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We find and analyze solutions of Einstein’s equations in arbitrary dimensions and in the presence of a

scalar field with a Liouville potential coupled to a Maxwell field. We consider spacetimes of cylindrical

symmetry or again subspaces of dimension d� 2 with constant curvature and analyze in detail the field

equations and manifest their symmetries. The field equations of the full system are shown to reduce to a

single or couple of ordinary differential equations, which can be used to solve analytically or numerically

the theory for the symmetry at hand. Further solutions can also be generated by a solution-generating

technique akin to the electromagnetic duality in the absence of a cosmological constant. We then find and

analyze explicit solutions including black holes and gravitating solitons for the case of four-dimensional

relativity and the higher-dimensional oxidized five-dimensional spacetime. The general solution is

obtained for a certain relation between couplings in the case of cylindrical symmetry.
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I. INTRODUCTION

Black hole solutions capture the essence of general
relativity in that they are relatively simple but not trivial,
vacuum solutions of Einstein’s field equations with mul-
tiple applications in different domains of gravitational
physics. Black holes appeared, at least as mathematical
solutions of Einstein equations, very early on in the devel-
opment of the theory [1]. Initially, however, it was hoped
by Einstein and disciples that classical, gravitating, and
everywhere regular particle solutions, in other words sol-
itons, could be found in the context of general relativity
theory. For a long time there was a general consensus that
black holes were just a bizarre and singular mathematical
artefact of general relativity and not physical solutions. In a
way they were seen as a contradiction to the Machian
principle, which inspired Einstein in his formulation of
general relativity. Two main mathematical results tilted
scientific bias in favor of black holes. First, the soliton
paradigm did not work for a nonasymptotically flat space-
time, in that if a solution of Einstein’s equations is asymp-
totically flat, topologically trivial and globally stationary,
then it is just flat spacetime [2] (for a nice and precise
introduction see [3]). Secondly, and this radically changed
the black hole consensus, Regge and Wheeler [4] demon-
strated not the instability but the stability of the
Schwarzschild black hole (for the full account see the
classical text book of Chandrasekhar [5]). Following this
a plethora of exact solutions, often mathematically discov-
ered well before but not physically understood, were
studied in their classical properties [6]. Furthermore, nu-
merous and quite restrictive mathematical theorems gov-
erning the existence as well as the geometric and
topological properties of black holes were developed
through the years (see for example [3]). Further interest
was triggered by the work of Bekenstein and Hawking on

quantum properties of black holes, in particular, black hole
thermodynamics. In recent years, research for new black
hole solutions has gradually developed in higher dimen-
sions [7] and/or for higher-dimensional extensions to gen-
eral relativity [8]. This has been motivated by string theory
and more recently by the brane world paradigm.
Generically speaking, when we go to higher dimensions,
novel permitted topologies and horizon geometries arise,
such as the celebrated black ring [9], and the quite restric-
tive four-dimensional theorems are either no longer appli-
cable or a lot less powerful (see for example [10]).
One important characteristic of Einstein’s field equa-

tions is that there exist nontrivial (i.e. nonmaximally sym-
metric) solutions of the vacuum. The reason behind this
fact is that, Einstein equations do not involve the Weyl
tensor and as a result nontrivial geometric configurations
(i.e. nonzero Riemannian curvature) can trigger nontrivial
vacuum solutions. These vacuum solutions, at least in d ¼
4, often turn out to be black hole solutions. Indeed assum-
ing spherical symmetry immediately dictates the
Schwarzschild black hole as the unique solution. As a
result the gravitational field of spherical stellar objects is
very well approximated by the far away field of this black
hole solution. What happens when we include matter? The
most simple inclusion of matter fields is that of an electric
or magnetic charge. In this case, Birkhoff’s uniqueness
theorem still holds since it has a clear analogue in
Maxwell theory—a spherically symmetric electric charge
does not radiate in the vacuum. The case of scalar fields, as
matter or nonminimally coupled to gravity, are another
obvious case to consider. Indeed, on the one hand, they
are a natural and necessary ingredient of cosmology: a
timelike scalar field with potential is the correct way to
describe a perfect fluid from a matter action principle. On
the other hand, low energy effective actions resulting from
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string theories, include scalar fields as the dilaton or mod-
uli associated with the size of extra dimensions (following
the Kaluza-Klein paradigm [11]). Furthermore, an expo-
nential or Liouville potential represents the higher-
dimensional cosmological constant present in noncritical
string theories [12,13], nontrivial curved anti-de Sitter
(adS) backgrounds [14], or leading gs corrections to criti-
cal string theories in a flat background. In the case of
scalars it is fair to say that they are not as ‘‘compatible’’
as Maxwell fields when coupled to general relativity. They
are incompatible in the sense that they can often spoil
asymptotic properties, or again, render event horizons
singular and as a result are not even permitted in the
regularity hypothesis of no-hair theorems (see for example
[15]). To illustrate a simple example consider the Brans-
Dicke theory, which turns out to have the same black hole
solutions as ordinary general relativity, namely, the scalar
degree of freedom has to be frozen in order to avoid a
naked singularity. Moreover, since Birkhoff’s theorem is
no longer true ([16,17]), scalars will on the other hand
introduce star solutions differing from general relativity.
They are heavily constrained by local gravity tests, clearly
favoring pure general relativity. To evade such problems
one has to consider scalar potentials or couplings with
other matter fields [15].

In this paper we will study in some detail the simplest
nontrivial theories including a scalar and Maxwell field
with a Liouville potential. Although this theory does not
capture all the details of string effective actions (where
additional fields are present, like the axion, see [18], po-
tentials are more complicated, etc.) it contains the essential
ingredients that will result in some of the phenomena we
described above. Given the complicated theory at hand we
will restrict ourselves to cylindrical symmetry or constant
curvature horizons (in other words, d� 2 homogeneous
subspaces of constant curvature). Past work on this subject
is rather scarce, when one includes the Liouville potential,
since the difficulty in finding exact solutions is greatly
enhanced. Indeed, in the absence of the Liouville potential
the problem is integrable as was demonstrated first by
Gibbons and Maeda [19] (see also [20] for a particular
case and [21]). A way to give the dilaton a mass is with a
Liouville potential, which can be derived from higher-
dimensional string theory with a central deficit charge,
for example (see also [22]). A Liouville potential, or any
potential for that fact, renders the problem of finding
horizon covered singular solutions far more difficult tech-
nically. As we will see, even a pure cosmological constant
is enough to spoil the integrability of the field equations.
Furthermore, for a Liouville potential, asymptotics are
nontrivial (in other words nonhomogeneous spacetimes)
since maximally symmetric solutions do not minimize the
action [23] or equivalently are simply not solutions to the
field equations. This was also noted in the context of non-
supersymmetry string theories [12]. More precisely, in

[23], using the theory of dynamical systems, Wiltshire
and collaborators demonstrated that no regular asymptotic
black holes exist in dilaton gravity, except in the case of a
pure cosmological constant and an asymptotically frozen
scalar field. Moreover, it was also shown that even in that
case, no asymptotically de Sitter solutions exist (�

?

0).
These facts follow closely the no-hair theorems of general
relativity. Based on these, Mann et al. ([24]) found and
studied static spherically symmetric solutions for specific
values of the coupling constants. They argued that these
solutions are of physical interest as they have finite quasi-
local charges and all terms in the action are finite outside
the regular outer horizon. Unusual asymptotics were found
in accord to Wiltshire’s work as a generic effect due to the
scalar potential not having a local minimum. Indeed, in the
case of the Liouville potential we have a runaway mini-
mum at infinite scalar field and this is enough to guarantee
good behavior at infinity but still not maximal symmetry.
The cylindrically symmetric problem in the absence of the
electromagnetic (EM) field was studied in [17] (see the
work of Taub for the equivalent � ¼ 0 case). Closely after
the work of [24], these black hole solutions were general-
ized to horizons of toroidal and hyperbolic geometry by
Cai et al. ([25]), again for specific couplings. Several other
works treated cases close to these [26].
Application of the solutions we will find here are plenti-

ful and do not only include the usual general relativity. The
backgrounds we will find can be applied to a variety of
differing problems and applications of high energy physics
and cosmology. They will correspond to five-dimensional
backgrounds of black holes with a cosmological constant
[27], cosmic p-brane extensions [28] (see [29] for an
extension to nonzero potential) and higher-codimension
braneworld backgrounds [30]. They also describe back-
grounds for noncritical string theories as well as non-
supersymmetry strings in ten dimensions [12]. We will
analyze in all generality the integrability of cylindrically
symmetric spacetimes and, in particular, constant curva-
ture subspaces. We will establish an extension of the EM
duality known for � ¼ 0 and discussed in a slightly differ-
ent context in [14]. We will then integrate down the system
of coupled differential equations to one or two master
equations depending on the symmetry at hand. With these
generic results we will stick to four dimensions and find for
general or special couplings exact solutions for the setup.
For given coupling relations we will be able to write down
the general solution for the setup. This is particularly
useful in order to understand the global properties of this
system. The solutions we will find will include known and
novel black hole and soliton solutions of the same symme-
try and field content and can be easily extended in higher
dimensions.
In the next section we will discuss the generic setup in d

dimensions and how to partially integrate the system. We
will also establish solution-generating symmetries. Wewill
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give explicit solutions in the case of four-dimensional
spacetime, in Sec. III for cylindrical symmetry and in
Sec. IV for maximal symmetry. Novel general solutions,
for given symmetry, and for families of coupling constants
will be obtained and all known solutions (to the best of our
knowledge) will be recovered. In Sec. V we will consider
the uplift of several of the solutions discussed in four
dimensions to five and we will discuss solutions with
squashed horizons [31]. We will conclude in the last
section.

