prescription,
which lead us to the prescription to omit the adjacent sides
with k = [ = 1, as is shown in Appendix D.

If we repeat the calculation omitting the sides with k =
[ = 1, then the integrations over s; and s, are perfectly
finite resulting in

PHYSICAL REVIEW D 80, 026002 (2009)

2

S
5 [A s, f dsz(pk pz)2
k#El+1 Y S si- (s1 = 52)

= _ZZAPk - Ap;logls; — sl
k#l

(s _S'—1)(S‘+1 —5;)
-2 A 21 J J J J ,
g‘ pitos (Sj+1 _ijl)

(69)

which is projective invariant.

The second reason for the loss of the projective invari-
ance in Eq. (67) is that the integration over reparametriza-
tions at intermediate points of a side was not taken into
account. A rather subtle issue how to accurately integrate
over s(f) at the intermediate points is explained in
Appendix D, where it is shown that this integration over
reparametrizations at the intermediate points results in the
following measure:

(M)‘_l_[

for the integration over s j’s. It is invariant under the

projective transformation (68) and gives

(70)
S/ 1|

ds;
VpioApw) = [ o
8§ <S8 <e<sy 1S T Si—ll
X l_llsk — slla/A[’kAﬁl
k#1

| j+1 Sj—1)
(71)
For the case of 4 scalars, Eq. (71) reproduces the
Veneziano amplitude
AP Apz Aps, Apg) = [ a1 (1 = e,
0 (72)
where a(t) = o't and
s=—(Ap; + Apy)* = —(Aps + Apy), 73)
t=—(Apy + Ap3)* = —(Ap; + Apy)?

are usual Mandelstam’s variables (for Euclidean metric).
Here, the tachyonic condition a’A p? = 1 has not to be
imposed.

D. Ambiguities of the measure

In Ref. [14] we used, instead of (70), another choice of
the measure

(Siv1 — 8i-1)
(si = sim1)(si41 — 83’

M
DMy = l_[ ds; (74)
i1

which is also invariant under the projective transformation
(68). This results in the amplitude
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\P(Ap],,ApM):[ l_[ds,-
S < <8 <s§;<..<sy
X nlsk — Sl'“'Af’kAf’z
k#1

(Sj+1 _Sj—l)

% H((Sj =5 )51 — Sj))“'Apfz‘l_
j

(75)

These formulas are known as the Lovelace choice [30],
which reproduces some off-shell dual amplitudes known
since the late 1960’s (for a review see Ref. [31], and
references therein and subsequent papers [32,33]). For
the case of 4 scalars, Eq. (75) reproduces the Veneziano
amplitude (72) with a(r) = 1 + «&’t. It has the same inter-
cept of the Regge trajectory as the on-shell amplitude (67)
but now the tachyonic condition a’A pf = 1 has not to be
imposed.
The measures (70) and (74) can be generalized as

DM — l‘[ ds; (5i+1 - Si—l)a“’ (76)
s

i i S\ Sip — S

where « is an arbitrary constant. The measures (70) and
(74) are reproduced for oy = 0 and «, = 1, respectively.
The measure (76) is in the spirit of the Koba-Nielsen
amplitudes and is projective invariant for an arbitrary «.
It is the measure (70), which we have obtained in the
previous subsection by integrating over reparametriza-
tions, but we cannot exclude that a similar procedure
may also exist for other measures.

The amplitude associated with the measure (76) is again
the Veneziano amplitude (72) with a(f) = ag + a't.
Therefore, only an intercept of the Regge trajectory is
sensitive to the choice of the measure provided it is pro-
jective invariant. But the change of the measure (76)
becomes not essential for 1/a’ << —t < s, when the inte-
gral over x is dominated by a saddle point.

The Regge trajectory with a(0) = 1 is usually associ-
ated with the vacuum trajectory = Pomeron, which ap-
pears in QCD from cylinder diagrams ~1/N? (with two
quark loops). We work with planar diagrams, single quark
loop and, correspondingly, with a quark-antiquark Regge
trajectory, which has «(0) = 1/2 from experiment.

V. QCD AMPLITUDES AND THE AREA BEHAVIOR
OF W

In the following we ask what is the contribution from the
area behavior of the Wilson loop to the corresponding
QCD amplitudes. It is of course clear that depending on
the kinematical situation there will be other important
contributions, e.g. at large transverse momenta where a
perturbative behavior of W is relevant.

As discussed in the introduction it is well known from
lattice calculations that the area behavior, and more gen-

PHYSICAL REVIEW D 80, 026002 (2009)

erally large distance results, have been found to follow the
predictions from the Nambu-Goto action rather precisely
even at surprisingly low distances. It therefore makes sense
to ask what happens to the QCD amplitudes if we approxi-
mate the Wilson loop by the area behavior. This question
will be studied in the present section.

We now want to insert the Wilson loop given by the area
behavior, taking the latter from the celebrated Douglas
construction [25] discussed in detail in Sec. III and
Appendix B. We write

W=SP, f Dor(r) exp(% fo 7 10 fo 7 40'2(0)2(6")
% In(1 — cos[o(8) — 0(0’)])). a7

Here, S, means that the full integral should be replaced
by the saddle point with respect to the reparametrizations
o(¢), where o satisfies & > 0 and ¢(0) = 0 and o(27) =
24r. The integral over o(7) would then produce the expo-
nential of the minimal area times a prefactor as displayed
in Eq. (56). However, since we want to consider QCD, then
only the minimal area factor is pertinent, as we know from
lattice gauge calculations. In QCD there are subleading
factors (perimeter term, Liischer term, ...), but they are
probably not given by the prefactor coming from the saddle
point in (77). Therefore, the SP,, is restricted to include
only the leading saddle-point contribution with no multi-
plicative prefactors.

