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We derive a closed form expression for the sum of all the infrared divergent contributions to the free

energy of a gas of gravitons. An important ingredient of our calculation is the use of a gauge fixing

procedure such that the graviton propagator becomes both traceless and transverse. This has been shown

to be possible, in a previous work, using a general gauge fixing procedure, in the context of the lowest

order expansion of the Einstein-Hilbert action, describing noninteracting spin-two fields. In order to

encompass the problems involving thermal loops, such as the resummation of the free energy, in the

present work, we have extended this procedure to the situations when the interactions are taken into

account.
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I. INTRODUCTION

The usual perturbative expansion of the free energy of a
gas of massless bosons at temperature T contains infrared
divergences when three or more loops are taken into ac-
count. When all the infrared divergent diagrams are
summed, the resulting expression is finite but nonanalytic
in the coupling constant. This is well known in the context
of scalar or spin-one gauge fields [1–3]. The same situation
is expected for spin-two gauge fields when we apply the
finite temperature field theory techniques to the graviton
gauge field described by the weak field expansion of the
Einstein-Hilbert action [4]. One of the main purposes of
the present paper is to obtain the explicit full result for the
summation of these so-called ring diagrams in the case of
gravity.

In Fig. 1 we show a typical infrared divergent ring
diagram containing two insertions of the graviton self-
energy. It illustrates the two important ingredients in the
analysis of any of the higher order ring contributions. First
we need the full tensor structure of the dominant high-
temperature contribution to the graviton self-energy (the
blob in Fig. 1) in the static limit. This is a well known
quantity which has been studied and shown to be gauge
independent [5,6]. Second, we need the three-level gravi-
ton propagator (the curly line in Fig. 1) connecting the two
self-energies in the ring diagram. Once we know these
quantities any ring diagram can be obtained by multiple
insertions of the self-energy in a closed loop of gravitons,
in a rather straightforward manner. At this point the tensor
properties of the free propagator are essential in order to
obtain a closed form and simple result for the resummed
free energy. As we will see, if the propagator satisfies the
following traceless-transverse (TT) conditions:

���DTT
��;��ðkÞ ¼ 0; (1.1a)

k�DTT
��;��ðkÞ ¼ 0; (1.1b)

then the sum of the ring diagrams acquires a simple form in

terms of the three TT projections of the static high-
temperature limit of the graviton self-energy.
Taking into account the gauge independence of the

leading contributions of the ring diagrams, one can choose
the most convenient gauge for the graviton propagator. It
has been shown in Ref. [7] that it is possible to choose a
gauge such that the graviton propagator becomes TT. In
principle we could just assume that the known gauge
invariant result for the graviton self-energy could be used
safely in the ring diagrams. However, since the derivation
of the TT propagator is only possible if we consider some
modifications in the usual Faddeev-Popov procedure,
which necessarily leads to new ghosts and interactions,
we have also performed the explicit calculation of the
leading static graviton self-energy and verified that the
result is indeed the correct gauge invariant one.
Considering that this calculation involves some rather non-
trivial cancellations of diagrams, it also constitutes an
important test of the gauge fixing procedure introduced
in [7].
This paper is organized as follows. In Sec. II we will

review the generalization of the Faddeev-Popov formalism
which leads to a traceless-transverse graviton propagator.
We extend the procedure presented in Ref. [7] by taking
into consideration interactions of gravitons and ghosts
more explicitly. In Sec. III we present the calculation of
the high-temperature static limit of the graviton self-

k
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FIG. 1. The lowest order infrared divergent contribution to the
free energy. The curly line represents the graviton propagator
D��;�� and the blob represents the graviton self-energy.
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energy. Having verified that our gauge fixing procedure
yields the correct gauge independent result for the self-
energy, we proceed, in Sec. IV, to the calculation of the
sum of all the infrared divergent contributions to the free
energy. Finally, in Sec. V we discuss the main results.

II. GENERAL GAUGE FIXING AND FEYNMAN
RULES

In this section we will follow the basic idea of Sec. II of
Ref. [7] in order to derive the TT propagator. In addition to
that derivation, we will also obtain the interaction vertices
involving three types of ghosts and gravitons (see also
Ref. [8] for an analogous derivation in the context of
spin-one fields where it has been shown that a global gauge
invariance, analogous to the Becchi-Rouet-Stora-Tyutin
(BRST) invariance is present in the effective action).
This involves a generalization of the well known
Faddeev-Popov procedure [9,10] to the cases when the
gauge fixing condition is nonquadratic.

In order to illustrate the main features of the general-
ization of the Faddeev-Popov procedure, it is convenient to
consider the following integral over the components of a

n-dimensional vector ~h:

Z ¼
Z

d ~h expSð ~hÞ; (2.1)

where

Sð ~hÞ ¼ � ~hTM̰ ~hþ Sið ~hÞ: (2.2)

Later we will associate ~hwith the graviton field h��ðxÞ; the
first and second terms in Eq. (2.2) will be identified,
respectively, with the quadratic and interaction terms
which arise from the weak field expansion of the
Einstein-Hilbert action.