II. SETUP AND INTEGRABILITY

Let us consider the d-dimensional action

S ¼
Z

ddx
ffiffiffiffiffiffiffi�g

p �
R� 1

2
ð@�Þ2 � 1

4
e��F 2 � 2�e���

�
;

(1)

where �, �, and � are coupling constants, F is the two-
form field strength of the Maxwell one-form A, and � is
the scalar field. This action covers, for different values of
the coupling constants, several interesting cases. For ex-
ample, given specific dimension-dependent values of

� ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðd� 1Þ
d� 2

s
; � ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

ðd� 1Þðd� 2Þ

s
; (2)

theory (1) is the Kaluza-Klein reduction of a (dþ 1)-
dimensional general relativity with a cosmological con-
stant and rotation or twist (see for example [14]). The case
� ¼ 0 reduces the Liouville potential to a cosmological
constant and � ¼ 0 to a pure Maxwell theory with a scalar
kinetic term. In a completely different physical setting and
taking F ¼ 0 in d ¼ 10 dimensions, the action (1) de-
scribes tachyon-free nonsupersymmetric string theory
([12,13]). The Liouville coupling � plays the role of the
leading string surface (gs) correction in the Liouville term,
which appears due to the breaking of supersymmetry. For
example, we have � ¼ 3=2 for the type I string and � ¼
5=2 for the closed heterotic string. As we mentioned in the
introduction, the characteristic of these string theories is
that they do not have maximally symmetric backgrounds
and as a result, the solutions of maximal possible symme-
try are SOð9Þ symmetric backgrounds [13].

The equations of motion stemming from the action take
the form

0 ¼ @�ð ffiffiffiffiffiffiffi�g
p

e��F ��Þ; (3a)

h� ¼ �

4
e��F 2 � 2��e���; (3b)

G�� ¼ R�� � 1

2
Rg�� ¼ T ��

¼ 1

2
@��@��� g��

4
ð@�Þ2 þ 1

2
e��F �

�F ��

� g��

8
e��F 2 ��e���g��; (3c)

where h is the d-dimensional d’Alembertian, G�� the

Enstein tensor, and T �� the stress-energy tensor, which

has both an electromagnetic and a scalar contribution. This
allows us to write the Ricci scalar, that is,

R ¼ 2

2� d
T

¼ 1

2
ð@�Þ2 þ 4� d

4ð2� dÞ e
��F 2 � 2d

2� d
�e���: (4)

The electromagnetic contribution vanishes as expected for
d ¼ 4 (the Maxwell stress-energy tensor is traceless in four
dimensions). Then, the only matter singular points of
spacetime will be those present in the scalar field, see
[32]. However, for higher dimension, there might be a
richer variety of singular points, though, in all the solutions
we show in the following, all singular points of the
Maxwell field are always contained in the dilaton field.
In this work we will consider a d-dimensional metric of

the form (see also [14]),

ds2 ¼ e2���ððd�3Þ=ðd�2ÞÞðdr2 þ d�2Þ
þ �2=ðd�2Þ

�
�e2Utdt2 þ e2U’sið�Þ2d’2

þ Xi¼d�4

i¼1

e2Uidx2
�
; (5)

where the Maxwell field will be restricted to be either
electric, A ¼ Aðr; �Þdt or magnetic A ¼ Aðr; �Þd	 (for
dyonic solutions see [33]). The function sið�Þ denotes
sinð�Þ, sinhð�Þ and unity for 
 ¼ 1, �1, 0, respectively.
We can also choose the potentials Ui so that they sum to
zero,

Xi¼d�4

i¼1

Ui þUt þU’ ¼ 0 (6)

without any loss of generality. When 
 ¼ 0 and all metric
components are locally only r dependent we have cylin-
drical symmetry (r is not the normal coordinate). For d ¼
4, 
 ¼ �1 will correspond to a spherically symmetric and
hyperbolic two-dimensional spacelike sections, respec-
tively [34]. It is rather useful now to go to a different set
of variables [14] for which the field equations will take a
simpler form,

c ? ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
d� 2

d� 3

s �
d� 3

d� 2
ð�� � ln�Þ þ �U?

�
; (7)

c i ¼ Ui þ 1

d� 3
U?; i ¼ 1; . . . ; d� 4; (8)

� ¼ �ð�� � ln�Þ � 2U?; (9)

2� ¼ 2�� ��þ �2

2
ln�; (10)

EINSTEIN-MAXWELL-DILATON THEORIES WITH A . . . PHYSICAL REVIEW D 80, 024028 (2009)

024028-3



where � ¼ �1 corresponds to an electric potential and � ¼ 1 magnetic one. The ? symbol denotes t for the electric case
and ’ for the magnetic case, respectively. These technicalities put aside, the field equations for the electric case (� ¼ �1)
take the form,

�00 � 
� ¼ �2��ð1=ðd�2ÞÞ�ð�2=2Þe2�; (11a)

0 ¼ ~r � ðe����þððd�4Þ=ðd�2ÞÞsið�Þ�� ~rAÞ; (11b)

ð��0Þ0 þ
�
��� 2

d� 2

�
�
 ¼ �s

2
e����þððd�4Þ=ðd�2ÞÞsið�Þ��ð ~rAÞ2; (11c)

ð�c 0
?Þ0 þ �


ffiffiffiffiffiffiffiffiffiffiffiffi
d� 3

d� 2

s �
�þ �

d� 3

�
¼ 0; (11d)

ð�c 0
iÞ0 ¼ 0; i ¼ 1; . . . ; d� 4; (11e)

2�0 �
0

�
� �00

�
� 
 ¼ 1

s

�
ðc 0

?Þ2 þ 1

2
ð�0Þ2

�
þ �

2
e�����ð2=ðd�2ÞÞðA02 � _A2Þ þ Xd�4

i¼1

c 02
i ; (11f)

2��0
�
�
d� 1

d� 2
� �2

2

�
�0
 ¼ 2
�

s

�
�
�

�

d� 3
þ �

� ffiffiffiffiffiffiffiffiffiffiffiffi
d� 3

d� 2

s
c 0 � 1

2

�
��� 2

d� 2

�
�0

�
: (11g)

All fields depend on r (according to cylindrical symmetry) except the electric potential for which we allow a ðr; �Þ
dependence, which will be useful for the extension of the electromagnetic duality in four dimensions later on. For the same
reason we keep �. Note Eq. (11g), which is an additional equation present for 
 � 0, which constrains the metric elements
(5) in such a way as to obtain maximally symmetric two-dimensional sections. We have also set

s ¼ �2 þ 2
d� 3

d� 2
: (12)

For the magnetic case (� ¼ 1) on the other hand we have

�00 � 
� ¼ �2��ð1=ðd�2ÞÞ�ð�2=2Þe2�; (13a)

0 ¼ ~r � ðe�si������þððd�4Þ=ðd�2ÞÞ ~rAÞ; (13b)

ð��0Þ0 þ
�
��þ 2ðd� 3Þ

d� 2

�
�
 ¼ �s

2
sið�Þ��e����þððd�4Þ=ðd�2ÞÞð ~rAÞ2; (13c)

ð�c 0
?Þ0 þ �


ffiffiffiffiffiffiffiffiffiffiffiffi
d� 3

d� 2

s
ð�� �Þ ¼ 0; (13d)

ð�c 0
iÞ ¼ 0; i ¼ 1; . . . ; d� 4; (13e)

2�0 �
0

�
� �00

�
� 
 ¼ 1

s

�
ðc 0Þ2 þ 1

2
ð�0Þ2

�
þ �

2si2ð�Þ e
�����ð2=ðd�2ÞÞðA02 � _A2Þ þ Xd�4

i¼1

c 02
i ; (13f)

2��0
�
�
d� 1

d� 2
� �2

2

�
�0
 ¼ 2�


s

�
ð�� �Þ

ffiffiffiffiffiffiffiffiffiffiffiffi
d� 3

d� 2

s
c 0 � 1

2

�
��þ 2

d� 3

d� 2

�
�0

�
: (13g)

The field equations written in this form are quite
straightforward to reduce to one or two coupled second-
order ordinary differential equations with respect to one or
two variables, respectively. In reducing the system of
equations, we adapt our system of coordinates accordingly.
It turns out that the judicious system of coordinates differs
for 
 ¼ 0 (cylindrical symmetry) and for 
 � 0. Let us
reduce the system in turn now for each case, starting with

 ¼ 0. Note that (11g) and (13g) drop out in this case.

A. Case of cylindrical symmetry

Directly integrating (11b), (11d), and (11e) and using
(11c), we get

Q ¼ e����A0; (14a)

��0 ¼ s�

2
QAþ a; (14b)

ct ¼ �c 0
t; ci ¼ �c 0

i; (14c)
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where Q is the electric charge and ct, ci are the constant
scalar charges associated to the c fields. The constant a
can be gauged away but we choose to keep it and fix it later
to simplify integrated quantities. Using now (11a), (11f),
and (14b), we solve for �0

2�0� ¼
�
d� 1

d� 2
� �2

2

�
�0 þ

�
2

d� 2
� ��

��
�

2
QAþ a

s

�

� h: (15)

Here, h is a constant and can be related with the energy/
quasilocal mass of the solution. At the end of the day the
whole system boils down to two coupled ODE’s,

s�

2
QAþ aþ

�
��þ d� 4

d� 2

�
�0 þ �

A00

A0 ¼ 0; (16a)

�0
��

d� 1

d� 2
� �2

2

�
�0 þ

�
2

d� 2
� ��

��
a

s
þ �AQ

2
� h

��
� �00� ¼ 1

s

�
c2? þ 1

2

�
s�

2
QAþ a

�
2
�
þ �Q

2
�A0 þX

c2i ; (16b)

which once solved give a solution for theory (1) with
cylindrical symmetry (4). To go further we fix the coor-
dinate system by setting �0 ¼ p. The integration of
Eq. (16a) then gives

k¼ s�Q

4
A2 þ aAþ�A0 �

�
2

d� 2
���

��
pA�

Z
Adp

�
:

(17)

On the other hand, (16b) then becomes

XðpÞ �
�
d� 1

d� 2
� �2

2

�
p2 þ

��
2

d� 2
� ��

�
a

s
� h

�
p

� �Q

2
k� c2

s
� a2

2s

¼ �Q�

2

�
2

d� 2
� ��

�Z
Adpþ p

dp

d ln�
: (18)