In the following, we want to insert Eq. (77) in the basic
formula (25) with the goal of doing the z integral. If we
perform the Douglas saddle point SP, first, then the
resulting minimizing functions o will depend on the curves
C, and hence also on parameters entering in z. As an
example, in Appendix B we have discussed the elliptic
case, where the minimizing o depends on the ratio of the
lengths of the two axes, and these lengths also enter in the
expression for z. Hence, following this procedure the z
integral cannot be performed as a simple Gaussian integral.
Therefore, in applying Eq. (25) we shall assume that the
S, operation commutes with the z integral entering in
(25),

/ Dk(7) j De(r)SP, f Do(r)
_ [ Dk(r)SP, j Dor(r) f D), (78)

so that finding the saddle point can wait until the k integral
is to be performed.* The validity of Eq. (78) is plausible

*“It worth noticing that the S, operation is in fact nothing but
taking the classical limit # — 0. If the dependence on Planck’s
constant 7 is restored, the exponents in both the coordinate-space
disk amplitude (45) and the momentum-space disk amplitude
(59) are divided by 7 because it enters the exponent of the
Fourier transformation.
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a posteriori, since the o dependence in all situations encountered turns out to occur entirely in the logarithm In(1 —

cos(o (1) — a(7'))), as we shall see in the following.

With this assumption we can now perform the Gaussian z integration in the basic formula (25) to obtain
R T M—2 Ti+
G(Apy, ..., Apy) = f AT e T / dry-i 1 f ' dr, f Di(r)SP, f Dor(7)
0 0 i—1 Jo

% spPel@/? J a7 [ dr @+ o))+ p) (i —cos(o(r)=a() =i [ dry(n)k(n) (79)

Here, it should be emphasized that the dots in Eq. (77) can be moved to the logarithm by partial integrations, and hence the
integration over z can be formulated such that it involves only z itself and not z. We mention that a similar simplification
does not occur in Eq. (28) for scalar quarks, due to the occurrence of z2.

Inserting the stepwise p(7), regularizing the integral in the exponent by the principal-value prescription and using the

formula of the type of Eq. (69), this becomes

Ghpr ... Apy) Aﬁl j;)zzﬁm i, ﬁ[Sin[(¢j+1 — ¢;)/2]sin[(¢; — d’jl)/z]]AP?/“”K
1

J=1

sin[(¢j+1 — ¢;-1)/2]sin*(¢,/2)

1 M
X exp(y 3 ApipIn(l — cos(d; = #) ) K(di,. du-1iApy. .. Ap)

ij=1
i#j

¢M = 277»

where the kernel K is given by

(80)

X = [ DK(O)SP, f Da(cﬁ)exp(ﬁ [0 40 /0 T 40 0)k(0") In(1 — cos((8) — 0'(6’))))

X exp(ﬁ gApi [0277 dok(6) In(1 — cos(¢p; — 0(0))) [000 dr™~le "7spP exp(— % /0277 dq’)y(q’))k(d))).

Minimizing the kernel K with respect to o gives the
requirement
o.(0) — a.(6')
2
¢i - 0-*(0) _
2

f 27 10'K(0)(0") cot
0

+23 Ap;k(6) cot 0. (82

For a given k this determines o.(6) or, alternatively, the
minimizing reparametrization 6.(c). Using o, it follows
by our assumption (78) that only the minimal areas are
included as contributions to the amplitude.

The main result (80) reveals the interesting appearance
of poles of the Veneziano type. These occur when two ¢’s
coincide, ¢; — ¢ ;. The kernel K does not in general have
any pole singularities dependent on the momenta when
¢; — ¢;, so the momentum-dependent Veneziano-type
poles cannot be canceled by any contribution from K.

The factor

1
. S apapn(l —cos(s, — 6 D) 63

is independent of the reparametrizations involved in the
Douglas construction. This is due to the fact that p is a

(81)

[
simple sum of delta functions. The above factor is therefore
universal.

After a transformation of the variables ¢;, Eq. (83)
becomes similar to the Koba-Nielsen representation of
the M-point function. To see this use’

In[2(1 — cos(¢; — ¢,))] = 21n|2sin((¢p; — ¢,)/2)|
=2Inls; —s;| + ...,

s; = —cot(¢;/2), (84)

where we left out terms that vanish in the sums occurring in
Eq. (83) due to energy-momentum conservation. The s;’s
occur like the variables in the Koba-Nielsen formula.®
Thus, in QCD the angular variables, related to the
proper-time variables by ¢; = 277;/7, play the role of
the Koba-Nielsen variables.

We thus see that the usual dual model poles are present
in the QCD amplitude (80). This is indeed to be expected
on intuitive grounds, because the area behavior of the
Wilson loop can be interpreted in a string framework as
arising from the rotating stick with a well-known Regge

SHere and below, the value of ¢,, can be chosen arbitrary,
respecting the cyclic symmetry.
®The differentials transform as d¢; = 2ds;/(1 + s2).
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type spectrum.’ It is therefore quite satisfactory that this
result also occurs in our general QCD formula when the
area law is imposed.