Let us now consider the interesting case when Sð ~hÞ is
invariant under an infinitesimal transformation of the form

~h ! ~hþ A̰ ð ~hÞ ~�; (2.3)

where the operator A̰ ð ~hÞ is of first order in the derivative

operator @ as well as in ~h. This symmetry makes the
integration in Eq. (2.1) undefined so that we have to
employ the Faddeev-Popov procedure which leads to the
introduction of a ‘‘gauge fixing term,’’ yielding a quadratic

term of the form ~hM̰ ~h, such that D̰ð0Þ ¼ M̰�1 is well

defined. In the context of gauge field theories, D̰ð0Þ is the
free propagator which will be dependent on the specific
choice of gauge fixing. In the case of gravity, some rather
general gauge fixing conditions have been investigated
previously [11]. However, in Ref. [7] it has been shown
that it is not possible to obtain a graviton propagator
satisfying the TT conditions given in (1.1), using the
standard gauge fixing procedures. In what follows we
will present the main steps which are involved in the

generalized gauge fixing and them apply the results to
the case of the Einstein-Hilbert action.
First, we introduce the following factors of ‘‘1’’ in the

integrand of Eq. (2.1):

1 ¼
Z

d ~�1	ðF̰ ð ~hþ �A̰ ~�1ÞÞ detð�F̰ A̰ Þ; (2.4a)

1 ¼
Z

d ~�2	ðG̰ ð ~hþ �A̰ ~�2ÞÞ detð�G̰ A̰ Þ; (2.4b)

and

1 ¼ ð�
Þ�n
Z

d ~pd ~q exp

�
� 1

�
~pTN̰ ~q

�
detN̰ ; (2.4c)

where the N̰ is a ‘‘Nielsen-Kallosh’’ factor [12–14], F̰ and
G̰ are two independent operators, which we will assume
that are of first order in @, and 	 is the Dirac delta function.
The use of two operators makes the gauge fixing prescrip-
tion more general; the usual Faddeev-Popov procedure
would introduce only two factors of 1, which corresponds
to make the special identification F̰ ¼ G̰ .
The next step consists in using the infinitesimal gauge

transformation

~h ! ~h� �A̰ ~�1: (2.5)

After integrating out the ~p and ~q variables and setting, for

simplicity, ~N equal to the identity operator, we obtain

Z ¼ ð�Þ2n
Z

d ~�1
Z

d ~�
Z

d ~h detðF̰ A̰ Þ detðG̰ A̰ Þ

� exp

�
� ~hT

�
M̰ þ 1

�
F̰ TG̰

�
~hþ Sið ~hÞ � ~hT F̰ TG̰ A̰ ~�

�
;

(2.6)

where ~� ¼ ~�2 � ~�1.
If we want to avoid the use of mixed propagators which

would be generated by the last term in (2.6), then we also
have to perform the shift

~h ! ~hþ 1

2

�
M̰ þ 1

�
F̰ TG̰

��1ðF̰ TG̰ A̰ Þ ~�; (2.7)

so that (2.6) yields

Z ¼
Z

d ~�
Z

d ~h detðF̰ A̰ Þ detðG̰ A̰ ÞJ

� exp

�
� ~hT

�
M̰ þ 1

�
F̰ TG̰

�
~h

þ Si

�
~hþ 1

2

�
M̰ þ 1

�
F̰ TG̰

��1ðF̰ TG̰ A̰ Þ ~�
�

� 1

4
~�TðA̰ TG̰ T F̰ Þ

�
M̰ þ 1

�
F̰ TG̰

��1ðF̰ TG̰ A̰ Þ ~�
�
; (2.8)

where we have dropped the infinite normalization factors

as well as the integration over the gauge orbit
R
d ~�1. Since

the transformation (2.7) is not a gauge transformation, its
Jacobian may not be equal to one. For this reason, we have
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also introduced the Jacobian factor J in the integrand of
(2.8).

The determinants in Eq. (2.8) can be exponentiated
using the standard Berezin integral

detB̰ ¼
Z

d~cd~c expð�~cTB̰ ~cÞ; (2.9)

where ~c and ~�c are Grassmann vectors; the first two deter-
minants in Eq. (2.6) lead to ‘‘Faddeev-Popov’’–like ghosts

and the field ~� is a ‘‘bosonic’’ ghost. There would be also
an extra ghost field associated with the determinant J.
However, one can argue that in the applications to be
considered in the present work, these extra ghost fields
will not contribute. The final expression for Z can be
written as

Z ¼
Z

d ~�d~cd~�cd ~dd~�dd ~hJ exp½Seff�; (2.10)

where

Seff ¼ � ~hT
�
M̰ þ 1

�
F̰ TG̰

�
~h

þ Si

�
~hþ 1

2

�
M̰ þ 1

�
F̰ TG̰

��1ðF̰ TG̰ A̰ Þ ~�
�

� 1

4
~�TðA̰ TG̰ T F̰ Þ

�
M̰ þ 1

�
F̰ TG̰

��1ðF̰ TG̰ A̰ Þ ~�

� ~�cTF̰ A̰ ~c� ~�d
T
G̰ A̰ ~d: (2.11)

Let us now consider the specific example when the
general ‘‘action’’ in (2.11) describes the behavior of spin-
two fields. In this case, the classical dynamics is obtained
from the Einstein-Hilbert action

SEH ¼ 2

�2

Z
ddx

ffiffiffiffiffiffiffi�g
p

R; (2.12)

where �2 ¼ 32
G (G has mass dimension 2� d), R is the
Ricci scalar, g ¼ detg�� and

g�� ¼ ��� þ �h�� (2.13)

is the definition of the metric in terms of the graviton field

h��, which is to be associated with ~h. It is straightforward

to obtain the corresponding expression for the quadratic
operator M̰ as well as the first interaction terms (there will
be an infinite number of graviton self-interactions) when
(2.12) is expanded in powers of the �. From the lowest
order quadratic contribution one obtains the following
tensor components of M̰ :

