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BPS vortices in nonrelativistic M2-brane Chern-Simons-matter theory
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We study BPS vortices in the mass-deformed nonrelativistic N' = 6 U(N); X U(N)_; Chern-Simons-
matter theory. We focus on the massive deformation that preserves the maximal JN° = 6 supersymmetry
and consider a nonrelativistic limit that carries 14 supercharges. In this nonrelativistic field theory we find
Jackiw-Pi type exact vortex solutions combined with §* fuzzy sphere geometry. We analyze their
properties and show that they preserve one dynamical, one conformal, and five kinematical super-
symmetries among the full super Schrodinger symmetry.
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L. INTRODUCTION

Highly supersymmetric three-dimensional conformal
field theory has attracted much attention recently. A con-
formal theory having N = 8 supersymmetry was con-
structed by Bagger and Lambert [1-3] and Gustavsson
[4,5] and was proposed as a low-energy effective theory
describing the world volume of two coincident M2 branes
in M theory. A salient feature of their construction is that it
entails a so-called three-algebra. There was a puzzle on
how to generalize this model to include an arbitrary num-
ber of M2 branes; this was elegantly solved by Aharony,
Bergman, Jafferis, and Maldacena [6] (hereafter ABJM)
using a U(N) X U(N) Chern-Simons-matter theory at level
(k, —k) describing N coincident M2 branes probing a
transverse C*/Z, orbifold space. The model has N = 6
supersymmetry for generic k but for k =1 and 2 the
supersymmetry is enhanced to N = 8. The model is
believed to have a gravity dual description which is M
theory on AdS, X §7/Z,. In the ’t Hooft limit of large N
and large k with fixed N/k this reduces to ITA string theory
on AdS, X CP3. This model was reformulated using the
N = 2 superspace formalism and further generalized in
[7].

Since the model of ABJM was proposed there has been a
keen interest in constructing classical solutions in this
model, such as BPS fuzzy funnels [8], domain walls [9],
vortices, and Q balls [10], as well as time-dependent (non-
BPS) fuzzy spheres [11]. Solitonic solutions in the Bagger-
Lambert-Gustavsson model have also been studied in
[12,13]; see also [14—16]. These are particularly interesting
from the M theory viewpoint since they are expected to
correspond to various configurations of membranes.

Apart from M theory, three-dimensional Chern-Simons-
matter theory appears in various models of low-
dimensional condensed matter systems (see [17,18] for
reviews). While supersymmetry is not essential in this
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context, theories like ABJM are expected to provide vari-
ous examples of solvable toy models. A new vogue in high
energy theoretical physics is to apply the idea of AdS/CFT
duality, or gauge-gravity duality more generally, to unveil
nonperturbative aspects of field theory models. A practical
approach for studying the physics of superconductivity
[19] and quantum Hall effect [20] in this context is to
contemplate an Abelian Higgs model on an AdS black
hole geometry that reproduces desired boundary behavior.
It is hoped that an ABJM-like setup can be used to con-
struct D-brane configurations that directly give rise to
holographic descriptions of such physics [21,22].

In condensed matter field theory interesting physics
usually arises in the nonrelativistic regime. Recently, the
nonrelativistic version of the AdS/CFT correspondence
[23-27] is actively investigated in a hope to open up
possibilities to test the conjectured duality against direct
laboratory experiments. Motivated by this, as well as by the
discrete light-cone quantization of M theory, nonrelativis-
tic limits of the ABJM model have been studied by several
groups [28,29]. It has been found that different nonrelativ-
istic limits can be taken, with different numbers of unbro-
ken supersymmetries.

In this paper we study solitonic solutions in the non-
relativistic version of the ABJM model. We find vortex
solutions, providing the first example of BPS solitonic
solutions in this model. It is known [10] that the relativistic
mass-deformed ABJM model possesses Jackiw-Lee-
Weinberg vortex solutions [30]. While our analysis may
be considered to be the nonrelativistic counterpart, it is
certainly not possible to take nonrelativistic limits on the
solution level as the structure of the supersymmetry alge-
bra and the shape of the potential change qualitatively in
these limits. We elaborate on various technicalities and
construct exact solutions of Abelian vortices, which turn
out to involve Jackiw-Pi solutions [31] as their subelement.
We then analyze the supersymmetric properties of these
solutions and show that these are exactly half-BPS with
respect to the nonrelativistic supersymmetry. As vortices
are known to play key roles in the physics of the super-
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conductor and quantum Hall effect, we expect these solu-
tions may serve as an exact toy example in the framework
of AdS/CMP (condensed matter physics) correspondence.

The plan of this paper is as follows. In the next section
we collect known results of the relativistic ABJM model
and its massive deformation. In Sec. III we review non-
relativistic limits of this theory, and in Sec. IV we describe
our construction of vortex solutions. We discuss super-
symmetric properties of these solutions in Sec. V, and
conclude in Sec. VI with discussions. In the appendix we
outline the derivation of the nonrelativistic supersymmetry
transformation rules that we use in Sec. V.