It must be emphasized that in QCD the area law is valid
only for large areas, i.e. for large distances. Translating this
to momentum space, we need large momenta. Therefore,
the low lying dual model spectrum is not relevant in QCD.
Thus, the tachyon is also of no relevance, as should be the
case.

Going back to Eq. (80), it should be noted that this
formula does not correspond to a simple dual amplitude,
because of the additional factor J. Thus, although the
spectrum is quite stringy, the amplitude is more compli-
cated than in the standard dual models. Presumably, this is
not too surprising.

As is mentioned above, the tachyon does not occur due
to the stringy correspondence large distances =
large momenta (in contrast to perturbation theory). Also,
when the area behavior leads to extremely small contribu-
tions, as is the case for large transverse momenta in string
amplitudes (for the 4-point function —¢ ~ s), these are not
important relative to perturbative contributions,® which
would then dominate the Wilson loop. This is how the
exponential falloff of the 4-particle amplitude with large
—t ~ s, which is unavoidable in string theory [36], does
not happen in our consideration.

Now let us ask if it is possible (at large momenta) to
obtain something like a standard dual model. This depends
on the extra factor K in Eq. (80). The last factor in the
integral over k in (81) suggests that we substitute

k— k/T. (85)

Then we see that the first two factors in the definition of KK
become close to 1 if 7 is large. For the number of external
mesons M large, the 7 integral in Eq. (81) is dominated by
large

=M —1)/m. (86)

It is seen from this formula that the values of 7, dominating
the 7 integral in Eq. (81), are also large for small values of
m, but we consider such a limit to be rather formal because
m has the meaning of a constituent quark mass in QCD,
which is about hundred MeV from experiment even for
very small bare masses of up and down quarks because of
the spontaneous breaking of chiral symmetry.

When the large values of 7 (86) dominate, the integrand
of the integral over o(¢) in Eq. (81) does not depend on o
and XK degenerates into

" Another derivation of the Regge spectrum from the are law
was given in Ref. [34].

8We would like to emphasize once again that we are dealing in
the large N limit with the quark-antiquark Regge trajectory,
whose perturbative QCD calculation was pioneered in Ref. [35].
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o _ i sin(¢; 41/2) sin(¢;/2)
* a(¢))=9¢; Dolg) = ll:ll sin[(¢; 41 — ¢;)/2]

]‘[ (87)

i=1 Si+1 Si

modulo a constant that does not depend on the ¢,’s. The
appearance of this factor is due, shortly speaking, to the
specifics of the Douglas minimization for stepwise func-
tions p(#(¢)) in contrast to smooth functions. The points
¢;’s, where the function has discontinuities, are irregular
points from the point of view of the minimization because
the minimizing function 6,(¢) has to satisfy 0,(®;) = ¢;.
We can still perform a reparametrization ¢ — 6(¢) at
intermediate points ¢ € (¢;, ;). For such a reparamet-
rization p(6(¢)) moves along the step but its value remains
unchanged. Therefore, this is a zero mode in Douglas’
minimization, and we have to integrate over these zero
modes. For smooth functions, 6.(¢) was just fixed. The
integration over the zero modes is exactly the same as the
integration over reparametrizations at intermediate points
described in Sec. IV C and Appendix D. The result of this
integration at the interval (¢;, ¢;1;) is given by the i-th
multiplier in Eq. (87), while the product runs over the
labels of intervals.
The scattering amplitude then takes the form
1

M-
G(Apy, ... Apy) f
( pl pM) ll:[ 00 1+St i= 1|Si+l _Sil

% [|Si+1 — sills; — Si1|i|Ap%/2”K
Isiv1 — si-1l

ZAplApj In|s; — sjl),

ij=1
i#j

X exp(

(88)

which looks similar to the Koba-Nielsen amplitude. It
should be kept in mind that this expression is only valid
if the area-law behavior of the Wilson loop dominates over
other contributions to W, and if the number of external
particles M is large and/or m is small compared to /K as is
already mentioned.

In Appendix E we have discussed this expression in
much more detail. In particular, we have shown how the
Veneziano amplitude with the usual Regge behavior
follows.

VI. LARGE NUMBER OF EXTERNAL PARTICLES
WL/SA DUALITY

The reader may have noted that the area behaved Wilson
loop and the large M amplitude before the integrations over
the ¢,’s are done look very similar [see Egs. (77) and (88)],
except that the variables z and p are somehow inter-
changed. This reminds us about the Wilson-loop/scatter-
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ing-amplitude duality mentioned in the introduction,
which was found in SYM perturbation theory, see
Refs. [8,9].

This similarity can be made explicit by the substitution

AB) = PO~ B0 — ) ()

where the O’s are the Heaviside step functions. From this
expression we have

() = £ SApd ~ 4)

- 49) O YNLUORNCY

where 0 = 0(¢) is some reparametrization with 6(¢;) =
0. If this equation is inserted in the area behaved Wilson
loop (77), it reproduces the multiparticle amplitude in (88)
when integrated over the ¢;. The spatial variable on the
left-hand side of Eq. (89) is on the right-hand side com-
posed of a number of constant vectors given by the mo-
menta, which is rather analogous to the duality (2)
mentioned in the introduction for the N =4 SYM. A
difference is that here we need to integrate over all trajec-
tories considered as functions of ¢;.