Let us note now that taking 2
d�2 � �� ¼ 0 (18) completely

decouples from A and gives immediately �. The Kaluza-
Klein case falls in this category, see (2). Once � is known,
A is obtained from (17). We will examine shortly and in
detail the solutions emanating for the four-dimensional
case. Lastly, by defining

BðpÞ ¼
Z

AðpÞdp (19)

and combining (17) and (18), we get

k� s�Q

4
_B2 � a _Bþ

�
2

d� 2
� ��

�
ðp _B� BÞ

¼ €B

�
XðpÞ þQ�

2

�
2

d� 2
� ��

�
B

�
: (20)

This second-order, nonlinear and autonomous ODE with
respect to B is one of the main results in this section. Once
we have determined B analytically or numerically we can
then find a solution of the entire system, which corresponds
to an exact solution of the action (1) for a metric of

cylindrical symmetry (5). We will find several solutions
in the next sections for the case of four dimensions. Indeed,
once B is known from (18), it is easy to see that

ln�ðpÞ ¼
Z pdp

XðpÞ � Q�
2 ð��� 2

d�2ÞB
: (21)

Using (15), we solve for �

2� ¼
�
d� 1

d� 2
� �2

2

�
ln�þ

Z dp

XðpÞ � Q�
2 ð��� 2

d�2ÞB
�

�
�hþ

�
2

d� 2
� ��

��
�

2
QAþ a

s

��
: (22)

Note that alternatively, Eq. (11a) enables us to write

e2� ¼ � 1

2�

�
XðpÞ þQ�

2

�
2

d� 2
� ��

�
B

�

� ��ððd�4Þ=ðd�2ÞÞþ�2=2: (23)

These two equations fix � with respect to the integration
constants. We make use of (14c) to write

c ¼ c
Z dp

XðpÞ þ Q�
2 ð 2

d�2 � ��ÞB ; (24)

and similarly for c i. Finally, to get � we use (14a)

e� ¼ Q�1���

_AðpÞ½XðpÞ þ Q�
2 ð 2

d�2 � ��ÞB� : (25)

Note that, in terms of p, the line element becomes

ds2 ¼ �3=2e2�dp2

½XðpÞ þ Q�
2 ð 2

d�2 � ��ÞB�2 þ e2���ð1=2Þdz2

þ �ð�e2Ûdt2 þ e�2Ûd’2Þ: (26)

It is important to note here that (22) and (23) provide a
relation between the action parameter � and the constants
of integration. This is similar to the pure dilatonic case
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[17]. Here, (14a) and (25) provide an additional relation
between constants of integration.

B. Maximally symmetric case

We now turn our attention to the case of 
 � 0. Let us
stick to the electric case here and note that the judicious
choice of coordinates dictated, for example, from (11d) is
now

� ¼ dx

dr
: (27)

The two coordinate systems are related by 2p ¼ _�2.
Hence, if �2 is a second degree polynomial only then are
p and x identical coordinates. We also note, for the electric
case, that in order for the A field not to be trivial—imposed
by separability requirements—it has to be a function of r.
On the other hand for the magnetic case, A has to be a
function of �. This can easily be seen by inspecting the
equations of motion in both these cases. Other than that the
magnetic resolution is very similar to the electric one. Let
us denote by a dot the derivation with respect to x.
Integrating (11b) and (11c) and then (11d) and (11e) we
obtain

Q ¼ e��1þ�� _A; (28a)

�2 _� ¼ �
s

2
QAþ aþ

�
2

d� 2
� ��

�

x; (28b)

�2 _c ¼ c� 
x

ffiffiffiffiffiffiffiffiffiffiffiffi
d� 3

d� 2

s �
�þ �

d� 3

�
; (28c)

�2 _c i ¼ ci: (28d)

Combining (11f) and (11g) with (28b) and (28c) we obtain

2�2 _� ¼
�

2

ðd� 2Þðd� 3Þ þ �2

�



�
d� 1

d� 2
� �2

2

�
� _�

þ
�
��� 2

d� 2

��
a

s
�QA

2

�
� h; (29)

where we now have

h ¼ 2c

s

ffiffiffiffiffiffiffiffiffiffiffiffi
d� 3

d� 2

s �
�þ �

d� 3

�
(30)

so that (11f) and (11g) are compatible—maximal symme-
try imposes one more relation between the integration
constants h and c. In fact, for 
 ¼ 0 this means that the
ðz; 	Þ plane is homogeneous in the cylindrical case (26).
We have now solved the system with respect to the varia-
bles � and A. Indeed using (11b) and (28b) we obtain

�2
€A
_A
þ 2 _���

�
��� 2

d� 2

�
ð
x� _��Þ þ a� sQA

2
¼ 0

(31)

and then using (29) with (11f) we get

_��

��
�2 þ 2

ðd� 2Þðd� 3Þ
�

xþ _��

2

�
2

d� 2
� �2

��
þ

�
��� 2

d� 2

��
a

s
�QA

2

�
ð� _��þ 
xÞ � hð _��� 
xÞ

¼ €��3 þ 
�2 þ c2

s
þ 
2x2

�
�2

2
þ 1

ðd� 2Þðd� 3Þ
�
þ 1

2s

�
a� sQA

2

�
2 �Q�2 _A

2
: (32)

By solving for A and �we find a solution to the full system
(11a)–(11g) by direct integration of (28b)–(28d) and (29).
In particular, note that for �� ¼ 2

d�2 (31) integrates out
giving

Qe�� ¼ �2 _A ¼ k� aA� sQA2

4
; (33)

where we have also used (28a) to obtain �. This reduces
the full system to the resolution of Eq. (32) with respect to
A.

This completes our analysis of the theory in arbitrary
dimension d. From now on we will concentrate on the case
of d ¼ 4, describing a symmetry of the equations of mo-

tion and then giving explicit solutions as well as their
uplifted counterparts.

C. Electromagnetic duality in d ¼ 4

Let us consider now the symmetries of the magnetic and
electric field Eqs. (11a)–(11g) and (13a)–(13g) [we follow
[14]]. We can define a dual potential ! to A through

ð�@�!; @r!Þ ¼ e����sið�Þ��ð@rA; @�AÞ: (34)

To be definite we take � ¼ �1 and apply (34). Upon doing
this the field Eqs. (11b), (11c), (11f), and (11g) take the
form
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0 ¼ ~r � ðe������ðsið�ÞÞ�1 ~r!Þ; (35a)

ð��0Þ0 þ ð��� 1Þ�
 ¼ �s

2
e������ðsið�ÞÞ�1ð ~r!Þ2; (35b)

2�0 �
0

�
� �00

�
� 
 ¼ 1

s

�
ðc 0

?Þ2 þ 1

2
ð�0Þ2

�
þ �

2
e�������1ð!02 � _!2Þ þ Xd�4

i¼1

c 02
i ; (35c)

2��0
�
�
3� �2

2

�
�0
 ¼ 2
�

s

�
�ð�þ �Þ

ffiffiffi
2

p
2

c 0 � 1

2
ð��� 1Þ�0

�
: (35d)

Now consider the following map:

�� ¼ ��; �A ¼ !; �� ¼ ��;

�� ¼ ��; �� ¼ �; (36)

then (35a)–(35d) are exactly (13b), (13c), (13f), and (13g)
for the barred variables �A, �� and constants ��, ��, ��. The
remaining Eqs. (13a), (13d), (13e), and (13g) do not yield
any additional constraint and hence the map (36) generates
a novel solution. In other words, the duality is valid for any
� and �. The application (36) provides a simple way to
obtain a magnetic/electric solution from another given
electric/magnetic solution. Although (36) is clearly an
extension of the EM duality for � ¼ 0 it is of quite a
different nature since (36) changes the coupling �, hence
maps solutions belonging to different theories. We will use
this symmetry in order to construct solutions in d ¼ 4
dimensions for 
 � 0. This will also be particularly useful
to construct solutions for the uplifted metrics.

III. CYLINDRICAL SOLUTIONS IN
FOUR-DIMENSIONAL SPACE-TIME

In all generality we need only to solve (20), which is not
integrable in general. There are, however, several special
cases depending on the coupling constants of our theory �
and �. In fact it is easy to see that (17) and (18) are
decoupled when �� ¼ 1 and in this particular case we
can obtain the general solution. We deal with this case first.

A. The general solution for �� ¼ 1

Combining (17) and (18) we obtain

dA

� �sQ
4 A2 � aAþ 1

¼ dp
3��2

2 p2 � hp� �Q
2 � c2

s � a2

2s

;

(37)

where we have rescaled k, and we remind the reader that
the constant a is arbitrary, reflecting a choice of coordi-
nates, which we now fix. We demand the discriminants of
both polynomials to be equal to each other and positive.
Hence, we set

�X ¼ �A ¼ a2 þ �sQk ¼ �2 > 0; (38)

where � is now arbitrary replacing a, hence

XðpÞ ¼ 3� �2

2
p2 � hp� c2

s
� �2

2s
: (39)

The discriminant �X on the other hand is always positive
for �2 < 3. When �2 > 3 we need to suppose additionally

that h2 > 2c2

s ð�2 � 3Þ [36]. The case of �2 ¼ 3 is also

special and will be treated later. First, let us take �2 < 3
and then proceed to a rescaling of coordinates

�h ¼ h

j�j ; �c ¼ c

j�j ; �p ¼ 3� �2

j�j p� h

j�j þ 1:

(40)

Dropping anew all the bars and comparing with (18) we
have

h2 þ ð3� �2Þ 2c
2

s
¼ ð�2 � 1Þ2

�2 þ 1
; (41)

which imposes certain conditions on h and c. In particular,
we see that the case � ¼ � ¼ 1 has to be treated separately
and will be dealt with after this section. We now integrate
(37)

_AðpÞ ¼ 2e�ð�0=2�Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2ð1� 2Þ
1þ �2

s
1

ðpþ 1� Þ2 ;