II. THE ABJM MODEL AND ITS MASSIVE
DEFORMATION

A. The massless model

We start with the ABJM model [6], i.e. a Chern-Simons-
matter theory of gauge group U(N) X U(N) at level (k,
—k), with matter fields belonging to the bifundamental
representation of this group. The bosonic part of the action
is

Stine = [ L+ Los = VI -V (1)

where

Lo = —Ti(D, ZN(D#ZY) + (D, W (D#W )],

)
k 2i
'[:CS = EE'U ATI‘[AM(")VA/\ + gA/.LAVAA
2~ noa
—Au0,A - TAAA | 3)
bos _ 47 Bt sh _ it _ wibw. A
Vi = TH{|Z8Z 78 — 7272178 — WHBw sz
+ ZAWWIB2 + |WHBw,wiA — widw wid
- ZBZEwth + wtiziZ8)?), “4)
and
1672 . .
V});OS = —k;T TI‘[IEACGBDWEZCW]jlz
+ |6ACGI§Z§ZBWéZﬁ|2]. 5)

Here A, A, are the U(N) X U(N) gauge fields, Z4, wt4
(A =1, 2, A= 3, 4) are complex scalar fields in the
U(N) X U(N) bifundamental (N, N) representation, the
world volume metric is 7, = (=1,+1,+1), and €’s are
completely antisymmetric and €”1? = 1, €'? = 1 = —¢),.
Our conventions closely follow those of [7] but we set the
normalization of the U(N) generators to be Tr7¢T? =
169 The gauge covariant derivative is
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A — A 4 A _ i7A R
D, 7" =9,72" +iA,Z" —iZ"A,, (6)
the gauge field strength is defined by
Fu,=0,A,—0d,A, +ilA,A,] (7)

and similarly for A - The common U(1) charge is fixed to
+1. The model exhibits a manifest SU(2) X SU(2) X

U(1)g global symmetry. Under each SU(2), Z* and Wy
transform independently in the fundamental representa-
tion. In addition to this manifest symmetry, there is an
SU(2)g symmetry under which (Z', W13) and (Z2 wt%)
transform as doublets. It is argued in [6] that the SU(2) X
SU(2) global symmetry combined with the SU(2)y gives
rise to an enhanced R symmetry SU(4)z = SO(6)x. Hence
for generic values of k the model is endowed with N = 6
supersymmetry (SUSY). For k =1 and 2 the SUSY is
further enhanced to N = 8.

We consider a trivial embedding of the world volume in
the space-time, namely, the world volume coordinates
(x°, x!, x?) are identified with the space-time coordinates
(X% X', X?). The four complex scalars Z4, W14 represent
the transverse displacement of the M2 branes along the
eight directions X' (I =3,---,10). The model is expected
to describe N coincident M2 branes probing C*/Z, in 11
dimensions, with the orbifolding symmetry Z, acting as
(ZA, W‘I’A) — e(27ri/k)(zf§, WTA)

Combining with the fermionic part, the massless ABJM
model Lagrangian can be written in the SU(4) invariant
form as [7]

Lggm = Les + Lign + Lywe T Loow 3
where L¢g is (3) and
Ly = —TiD, Y D*Y* + i¥tAyeD .1 (9)

Do
Ly =— %’ Ty YAWtBW, — yAY W, wis
—2Y YBUtAY, — ABCPY Iy iw),
+ GABCDYA\I’TBYC‘I’TD], (10)
_ 47 Ayty3 A3 AytycytyByt
Lo = 5z THAYD? + vy + avtyfyCylyoyl
— 6YAY YRy YCyl] (11)
We have combined the two SU(2) indices A = 1,2, A = 3,
4 into one SU(4) index A =1, -+ -,4 and rewritten the
fields
vt =i wth,  vi=@iw) 12

W, = (¥, V), pta — (Ptd ptd) (13)

The potential part can be written as a complete square form
[29]
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Lo = Voo = —3Te[W,BCWTA, ], (14)

where

WABC — GABC _ GACB, (15)

G, 5C = —%{2YBYIYC +8,B(yCyfy? — yPyhyo),
(16)

The massless N = 6 SUSY transformations are gener-
ated by six (1 + 2)-dimensional Majorana spinors €;, i =
1,2,---,6. We shall also use SUSY parameters w,p and
"8 related to €; by

Wt = (@I a7

where the 4 X 4 matrices I' are chirally decomposed six-
dimensional I" matrices which can be written using the
Pauli matrices as

wpsp = ei[ri]AB’

F1:0'2®|]2, 1_'2=_l'0-2®0-3’
F3=i0'2®0'1, F4=_0'1®0'2, (18)
F5:U3®U'2, F6:_i[]2®0'2.
It is easy to see that
(wAB)* = (UAB, w8 = %EABCD&)CD- (19)
The N = 6 SUSY transformations are then [8]
SYA = iwBWy, (20)
SY = iWtBy 1)
6\1,14 = —y'“a)ABD’uYB - wBCWABC, (22)
W =D, viyrwtt — wBWH, . (23)
27 aytB AB 1
0A, = _T(Y VPy  wap + 0Py, V,uYg), (24)

~

2
SA, = T(WAYBM@AB + w0y, YIWy).  (25)

B. Massive deformation

For constructing solitonic solutions one needs to intro-
duce a mass scale into the action, which is accomplished by
massive deformation of the potential. In this paper we
follow the prescription of [32,33] that preserves the maxi-
mal N = 6 supersymmetry.

The N = 6 massive deformation is obtained by mod-
ifying the “superpotential” W,5¢ into W,5¢ + sW,5C,
where

BWABC — %(MABYC _ MACYB),

(26)
M B = mdiag(1,1, -1, —1).
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Here, m is a real parameter having the dimension of mass.
Note that M4, = (M,5) = M. Under the deformation
the potential part is transformed into

L oo = —2TH{(W,BC + sW,BOY (WA, + Wi, )]

27)

po

In components, the change of the Lagrangian due to the
massive deformation is

i 0 dmm ,,_;
6L = Tr[—mZZ:gZA - mwtiw, + T((ZAZ:E)Z
— (WHW)? — (ZL 24 + (WAWM)z)iI. (28)

This massive deformation breaks the SU(4);, symmetry
down to SU(2) X SU(2) X U(1) X Z,. The vacuum struc-
ture of this mass-deformed ABJM model is discussed in
[33], where not only symmetric but also asymmetric
phases are found. The mass-deformed SUSY transforma-
tion law is obtained by replacing W,5¢ with W,B¢ +
W ,B€ in the prescription described at the end of the last
subsection.