Equation (89) reemphasizes the often mentioned fact
that for strings the large z limit is equivalent to the large
p limit. The surprising interchange of space and momen-
tum is clearly a stringy effect.

It is easy to check that the expression (89) actually
satisfies Douglas’ variational condition (B5) or, alterna-
tively, Eq. (B14). To see this, let us make a variation

$(0) = ¢.(0) + 6¢(0), on

with 6¢ small and ¢.. giving the minimal Douglas func-
tional, as is explained in Appendix B. We have the con-
ditions

20:() = x;, 92)

since the curve passes through the points x;. Therefore, in
the variation we need the conditions

S5¢(0;,) =0 (93)

for all i. The first variational derivative of the Douglas
functional is proportional to

¢+(6) — d) (6")

2 2
[ 49 [ 40'56(0)(0)2(6") cot . (94)
0 0

Inserting Eq. (90), the expression (94) becomes
b — @, i
2

ZAplApj5¢(0 ) cot——— (95)

where we get contributions only from the fixed points x;.
Because of Eq. (93) we see that the first variational deriva-

PHYSICAL REVIEW D 80, 026002 (2009)

tive (95) vanishes. Hence, the duality relation (89) actually
satisfies Douglas’ variational principle and in this sense the
curves (89) represent the dominant trajectories (the ‘“mas-
ter trajectories’) in phase space when the momenta are
given. The special trajectory (89) is a kind of zero mode
solution of the Douglas variational problem, since it does
not actually determine the function ¢., which is irrelevant
in the case of stepwise constant momenta. We have already
discussed this specifics of step functions in Sec. V.
To sum up, the result is

M it Sinz(¢'/2)
G(Apy, ..., Apy) = [[/ ¢’ L rsinf(eiyy — ¢;)/2]

x W(z(¢ Zp,®(¢ b

X (s — ¢)), (96)

where W(z(¢)) is the Wilson loop as a function of the
boundary curve z(¢). Except for the integrations this is
similar to the supersymmetric case (2) discussed in [8,9].

This similarity can be made even more explicit by noting
that Eq. (89) means that in the interval ¢; < ¢ < ¢h;1 the
vector z(¢) is equal to the vector p;/K. Remembering that
z equals x; and x;. for the parameter values ¢; and ¢, 1,
respectively. This amounts to

Api = K(x,-_l - xi)’ for ¢i < d) < ¢i+1’ (97)

in conformity with Eq. (2).

We again emphasize that all the above results are valid
only when the number of external particles M is large. In
the general case of a smaller number of produced particles
the situation is much more complex. Presumably there will
be important fluctuations around the master trajectory giv-
ing contributions to the kernel XK.

VII. CONCLUSIONS

We have found a relation between the meson scattering
amplitudes and the Wilson loop for large N QCD. We then
investigated the behavior of an area behaved W when a
functional Fourier transform was performed, leading to the
Veneziano multiparticle amplitude in the Koba-Nielsen
formulation. This turned out to be very useful when we
inserted an area approximation for the Wilson loop in our
general expression for the large N QCD amplitude. The
result is a convolution integral, with the well-known Koba-
Nielsen integrand convoluted with a kernel K. The usual
poles always occur because they cannot be prevented by
the kernel.

For a very large number of external particles K be-
comes essentially a constant, and hence the Veneziano
multiparticle amplitude appears. It then turns out that there
exists a nice duality between Wilson loops and scattering
amplitudes, somewhat similar to the supersymmetric case.
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Although these phenomena are valid for large N, one
might hope that something similar occurs for N = 3, in
which case this would be observable at LHC, where a huge
number of particles are produced. So we hope to see at least
some tracks of the Veneziano amplitude in the collider
data!
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APPENDIX A: AN EXAMPLE OF THE USE OF THE
“VARIABLE” GAMMA MATRIX

Here, we shall give an example of how the gamma
matrix 7y, () operates in the case where we consider the
quantity

F= spPexp[i/oT dtpM(t)y#(t)]

1
=sp l—lexp(ilfj(fj - tj—l))’ (A1)

j=n

where we took the momenta p to be stepwise constant. We
can now use

eibiAl; = cosMAtj + i% sinMAtj, Atj =1 =t

(A2)
Here, we took pf = —M? for all j, thus assuming that all
the external mesons have the same mass. Then
1 9
F =sp H(cosMAtj + iMj sinMAtj). (A3)
j=n
For the two point case n = 2 we get
F,.,= 4<COSMAt, cosMAt, — Pﬂl/[liz
X sinMAt, sinMAtz). (A4)
Also,
F —4 _ PP _P1pP3
n=3 — | €1C203 M2 §182€1 M2 §1€2583
pap
- %clszsg), (AS)

and
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F —4 _ P3DP4 _ P2DP4
n=4 = F| €1€2C3Cy WC102S3S4 W015203S4

P3P2

_ P1P4
WS1C2C3S4

_ 3 PP
M2 §1C283Cy M2 §1852C3Cy

+ #((Plpz)(l?sm) — (P1p3)(p2ps)

+ (P1P4)(P2P3))31525334)- (A0)
Here, ¢; = cosMAt; and s; = sinMAt¢,.