XðpÞ ¼ �2

2ð3� �2Þpðp� 2Þ; (42)

where the dot denotes derivation with respect to p, the EM
charge has been replaced by its expression in terms of �0,
an integration constant linked to the dilaton field and the
integration constant  is such that jj< 1. The zeros of X,
p ¼ 0, p ¼ 2 and the singularity in A, p ¼ 1� 1= will

be possible singularities or horizon positions for the metric.
We will call them singular points for reference.
Using the integrals obtained in the previous section we

can now write down the general solution for the case of
cylindrical symmetry
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ds2 ¼ �ðp� 2ÞCð�h;�c;�ÞpCðh;c;�Þðpþ 1� Þ2��2=ð1þ�2Þdt2

þ e��0

��ð3� �2Þp
Fðh;cÞðp� 2ÞFð�h;�cÞðpþ 1� Þ2�2=ð1þ�2Þdp2

þ pBðh;cÞðp� 2ÞBð�h;�cÞðpþ 1� Þ2�2=ð1þ�2Þdz2 þ pCðh;c;��Þðp� 2ÞCð�h;�c;��Þðpþ 1� Þ�ð2��2=ð1þ�2ÞÞd’2;

(43)

and dilaton field

e� ¼ e�0ðpþ 1� Þ2�=ð�2þ1ÞpDðh;cÞðp� 2ÞDð�h;�cÞ;
(44)

where we have rescaled the t, z, and ’ coordinates to
absorb constant overall factors and where the exponents
are given by

Fðh; cÞ ¼ �1þ �2

3� �2
ð1� hÞ � �2 1þ �

ffiffiffi
2

p
c

1þ �2
; (45a)

Bðh; cÞ ¼ 1þ �2 � 2

3� �2
ð1� hÞ � �2 1þ �

ffiffiffi
2

p
c

�2 þ 1
; (45b)

Cðh; c; �Þ ¼ 1� h

3� �2
� ��

�� ffiffiffi
2

p
c

�2 þ 1
; (45c)

Dðh; cÞ ¼ �

3� �2
ð1� hÞ � �

1þ �
ffiffiffi
2

p
c

1þ �2
: (45d)

Note the symmetry upon exchanging the sign of h and c
and interchanging p and p� 2:

ds2ðh; c; p > 2Þ ¼ ds2ð�h;�c; p < 0Þ: (46)

Therefore, we only need to study the p > 2 interval, for
which the coordinate p is spacelike if

��ð3� �2Þ> 0; (47)

that is, staticity links the sign of � and the value of �. Let
us take without loss of generality p < 0, in other words
�1<< 0. Summing it up, p > 2 is spacelike if �2 < 3
(�2 > 3) and �< 0 (�> 0), resulting in an adS-like (dS-
like) spacetime. For �2 < 3 and �< 0, the coordinate p is
timelike in between 0<p< 2 (the normal time coordinate

is in fact infinite in this case), where of course t in (43) is
Wick rotated accordingly. Likewise, if �2 < 3 and �> 0,
the coordinate p is spacelike in between 0< p< 2, etc.
All in all, after fixing � and � (43) represents 3 different
solutions, 1 cosmological and 2 static [given (46)].
On the other hand, for large p, note that A flows to a

constant, the boundary of the solution is conformally flat
and the spacetime picks up SOð1; 2Þ symmetry,

ds2 � q2ð�dt2 þ d	2 þ dz2Þ

þ dq2

q2ð1��2Þ
e��0

ð��Þð3� �2Þ
2�2=ð1þ�2Þ;

q ¼ p1=ð�2�3Þ:

(48)

This is a Poincaré patch of adS space if � ¼ 0 and �< 0
(de Sitter for �> 0). This is actually not surprising since
in this class of solutions, �� equals 1, which necessarily
means that � ! 1 accordingly. In fact, it is relatively easy
to see, that in all generality, the limit � ¼ 0 corresponds
precisely to freezing the EM potential, which is evident by
(42). All spacelike uplifted solutions (�2 ¼ 1=3) in d ¼ 5
belong to this class and will only be valid for a negative
cosmological constant.
To determine which points of spacetime are singular, we

need to calculate the Ricci scalar, which can be done in two
(equivalent) ways: either from the metric (41) or from the
expression of the trace of the stress-energy tensor

R ¼ �T ¼ 1
2ð@�Þ2 þ 4�e��� ¼ �T 1 �T 2: (49)

The expressions for T 1 and T 2 are

T 1 ¼ 2��2e���0

ð�2 � 3Þð1þ �2Þ ðpþ 1� Þ�2�ð2�2=ð�2þ1ÞÞp�1��Dðh;cÞðp� 2Þ�1��Dð�h;�cÞ

� f�ð1þ �2Þp2 þ ½�ð1þ �2Þhþ ð�2 � 3Þ� ffiffiffi
2

p
cþ 2ð1þ �2Þþ 2ð1� �2Þ�p

þ ð� 1Þ½ð1þ �2Þh� ð�2 � 3Þ� ffiffiffi
2

p
c� 2ð1� �2Þ�g2; (50a)

T 2 ¼ 4�e���0ðpþ 1� Þ�ð2�2=ð�2þ1ÞÞp��Dðh;cÞðp� 2Þ��Dð�h;�cÞ; (50b)

so that formally

R ¼ P4ðp;; h; c; �Þðpþ 1� Þ�2�ð2�2=ð�2þ1ÞÞ

� p�1��Dðh;cÞðp� 2Þ�1��Dð�h;�cÞ: (51)

We can immediately check that we recoverR ¼ 4� in the
� ¼ 0 limit, in agreement with the remarks above.
Let us first look at the asymptotics p ! 1:

R �1 p2=ð�2�3Þ: (52)
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Thus, the Ricci curvature will be regular as p ! 1 if �2 <
3, while it will diverge if �2 > 3. Computation of the Weyl
square using the asymptotic form (48) of the metric yields
the same behavior for the Weyl square or the Kretschmann
scalar. Together with the precedent remarks about staticity
for p > 2, this suggests that the coordinate system we are
using is not adapted to a spacelike distance for the �2 > 3,
�> 0 case and we should change for q ¼ 1

p , q > 0 where-

upon q ¼ 0 is singular.
Given (51) we see that there is always a curvature

singularity at p but it is more subtle to read what happens

at p ¼ 0 or p ¼ 2, which can be curvature singularities or
horizon positions. Indeed, one can look at the sign of the
exponent �1�Dð�h;�cÞ. This is a function of two
variables, h and �, since c is constrained by (41).
Plotting �1�Dð�h;�cÞ in terms of h and c shows that
it is always negative. Computing the partial derivatives of
this function with respect to h and �, we find a single

extremum at h ¼ 1��2

2 , for which Dð�h;�cÞ ¼ 0. Thus,

except in the case where h ¼ 1��2

2 , p ¼ 0, and p ¼ 2 will

be curvature singularities.

Now, using the freedom we have in h and �, we will try
to regularize the solutions for p ¼ 2. The following state-
ments are equivalent:
(1) The dilaton field is regular at p ¼ 2 )

Dð�h;�cÞ ¼ 0.
(2) The Ricci scalar is regular at p ¼ 2 ) �1�

Dð�h;�cÞ ¼ �1 and P4ðp;; h; c; �Þ ¼
ðp� 2ÞP3ðp;; �Þ.

(3) Cð�h;�c;�1Þ ¼ 1.
(4) Fð�h;�cÞ ¼ �1.
(5) Bð�h;�cÞ ¼ Cð�h;�c; 1Þ.
(6) h ¼ �

ffiffiffi
2

p
c ) h ¼ 1��2

2 .

Let us examine these regular solutions, discriminating
between the � ¼ �1 electric case and the � ¼ 1 magnetic
case.

1. Black hole and regular solutions

Fixing � ¼ �1 and h as stated above, we obtain the
following solution:

_AðpÞ ¼ 2e�ð�0=2�Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2ð1� 2Þ
1þ �2

s
1

ðpþ 1� Þ2 ; (53a)

e� ¼ e�0ðpþ 1� Þ2�=ð�2þ1Þp4�ð�2�1Þ=ðð�2þ1Þð3��2ÞÞ; (53b)

ds2 ¼ �ðp� 2Þp
ð��4þ6�2�1Þ=ðð1þ�2Þð3��2ÞÞ

ðpþ 1� Þ2�2=ð1þ�2Þ dt2 � e��0

�ð3� �2Þ
pð5�4�6�2�3Þ=ðð1þ�2Þð3��2ÞÞ

p� 2
ðpþ 1� Þ2�2=ð1þ�2Þdp2

þ p2ð�2�1Þ2=ðð�2þ1Þð3��2ÞÞðpþ 1� Þ2�2=ð1þ�2Þðdz2 þ d’2Þ; (53c)

 is constrained to be jj< 1, which implies that p < 0 (> 0) or p > 2 (< 0). Wewill of course arrange for the first
eventuality.

The Ricci scalar becomes

R ¼ �T 1 �T 2 ¼ P3ðp;; �Þðp� pÞ�2ðð2�2þ1Þ=ð�2þ1ÞÞpð3�4�2�2þ3Þ=ðð�2þ1Þð�2�3ÞÞ

T 1 ¼ 2�2�

ð1þ �2Þð3� �2Þ e
���0ðp� 2Þ½ð�2 þ 1Þpþ 2ð�2 � 1Þð1� Þ�2

� ðp� pÞ�2ðð2�2þ1Þ=ð�2þ1ÞÞpð3�4�2�2þ3Þ=ðð�2þ1Þð�2�3ÞÞ

T 2 ¼ �4�e���0pðp� pÞ2ðp� pÞ�2ðð2�2þ1Þ=ð�2þ1ÞÞpð3�4�2�2þ3Þ=ðð�2þ1Þð�2�3ÞÞ;

(54)

which as expected is regular at p ¼ 2 and also when p !
1 if �2 < 3. The curvature singularities displayed in the
Ricci scalar can only be those singular points present in the
dilaton, as is apparent from (49).

a. �2 < 3 case

The metric has two curvature singularities at p ¼ 0 and
p (see above) and a single event horizon at p ¼ 2 (R is

regular, gtt and gpp become, respectively, spacelike and

timelike when crossing p ¼ 2). It is perfectly regular for
p ! 1 where matter drops out at asymptotic infinity (48).