III. NONRELATIVISTIC LIMIT OF THE MASS-
DEFORMED ABJM MODEL

The nonrelativistic limit of the ABJM model was re-
cently considered in [28,29]. Since this is essential for our
discussion we shall review it here in detail.

For this purpose it is instructive to recover the speed of
light ¢ and the Planck constant 7 in the Lagrangian:'

1 t P M it
£kin = Trl:—thYAD,YA - DiYADiYA - 7YAYA
C

— Wty W, + %\W\pﬁ - %qﬁf‘qu],
(29)
khe 2i
.ECS = EEF’ pTr[A,LLaVAp + ?A/,LAVAP
T
—Au0,4, - TAAA, ] (30)
0
Ly = o TV bW, — vy, wis
—2Y YBUtAY, — ABCPY I v iw),
+ €4pcpYAWTBYCWiD] (31)

'The dimensions of constants and fields appearing in this
section in terms of mass M, length L, and time_ 7T are: Lh] =
ML T~ [m] = M, [c] = LT, [k] = L7'T, [2*] = [WT"] =
M1/2L1/2Tf1/2 [¢A] — Ml/ZTfl/Z [A ] — [A ] =11

, ) “ P ,
(4] =T [w] = L™
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L= —Vhs
2T h ot oA it B thuy . A
= —Tr he (ZZZ ZZBZ — WIPWyZ
~ v 277' v v
+ ZAWwtB —(wtbw,wtA
B ) khc( B
. . N . . . 2
_ witAw.witB — 7B7TywitA tA >t 7B
WTAW,W ZZBW + W ZBZ) ],
(32)
£F — _Vbos
1672
=T opa Tr[leAceBDWBZCW |2
+ |edCep 5 ZBWeZP 2], (33)

The mass contributions to the potential term are (note that
the canonical mass terms have been included in L£,;,)

4m
A
+ (WAW*A)z]. (34)

L, = T(Z3Z1)? — (21 Z24)? — (whiw)?

For the time component of the gauge potential we intro-

duce Ay = A,, Ao 1A The covariant derivative then
becomes
D,ZA = 9,72 + iA,ZA — iZAA, (35)
D, 74 = 9,72 + iA,ZA — iZAA,. (36)

We focus on the symmetric sector of the vacua and
decompose the (relativistic) scalar fields into the particle
and antiparticle parts,

ZA — Z (e*i(mczt/h)zz& 4 ei(mczt/h)z*fi)’ (37)
m

h . )
T (mc2t/n) 1 —i(mc2t/h) a1

ZA m(et mc ZA + o ilme ZA )’ (38)
WTA — h (e—i(mczt/h)w‘['A + ei(mczt/h)w*‘h&) (39)

2m '
— h i(mc*t/h) + —i(mc?t/h) 40
Wy = —m(e wite WA). (40)
Here, zA, E*A, etc. are regarded as nonrelativistic scalar

fields. Let us keep the particle degrees of freedom (z4, wd)
and drop the antiparticle sector. Taking the nonrelativistic
limit amounts to sending ¢, m — oo and considering the
leading orders. The Chern-Simons term is not affected in
this nonrelativistic limit. The kinetic part of the bosonic
sector becomes
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2

h .
A T
2mc? Dz DIZA

ih : :
£E?ns = Tr[E(—z}D,zA + D,7* - z}) +

n? A in X X

- %DiZAD,-Z} + E(—WAD,WTA +Dwth - w))
2

J’_

. #? .
5 DwtDw; — %Diw*f‘Diw i ] 41)

The terms 2"2 21D, ZA12, 5125 |D,wT4|? are subleading in the
o mc 2mc?
limit ¢, m — 0. The potential terms L, and L are also of
subleading order. Nontrivial contributions in the potential
come from the mass-dependent part
hZ

L, = = Tr[(zAer)2

+ (wy WTA)Z]. 42)

T A2 _ i 2
(zz%)? — (witwy)

Assembling the terms up to O(1/c?) we find (the bosonic
part of) the Lagrangian for the nonrelativistic massive
ABJM model in the symmetric phase:

khe 2i .
zgg;;zﬂ_ﬁ WTr[A P A)‘+?ZAMA,,AA—AMA,,A)\

20 a4 in 1 i
_gA,U-AVA/\] +Tr|:§(—z}DtZA + DIZA . Zji)
oo in i X
- %DiZADiZ} + E(_WADtWTA + DtWTA : WA)
2

h Y mh? ;
— wiAD W« A T\2 _ (1, A2
2lew D;wj; + o {(z ZA) (ZAZ )

- (WMWA)2 + (WAWM)Z}:I. (43)
The equations of motion of the nonrelativistic theory are
read off from the Lagrangian. For the scalar fields we find

n? 27rh

ihD,zA = — — DA — (z — AztB), (44)
2m B
, 72 y
ihDwit = — —D2ywt4
2m
27rh?