If the momenta are not stepwise constant, we can use the
above procedure with n — oo, if we divide the interval
from O to 7 into intervals 7/n and take the limit at the end.

APPENDIX B: DOUGLAS’ APPROACH TO THE
MINIMAL AREA

The Douglas algorithm [25] for finding the area of the
minimal surface bounded by a closed contour C, which is
parametrized by the function x, (o), is based on minimiz-
ing the boundary functional’

2 [x(0(0)) = x(O(a)P
o
0 1 — cos(o — o)
(B1)

1 2
A[x(ﬁ)]=% . do

with respect to the reparametrizing functions 6(o)
(d8(0)/do = 0). The numeric value of A for the given C
depends on the choice of #(o) and in general

Alx(0)] = Sin(C), (B2)

while the equality is reached for certain function 6(o) =
0.(o), which provides the minimum of A. The function
0.(o) is of course contour dependent.

To prove the fact that

A[x(ﬁ*)] = Smin(c)r (B3)

we reconstruct XM(r, o), describing the surface, in the
interior of the unit disk » <1 from the boundary value
X,(1,0) = x,(0.(0)) by the Poisson formula and note
that thus constructed X, automatically obeys conformal

gauge

X 0X _

ar do (B4

Therefore, the Nambu-Goto action coincides for this con-
figuration with the quadratic action and the boundary
action in Polyakov string theory coincides with the area.

By varying A[6] with respect to 6(o) at given C, we get
the following equation for 6,(o):

For a modern review see also Ref. [37], Appendix H.
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[Zﬂda./ x(B*(o-)) ) [X(e*(O')) - x(ﬂ*((r’))] =0, (B5)

0 1 —cos(o — o)

which can be written in several equivalent forms.

To illustrate how Eq. (B5) can be used to determine
0.(o), let us consider the case of a plane contour, when
the problem can be solved by a conformal map, and
concentrate on the case of an ellipse

x; = acosf(o), X, = bsinf(o). (B6)
Then Eq. (BS) takes the form
/zw sin[0.(oc + a) — 0.(0)]
da
0 1 — cosa
/277 sin[0.(o + a) + 0.(0)] — sin[20.(0)]
=€ da ,
0 1 — cosa
(B7)
with
612 _ b2
Sy (B8

For the simplest case of a circle (¢ = b), the coordinates
r, o are conformal so that

0.(c) =0 circle. (B9)

The right-hand side of Eq. (B7) vanishes for e = 0, while
the left-hand side also vanishes for 6.(o) given by
Eq. (B9).

For € # 0 the following ansatz passes through Eq. (B7):

0.(c) =0 + Zc,, sin(2no)

n=1

ellipse, (B10)

after which a set of algebraic equations relating c¢,’s
emerges. For small deforming parameter e, its iterative
solution to order O(e’) found by MATHEMATICA is

co=€e—€e/4+€/8+ O(e)
c; =3€?/4 — 5€*/8 +25€°/64 + O(€')
c; =5€/6 —5€ /4 + O(€)

(B11)
cy =35€*/32 —77€%/32 + O(€")
cs = 63€°/40 + O(€7)
ce = 77€%/32 + O(€’).
The minimal area
S = mab = ma’y € (B12)
min 1+e€

is of course reproduced to this order by substituting (B10)
and (B11) into Eq. (B1).

Integrating by parts, we can also rewrite the Douglas
functional (B1) as
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1 2 29
0 0

s

X In(1 — cos[a(0) — o(65)]). (B13)

Its variation with respect to () results in the equation

0.(0) — o.(a)

2
[ das(0)- st cot( . ) —0, (Bl4)
0
which is nothing but the Douglas original equation from
the Abstract of 1927.
By solving this equation, we obtain the function o(6),

which is inverse to 0.(o), given by Eq. (B10), and reads

o.(0) =06+ D d,sin2n) ellipse, (B15)
n=1
with
dy=—€e+ O()
dy = €*/4+ € /8 + €°/16 + O(€)
dy = —€/12— € /16 + O(€')
(B16)

d, = €*/32 + €°/32 + O(€")
ds = —€°/80 + O(€’)
€°/192 + O(€).

QL
o)
[

To proceed further, it is convenient to use a standard
ellipse of the area 7 with

1+ 1 -
a= S A (B17)
1—¢€ 1+
Then
xi(o) = acosb(o) = Z,u,,, cos(2n — 1o
"= (B18)
x,(0) = bsinf(o) = Z v,sin(2n — 1)o
n=1

and from Eq. (B11) u, = v, to order O(¢€’).
This can be understood if we continue the boundary
coordinates (B18) inside the unit circle as

X,(r,o) = Z,u,,rQ"" cos(2n — 1o
n=1

X,(r, o) = ZVan”*I sinn — 1)o.

n=1

(B19)

It can be then explicitly verified that these coordinates
obeys the conformal gauge (B4) for u,, = v,,.
Introducing the analytic function

M(z) = Z,unzz”_l,

n=1

(B20)

which describes a conformal map of a unit disk onto the
interior of the standard ellipse, we get the following alge-
braic equation:
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acosé(o) + ib sinf(o) = M(e'?) (B21)

or

Lot _ M) +VIPET) — (@ =57
a+b

, (B22)

which determines 6(o) for the given M(z). For the ellipse,
0 plays the role of an angular variable in the parametriza-
tion (B6), while the function o (6) relates it to the variable
o inherited from the conformal coordinates r, o obeying
Eq. (B4).