Performing the change of coordinates q ¼ p1=ð3��2Þ, the
metric is asymptotically adS (remember �< 0) if � ¼ 0.
Then we need � ! 1 to preserve �� ¼ 1: the dilaton
potential becomes trivial (pure comological constant) and
the Maxwell term in the action cancels out. Quite logically,
upon imposing � ¼ 0, we obtain planar Schwarzschild-
adS
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ds2 ¼�
�
q2 � 2

q

�
dt2 � 3dq2

�ðq2 � 2
qÞ
þq2ðdz2 þd’2Þ; (55)

with q ¼ p1=3.

b. �2 > 3 case

Here, we need to start the whole procedure again.

Indeed, the rescaling �p ¼ 3��2

j�j p� h
j�j þ 1 is not valid

any longer as it changes the nature of the coordinate p.

The same analysis but with �p ¼ �2�3
j�j pþ h

j�j þ 1 yields the

same expressions for the metric, the dilaton and the
Maxwell field with changing  to �. Spacetime is sin-
gular when p ! 1 and regular at p ¼ 0, so this brings us
to consider the change of coordinate p ¼ 1

q . As a conse-

quence, we, respectively, have a singularity at q ¼ 0 and
q ¼ 1

p�
, a horizon at q ¼ 1=2, which hides both singu-

larities (we always get q < 1=2) and asymptotic infinity

at q ! 1. Staticity inside the ‘‘de Sitter’’-like horizon
requires�> 0 (the coordinate system is now valid for 0<
q< 1=2). The solution has a naked singularity with a
cosmological horizon. We can never reduce the solution
to de Sitter since this could happen only for � ¼ 0, which
is outside the range considered. This also explains why we
cannot get Schwarzschild-dS as a solution. However when
�< 0 we have a black hole solution in the range q > 1=2,
which again is never asymptotically adS given �2 > 3.

c.  ¼ 0 case

For the sake of simplicity, we carry out the analysis for
 ¼ 0 only for the regular electric solutions. The curvature
singularity at p drops out and we are left with a black hole

solution with a single curvature singularity for p ¼ 0 (or
p ! 1), asymptotic infinity at p ! 1 (or p ¼ 0) and an
event horizon for p ¼ 2. The expression for the Ricci
scalar simplifies to

R ¼ 4�e���0

ð1þ �2Þð�2 � 3Þ2 ½ð3�
6 � 5�4 � 3�2 � 3Þp

þ 4�2ð1� �2Þ2�pð3�4�2�2þ3Þ=ðð1þ�2Þð�2�3ÞÞ: (56)

It will be singular at p ¼ 0 and regular when p ! 1 if

3�4 � 2�2 þ 3

ð1þ �2Þð�2 � 3Þ< 0 ) �2 < 3

4�2ð�2 � 1Þ
ð1þ �2Þð�2 � 3Þ< 0 ) 1< �2 < 3:

So, in the range �2 < 1, the solution is plagued by two
curvature singularities, both at p ¼ 0 and p ! 1; for �2 >
3, we can apply the same trick as above to get a cosmo-
logical solution with an initial singularity and a cosmo-
logical horizon and a black hole solution for �< 0.
The other scalar invariants show the same behavior.
Asymptotically, and performing the change of coordinates

q ¼ pð�2�1Þ2=ðð�2þ1Þð3��2ÞÞ, the metric becomes

ds2 ¼ �q2ðð1þ4�2��4Þ=ð1��2Þ2Þdt2

� e��0

�ð3� �2Þq
2ðð1þ�2Þ=ð�2�1ÞÞdq2

þ q2ðdz2 þ d’2Þ; (58)

which is asymptotically adS only if � ¼ 0, just as previ-
ously. Then, the Ricci scalar smoothly goes to R ¼ 4�,
which is what is expected for the Einstein plus cosmologi-
cal constant theory.

d. Magnetic � ¼ 1 solutions

Setting � ¼ 1 in (43) and h as for the black hole solu-
tions above, we obtain a ‘‘solitonic’’ version of (53), with
Wick rotated t ¼ i� and ’ ¼ i�. This solution is of axial
symmetry at the origin p ¼ 2 and has a conical singularity
given by ðg��Þ0 evaluated at p ¼ 2. The conical singularity
can be removed by adequately rescaling the � angle’s
periodicity in the standard way given that we have infinite
proper distance in p. Whenever there is a conical singu-
larity, metric (53) describes the gravitational field of a
magnetic straight cosmic string immersed in the ð�; zÞ
plane.

e. Magnetic dual solutions

As we were careful to write every quantity with respect
to �, in order to obtain the dual magnetic solution, we only
need to replace the electric Maxwell field with its magnetic
dual

A ¼ �Qzd’: (59)

Then (53) is a solution for (1) for the theory with �� ¼
�1.

2. String case: � ¼ � ¼ �1

In this case, (41) imposes very severe constraints on
h and c: h ¼ c ¼ 0 and questions our gauge choice for a
(39). We can try a different approach by setting

�X ¼ b2�2; (60)

in order to relax (39). Unfortunately, although the system is
still fully integrable, this does not yield any black hole
solutions other than for jbj ¼ 1 (by imposing homogene-
ous two-dimensional spatial sections and regularity at p ¼
2). So, setting � ¼ 1 and h ¼ c ¼ 0 into (53c), we get the
following solution:

_AðpÞ ¼ e�ð�0=2Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð1� 2Þ

q 1

ðpþ 1� Þ2 ; (61a)

e� ¼ e�0ðpþ 1� Þ; (61b)

ds2 ¼ � pðp� 2Þ
pþ 1� 

dt2 � e�0

2�

pþ 1� 

pðp� 2Þ dp2

þ ðpþ 1� Þðdz2 þ d’2Þ; (61c)

and Ricci scalar
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T 1 ¼ �2�e���0
pðp� 2Þ
p� p

T 2 ¼ � 4�e��0

p� p

R ¼ �e��0
32p2 � 2ð3� 4Þpþ 4ð� 1Þ2

ðp� pÞ3
: (62)

The only singularity is at p ¼ p, which for 0<< 1 is

covered by two horizons, at p ¼ 0 and p ¼ 2. Setting r2 ¼
p� p and coordinate transforming (61) makes this ob-

vious. This solution has therefore the same horizon struc-
ture, but not the same asymptotics, as a planar Reissner-
Nordström black hole embedded in adS. Setting  ¼ 0
effectively dimensionally reduces the geometry. As we
will see once we get to the study of nonplanar black holes,
it is the endpoint in phase space of the 
 � 0, �� ¼ 1
spherically symmetric black holes (109) reported in [24],
confirming the 
 ¼ 0 subspace to be the boundary of 
 �
0 solutions as stated in [23]. Indeed, these are, with the
equivalent 
 � 0 solutions (109), the only black hole
solutions where the central singularity is screened by two
event horizons.

Lastly, we note that it is easy to see that a regular
instanton can be constructed for the case  ¼ 0 since
then the temperatures of both horizons are equal in magni-
tude an thus the nodal singularity can be removed. We get

_AðpÞ ¼ e�ð�0=2Þ
ffiffiffi
2

p
; (63a)

e� ¼ e�0 ; (63b)

ds2 ¼ �pðp� 2Þdt2 � e�0

2�

1

pðp� 2Þdp
2

þ ðdz2 þ d’2Þ: (63c)

3. �2 ¼ 3 solutions

Let us write directly the general electric solution here (as
before, � ¼ 1 solutions are obtained by exchanging t� and
’� coordinates):

AðpÞ ¼ 3a

2Q
þ 3j�j

2Q

½ðp� p0Þ�1=h � 1

½ðp� p0Þ�1=h þ 1
(64a)

e� ¼ e
ffiffi
3

p
�0f½ðp� p0Þ�1=h þ 1g3=2e�ð ffiffi

3
p

p=hÞðp� p0Þ�ð3=4hÞþð9=8h2Þ�ð3 ffiffi
6

p
c=4hÞþð9c2=4h2Þ;

e
ffiffi
3

p
�0 ¼

�
� Q2

3�21=h

�
3=4

�3
0e

ð3 ffiffi
6

p
=4Þ�0 (64b)

ds2 ¼ ��4
0e

� ffiffi
3

p
�0þ

ffiffi
6

p
�0�ðp=hÞf½ðp� p0Þ�1=h þ 1g�ð3=2Þðp� p0Þð3=4hÞþð3=8h2Þ�ð ffiffi

6
p

c=4hÞþð3c2=4h2Þdt2

þ e
ffiffi
3

p
�0�ð3p=hÞ

2h�
f½ðp� p0Þ�1=h þ 1g3=2ðp� p0Þ�1�ð3=4hÞþð9=8h2Þ�ð3 ffiffi

6
p

c=4hÞþð9c2=4h2Þdp2

þ h�2e
ffiffi
3

p
�0�ðp=hÞ

2�2
0�

f½ðp� p0Þ�1=h þ 1g3=2ðp� p0Þ1�ð3=4hÞþð3=8h2Þ�ð3 ffiffi
6

p
c=4hÞþð3c2=4h2Þdz2

þ ��2
0 e

ffiffi
3

p
�0�

ffiffi
6

p
�0�ðp=hÞf½ðp� p0Þ�1=h þ 1g3=2ðp� p0Þ�ð3=4hÞþð3=8h2Þþð ffiffi

6
p

c=4hÞþð3c2=4h2Þd’2

p0 ¼ � 3c2

4h
� 3

8h
: (64c)

From (64b), we can deduce that h has to be of the form 1
2nþ1

with n an integer and < 0, otherwise the sign of e�0 is
not well defined. Also, examination of the pp� and zz�
metric elements tells that

h�> 0: (65)

This tells us that the sign of� will determine the sign of h,
and vice versa. Let us specialize to black hole solutions, by
the same procedure used in the previous subsections to
regularize the horizon and the singularity at p0:

h ¼ ffiffiffi
6

p
c ¼ 1 ) �> 0; p0 ¼ �1

2: (66)