+ 2 (B pwtd — Wty W tB)  (45)
km

These are gauged nonlinear Schrodinger equations. The
gauge field equations of motion (the Gauss law constraints)
are

Ei = Giij’ (46)
khc i X
ﬁB = hc(ZAZ} +witw ), 47)
E; =€, (48)
M€ — ezt zh + wwtd), (49)
277
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where €0ij = fij, Ej = FOj’ B = F12’ Ej = FOj? B = F12,
and

ihm

Ji=———(ADzt — DAt
p (2*Diz; iZ 2
+wtDw; — Dwth - w)), (50)
s ithm ; ;
Ji=—"2(ID,A - Dt - A
kmc( A A
+w;D;wt — Dyw; - wid), (51)

are the matter currents. There is a U(1) global symmetry
(z4, wth) — ei®(z4, wt4). The corresponding Noether
charge is

0=- f dxTr{ztzA + wiwt] (52)

Likewise, the nonrelativistic limit of the fermionic part
can be taken by decomposing the fermions into the particle
and antiparticle parts and then discarding (say) the anti-
particle part. We abide by the supersymmetry and shall
keep the particle part of the spinor W4, which is [29]

Wy = Vhc(uy 46,3 + u_ i 41, D)e /0

Vst P

hC . 2
= | —i(mc? /)t
V2<_i¢—A+i¢+A>e ‘ o9

The basis u. are mutually orthogonal two-component
constant vectors

171
. =5(2) (54)
and ¢+, are one-component spinors with dimension

[]= L73/2T"/2. The fermionic part of the kinetic term
then becomes

ri = hedt (20,00~ iD-0)
+2me Ay 4+ hdpé(éD,lpM
SiDg) v il 6s)
The equations of motion up to O(c) are

ihD, 4 + 2mc2 8%y 4 —iheD_ ., =0,  (56)

WD,y + 2mc2 8%y —iheD 4, =0.  (57)

Using these equations of motion half of the fermionic
degrees of freedom can be dropped.
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Finally, the Yukawa term becomes

wh? - - -
Ly =7 Tl By p = 92 grin) = P20

+ GV s+ 208 A — 208y v

2P g+ A p)

+ PPy gyl —yivsyiy p)

— €apcp (" P EYC Yl =y g ByCy )], (58)
where we have denoted the particles collectively as y* =
(z4, wth), y); = (z}, wy). The Yukawa term is subleading

and does not contribute to the fermion equations of motion
(56) and (57).

IV. THE BPS EQUATIONS AND THE VORTEX
SOLUTIONS

Now let us find vortex solutions that saturate the BPS
bound in this setup. To find codimension two BPS solu-
tions, we drop the fermion parts and consider static con-
figurations. The Hamiltonian of the system is the
conserved Noether charge for the gauge covariant time
translation [34]

SZA = eDyzh,  Swih = eDywi4, (59)

8Ay = 8A, =0, 8A; = €E,, SA; = €E,. (60)

The Hamiltonian density is given by
h2 R h2 . 7Th2 .
}[ZT[—D-AZ—F—D- TA2 - 22 {(ZA71)2
1| 5, 1D+ S ADw AR = -~ {(22))
~ (&l = w2 + gt | 61)

In order to perform the Bogomol'nyi completion it is
convenient to use the relation

[D;, DA = i(F 24 — 2AF)). (62)
Using this relation and the Gauss law constraints, and

writing D. = D; = iD,, we find that the energy func-
tional simplifies to

E= fdzxﬂ
h? ; h? .
= [a’2xTr|:—|D_zA|2 + —|D+WTA|2]
2m 2m
hZ
+ — /dsz. (63)
2m

The second term is a surface term evaluated at the bound-
ary
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f xS = —i f d*x{9, T{z4D,zt] = 9, Tr{zAD, 2]
-9 Tr[wMDzwA] + 0, Tr[WMDlwA]}
= f dx' Tr[zADzt — wtiDw ;] (64)

Now, for a finite energy configuration the fields settle down
to their vacua at infinity. Then

A — -
Diz |boundary - Diw/ilboundary =0, (65)

and the surface term vanishes. We may conclude that the
BPS bound is given by

K2 ; h? p
E= jdszrI:—|D,zA|2 + —|D+WTA|2:| =0, (66)
2m 2m
which is saturated when both

D.7A=0  D.wti=0 67)

are satisfied. These are the BPS vortex equations.

Let us find a solution to these equations. The simplest
solution is just a configuration that the scalars are propor-
tional to the unit matrix z4, wt4 o 1y, and A; = A,. In
this case, the equations become trivial. The scalars and the
gauge fields are determined by a (anti)holomorphic func-
tion of z = x! + ix?. This configuration is possible even
for the N = 1 case.

Besides this trivial solution, we may find nontrivial,
nonsingular solutions specific to the multiple M2-brane
configuration. Although it is difficult to solve the matrix-
valued equation (67) together with the gauge field equa-
tions (46)—(49) in general, we may find solutions by as-
suming an ansatz that simplifies the equations:

A = ¢,
Ai(x) = a;(0)S's],

wii(x) = ¢, (xS,
Ai(x) = a;(x)St s

Here i _(x), ,(x), and a;(x) are ordinary (not matrix-
valued) functions and S’ are constant matrices. In the first
and second expressions the indices are understood to be
A=(1,2)=>1=(1,2),A=(34) —1=(1,2). The ma-
trices S/(I = 1,2) are the N X N “vacuum matrices” in
the form [33]

(S}L)mn =vm— 16mn’ (S;)mn =N — m6m+l,n'

(69)
It is easy to show that
st =s/stsl — sists), (70)
st =sts/st — sts/st, (71)
Tr 'St = Trsfs! = NV — 1) (72)

The BPS equations (67) then reduce to
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(Dl - ZD2)¢1(X) = O’ (Dl + iD2)¢vv(x) = O»
(73)

where D; = 9; + ia;. These are in fact the vortex equa-
tions of Jackiw and Pi [31].