ðM̰ Þ��;�� ¼ �1
2½12ð������ þ ������Þ � �������@2

þ 1
4ð���@�@� þ ���@�@� þ ���@�@�

þ ���@�@�Þ � 1
2ð���@�@� þ ���@�@�Þ:

(2.14)

The Einstein-Hilbert action (2.12) is invariant under the
space-time-dependent coordinate transformation x� !
x� � ��ðxÞ, where ��ðxÞ are the generators of the trans-
formation. This induces the following gauge transforma-
tion of the graviton field:

�h�� ! �h�� þ ðA̰ Þ��;�ðhÞ��; (2.15)

where

ðA̰ Þ��;� ¼ ���@� þ ���@� þ �ðh��@� þ h��@�

þ ð@�h��ÞÞ (2.16)

can now be identified with the tensor components of A̰ in
(2.11).
Let us now introduce the tensor components of the gauge

fixing conditions F̰ and G̰ . Following the analysis per-
formed in Ref. [7] we choose

ðF̰ Þ�;�� ¼ g1�
��@� þ ���@�; (2.17a)

ðG̰ Þ�;�� ¼ g2�
��@� þ ���@�; (2.17b)

where g1 and g2 are two independent gauge parameters. It
has been shown that this choice is sufficiently general in
order to make the propagator TT when the limit � ! 0 is
taken. In addition, the conditions defined by (2.17) also
interpolate continuously between other usual gauges such
as the de Donder gauge in which case g1 ¼ g2 ¼ �1=2
and � ¼ 1.
From the explicit expressions for M̰ , A̰ , F̰ and G̰ given,

respectively, by Eqs. (2.14), (2.16), and (2.17), together
with Eq. (2.11) and the relevant expressions for Si, the
momentum space Feynman rules can now be obtained.
Notice also that the multiplication rules for the operators
F̰ , G̰ and A̰ are such that

ðF̰ TG̰ Þ��;�� ¼ F�;
��G�;��; (2.18)

ðG̰ A̰ Þ	� ¼ G	;��A��;�; (2.19)

ðF̰ TG̰ A̰ Þ��
� ¼ F	;

��G	;��A��;� (2.20)

with analogous relations for the other terms in Eq. (2.11).
Also, the individual terms in the action are such that, for
instance,

~h TM̰ ~h ¼
Z

ddxh��ðM̰ Þ����h�� (2.21)

and

~�cðF̰ A̰ Þ ~c ¼
Z

ddx �c�ðF̰ A̰ Þ	�c	: (2.22)

The momentum space Feynman rules can now be de-
rived in the usual fashion using the above identifications
for each term in the action (2.11). (This tedious but
straightforward task has been done with the help of the
computer algebra program HIP [15].) The expressions for
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the graviton and the � ghosts propagators are explicitly
given in Ref. [7]. For completeness (and also to define the
present normalizations and notations) let us briefly reder-
ive those expressions. Here we will also give the explicit
expressions for the c and d ghost propagators.

The free graviton propagator in momentum space,
Dh

��;��ðkÞ, can be readily obtained from the first term in

Eq. (2.11) as the solution of

Dh
��;��

�
M̰ þ 1

�
F̰ TG̰

�
��;��

symm
¼ I����; ; (2.23)

where the subscript ‘‘symm’’ indicates that we have taken
into account the bosonic symmetry of the graviton field
h��. Also, it is implicit that we have already made the

Fourier transformations to the momentum space. From the
symmetry properties under interchange of tensor indices, it
follows that we can parametrize the solution of Eq. (2.23)
in terms of five quantities Ci, i ¼ 1; . . . ; 5, as

Dh
��;��ðkÞ ¼

1

2k2
X5
i¼1

CiTi
��;��ðkÞ; (2.24)

where

T1
��;�� ¼ ������ þ ������;

T2
��;�� ¼ ������;

T3
��;�� ¼ 1

k2
ð���k�k� þ ���k�k�Þ þ� $ �;

T4
��;�� ¼ 1

k2
ð���k�k� þ ���k�k�Þ;

T5
��;�� ¼ 1

k4
k�k�k�k�:

(2.25)

In terms of this tensor basis, the solutions for Ci are given
by Eqs. (48) of Ref. [7]. They depend on g1, g2, � and the
space-time dimension d, in such a way that the TT property
(1.1) is fulfilled when the limit � ! 0 is taken. In this case,
the propagator can be expressed as

DTT
��;�� ¼ 1

k2

�
1

2
P��P�� þ 1

2
P��P�� � 1

d� 1
P��P��

�
;

(2.26)

where

P�� ¼ ��� �
k�k�

k2
(2.27)

[notice that the transversality k�P�� ¼ 0, idempotency

P��P
�
� ¼ P�� and the trace ���P

�� ¼ d� 1 guarantee

the TT condition (1.1)].
Let us now consider the quadratic ghost sectors of the

action. From the last three terms in Eq. (2.11) one can
obtain the quadratic and interaction terms for the three
ghost fields. The quadratic terms can be readily obtained
considering the contribution of the first two terms in (2.16).
From these quantities the ghost propagators associated to

the fields c� and d� are given, respectively, by

Dc
��ðkÞ ¼

ð2g1 þ 1Þðk�k�
k2

� ���Þ � ���

2ðg1 þ 1Þk2 (2.28a)

and

Dd
��ðkÞ ¼

ð2g2 þ 1Þðk�k�
k2

� ���Þ � ���

2ðg2 þ 1Þk2 : (2.28b)

Similarly the � sector of (2.11) yields the following ex-
pression for the propagator of the � ghost:

D�
�� ¼ 2

�k4

�
��� �

�
1� 1

4ðg1 þ 1Þðg2 þ 1Þ
� 1ðd� 1Þ

8�ðd� 2Þ
�

1

g1 þ 1
� 1

g2 þ 1

�
2
�
k�k�

k2

�
:

(2.29)

The interaction vertices can also be derived directly
from Eq. (2.11). Let us recall that the quantity Si represents
all the interaction terms, starting with the three-graviton
vertex, which arise from the expansion of the Einstein-
Hilbert action in powers of �. Some of the expressions for
the graviton self-interaction vertices have been derived
before up to the five-graviton vertex [16]. Since the argu-
ment of Si in Eq. (2.11) has been shifted by a �-dependent
quantity, there will also be additional interaction terms
between the � field and the graviton. In Fig. 2 we show
some of the new vertices involving this type of �-graviton
interactions. The numbers inside the blobs are meant to
indicate when the corresponding vertex comes from the
cubic or quartic terms of Si. Here we are only considering
the vertices which will contribute to the one-loop graviton
self-energy. The third term in Eq. (2.11) also yields new
�-graviton interactions. In this case, there are only two
diagrams which are shown in Fig. 3. Finally, in Fig. 4 we
show the cubic and quartic graviton self-interactions, as
well as the two diagrams involving the interaction of the

3 3

3 4

(a) (b)

(c) (d)

FIG. 2. Interactions between the graviton and the � ghost
arising from the second term in Eq. (2.11). The graviton and
the ghost fields are, respectively, depicted by curly and wavy
lines. Graphs (a), (b) and (c) arise from the shifted cubic term
and graph (d) from the shifted quartic term.
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graviton with the two types of fermionic ghosts. In the next
section all the vertices shown in the above figures will be
employed in order to obtain the known gauge invariant
result for the leading high-temperature limit of the static
graviton self-energy.

III. THE STATIC SELF-ENERGYAT FINITE
TEMPERATURE

The static graviton self-energy at finite temperature is a
well known quantity and one of the simplest examples
exhibiting gauge independence [5,6]. Therefore, it can be
used as a rather nontrivial test of the gauge fixing proce-
dure presented in the previous section. In fact, there is an
even simpler example, namely, the one-graviton function.
This has been considered in Ref. [7], and used as a test of
the vertices involving only the interactions of three parti-
cles. In the case of the self-energy, the contribution of all
the vertices shown in the previous section will be taken into
account as it can be seen in Figs. 5 and 6. Therefore, one of
the main results of this section will be the verification of
the gauge independence of the static graviton self-energy,
which will be employed in the next section, together with
the TT graviton propagator, in order to derive the resum-
mation of the infrared divergences of the free energy.

Because of the algebraic complexity involved in the
calculation of some of these diagrams, we have considered
the special case when the external momentum vanishes.
Nonetheless, for the dominant high-temperature contribu-
tion, this special choice has the interesting property of
being identical to the static limit, as we have found explic-
itly in the early stages of the present investigation. More
recently, this equivalence of the static and the zero four-

momenta limits has been proved to be true for all the
thermal Green’s functions [17] (this is not so, however,
for the long wavelength limit [18]).
All the zero momentum diagrams (a)–(j), as well as the

sum of the diagrams (k) and (l), in Figs. 5 and 6 are such

θ θ

(a) (b)

FIG. 3. Interactions between the graviton and the � ghost
arising from the third term in Eq. (2.11).

(a) (b)

(c) (d)

FIG. 4. (a) and (b) represent the graviton self-interactions from
the Einstein-Hilbert action and (c) and (d) represent the ghost-
graviton interactions from the last two terms in Eq. (2.11).

p
µ ν

p

α β

p

µ ν α β

µ ν
p

p

α β µ ν
p

p

α β

µ ν
θ θ

p

p

α β µ ν

p

θ
βα

(a) (b)

(c) (d)

(e) (f)

FIG. 5. Diagrams which contribute the static limit of the
graviton self-energy. The curly and wave lines represent, respec-
tively, gravitons and the � ghost. The dashed and dotted-dashed
lines represent the two types of fermionic ghosts. Graphs (a), (b),
(e) and (f) have a symmetry factor 1=2. A factor of (� 1) is
associated with the fermionic ghost loops in (c) and (d).

µ ν

p

3
α β µ ν

p

α β
4

(g) (h)

µ ν
3

α βp

p

3

µ ν p

p

3 3
α β

(i) (j)

µ ν
θ

p

p

α β
3

µ ν
θ

p

p

α β
3

(k) (l)

FIG. 6. Contributions involving of the � ghosts (wavy lines) to
the static limit of the graviton self-energy. Except for graph (j),
all graphs have a symmetry factor 1=2.
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that their integrands have a tensor symmetry which allows
one to parametrize then in terms of the basis given in
Eqs. (2.25). Therefore, we can express the static thermal
self-energy as

���;�� ¼ X11
I¼1

�I
��;��

¼ X11
I¼1

Z
dd�1pT

X1
n¼�1

�X5
i¼1

Ci
IT

i
��;��ðpÞ

�
; (3.1)

where I ¼ 1; . . . ; 10 and I ¼ 11 labels the contributions of
the diagrams from (a) to (j) and the one from the sum of
diagrams (k) and (l), respectively. We are using the imagi-
nary time formalism [1–3], so that the integrand depends
on n through the Matsubara frequencies p0 ¼ 2
nT.