Then, rescaling some of the overall factors and taking p !
�p, we get

AðpÞ ¼
ffiffiffiffiffiffiffiffiffiffiffi
�3

4

s �
aþ pþ p � 1

p� p

�
; (67a)

e� ¼ e
ffiffi
3

p
�0½�ðp� pÞ�3=2e

ffiffiffi
3

p
p; (67b)

ds2 ¼ ep½�ðp� pÞ��ð3=2Þ
�
p� 1

2

�
dt2

� e
ffiffiffi
3

p
�0 þ 3p

2�ðp� 1
2Þ

½�ðp� pÞ�3=2dp2

þ ep½�ðp� pÞ�3=2ðdz2 þ d’2Þ: (67c)

Thus, we have p ¼ 1
2 þ 1

 <
1
2 and computation of the

Ricci scalar gives
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T 1 ¼ 3�ðp� 1Þ2
�
p� 1

2

�
e�

ffiffi
3

p
�0�3p½�ðp�pÞ��ð7=2Þ

T 2 ¼�4�e�
ffiffi
3

p
�0�3p½�ðp�pÞ��ð3=2Þ

R¼T 1 þT 2 ¼ P3ðp;Þe�
ffiffi
3

p
�0�3p½�ðp�pÞ��ð7=2Þ:

(68)

This solution displays two curvature singularities, at p !
�1 and p ¼ 1

2 þ 1
 <

1
2 for all < 0, as is required by

(64b). We thus have �1<p < 1=2, depending on the
value of , but both singularities are always screened by a
event horizon at p ¼ 1=2. Asymptotic infinity is regular,
but the coordinate p is timelike when p > 1=2 and space-
like when 0< p< 1=2. The solution is therefore
cosmological.
Let us now look at the h ¼ �1 solutions, which have

�< 0. We get

AðpÞ ¼
ffiffiffiffiffiffiffiffiffiffiffi
�3

4

s �
aþ ðp� 1

2Þ � 1

ðp� 1
2Þ þ 1

�
; (69a)

e� ¼ e
ffiffi
3

p
�0

�


�
p� 1

2

�
þ 1

�
3=2

e
ffiffi
3

p
p; e

ffiffi
3

p
�0 ¼

�
� Q2

3�2

�
3=4

�3
0e

ð3 ffiffi
6

p
=4Þ�0 ; (69b)

ds2 ¼ �ep
�


�
p� 1

2

�
þ 1��ð3=2Þ

�
p� 1

2

�
dt2 � e

ffiffi
3

p
�0þ3p

2�ðp� 1
2Þ
�


�
p� 1

2

�
þ 1

�
3=2

dp2

þ ep
�


�
p� 1

2

�
þ 1

�
3=2ðdz2 þ d’2Þ: (69c)

We still need < 0, but now

R ��4�e�
ffiffi
3

p
�0�3p

�
1þ 

�
p� 1

2

���ð3=2Þ
; (70)

so there is a curvature singularity both at p ! �1 and
p ¼ 1

2 � 1
 . p ¼ 1=2 and p ! þ1 are regular points, but

p ¼ 1=2 does not screen any longer the  singularity.

B. Solutions for arbitrary � and �

When seeking a solution of (20) for general coupling
constants � and � one has to make some suitable ansatz.
Given the form of the general solution, found in the pre-
vious section, we expect by continuity some form of poly-
nomial solutions in the same coordinate system. As we saw
earlier on, roots of the polynomial are singular points,
either of the coordinate system or of the spacetime metric.
The generic ansatz that works for BðpÞ for arbitrary cou-
pling constants is a second-order polynomial in p. Setting

u ¼ �2 � ��þ 2; v ¼ �2 � ��� 2;

w ¼ 1

u
½sð3� �2Þ þ ð1� ��Þ2Þ�;

(71)

�2 ¼ �X ¼
�
sh

u

�
2 þ wu

sðvþ uÞ
�
2c2 þ

�
sh

u

�
2
�
;

�p ¼ w

j�jp� �hþ 1; �h ¼ sh

uj�j ; �c ¼ c

j�j ;
(72)

gives for AðpÞ and XðpÞ:

AðpÞ ¼ a� 1� ��

w
h� sv

wu
ðp� 1Þ; (73)

XðpÞ þQ�

2
ð1� ��ÞBðpÞ ¼ �2

2w
pðp� 2Þ; (74)

where we have dropped all bars and our coordinate p is
dimensionless. Notice that uw, u, and the discriminant of X
are necessarily positive for all �2 < 3, and consequently so
is w. Thus, for �2 < 3, the p� coordinate is spacelike. If
�2 > 3, no general arguments can easily be made. The
roots of XðpÞ, namely, p ¼ 0 and p ¼ 2, are again the
singular points of the solution. It is easy to check that
setting �� ¼ 1 in the above gives us back the solutions
with  ¼ 0 (AðpÞ must be polynomial), cf. (35d) discov-
ered in the previous section. However, case  � 0 has no
equivalent here. The solution we obtain for general cou-
plings � and � is the following:

ds2 ¼ �pCðh;c;�Þðp� 2ÞCð�h;�c;�Þdt2

þ e��0

�w�
pFðh;cÞðp� 2ÞFð�h;�cÞdp2

þ pBðh;cÞðp� 2ÞBð�h;�cÞdz2

þ pCðh;c;��Þðp� 2ÞCð�h;�c;��Þd’2; (75a)

e� ¼ e�0pDðh;cÞðp� 2ÞDð�h;�cÞ; (75b)

where �0 is an integration constant, and the exponents are

Fðh; cÞ ¼ 1� h

w

�
�2 þ ��

s
ð1� ��Þ

�
� 1

� 1

s
ð� ffiffiffi

2
p

cþ ��Þ; (76)
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Bðh; cÞ ¼ 1� h

w

�
�2 � 2þ ��

s
ð1� ��Þ

�
þ 1

� 1

s
ð� ffiffiffi

2
p

cþ ��Þ; (77)

Cðh; c; �Þ ¼ 1� h

w

�
1þ �

s
ð1� ��Þ

�
� �

s
ð1� �

ffiffiffi
2

p
cÞ;
(78)

Dðh; cÞ ¼ ��

s
þ �þ �

ws
ð1� hÞ �

ffiffiffi
2

p
c

s
: (79)

The roots p ¼ 0 and p ¼ 2 are again interchanged under
the symmetry (46) and as a result the solutions p > 2 or
p < 0 are equivalent, up to inversing the signs of both h
and c. Inversing the sign of � allows us to get the magnetic
solutions from the electric ones, so we will consider the
case � ¼ �1 in the following without any loss of general-
ity. As before, the sign for the cosmological constant and
the nature of spacetime will depend on the couplings � and
�. Indeed, for w> 0 we see that � is negative and the
coordinate p is timelike in between 0 and 2, whereas for
p > 2 the solution is static. Given the form of the metric
and its symmetry in h and c we can find with ease the form
of the metric for large p by setting h ¼ c ¼ 0. We obtain,
given the coordinate transformation

q ¼ pð���Þ2=wu; (80)

the solution of maximal symmetry

ds2 ¼ �q2ðð�2��2þ4Þ=ð���Þ2Þdt2 þ q2ðdz2 þ d’2Þ

þ wu2e��0

ð��Þð�� �Þ4 q
2ðð�þ�Þ=ð���ÞÞdq2: (81)

This can be locally adS if and only if we take the limit
� ¼ 0, � ! 1, which is similar to the previous section,
see (48). Here again, this amounts to cancelling the
Maxwell term ( _A ¼ 0 in this limit) and taking the dilaton
to be trivial, so, once again, this is in agreement with
Wiltshire et al. [23].

Furthermore, the Ricci scalar goes like

T 1 ¼ � 2�

ws2
e���0½ð�þ �� �wÞpþ wð�þ ffiffiffi

2
p

cÞ
þ ð�þ �Þðh� 1Þ�2ðp� 2Þ�1��Dð�h;�cÞp�1��Dðh;cÞ

T 2 ¼ 4�e���0ðp� 2Þ��Dð�h;�cÞp��Dðh;cÞ

R ¼ �T 1 �T 2 �1 p4�ð���Þ=wu; (82)

which given that wu > 0 for �2 < 3, yields the regular
asymptotic region for � < �, � > 0, and p spacelike in-
finity (if � < 0, remember there is a symmetry: change
simultaneously � ! ��, � ! ��, � ! ��). Upon tak-
ing the limit � ¼ 0, � ! 1, the Ricci scalar equals 4� as
expected.

TheWeyl square exhibits the same kind of behavior both
locally in p and p� 2, and asymptotically. However, the
exact expression is not enlightening.

1. Polynomial black hole solutions

To get the black hole solutions, we need to set (note that

this is the equivalent of h ¼ �
ffiffiffi
2

p
c as in the previous

subsection, for arbitrary couplings)

h ¼ �þ �

s

ffiffiffi
2

p
c; (83)

which yields

~h ¼ �2 � �2

2u
;

ffiffiffi
2

p
~c ¼ �� �

2
: (84)

Then, for the electric case � ¼ �1,

e� ¼ e�0p4ð���Þ=ð3�2��2�2��þ4Þ; (85a)

AðpÞ ¼ 2e�ð��0=2Þ
ffiffiffiffiffiffiffiffi�v

uw

r �
p� 1þ v

u
½ð1� ��Þh� wa�

�
;

(85b)

ds2 ¼ ðp� 2Þpð��2��2þ2��þ4Þ=ð3�2��2�2��þ4Þdt2

� 1

w�
e��0pð�3�2þ5�2�2���4Þ=ð3�2��2�2��þ4Þ dp2

p� 2

þ p2ð���Þ2=ð3�2��2�2��þ4Þðdz2 þ d’2Þ; (85c)

where we have rescaled the coordinates and reexpressed
the extra integration constants in terms of �0.
The Ricci scalar is now

T 1 ¼ � 8�ð�� �Þ2
wu2

e���0ðp� 2Þp�1þð4�ð���Þ=wuÞ

T 2 ¼ 4�e���0pð4�ð���Þ=wuÞ

R ¼ �T 1 �T 2 ¼ P1ðpÞp�1þð4�ð���Þ=wuÞ:

(86)

The exponent of p is negative for all �2 < 3, which will be
the case for the five-dimensional metrics, in particular.
This way, we have an event horizon at p ¼ 2 and a
curvature singularity at p ¼ 0.
The � ¼ � case here is trivial, which is what we ex-

pected from (75). By setting � ¼ � ¼ 1, such a solution
can be related to the string case of III A 2 for  ¼ 0, which
gives flat space. However, it is possible to find a nontrivial
solution, but we need to go to higher-order polynomials
in p.
It is also worth noting that this is the only solution we

could obtain for � ¼ 0 (pure cosmological constant) with a
nontrivial dilaton. Nevertheless, its asymptotics are not
regular, so it is not in contradiction with [23]. Black hole
solutions (85) were introduced in [25], for special relations
between the couplings � and �, whereas here, the cou-
plings have been kept arbitrary from the start.
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a. Magnetic dual solutions

Here again, we can use the same procedure as before and
obtain a magnetic dual solution to this one. We just need to
set � ! �� in the previous metric and take

A ¼ �Qzd’ (87)

as Maxwell field. This will be particularly useful since in
this way we can get an extra upliftable solution when �� ¼
�1 (giving �� ¼ 1 after use of the duality).