Let us for simplicity set w 0 and solve the equa-
tions for z4, A;, and A,-. We call this solution “BPS-1.”
Geometrically, this is a configuration of M2 branes polar-
ized into a fuzzy S°. The physical radius of the fuzzy S is
evaluated as

tA —

2 . N-—1 2
R? = T Ti{zizi] = —— l‘/’—zl, (74)

M2 T\io

where Ty, is the tension of an M2 brane. Note that in the
case of N =1, the fuzzy sphere collapses into zero size
and there are no nontrivial solutions. Our solutions may be
regarded as an embedding of the Jackiw-Pi Abelian vorti-
ces in the nonrelativistic ABJM model (see also discus-
sions in Sec. VI). These solutions are specific to the
multiple M2 branes. The size of the fuzzy sphere is related
to the U(1) charge of the vortices, as explained below.

It is well known that the Jackiw-Pi vortex equation
allows exact solutions. The Gauss law constraint for the
ansatz (68) is

b=fn (75)

where b = 27|y |? and f,; = d,a
variables

— d;a;. Changing the

J

lﬂz(x) — eia(x)pl/Z(x)’

the BPS equation becomes

0.p €ER), (76)

. . 1 _ .
(D, —iDy)¢p = [131991/2 tap 241p + ia;p'?

+ 0,0p'/2 — %p_l/zazp + a2p1/2:|ei0
=0, (77)
giving a pair of equations
a;(x) = —9,6 + Le;;0/ Inp. (78)

Substituting these into the Gauss law constraint, we have
the Liouville equation

dar

Viinp = — = P (79)
which may be solved by
k
p(x) = —V2In(l + (D)), (80)
o

where f(z) is a holomorphic function of z = x| + ix,. The
U(1) Noether charge for this configuration is
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0=-NN-1) [dzxp — NN - 1)%(277)

9> 9
X fdr(r—z + —)
or ar

X In(1 + [f]?), (81)

where r = |z|. This is proportional to the magnetic charge
via the relation (75). As is well known, this fact is specific
for Chern-Simons vortices.

Particularly simple examples of vortex profiles are ob-
tained by choosing the holomorphic function to be

fl2) = (ZZ—°> nez, (82)
where z, is a complex constant. In this case
k 4n2 (EPF0D
p(x) = 5 07,,1, (83)
27 1y [1+ (E)Z T
and
Q = 2knN(N — 1). (84)

Again, this vanishes for a single M2 brane implying that
our solution is physically meaningful only for N = 2.

The phase 6 is determined as follows. For small and
large values of r, p behaves as

p~rh, (r—0n=2) (85)
pr i (r— ), (86)
and hence
a,-(x) -~ —6,9 + (}’l - l)eij_z: (r_’ O) (87)
I

The regularity of the gauge field at »r = 0 demands 6 =
—(n — 1)argz = —(n — 1) arctan(x,/x,). These are non-
topological vortices since || — 0 as r — oo. To illustrate
the solutions, profiles of |¢|* are shown in Fig. 1 for
fz) =1, Land L, with k = 1.

ARz 2(z—1)°

Instead of setting wtd = 0, we may set zA =0 and find

similar solutions for w4:

9
e
Ry
o,:'.:.

FIG. 1 (color online).
and f(z) = ﬁ (right).

R
-,
LR
7
S
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() = e pl/2(x), (88)
k

p(x) = —2—V2 In(1 + [£(2)]?), (89)
T

0 = (n — 1) arctan(x,/x;). (90)

We call these solutions “BPS-IL.”

A comment is in order regarding the relation between
the solutions here and the ones found in the relativistic
ABJM model. In [10], the authors found 1/4 BPS vortex
solutions in the F-term mass deformation of the relativistic
ABJM model, where (similarly to our nonrelativistic case
here) an Abelian solution is embedded together with the
fuzzy S3 geometry. Their analysis [10] relies on numerical
study as there is no analytic solution known for relativistic
Chern-Simons vortices, even for the Abelian case. In con-
trast, in our nonrelativistic case, the BPS equation reduces
to the Liouville equation and is exactly solvable, as we
have just shown. The solvability of the equation is a special
feature of the nonrelativistic limit of the Chern-Simons-
matter theory. The exact solutions (78), (80), and (88)—(90)
cannot be obtained from the relativistic ones.

V. THE SUPER SCHRODINGER SYMMETRY
PRESERVED BY THE VORTICES

The vortices found in the previous section are exact
solutions to the BPS equations. In this section we study
their supersymmetric properties and see how many of the
nonrelativistic supercharges are preserved by the BPS
solutions. Our notations and terminology of the nonrela-
tivistic SUSY transformations follow [29]. We shall de-
compose the SUSY transformation parameters w,p and
"® using the basis u. in the same way as we did for the
fermions:

=0 U, + o u_ _\/z<—ia~)+ia~)+)’ (91)
~AB _ ( ~ t 1 upep -
@4 = (Dyp)t = € @ +cp, 92)

7
I/l I;

%
YR
IR
l:,",',';;,ll
QY
U

N0,

&,
2
e,

',
',
ALY

27

ZEy

{

LA
i
Z

The profiles of the vortex solutions. |#|* is shown in the examples of (82) with n = 1 (left), n = 2 (middle),
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The super Schrodinger symmetry is generated by 14
components of supercharges. Ten of them are associated
with kinematical SUSY, characterized by anticommutation
relations of the supercharges {Qk, Q}L(} ~ M /m where M
is the total mass operator. The corresponding 10 SUSY
parameters are