An analytic function that describes the conformal map
of a unit disk onto the interior of an ellipse was found by
Schwarz in 1869 [38] and gives

M) = Va2 — 12 sin[T?S) F(%;s)], (B23)
where
Z dx
F(z;5) = B24
@3) [0 V(1 = x3)(1 — s2x2) (B9
and
dx
K(s)=F(1;s) = (B25)

0 (1= 7)1 = 5727

are, respectively, the incomplete and complete elliptic in-
tegrals of the first kind.'® The parameter s is related to € by

a+b 7K (/1 — s?)
1 =2 =———, B26
og (s) 2K(S) (B26)
so that iteratively
s s L5, 3 & 11
s=2e—~-€+-€ ——€' +—¢€ + 0('). (B27)

2 2 32 128

Substituting the function (B23) into Eq. (B21), we ob-
tain the equation

T T el

— —0+if=——F[—;s)
7 0= ()
whose imaginary part reproduces Eq. (B26) in view of the
important identity

F(ei\/—;;s) = F(%;s) +iKW1 = ).

The real part of Eq. (B28) determines the function (o).
In order to obtain it, it is convenient first to rewrite Eq.
(B23) as

(B28)

(B29)

"We use the notations for elliptic integrals from Wikipedia.
They are related to those of MATHEMATICA as F(z;s) =
EllipticF[ArcSin[z], s*] and K(s) = EllipticK[s?].
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M(z) =Va®> — b? cosh[Tﬂ;s)

% /‘arccosh(z/\/g) dA
0 V1 — s?cosh’A

This form is more suitable for the case when the first
argument of F in Eq. (B23) is large as it is for small €
and correspondingly for small s, related by Eq. (B27).
Substituting the function (B30) into Eq. (B21), we obtain
the equation

T arccosh(el? /\/5) dA
§+ie=—f - (B3]
2K(s) Jo V1 — s%cosh?

which is equivalent to Eq. (B28).
Differentiating Eq. (B31), we obtain

]. (B30)

T 1
0'(o) =
2K(s) V1 + 52 — 2scos2o
T 1
— , (B32)
2K(s) (T = 97 + 4ssin’o
which yields
o /
0(0) = — [ do
2K(s) Jo J(1 = s)? + dssin’a’
™ 1 . 2iy/s
-2 ___ F j—— B
2K(s) (1 —s) (Sm“’ = s))’ (B39

which is again an elliptic integral of the first kind. This
reproduces iteratively Eq. (B11) provided Eq. (B27) is
satisfied.

The solution (B33) obeys the properties required for the
Douglas minimizing function 6.(o). It is seen from
Eq. (B32) that (o) is positive and finite for s < 1, as is
required for a reparametrization. For s — 0 we have
0.(o) — 1 as it should for a circle. In the limit s — 1
when K (1) = oo we have b — 0, so the ellipse collapses.
Then 6.(o) vanishes everywhere except for 8 =0, 7
where it becomes infinite

0;(0')17:»0775(0') + 7w8(o — ), (B34)
while
0*(0')b:>077®((7) + 70(0c — m) (B35)

is stepwise.

APPENDIX C: THE PRE-EXPONENTIAL IN
EQ. (56)

To calculate the pre-exponential in Eq. (56), we substi-

tute
0(o) = 0.(0) + B(o) (ChH

or
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o(0) = o.(0) + B(0), (C2)

where

B(0) = B2m) =0 (C3)

and expand the exponent in Eq. (41) [or Eq. (42)] to the
quadratic order in B. The linear in the B term vanishes
because 6.(o) is the extremum, while the quadratic part
reads

S:LBO) =7 [ d0,d0,50)50)67 (.0 = 0.(0,)

X [B(6,)B(6,) — B*(6,)]. (C4)
The function B(6) has to obey
B'(0) = —al(6) (C5)

for the derivative of the reparametrizing function to be
positive. This is always satisfied if 8 is small and smooth
enough. Therefore, the measure for the Gaussian path
integration over B(0) is the usual one for smooth functions
B(6) but we shall see subtleties for the functions with large
derivative.

In order to calculate the pre-exponential in Eq. (56), we
need to do the Gaussian integral

I, = /Dﬁ(e)e*52[5(9ﬂ,

with S,[B(6)] given by Eq. (C4).
For a circle of the radius R, when

(Co)

x,(0) = Rcosb, x,(0) = Rsind, x3(0) = x,(0) =0
(CN
and o.(0) = 6 according to Eq. (B9), we have
__KR? [ cos(6; — 6,)
SilBO)] = P [0 d6,d6: 1 —cos(6, — 6,)
X [,8(91)5(92) - 52(91)]- (C8)

It is now possible to calculate the path integral over 3(6)
by the mode expansion

B(O) = ay + Z(an cosnf + b, sinnf),

(€9)
n=1
where ag = — 32, a, to obey the boundary condition
(C3) and a,, b, have to satisfy
Y n(—a,sinnd + b, cosnf) = —1 (C10)
n=1

for the restriction (C5) to be fulfilled. Inserting Eq. (C9)
into Eq. (C8), we find

= KR S 0 - D@2+ ).