Once we compute the contributions to integrands of
�I

��;��, the expressions for Ci
I can be obtained in a

straightforward manner contracting the integrand of
�I

��;�� with the five tensors Ti
��;�� and solving the system

of five equations. Notice that the momentum independence
of the tensors T1

��;�� and T2
��;�� may require a prescription

such as

Z
dn�1p

X1
n¼�1

1 ¼
Z

dn�1plim

!0

�
1þ 2

X1
n¼0

1

n


�

¼
Z

dn�1pð1þ 2�ð0ÞÞ ¼ 0: (3.2)

However, for our present purpose, it would be interesting if
the quantities

Ci ¼ X11
I¼1

Ci
I (3.3)

happen to be gauge independent even before the sum and
integration is performed. In order to investigate this possi-
bility, let us first write down the results which one would
obtain when the static self-energy is directly computed in
the de Donder gauge. The calculation is much simpler in
this case; only the diagrams (a) and (b) as well as one of the
fermionic ghost loops contribute to Ci. A straightforward
calculation yields

C1 ¼ dðd� 5Þ
16

� 1

2
; C2 ¼ C4 ¼ 0;

C3 ¼ �d� 3

8
; C5 ¼ �2C3;

(3.4)

where the second term in C1 is the only nonvanishing
contribution which comes from the ghost loop.

Let us now consider the individual contributions of the
diagrams in Figs. 5 and 6 which arise in the case of a
general gauge fixing. The simplest diagrams are the ones
shown in Figs. 5(c) and 5(d). Using the results of the
previous section, we find that each of these ghost loops
yield an identical contribution such that

C1
3 ¼ C1

4 ¼ �1
2; Ci

3 ¼ Ci
4 ¼ 0; i ¼ 2; . . . ; 5:

(3.5)

The � ghost diagrams (e) and (f) in Fig. 5 have propagators
and vertices which depend on the three gauge parameters
as described in the previous section. Despite this, the
calculation yields a result such that all gauge parameter
dependence cancels out and we are left with

C1
5 þ C1

6 ¼ 1
2; Ci

5 þ Ci
6 ¼ 0; i ¼ 2; . . . ; 5: (3.6)

Notice that the integrand of one of the ghost loops in
Eq. (3.5) cancels with the corresponding � loop in
Eq. (3.6) in such a way that C1

3 þ C1
4 þ C1

5 þ C1
6 ¼

�1=2, which is the same as the result that one would obtain
in the de Donder gauge for the single fermionic ghost loop.
Let us now introduce the quantities

�i ¼ X6
I¼1

Ci
I � Ci; i ¼ 1; . . . ; 5; (3.7)

where Ci are given by (3.4). If the gauge independence
manifests at the integrand level, then

�i þ X11
I¼7

Ci
I ¼ 0; i ¼ 1; . . . ; 5; (3.8)

should be verified. In the appendix we display the results
for �i and Ci

I (I ¼ 7; . . . ; 11) and from these results it can
be verified that (3.8) is indeed satisfied. The expressions in
the appendix show how individual diagrams can have a
very involved dependence on the three gauge parameters
�, g1 and g2. This constitutes a rather nontrivial example
of the consistence of the general gauge fixing procedure
presented in the previous section.
Finally, let us substitute the gauge invariant results given

in Eq. (3.4) into Eq. (3.1) and perform the sum and inte-
gration. This straightforward and standard calculation
yields the following temperature-dependent expression
for the static graviton self-energy in d space-time dimen-
sions:

�term
��;�� ¼ X5

i¼1

CiTi
��;��ðuÞ; (3.9)

where u is the heat bath four velocity and

C1 ¼ dðd� 3Þ2ð4�dÞ
7�d=2

ðd� 1Þ�ðd�1
2 Þ G�d;

C2 ¼ �C1;

C3 ¼ 0;

C4 ¼ dC1;

C5 ¼ �dðdþ 2ÞC1;

�d � �ðdÞ�ðdÞ

2

Td;

(3.10)
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with � and � , respectively, Euler’s and Riemann’s func-
tions. From these expressions we obtain, for d ¼ 4, the
results given in Eqs. (3.8) of Ref. [5] (notice that in the
present work we have labeled the tensors Ti in a different
order, so that the constants ci of Ref. [5] are such that c1 ¼
C1=�2 ¼ �4=12, c2 ¼ C3 ¼ 0, c3 ¼ C5=�2 ¼ �2�4, c4 ¼
C2=�2 ¼ ��4=12 and c5 ¼ C4=�2 ¼ �4=3 when d ¼ 4).
It is also possible to include contributions of other thermal
particles, such as scalars or fermions. Such contributions
will only modify all the Ci by a common integer factor
which counts the number of degrees freedom associated
with each field.

IV. RESUMMATION OF INFRARED
DIVERGENCES IN THE FREE ENERGY

The sum of all the infrared divergent contributions to the
free energy can be represented graphically as

where the quantity � stands for the static graviton self-
energy computed in the previous section. It is implicit in
(4.1) that we are considering only the zero mode contribu-
tion of the graviton propagator (denoted by curly lines), so

that k2 ¼ �j ~kj2. The reason for this is because each gravi-
ton propagator in (4.1) introduces a factor

1

k2
¼ � 1

ð2
nTÞ2 þ j ~kj2 ; (4.2)

so that the zero mode (n ¼ 0) of each individual ring
diagram in (4.1) yields an infrared divergent contribution,
when d ¼ 4, from the momentum integration

R
d3k . . . . In

scalar theories, as well as in gauge theories of spin-one
fields, it is well known that the sum of all such infrared
divergent contributions yields a finite result which is non-
analytic in the coupling constant [2]. In what follows we
will employ the results of the last two sections in order to
investigate how a similar result may be achieved in the case
of spin-two fields. The details of this analysis show explic-
itly that the use of the TT graviton propagator allows one to
obtain an explicit and compact result.