@ @) (93)
Two of the other supercharge components belong to dy-
namical SUSY, characterized by supercharge commutator
{0p, Q};} ~ H, and their SUSY parameters are

(@, 45

(@_zp @ qp)- (94)

The two remaining components are associated with con-
formal SUSY.
The transformation rules for the kinematical SUSY are

Sx2t = By, — APy, 95)
Sxwtt = iy, — wiBy (96)
Sxthiq=—w, 137" + @, g Wt ©7)
Sxth s = w_z528 +w_swtt, (98)

mh .
kA= [l 5+ wh Ao s5+ 7 9Pw 45

+ WTAl_ﬁEw+Aé + a)éBz}lpﬂ@ + a)éBwf“bJrg
+ w0l g+ 0lPwig ] (99)
21
5KA+—k—(WA¢/+w+A"l§+w B¢+AZT) (100)
2
SxA_ = —(z e w_ip+ wABy _iWi) (101)
and the rules for the dynamical SUSY are
. i s
BDZA = —EwéBD_iﬁJrg, (102)
Spowti = —wiBD g (103)
2m
i R
Sp¥ i =5 w_ipD+2", (104)
l' o
Spth_j =~ 5w, qzD-w', (105)
S - imh [ AD B 5~ TAD B
DA = 2k2 Dy jlow W_jp— W ¢w+AB
+ oA WAD+ 5+ w’iBZAD—lﬁJrg], (106)

PHYSICAL REVIEW D 80, 025007 (2009)
SpA. = 0. (107)

For the sake of brevity we have used in these expressions
rescaled SUSY parameters

_ 2mec, B B
(@ g @ jp@=ip) =4 (Orip @ ip Daip)

(108)
B 2Me. ip ~ib ~AB
(w+,w_,w+) 5 018 @48 &48),  (109)
and

2mh, _ B

(@ ip @) = (@ ip & ip) (110)
iB Aby = [P ois A

(02 wy ) = - —(a2 Wy ) (111)

Dimensions of these new parameters are

[w, i3] =[0_i5]=[0.15] = [0??] = [w1?]

=[0iB] =1, (112)
[w ;5] =[w, 5] =[0'8]=[0i8]=ML (113)

We sketch derivation of the nonrelativistic SUSY trans-
formation formulae in the appendix.

Let us first consider the BPS-I vortices, which are solu-
tions to the BPS equations
D,ZA = 0.

wtd =0 (114)

Applying these conditions to the fermion transformation
rules 6 ¢, we have

Skthia= —w ;575 (115)

l
oph.z :%w ipD+7, (116)
Sk z = tw_j25, (117)
Spi_; =0, (118)

hence the conditions 8¢y =0 imply w15 = w_;5 =
w_jp = 0. This means that the BPS-I solutions break
five kinematical and one dynamical SUSYs.

For the BPS-II solutions the BPS equations are

A=0 Dwti=0 (119)
and the transformation rules become
Stz =@y ipw'P (120)
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TABLE 1.
for preserved and X for broken SUSYs.

PHYSICAL REVIEW D 80, 025007 (2009)

Broken and preserved SUSY's for our vortex solutions BPS-1 and BPS-II. Here O

Type of SUSY Kinematical Dynamical Conformal
©iip  @iip @ip  @ip | @ip @i |€ap ik
BPS-1 @) X @) X X (@) X O
BPS-II X O X O O X O X
Spiii =0, (121) A=yS, A,=a,S'sl,  A,=a,Sis,
(125)
1B
Okpz = @ z5w'", (122) the nonrelativistic ABJM model Lagrangian (43) reduces
to
i y
Spth_j =5 - igD-wl. (123) LRSS — N(N — 1) Lyp, (126)
The conditions 8¢ =0 then give w,;5=w_;z;=  Where
w5 5 = 0 and we see that the BPS-II solutions also break k ih L
five kinematical and one dynamical SUSYs. Ly = = e*"a,0,a) + 5(_ 4D + ¢D,p)
The properties of the vortex solutions associated with . s
the conformal SUSY can be inferred from the fact that the o |'D,y|? + 7]:_ (g h)? (127)
m m

conformal supercharge S is written as a commutator of the
special conformal generator K and the dynamical super-
charge Qp [28,29,34],

S =i[K, Qp]

Using the dynamical SUSY transformation rules (104) and
(105) we see that under the conformal SUSY og¢, 3 ~

£;578 and S5 _; ~ &4 sw1P. The former vanishes for the
BPS-II conditions (119) whereas the latter vanishes for the
BPS-I conditions (114). We may thus conclude that the
BPS-1 and BPS-II both preserve half of the conformal
SUSY. Note that once we turn on both zA and WM, the
BPS equations break all the SUSYs in general and hence

(124)

there would be only the trivial solution A =wth =0 We
summarize the results in Table 1.

VI. DISCUSSIONS

In this paper we studied vortex solutions in the non-
relativistic ABJM model and discussed the nonrelativistic
SUSY they preserve. The ABJM model is a particularly
interesting type of Chern-Simons-matter theory as its
gravitational dual is well understood and its nonrelativistic
limit is also expected to have a gravitational dual through a
nonrelativistic version of AdS/CFT correspondence [23—
27]. We obtained exact solutions to the BPS equations and
showed that these vortices preserve half of the ten kine-
matical, two dynamical, and two conformal SUSYs. The
solutions discussed in this paper are related to those of the
Jackiw-Pi model. In fact, the correspondence can be seen at
the Lagrangian level. Let us take the BPS-I ansatz for
example: setting w; = 0 and assuming the fuzzy $* con-
figuration,

is identified as the Lagrangian of the Jackiw-Pi model [31].
We note that the fuzzy S* sphere ansatz is essential in this
correspondence, and the correspondence holds only for
N = 2. The Jackiw-Pi model gives Abelian vortices,
whereas the gauge fields of the ABJM model (of N = 2)
are non-Abelian. We may say that the Abelian vortices are
embedded in the nonrelativistic ABJM model, with the
non-Abelian nature of the ABJM gauge fields converted
into the fuzziness of the S3 part and the numerical factor of
(126).