S>
2 n=1

(C11)
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A consequence of Eq. (C11) is that a; and b, are zero
modes. They are, however, restricted by (C10) as —1 <
ay, by <1, so we believe that the integrals over a; and b,
simply give a constant. The integrals over nonzero modes
are Gaussian and if we were not take into account the
restriction (C10), the result would be

I « lj[z[dandbnesz = l:[Z[KRZ(n _ 1)/2]4. (C12)

The infinite product in Eq. (C12) can be calculated in the
standard way, using a regularization via the {-function
[[A=4D =412 []n=+2m (C13)

= n=1

n=1
We then obtain from Eq. (C12)

I, = (KR?)'/2, (C14)

which fixes the KR? dependence of the pre-exponential in
Eq. (56).

Since the typical values of 8, which are essential in the
path integral over 8 in Eq. (C6), are 8 ~ 1/+/KR, i.e. small
for VKR > 1, the higher terms of an expansion of
A[0.(0) + B] in B are suppressed at large vKR. The
loop expansion goes in the parameter 1/KR> and only
one loop contributes with the given accuracy. We thus
reproduce the behavior of the type in Eq. (56).

We can now ask the question whether or not the typical
values of a,’s and b,,’s, which are essential in the integral
over the nonzero modes in Eq. (C12), obey the restriction

(C10). We estimate these values as
a,~b, ~(nKR?)™1/2, (C15)

which are small in accordance with the standard wisdom
that high modes are not essential in the Gaussian path
integral. However, the restriction (C10) can be satisfied

by a single mode only if
n < KR>. (C16)

We assume that this type of the restriction on the number of
modes becomes unimportant for KR> — oo,

APPENDIX D: PATH INTEGRALS OVER Diff(R)

The measure for integrating over reparametrizations is
determined by the metric [21]
+o00

horip= ["asoiaor, o

which is invariant under reparametrizations. It differs from
the usual one
+o00
oriP= [ asar (D2)

by the presence of 1(s) = di(s)/ds in the integrand.
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An explicit representation of the measure Dge1(s)
for the integration over reparametrizations is given by
Eq. (47). As distinct from the usual measure D (s)

+ o0 L
f@t(s)...:gm/ l_[dtj""
—0 ]

the integrals in Eq. (47) are ordered.

The measure (44) is the invariant measure on the group
Diff(S"') of reparametrizations (diffeomorphisms) of a cir-
cle. Analogously the measure (47) is the invariant measure
on the group Diff(R) of reparametrizations (diffeomor-
phisms) of the real axis. They are defined in the way to
be invariant under the PSL(2; R) projective transformation
at very small but finite discretization spacings €; = s; —
s;_1 ~ 1/L. This guarantees the invariance of the measure
under reparametrizations in the limit L. — oo,

If the integrand of the path integral over reparametriza-
tions is not a functional but a function of, say, only #(s;) =
t; and 1(s;) = t;, with j >k, we can integrate over inter-
mediate values f;’s with k <i < j. Analogously, for a
function of M variables we integrate over ¢;’s inside M
intervals. The result of such an integration is a function of
the remaining M variables iy oeos Ly which should be
covariant under the projective transformation.

The simplest integral we meet is of the type

vy 1
dt; R
'/;il Nty — 1)t — 1i2y)

which is logarithmically divergent at the upper and lower
limits of the integration. We regularize it by introducing a
small o as

(D3)

(D4)

lim dt o = 2
=0 )y (i — )7 — o)V (i — i)

(D5)

We can now perform a heuristic derivation of the mea-
sure (70), which is invariant under the projective trans-
formations, using the following formula

/ dt, [F(Vl] )t [T+ )]

=)' (1) T (g — ) T
Equation (D6) is an analogue of the well-known formula

(D6)
e_(fk_t[)2/21/1 e_(f[_to)z/sz e_(tl(_t())z/z(v] +v5)

Vv, +1y)

(D7)

+o00 dti

which is used for calculations of path integrals with the
usual Wiener measure.

Choosing in Eq. (D6) v =¢;6 and v, = &,0 and
repeatedly  integrating over intermediate  points
t, ..., tx—1, We obtain
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K1 ity g:410 €
lim [ dt; il !
5—0 zl:II N l(tiﬂ _ [i)lfsma (tl _ t0)1*815
M
_ 2i=j& _ (sg = s0) (D8)

(tx — to) (g — 19)

Equation (70) can be now derived fixing certain M values
of t;’s and repeatedly integrating over the intermediate
points.

In order to justify Eq. (71), we again introduce L infini-
tesimal intervals &; and consider a step function p(z(s)),
which has discontinuities only at finite number M of points
txg, G=1...,M), so Ap; = 0 at all other points, which
we call the intermediate points. To emulate the principal-
value integral in the exponent in Eq. (59), we omit the
terms when s; and s, lie at two adjacent infinitesimal
intervals. Similarly to Eq. (69) we get

2
'[tul [ ds 2 pl))
k,j=1

k#1£1

L
= fim[ 23 Ap;- Aptoglt; 1

=1
J#Fl

(tigr — tj=)(t; — t;—y)
-2 A 21 J J J J ]
]Z Pyt (tje1 = tj=1)

M
—2[2 Ap, - Apy, loglrg, — 1|

=1
Jj#l

M (tK- - tK» )(tK
+ Z AP%I. log—2* T o
j=1 Kjiy

K )], (DY)

— g, )

where we have substituted 7;’s for s;’s and taken into
account that A p; = 0 for the intermediate points with i #
K;.