Since we are going to employ the TT graviton propa-
gator, the computation of the right-hand side of Eq. (4.1)
becomes much simpler if we express the static self-energy
in terms of its traceless and transverse components.
However, at finite temperature there are three distinct TT
tensors which may depend on the momentum k and the
heat bath four velocity u. In the static case, when k � u ¼
k0 ¼ 0 (we are adopting the rest frame of the heat bath),
these tensors can be written in d dimensions as

TA
��;��ðu; kÞ ¼

1

2

�
���� ���� þ ���� ���� � 2

d� 2
���� ����

�
;

(4.3a)

TB
��;��ðu; kÞ ¼

1

2
P��P�� þ 1

2
P��P�� � 1

d� 1
P��P��

� TA
��;��ðu; kÞ � TC

��;��ðu; kÞ; (4.3b)

TC
��;��ðu; kÞ ¼

1

ðd� 1Þðd� 2Þ
�

�
ðd� 1Þu�u� þ

k�k�

k2
� ���

�

�
�
ðd� 1Þu�u� þ k�k�

k2
� ���

�
; (4.3c)

where

���� ¼ ��� � u�u� �
k�k�

k2
: (4.4)

For d ¼ 4 the above expressions reduces to the static limit
of the corresponding ones given in Ref. [5]. Notice that the
sum of the three traceless-transverse tensors coincides with
the numerator of the propagator in Eq. (2.26), which rep-
resents the only traceless-transverse tensor available at
zero temperature, so that we can write

DTT
��;�� ¼ 1

k2
ðTA

��;�� þ TB
��;�� þ TC

��;��Þ: (4.5)

In terms of its TT components the dominant contribution
to the static self-energy can then be expressed as

�term
��;�� ¼ X

I¼A;B;C

�CITI
��;�� þ �C4T4

��;�� þ � � � ; (4.6)

where the ellipsis represents terms which are orthogonal to

the TT tensors and the constants �CI and �C4 can be solved in
terms the ones given in Eq. (3.10) as follows:

�CA ¼ �CB ¼ 2C1; (4.7a)

�CC ¼ 2C1 þ d� 2

d� 1
C5; (4.7b)

�C4 ¼ C4 þ C5

d� 1
: (4.7c)

Notice that the dependence of each individual TT tensor

TI on the momentum variable k ¼ ð0; ~kÞ is canceled when
all the terms in (4.6) are taken into account so that the result
becomes identical to the one in Eq. (3.9). This apparently
unnecessary complication is very convenient in order to
perform the calculation of the ring diagrams in (4.1). This
happens because the TT tensors in (4.3) are not only trace-
less and transverse, but also enjoy of some very important
properties. First, they are idempotent so that

TI
��;�	T

I�	
�� ¼ TI

��;�� ðI ¼ A; B; CÞ: (4.8)

They are also orthogonal:
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TI
��;�	T

I0�	
�� ¼ 0; I � I0: (4.9)

Their ‘‘norm’’ is given by

TA
��;�	T

A���	 ¼ dðd� 3Þ
2

; (4.10a)

TB
��;�	T

B���	 ¼ d� 2; (4.10b)

TC
��;�	T

C���	 ¼ 1: (4.10c)

Finally, the tensors TA and TB also satisfy

TA
��;�	u

� ¼ TB
��;�	u

�u	 ¼ 0: (4.11)

Using these properties, as well as Eqs. (4.5) and (4.6) it is
straightforward to show that the integrand of the first ring
diagram in Eq. (4.1) is given by

DTT��;�1�1�term
�1�1;�1�1

DTT�1�1;�2�2�term
�2�2;��

¼ 1

k4

�
dðd� 3Þ

2
ð �CAÞ2 þ ðd� 2Þð �CBÞ2 þ ð �CCÞ2

�
: (4.12)

Similarly, in the case of the higher order graphs we obtain

DTT��;�1�1�term
�1�1;�1�1

. . .DTT�n�1�n�1;�n�n�term
�n�n;��

¼ 1

ð�j ~kj2Þn
�
dðd� 3Þ

2
ð �CAÞn þ ðd� 2Þð �CBÞn þ ð �CCÞn

�
;

(4.13)

where we have used the zero mode condition k2 ¼ �j ~kj2.
Notice that the components of the self-energy which are
not traceless and transverse drop out in the final result. This
is consistent with the fact that the TT components are
physical.

We have now all the ingredients to compute the sum of
the infrared divergent contributions to the free energy in
Eq. (4.1). From Eq. (4.13) we can see that the sum of the
ring diagrams is composed of three similar structures, each
one having the same form as �P1

n¼2ð�xÞn=n ¼ logð1þ
xÞ � x, so that the free energy can be written as

�ðTÞ ¼ T

2

1

ð2
Þd�1

�
dðd� 3Þ

2
Ið �CAÞ

þ ðd� 2ÞIð �CBÞ þ Ið �CCÞ
�
; (4.14)

where

IðcÞ �
Z

dd�1k

�
log

�
1þ c

j ~kj2
�
� c

j ~kj2
�

(4.15)

is a familiar integral which arises also in the context of
scalar or vector fields and it can be done in a closed form.
Performing the d� 2 angular integral and using the change

of variable z ¼ j ~kj= ffiffiffi
c

p
, we obtain

IðcÞ ¼ 2ð
cÞðd�1Þ=2

�ðd�1
2 Þ

Z 1

0
dzzd�2

�
log

�
1þ 1

z2

�
� 1

z2

�
:

(4.16)

Using integration by parts, and performing the resulting
integral yields

IðcÞ ¼ � 4ð
cÞðd�1Þ=2

ðd� 1Þ�ðd�1
2 Þ

Z 1

0
dz

zd�4

z2 þ 1

¼ � 4�ð5�d
2 Þ

ðd� 1Þðd� 3Þ ð
cÞ
ðd�1Þ=2: (4.17)

Substituting (4.17) into (4.14) we obtain the following
result:

�ðTÞ ¼ � 2�ð5�d
2 ÞT

ðd� 1Þðd� 3Þð2
Þd�1

�
dðd� 3Þ

2
ð
 �CAÞðd�1Þ=2

þ ðd� 2Þð
 �CBÞðd�1Þ=2 þ ð
 �CCÞðd�1Þ=2
�
: (4.18)

Finally, using Eqs. (3.10) and (4.7) this expression can be
written as

�ðTÞ ¼ � 2�ð5�d
2 Þ

ðd� 1Þðd� 3Þð2
Þd�1

�
2ð5�dÞ
5�d=2�ðdþ 1Þ�ðdÞ

�ðd�1
2 Þ

�ðd�1Þ=2

�
�
dðd� 3Þ

2

�
d� 3

d� 1

�ðd�1Þ=2 þ ðd� 2Þ
�
d� 3

d� 1

�ðd�1Þ=2 þ
��

1� ðd� 2Þdðdþ 2Þ
2ðd� 1Þ

��
d� 3

d� 1

��ðd�1Þ=2�

� ðGTd�2Þðd�1Þ=2Td: (4.19)

V. DISCUSSION

In this work we have investigated the possibility of
extending the general gauge fixing procedure of Ref. [7]
in order to take into account interacting spin-two fields. As
an explicit example, we have computed the dominant one-
loop contributions to the thermal self-energy of the gravi-
ton, and verified that it agrees with the known gauge

invariant result. Then, using a decomposition of the self-
energy in terms of the three traceless and transverse tensors
which arise at finite temperature, as well as the TT graviton
propagator, we were able to obtain a closed form expres-
sion for the sum of the infrared divergent contributions to
the free energy.
We note that the above gauge invariant result for the

graviton thermal self-energy satisfies a simple Ward iden-
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tity [19] (not just a BRST identity) which is a consequence
of the fact that the ghost self-energies are subleading at
high temperature. Consequently, on dimensional grounds,
the thermal self-energies associated with the c� and d�
ghost fields must be of order GTd�2k2, whereas the ��
ghost self-energy would be proportional to GTd�2k4,
where the factor GTd�2 is dimensionless. The presence
of these powers of k in the thermal ghost self-energies
ensures that infrared divergences will be absent in ring
diagrams involving ghost propagators. This justifies the
neglect of such diagrams in the evaluation of the leading
infrared divergent contributions to the free energy of spin-
two fields. (A similar behavior occurs also in the case of the
free energy in QCD [1]).

The result presented in Eq. (4.19) has some interesting
features which we would like to stress. First, for odd space-
time dimensions it is a real and singular function. On the
other hand, for even space-time dimensions, it is a finite
and nonanalytic function ofGTd�2 as one would expect for
a nonperturbative quantity. However, in this case it ac-
quires an imaginary part. For instance, for d ¼ 4 the third
term inside the curly brackets, which can be traced back to

the TC component of the self-energy, is equal to ð�7=3Þ3=2.
As a result, one would conclude that the gravitational C
mode is unstable, since the imaginary part of the free
energy is connected with the decay rate of the quantum
vacuum [20]. However, a detailed investigation shows that

the graviton self-energy, which is proportional toGT4, is of
the same order as the solution of the Einstein equation for
the curvature tensor, when the thermal energy momentum
tensor is taken into account. Therefore, by consistency, one
should also take into account the curvature corrections in
the analysis of instabilities of gravity at finite temperature.
These corrections [5,6] have the effect of adding some
extra contributions to the self-energy in such a way that
the C-mode contribution to �ðTÞ would change the third

term of the curly bracket of Eq. (4.19) to ð�7=3þ
5=27Þ3=2, which is still imaginary. This term may be related
to an imaginary value of a thermal Jeans mass [5,6], which
reflects the instability of the system due to the universal
attractive nature of gravity.

ACKNOWLEDGMENTS

F. T. B. and J. F. would like to thank Fapesp and Cnpq for
financial support. J. B. S. would like to thank Capes and
Cnpq for financial support. F. T. B. would like to thank
A. Bessa for many helpful discussions. D.G. C.M. would
like to thank Roger MacLeod for a helpful suggestion.

APPENDIX

Here we display the expressions for the quantities in-
troduced in Eq. (3.8).