While our solutions may be considered as an embedding
of the Abelian Jackiw-Pi vortices, it is not obvious from
this fact alone how many of the nonrelativistic 14 SUSYs
are preserved by the BPS solutions. The Jackiw-Pi model
Lp, which is the nonrelativistic limit of the N =2
Abelian Chern-Simons-Higgs model [30], does not exhibit
14 SUSY s but keeps only a part of them. This means that in
order to see the full structure of the unbroken SUSY kept
by the vortex solutions, it is necessary to analyze the BPS
equation (78) derived from the original nonrelativistic
ABJM model, not the effective description (126) and
(127). One of our motivations to look for vortex solutions
in the nonrelativistic ABJM model arose from their poten-
tial importance in holographic descriptions of (1 + 2)-
dimensional condensed matter systems. The structure of
the preserved SUSYs is important for determining the
corresponding solutions in the gravity side. It would be
interesting to find a solution that preserves seven
Schrodinger SUSYs in the 11-dimensional gravity dual.

Let us comment on more realistic models for condensed
matter physics. Physically interesting problems such as
superconductivity and quantum Hall effect involve exter-
nal fields, and the parity of the systems is accordingly
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broken. While the Jackiw-Pi vortex solutions that we de-
scribed in this paper do not involve external fields, a
straightforward modification to include external fields is
known once the Lagrangian is suitably modified. For ex-
ample, let us add an additional term to the ABIM
Lagrangian,

8L =TiF,2AZt - F,Z174) (128)
With the fuzzy S* configuration
Fy, = BS'S}, F, = BS}S, (129)

together with the BPS-I ansatz, the Hamiltonian acquires
an additional term proportional to N(N — 1)~ Bl _|*. It
is then possible to modify the vortex solutions to include
the external fields following [35]. It is interesting to see
whether it is possible to accommodate more realistic mod-
els such as the Zhang-Hansson-Kivelson model [36] of the
quantum Hall effect.

Finally, it is also an interesting question whether the
model allows other types of solitonic solutions, such as an
embedding of non-Abelian vortices, solutions with less
supersymmetry, time-dependent solutions, and so on. For
embedding non-Abelian solutions, once one assumes an
ansatz A w= A s the bifundamental scalar fields can be
effectively treated as adjoint matter fields. It would be
interesting to see if it is possible to embed the non-
Abelian solutions of the Toda-type [37]. Finding more
general solutions requires further study. Determination of
the complete moduli space of the solutions, in particular,
its relation to the broken SUSY structure, and clarification
of the string theoretical origin of additional terms like
(128) are also important problems. We hope to come
back to these issues in the near future.
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APPENDIX A: THE NONRELATIVISTIC
SUPERSYMMETRY

In this appendix we describe how the nonrelativistic
SUSY transformation rules (95)—(107) arise in the non-
relativistic limit of the N = 6 mass-deformed SUSY
transformations. This is accomplished by decomposing
the relativistic fields into nonrelativistic particle and anti-
particle parts, dropping the antiparticle part, and expanding
for large ¢ and m. Then the leading terms are identified
as the kinematical and the next-to-leading as the dynami-
cal SUSY transformation terms. See [28,29,34] for fur-

PHYSICAL REVIEW D 80, 025007 (2009)

ther details,” and [38,39] for related work on the
Schrédinger and super Schrodinger algebras.

We wuse the following conventions: the three-
dimensional gamma matrices are
(Y#)oP = (ioy, 0y, 03), {y*, vy =29 (AD
A spinor product is related to a matrix product as
Ylaw = —yty) 0y, (A2)

where W is a 2 X 1 matrix (vector) and the dagger in the
right-hand side (RHS) is interpreted as the matrix adjoint.
In the following, we interpret V' as the two-component
vector W. The spinor indices are raised and lowered as

6 = e*Po,, 0, = €,50°, €?=—¢p=1
(A3)
The standard position of spinor contraction is
Ox = 0o = —0"y'x. (Ad4)

I. The scalar part

Let us start from the scalar part and consider the trans-
formation Y4 = iw*8W,. Using the fermion decomposi-
tion (53) we may write

(w*B)*(Wp), = —w*By'Wy
= _%i(d)éB¢+B - @iBlﬂ—B)@_i(mcz/h)t-
(AS5)

Decomposing the scalar field as

h
YA = ——— yAe~ e/ 4 (antiparticle),

A6
o (A6)

and dropping the antiparticle part, the first two components
of the SUSY transformation become

\2mhce

ot == @y + Py — @ty
— oty _p)
\N2mhbe (s ih _1x
= (a)éBlﬂ+l§+—2mch_BD+l,b_é

+ (higher order terms). (A7)

We have used the Dirac equations (56) and (57) to go to the
second line. From the leading order we find (using the
rescaled parameters),

Szt = 0By s — 0iPy g (A8)

The literature available at the time of writing contains some
mathematical typos.
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and from the next-to-leading order,