2. Higher-order solution

Solving for BðpÞ ¼ BNðp�MÞN þ B2p
2 þ B1pþ B0,

we find a unique nontrivial solution for � ¼ �, h ¼ c ¼ 0:

AðpÞ ¼ � 2ðaþ ð�2 � 3ÞMÞ
�Qs

� BN

1� �2

3� �2
p�ð1þ�2Þ=ð3��2Þ;

(88)

YðpÞ ¼ XðpÞ þQ�

2
ð1� �2ÞBðpÞ

¼ 3� �2

2
p2

�
1þ 4M

s
p

�QBN

1� �2

3� �2
pð�4Þ=ð3��2Þ

�
; (89)

where we have translated p to bring the origin to p ¼ 0 and
M is arbitrary and linked to the mass of the solution, which
reads

e� ¼ e�0p2�=ð3��2Þ; (90a)

ds2 ¼ �Yp2ðð2��2Þ=ð�2�3ÞÞdt2 � e��0

2�Y
p2�2=ð3��2Þdp2

þ p2=ð3��2Þðdz2 þ d’2Þ; (90b)

where Q, BN , and �0 are not independent. This solution is

not valid for � ¼ � ¼ ffiffiffi
3

p
, so this will have to be studied

separately.
The same argument as inSec. III A can be made about

staticity: the solution is static if�< 0 and �2 < 3 or�> 0
and �2 > 3. Let us not enter in the details once again and
concentrate on the former case.

Asymptotically, this metric goes to

ds2 ¼ p2=ð3��2Þð�dt2 þ dz2 þ d’2Þ

þ e��0

ð3� �2Þð��Þp
2ðð2�2�3Þ=ð3��2ÞÞdp2; (91)

which becomes after the coordinate transformation q ¼
p1=ð3��2Þ:

ds2 ¼ q2ð�dt2 þ dz2 þ d’2Þ þ ð3� �2Þe��0

ð��Þ q2�
2�2dq2;

(92)

and it is of course asymptotically adS if � ¼ 0. All of this

is confirmed by the Ricci scalar

R ¼ 2�

ð3� �2Þ2 e
���0

�
�3ð�2 � 2Þð�2 � 3Þ � 2�2M

p

þ �QB3�
2ð�2 � 1Þp4=ð�2�3Þ

�
p2�2=ð�2�3Þ

�1 p2�2=ð�2�3Þ: (93)

The Ricci scalar exhibits a curvature singularity in 0 and
there will be an event horizon where there is a zero of YðpÞ
[see (89)]. Once more, the correct asymptotic behavior is
for �2 < 3. For � ¼ 0, we get the expected value for the
Einstein plus cosmological constant theory.
Setting � ¼ � ¼ 0, the metric now reads

ds2 ¼ �VðqÞdt2 þ 9dq2

2ð��ÞVðqÞ þ q2ðdz2 þ d’2Þ

VðqÞ ¼ 3

2
q2 þM

q
�QBN

2q2
; q ¼ p1=3; (94)

which is just planar Reissner-Nordstrom-adS as expected
from (88): contrarily to previous cases, taking this limit
does not cancel out the Maxwell contribution.
Comparing with the string case III A 2, we find that the

metric (90b) is the generalization of the metric (61c) for
arbitrary � ¼ �, and  ¼ 1 (constant Maxwell field). This
solution was first found in [25].

3. Limiting case � ¼ � ¼ � ffiffiffi
3

p

The master Eq. (20) can be solved directly for certain

values of the coupling constants. For example, taking � ¼
� ¼ � ffiffiffi

3
p

we have

�Q
€

logB
z}|{

þ 2
_�
p

B

�
þ k

B2
� a

_B

B

� €B

B

�
�
�
a

2
þ h

�
p� c2

4
� a2

8
� �

Qk

2
B

�
: (95)

Considering k ¼ c ¼ h ¼ a ¼ 0, rescaling �p ¼ �p
�Q and

then dropping the bars yields the solution

BðpÞ ¼ �e�p � 2�Q

�2
ðp� 1Þ; (96)

YðpÞ ¼ XðpÞ � �QBðpÞ ¼ ��Q�e�p þ 2Q2

�2
ðp� 1Þ:

(97)

Here, �, � are integration constants. The resolution is then
straightforward and the solution reads, for � ¼ �1:
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AðpÞ ¼
�
�e�p � 2Q

��2

� ffiffiffiffiffiffiffi
�Q

p
e
ffiffi
3

p
�0=2; (98a)

e� ¼ e�0e�ð ffiffi
3

p
=2Þp; (98b)

ds2 ¼ �YðpÞep=2dt2 � Q2e�
ffiffi
3

p
�0

2��2YðpÞ e
ð3=2Þpdp2

þ ep=2ðdz2 þ d’2Þ: (98c)

We have set � ¼ �1 in the metric expression in order to
get a black hole. Staticity outside the hole imposes �< 0,
so we have an adS-like solution. The solution verifies
�Q> 0 and admits several horizons. To check this, let us
calculate the Ricci scalar

R ¼ � �

4Q2
e
ffiffi
3

p
�0ð3��2e�p þ 6Q2p� 22Q2Þe�ð3=2Þp;

(99)

which is regular for all possible finite zeros of XðpÞ,
singular as p ! �1 and cancels as p ! 1. The same
behavior is exhibited by the Weyl square. There is a
curvature singularity as p ! �1 screened by two hori-
zons if

�Q< 2
Q2

�2
; (100)

the inequality being saturated in the extremal case. Again
the horizon structure is similar to planar Reissner-
Nordström in adS. Finally, to keep our radial coordinate
spacelike as we approach asymptotic infinity, we need

�

Q
< 0 if � ¼ �1: (101)

IV. MAXIMALLY SYMMETRIC SOLUTIONS IN
FOUR-DIMENSIONAL SPACETIME

We start this section by very briefly considering the case
� ¼ 0, which yields insight on our case of interest � � 0.
This case was first analyzed by Gibbons and Maeda [19]
and later on revisited in the case of � ¼ � ¼ 1 by
Horowitz et al. [20]. In the coordinate system (18), it is
trivial to integrate since from (11a)

�ðxÞ � �2 ¼ 
x2 þ �1xþ �0; (102)

where �1, �0 are arbitrary constants. Since in that case the
coupling � can be chosen at will, we fix it to be � ¼ 1=�
and then (31) is simply an identity, whereas (32) gives A by
direct integration as in (37). The important thing to note is
that the second-order coefficient of � is directly given by

. Whenever this is the highest order coefficient of � this
immediately means that � ¼ 0. According to the prescrip-
tion we described in the second section we find with ease
the remaining metric components obtaining the general
solution for � ¼ 0.

Let us now consider � � 0. We have to simultaneously
solve for two coupled Eqs. (31) and (32). For d ¼ 4 these
read

� €Aþ _� _A�ð��� 1Þ
�

x� 1

2
_�

�
_Aþ

�
a� sQA

2

�
_A ¼ 0;

(103)

� �2 þ 1

2

�
1

2
_�� 
xþ h

�2 þ 1

�
2 � 
�� 1

2
ð €��� _�2Þ

¼ h2ð1� ��Þ2
2ð�2 þ 1Þð�þ �Þ2 �

ð1� ��Þ
2s

�
a� sQ

2
A

�

� ð _�� 2
xÞ þ 1

2s

�
a� sQ

2
A

�
2 � 1

2
Q _A�: (104)

It is useful to note that the coordinate systems are related
via _� ¼ 2p, and therefore are the same only if � is a
second-order polynomial.
As noted previously for 
 ¼ 0, the case �� ¼ 1 is

special since (103) and (104) decouple and furthermore
(103) is integrable. For this case,

� _A ¼ sQ

4
A2 � aAþ k; (105)

� 1

2ð�2 þ 1Þ
�
�2 þ 1

2
_�� 
xð�2 þ 1Þ þ h

�
2

¼ 
�þ 1

2
ð €��� _�2Þ �Qk

2
þ a2

2s
: (106)

The general solution to this equation can be obtained by
numerical integration. Some explicit solutions can be ob-
tained upon supposing that � is of polynomial form. One
of them is the � ¼ 0 solution discussed above and the
second is a black hole solution first obtained in [24] for

 ¼ 1. The potential reads

�ðxÞ ¼ 

�2 þ 1

�2 � 1
x2 � 2h

�2 � 1
xþ ð�2 � 1Þ Qk

4�2


þ h2


ð�4 � 1Þ �
a2ð�2 � 1Þ
4
ð�2 þ 1Þ : (107)

The solution is not valid for � ¼ � ¼ 1. After a translation
and some redefinitions of parameters the solution takes the
form of [24],

ds2 ¼ �UðxÞdt2 þ dx2

UðxÞ þ R2ðxÞd�2; U ¼ �

R2
;

(108)

where a suitable change of the origin and rescaling of
constants gives
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�ðxÞ ¼ 

1þ �2

1� �2
x2 � 2ð1þ �2ÞMxþ sQ2

4
e�ð�0=�Þ;

(109a)

e� ¼ e�0x2�=ð1þ�2Þ; (109b)

_AðxÞ ¼ Qx�2e�ð�0=�Þ; (109c)

R2ðxÞ ¼ x2�
2=ð1þ�2Þ; (109d)

� ¼ 


1� �2
e��0 ; (109e)

�� ¼ 1: (109f)

Note the absence of an extra parameter presented in [24]
(see also [25] for 
 ¼ �1), which can be gauged away.
This solution is clearly valid only for 
 � 0. The 
 ¼ 0
black holes are the ones presented in the previous section.
The solution has one singularity in x ¼ 0 and two horizons
at the two roots of �ðxÞ. The appearance of an extra
horizon, compared with the case when 
 ¼ 0, is linked
with the nonzero curvature of the horizon (
 � 0). The
dual magnetic solution is readily obtained from (109).
Using the dual potential (34) and the duality map (36),
we get the magnetic solution by simply replacing the
Maxwell field of (109):

A ¼ Q



coð�Þd’; (110)

and setting � ¼ � 1
� in the solution (109).