�1 ¼ ð3d� 7Þðg1 � g2Þ2
8½ðd� 1Þðg1 � g2Þ2 þ 2�ðd� 2Þðg1 þ 1Þðg2 þ 1Þ� ; (A1a)

C1
7 ¼ 0; (A1b)

G1
8 ¼

ðd2 � 11dþ 22Þðg1 � g2Þ2
8ðd� 2Þ½ðd� 1Þðg1 � g2Þ2 þ 2�ðd� 2Þðg1 þ 1Þðg2 þ 1Þ� ; (A1c)

G1
9 ¼ 0; (A1d)

G1
10 ¼ � ðd� 3Þ2ðg1 � g2Þ2

2ðd� 2Þ½ðd� 1Þðg1 � g2Þ2 þ 2�ðd� 2Þðg1 þ 1Þðg2 þ 1Þ� ; (A1e)

G1
11 ¼ 0; (A1f)

�2 ¼ �ðg1 � g2Þ2½4ðd� 3Þðg1 � g2Þ2 þ �ðd� 1Þðd� 2Þðg1 þ 1Þðg2 þ 1Þ�
4½ðd� 1Þðg1 � g2Þ2 þ 2�ðd� 2Þðg1 þ 1Þðg2 þ 1Þ�2 ; (A2a)

C2
7 ¼ 0; (A2b)

C2
8 ¼ � ðd2 � 11dþ 26Þðg1 � g2Þ2

8ðd� 2Þ½ðd� 1Þðg1 � g2Þ2 þ 2�ðd� 2Þðg1 þ 1Þðg2 þ 1Þ� ; (A2c)

C2
9 ¼

ðd� 5Þ2ðg1 � g2Þ4
8½ðd� 1Þðg1 � g2Þ2 þ 2�ðd� 2Þðg1 þ 1Þðg2 þ 1Þ�2 ; (A2d)

C2
10 ¼

ðg1 � g2Þ2½2ðd� 3Þ2ðg1 � g2Þ2 þ �ðd� 2Þðd2 � 7dþ 14Þðg1 þ 1Þðg2 þ 1Þ�
2ðd� 2Þ½ðd� 1Þðg1 � g2Þ2 þ 2�ðd� 2Þðg1 þ 1Þðg2 þ 1Þ�2 ; (A2e)

C2
11 ¼ 0; (A2f)
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�3 ¼ � ðd� 3Þðg1 � g2Þ2
4½ðd� 1Þðg1 � g2Þ2 þ 2�ðd� 2Þðg1 þ 1Þðg2 þ 1Þ� ; (A3a)

C3
7 ¼ 0; (A3b)

C3
8 ¼ � ðd� 3Þðd� 4Þðg1 � g2Þ2

4ðd� 2Þ½ðd� 1Þðg1 � g2Þ2 þ 2�ðd� 2Þðg1 þ 1Þðg2 þ 1Þ� ; (A3c)

C3
9 ¼ 0; (A3d)

C3
10 ¼

ðd� 3Þ2ðg1 � g2Þ2
2ðd� 2Þ½ðd� 1Þðg1 � g2Þ2 þ 2�ðd� 2Þðg1 þ 1Þðg2 þ 1Þ� ; (A3e)

C3
11 ¼ 0; (A3f)

�4 ¼ ðd� 3Þðg1 � g2Þ2½2ðg1 � g2Þ2 þ �ðd� 2Þðg1 þ 1Þðg2 þ 1Þ�
2½ðd� 1Þðg1 � g2Þ2 þ 2�ðd� 2Þðg1 þ 1Þðg2 þ 1Þ�2 ; (A4a)

C4
7 ¼ � ðd� 5Þðg1 � g2Þ2

2½ðd� 1Þðg1 � g2Þ2 þ 2�ðd� 2Þðg1 þ 1Þðg2 þ 1Þ� ; (A4b)

C4
8 ¼

ðd� 6Þðd� 3Þðg1 � g2Þ2
4ðd� 2Þ½ðd� 1Þðg1 � g2Þ2 þ 2�ðd� 2Þðg1 þ 1Þðg2 þ 1Þ� ; (A4c)

C4
9 ¼ � ðd� 3Þðd� 5Þðg1 � g2Þ4

4½ðd� 1Þðg1 � g2Þ2 þ 2�ðd� 2Þðg1 þ 1Þðg2 þ 1Þ�2 ; (A4d)

C4
10 ¼ �ðd� 3Þðg1 � g2Þ2½ðd� 3Þðg1 � g2Þ2 þ �ðd� 2Þðd� 4Þðg1 þ 1Þðg2 þ 1Þ�

ðd� 2Þ½ðd� 1Þðg1 � g2Þ2 þ 2�ðd� 2Þðg1 þ 1Þðg2 þ 1Þ�2 ; (A4e)

C4
11 ¼

ðd� 5Þðg1 � g2Þ2
2½ðd� 1Þðg1 � g2Þ2 þ 2�ðd� 2Þðg1 þ 1Þðg2 þ 1Þ� ; (A4f)

�5 ¼ ðd� 3Þ2ðg1 � g2Þ4
2½ðd� 1Þðg1 � g2Þ2 þ 2�ðd� 2Þðg1 þ 1Þðg2 þ 1Þ�2 ; (A5a)

C5
7 ¼

ð2d� 6Þðg1 � g2Þ2
½ðd� 1Þðg1 � g2Þ2 þ 2�ðd� 2Þðg1 þ 1Þðg2 þ 1Þ� ; (A5b)

C5
8 ¼ 0; (A5c)

C5
9 ¼

ðd� 3Þ2ðg1 � g2Þ4
2½ðd� 1Þðg1 � g2Þ2 þ 2�ðd� 2Þðg1 þ 1Þðg2 þ 1Þ�2 ; (A5d)

C5
10 ¼ � ðd� 3Þ2ðg1 � g2Þ4

½ðd� 1Þðg1 � g2Þ2 þ 2�ðd� 2Þðg1 þ 1Þðg2 þ 1Þ�2 ; (A5e)

C5
11 ¼ � ð2d� 6Þðg1 � g2Þ2

½ðd� 1Þðg1 � g2Þ2 þ 2�ðd� 2Þðg1 þ 1Þðg2 þ 1Þ� : (A5f)
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