Sowtd = wABDp, g 4 (A11)
2m
Spt =~ wABD_y g (A9)
2m II. The fermion part
.y Next we consider the transformation of the fermion. The
F the oth t larly find
rorm te other components we stmilarty fn first term on the RHS of the SUSY transformation can be
+A iB iB written upon particle-antiparticle decomposition (and ne-
Spwl = %y — 07 (A10) glecting the antiparticle) as

mc 2 1 h 2 h . 2
EwanD YB = —i 00) Be—(mc /h)t + ” 0(1) D Be—(mc /h)t + i Di Be—(mc /h)t
Y AB™ P Y @aBY \/zn; c Y @Aty \/Q—nz Y @Waplliy

_ 5% = @ 4p)y? + (i@ pp — i@ _pp)Dy® + i@ ppD_y® — i@ gD yP\ T o~ ilme /)t
%(MMAB +i@_sp)y? — (@ ap + @_ap)Diy® + @apD_yP + @ _45D Y )2 /m

(A12)

The D,y? terms are subleading and can be dropped. The mass independent part in the second term on the RHS is also
subleading. The mass-dependent term gives nontrivial contributions,
B~ B~ B~ B
M e, =S ym| L B-as WOyt Pt Wy ) (AL3)
h ¢ 2 —l'ZBd')ﬂaé—iWTB@7A3+iZB@+AB+l'WJrB(I)+Aé

As the fermion transformations decompose as

_ 1 5111*14 + 6¢+A —i(mc?/h)t
A (TN A
we find
mc 5 mc 5
S_;+ 6 Fiee (—i@ _j;p + i@, ;)75 +i —id_; 5+ id, 5wt
i hii= W( AB +iB) thc( AB “iB)
h . y . .
— thc(—l’ﬁ')iAgD_;_ZB - ic?LAEDerTB + l'a~)+Al§D_ZB + i(D+Al§D_WTB)
m h A 5 .
BN wita g5+ Pa i+ wo, 4y, (A15)
- s . mc - - 5
SO f 0 = e (C 0y~ Dg )T e (0 gy~ B
n
mw_ABD+z + &_z 3D wtP +a) igD-7 +a)+ABD wibB)
_mc R -
= 2mhc( —iwtBo s+ iBa, s+ iwtBa, 4 p). (A16)
|
Because of the Dirac equations (56) and (57), 64 _; on the Similarly,
left-hand side (LHS) is subleading. Then in terms of the i )
rescaled SUSY parameters we obtain the kinematical o SY_;+8¢. ;= (@_;3D+78 + @&_; ;D w8
and dynamical 6, SUSY transformations 2mhc
. y s B _ ~ B
Bxthii = —w. 5 + 0wt (A17) @14pD-2" = @D
2mc , _ 5
5 i 8 8 e @-an?’ + g™,
1 =—w_;3D. 7" Al
¥4 mefAB +Z ( ) (A19)
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. . h - 3
- l6¢7‘4 + lﬁl,bﬂi = _7W(Q)ABD+ZB

+ & zDwtt + &, ;D 7P

PHYSICAL REVIEW D 80, 025007 (2009)

III. The gauge field part

Finally, we consider the gauge field part. Note that the
temporal and the spatial parts of the relativistic SUSY
transformation formula come with different powers of c:

F i yDowt) — i 2 2
AR 2mhc 8A, = + ST (YAWtBA 6 0+ 0ABy0W, YD) (A23)
"k Y 5
X (d)fABZB + d’*ABWTB):
2 ,
A0 A, = — L (U1 0, + 0By W,Y), (A24)
and again due to the Dirac equations (56) and (57) we may ¢
drop 8¢, 1 on the LHS, leading to where
5K¢7/{ = a)f/iézB + a)f/g‘éWTB, (A21) ,yi = ,yl + l,y2 — (4—;1 1ll) (A25)
opf_;=— L A éD_waB. (A22)  Upon nonrelativistic decomposition of the fields the tem-
2m poral part becomes
J
21 |he in - ih . . P— .
oA = %[_ el S LY Rl et U NN LI i LI Y I G OIS TR AL AT
Y- a in - in - Y _in
+ W+A¢EM+AB - %ZAD_l//+w+AB ﬁw*AD_ Vo, 55+ wéBz};Z/H} + o2 Bwiy
ih - - ih
+ w/iBz}D+ Yyt —wéBwAD+ o5+ —a)ﬁBz}D, ot %wﬁBwAD, L1/
+ (I)f‘;éz}gb,é + d)f‘;éw/; Lﬁ,g] + (higher order terms). (A26)
I
Using the rescaled SUSY parameters we obtain we obtain
mhe io A 7B i _ 27 ios iB t
5KA,3=%[Z Ylw 5+ wYlo_ 5+ 02w, 45 5KA+_E(W Yio, 5+ of ¢+AZ}§)’ (A30)
+WTAl_ﬁ§w+Al§+a)éBZ}lﬁ+é+wéBWAgb+é SpA, =0 (A31)
+ a)f}_BZ}lﬂ,g + o Pwi 5] (A27) 4 from
iTh P - -k 47 |h . P
OpAr =55~ D §lw_jp —wHD Pl iy SA_ = k—: ﬁ[zw@ d_gp+whiita s,
+ oD g g+ OhPID gl (A28) L ip i - ip gis
The spatial part of the transformation formula can be 2’,;? 2,’26
found similarly. From + M sABp Wizt + M SABp W ws
2mc AT 2me +ATE
41 |hc ih ;-4 ia ix
8L = %[— R L +atfy szl + w*lBlLAWé]
ih + (higher order terms), (A32)

+ (higher order terms),

we have
27 igp iB
OkA_ = kim(z l/ff(l)_Aé + o l//_AW[;)’ (A33)

opA_ = 0. (A34)
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