We still have to insert (D9) in the exponential and to
integrate over the intermediate points. Let us consider a
piece from the point K; to the point K3 given by the
ordered integral of the type

Ky—1
. e €;6
lim = l—eg, 6 l_l dti 1—¢;6
=0 J <ty |l‘1<1 - f1(1+1| b7 2k 1 lt; — 1]
X |:|th1 — txlltg, — IK2+1|:|“’AP3<2
|f1<2—1 - fK2+1|
|tK2 tK7+1|l Ex 51 K+1 Itl l+1|l 88
(D10)

The integrals over all intermediate points, except for the
ones with i = K, — 1 and i = K, + 1, are the same as in
Eq. (D8) and are easily doable. The two remaining inte-
grals are
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€]

_ 1—g,6
K, t1<271| !

tx tx
D10 =1im[2dt _f%it
( ) o ” K,—1 ", K2+l|t

y €k,~10
ltg,—1 — tk2|1_8’(2"5
y |:|f1<21 — g, lltg, — tK2+1|i|0"AP§<2
|tl(27] - tK2+1|
€k,0 &

ltg, — t1<2+1|1_£’(2(s |1k, 41 — tK3|1_£]8,

(D11)
where
K,—2 Ki—1
Er=D & &= D & (D12)
i=K, i=K,+1

For nonvanishing A p%, the integrals in Eq. (D11) differ
from the one in Eq. (DS_). However, they are also easily
calculable for & — 0 when only the domains (tg, —
tk,+1) — 0 and (tg, | — tg,) — O contribute. We get fi-
nally

(D11)

1 [ltK] _thllth _[K3|]Q’AP;(2
|1k, — 1k, g, — ti,|
1

E—— (D13)
|tK2 - tK3|

thus proving Eq. (71).

APPENDIX E: REGGE BEHAVIOR OF QCD
SCATTERING AMPLITUDE (88)

We show in this appendix that the scattering amplitude
(88) has asymptotic Regge behavior and reduces to the
Veneziano amplitude for M = 4.

The integrand in Eq. (88) is the same as in Eq. (71)
except for the additional factors 1/(1 + s?) in the measure.
For the 4-point function we obtain

G4 = I:[S4 dS3 [S3 dS2 j‘SZ dSl + [M dS3 [S3 d52
+o00 Sy 0o 5o
X[ ds, +[ ds3[ dszf ds,
d d d
/ s3/ S2[ sl](l + sz)(l +53)(1+53)

521543) ‘”(541S32) “”y ED)

|S43||S32||S21||S41|(531S42

X
$31542

where we have introduced the notation

sij:si_sj' (E2)

In Eq. (E1) the integration is only over s, 55, and 53, while
s4 1s chosen in a way to preserve the cyclic symmetry but
otherwise arbitrary. The difficulty in analyzing the ampli-
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tude (E1) is the presence of the factors 1/(1 + s?), which
violate the PSL(2; R) symmetry.
Let us introduce the variable

_ 521543 (E3)
§31542

which runs from 0 at s, = s, to 1 at s, = s3 and vice versa.
We can use x instead of s,

5y = 54 — 541543 (E4)
S43 T X831
and
dS2 - s43s31s41dx
(1+53)  s3,(1+s7) + 254353, (1 + 5154) + x2s7,(1 +53)
(ES)

For the amplitude (E1) we get

1 , , S, s
G4=[ dxx_‘”_l(l—)c)_""_ll:f4 ds3/3 ds,
0 — o0 %
Sy +o0 + o0 53
+f dS3f dSl +f dS3[ dSl]
—00 Sy S4 S4

X
(1+ s+ 53) Isgzllssglsg |

(s43 + x53;)?
[943(1 +s ) + 2x54353, (1 + 5,54) +x2v%3(1 + vﬁ)]
(E6)

bl

where s, is not necessarily = oo, so the ordering of the
points sy, s3, and s4 preserves cycling symmetry.

The integrand in Eq. (E6) differs from the projective-
covariant one only by the ugly factor

1
1+ s3)(1 + s%)
(543 + x531)°
[s43(1 + 57) + 2xs43531(1 + s154) + x%s35(1 + 57)]
(ET)

which we shall now see is not important because the
integral over s; and s5 is divergent.

In order to regularize the integral, we proceed like in
Eq. (61) changing

|Sl'_SJ'|—’|Si_Sj|+ 1 _b, b—1 (ES)

and rescale s; — (1 — b)§,. The linearly divergent part of
the integral over s; and s5 in Eq. (E6) decouples from the
integral over x and reads
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1 S¢ 550 540 too
=5 _b[/iw dss /;oo ds, + ,[700 ds; . ds,
+o0 53
+[~ d§3ﬁ d§1:|
1 0
X +0O(1-b)". (E9)

(1]
(2]
(3]

[4]
(5]

(71
(8]

(10]
(1]

[12]
[13]
[14]

[15]
[16]

[17]

(15451 + D(U35: 1 + D(I54 ] + 1)
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This integral is convergent and does not depend on §,
because of the invariance under translations.

We have thus reproduced Eq. (72), modulo a constant
given by Eq. (E9), with the straight Regge trajectory
a(t) = a't. The Regge behavior comes about in the same
way as when there is the PSL(2;R) symmetry.
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