This particular solution is not defined for � ¼ � ¼ �1.
If we do try to find a solution for the string case, the only
permitted polynomial solution is one of second degree
verifying


ð�2 � 
Þ ¼ 0; (111)

where �2 is the highest order coefficient. Therefore, we
either have a toroidal black hole (cf. III A 2) or a � ¼ 0
solution (see [19] or [20]). In a moment we will see that use
of the duality can give magnetic string solutions.

If �� � 1, we have to make some starting assumption in
order to solve for AðxÞ. A simple starting point is to assume
that A is a linear function, and from (103), we get

sQ €A ¼ 0 ¼ ð1þ ��Þ�ð3Þ: (112)

This last equation gives us two constraints: either �ðxÞ is a
second-order polynomial or �� ¼ �1. Suppose then that
�� � �1. Solving then for a second-order polynomial in
(106) gives us three distinct possibilities. First of all� ¼ 0
solutions [19], or again a subclass of �RN, where the
dilaton is trivial. The third case lies within the interest of
our study and the action parameters are related via �þ
� ¼ 0. The solution reads

�ðxÞ ¼ �2x
2 � 2

ð1þ �2Þ
�2

Mx; (113a)

e� ¼ e�0x2�=ð1þ�2Þ;

e��0 ¼ 2½ð1� �2Þ�2 þ 
ð1þ �2Þ�
Q2ð1þ �2Þ ; (113b)

_AðxÞ ¼ 2

ð1þ �2ÞQ ½ð1� �2Þ�2 þ 
ð1þ �2Þ�; (113c)

R2ðxÞ ¼ x2�
2=ð1þ�2Þ; (113d)

� ¼ 
� �2

2
e��0 ; (113e)

�þ � ¼ 0: (113f)

This is again the solution presented in [24,25]. For 
 ¼ 1 it
has one singularity in x ¼ 0 and one horizon at xh ¼ 2sM

�2 .

In order to have the xxmetric element spacelike outside the
horizon, we also need �2 > 0.
As we noticed from (112) when �� ¼ �1we can have a

higher-order polynomial. Upon making this assumption for
�,

�ðxÞ ¼ �Nx
N þ �2x

2 þ �1xþ �0; (114)

where N is assumed to be different from 2, 1, or 0, we
obtain

�2 ¼ 
 or �2 ¼ 1
3; (115)

which both lead to the black hole solution of [24]

�ðxÞ ¼ �Nx
4=ð1þ�2Þ þ 
x2 � 2ð1þ �2ÞMx; (116a)

_AðxÞ ¼ 4


Qs
; (116b)

e�ðxÞ ¼ e�0x2�=ð1þ�2Þ; e�0=� ¼ 4


Q2ð1þ �2Þ ; (116c)

RðxÞ2 ¼ x2=ð1þ�2Þ; (116d)

� ¼ ��N

ð3� �2Þe��0

ð1þ �2Þ2 ; (116e)

�� ¼ �1: (116f)

Let us focus on the case � ¼ 1. It actually coincides with
the previous solution (113) for which �þ � ¼ 0 as can be
easily checked. Setting x ¼ r2 the solution reads

ds2 ¼ �r2
�
ð�N þ 
Þr2 � 4M

r2

�
dt2 þ 4dr2

ð�N þ 
Þr2 � 4M
r2

þ r2d�2; (117)

with e�ðrÞ ¼ e�0r2. This solution is singular at r ¼ 0 and

has an event horizon at rh ¼
ffiffiffiffiffiffiffiffiffiffi
4M

�Nþ


q
. By use of the duality

the above metric is a magnetic solution with
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A ¼ Q



coð�Þd’; (118)

and � ¼ 1. This is the unique 
 ¼ 1 solution for the
couplings � ¼ � ¼ 1 we could find. This is the equivalent
for nonzero cosmological constant of the solution pre-
sented by [20], but without the extra singularity present
in that particular solution.

For the adequate couplings we will uplift the magnetic
version of (116) in order to obtain a five-dimensional
metric.

V. UPLIFTED FIVE-DIMENSIONAL SOLUTIONS

So far, we have shown how to obtain exact solutions for
Einstein-Maxwell-dilaton theories with a Liouville poten-
tial. In this section, we uplift d-dimensional Einstein-
Maxwell-Dilaton solutions to (dþ 1)-dimensional
Einstein solutions with a cosmological constant. Indeed,
the uplifted theory is just

S ¼
Z

dðdþ1Þx
ffiffiffiffiffiffiffiffiffiffiffiffiffi
gðdþ1Þ

q
½Rðdþ1Þ � 2��; (119)

where gðdþ1Þ, Rðdþ1Þ, and � are the determinant of the
(dþ 1)-dimensional metric, the (dþ 1)-dimensional sca-
lar curvature, and the cosmological constant, respectively.
The argument is a standard one: taking the metric ansatz

ds2dþ1 ¼ e���ds2d þ eðd�2Þ��ðdwþ A�dx
�Þ2; (120)

one can reduce the (dþ 1)-dimensional theories to the
d-dimensional Einstein-Maxwell-Dilaton action (1), where
we have the relations (2), �� ¼ 2=ðd� 2Þ. As an illustra-
tion, let us uplift a four-dimensional metric to five dimen-

sions. This can be done only in the two cases � ¼ � ffiffiffi
3

p
and

� ¼ � 1ffiffi
3

p , which satisfies the relation �� ¼ 1. The general

way to uplift the metric is to use the relation

ds25D ¼ e�ð�=
ffiffi
3

p Þds24D þ e�2ð�=
ffiffi
3

p Þðdwþ A�dx
�Þ2; (121)

where the four-dimensional metric ds24D can be obtained
from the results in the previous sections. There are two
ways to get five-dimensional solutions from four-
dimensional ones. One is to use the electric solutions and
the other is to use the magnetic solutions. Let us discuss
each case separately.

A. From electric solutions

Let us use the electric solutions with �� ¼ 1 to obtain
the solutions of the form

ds25D ¼ e���ds24D þ e2��ðdwþ AtðpÞdtÞ2; (122)

where p is the radial coordinate in four dimensions. This
gives stationary solutions in five dimensions. For instance,
taking as a starting point the black hole solution (53), we
can uplift it to

ds25D ¼ �e��0=
ffiffi
3

p ffiffiffiffi
p

p ðp� 2Þ
pþ 1� 

dt2 þ 3

�8�

dp2

pðp� 2Þ þ e��0=
ffiffi
3

p ffiffiffiffi
p

p ðdz2 þ d’2Þ þ e2�0=
ffiffi
3

p ðpþ 1� Þffiffiffiffi
p

p

�
�
dwþ

�
aþ e�ð ffiffi

3
p

�0=2Þ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2

p p� 1þ 

p� þ 1

�
dt

�
2
: (123)

The above solution admits rotation due to the lower-dimensional electric field and has a curvature singularity at p ¼ 0 and
an event horizon at p ¼ 2 and possibly also at p ¼ 1� 1

 . Because of this, it is asymptotically only locally adS except if

we set a ¼ � 1
 e

�ð ffiffi
3

p
�0=2Þ 1ffiffiffiffiffiffiffiffiffi

1�2
p . Upon doing so we obtain for p ¼ r4 an adS patch in Poincaré coordinates. The static

limit of the hole becomes clearly identifiable at ps ¼ 1þ 1
 > 2 if 0<< 1. Then it is outside the event horizon.

However, we have p < 0, and there is only one event horizon at p ¼ 2. If on the contrary�1<< 0, the static limit is
outside the range of coordinates but an outer horizon appears at p.

Another example is to uplift the solution (109). The resultant metric is

ds25D ¼ e�ð�0=
ffiffi
3

p Þð2
xþ 8MÞdt2 þ e�ð�0=
ffiffi
3

p Þ dx2

�2
x2 � 8MxþQ2e�
ffiffi
3

p
�0

þ e�ð�0=
ffiffi
3

p Þðd�2 þ si2ð�Þd’2Þ

þ e2�0=
ffiffi
3

p
x

�
dw� 2Q

x
e�

ffiffi
3

p
�0dt

�
2
: (124)

From the computation of Kretschmann invariant, it turns
out the above metric is perfectly regular. This can be
explained in the light of [32]. Indeed, it can be shown
that, following compactification, the appearance of a dila-
ton is accompanied by singularities. Uplifting four-

dimensional solutions to higher-dimensional ones will
then smooth out those singularities, which are just an
artifact of the compactification to four dimensions in our
case. More generally, all uplifted solutions here displayed
are less singular than in four dimensions.
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B. From magnetic solutions

From here on, we uplift the four-dimensional magnetic
solutions with �� ¼ 1 to five dimensions. In order to do
this, we simply apply the duality transformation to the
electric solutions with �� ¼ �1 to get the magnetic solu-
tions with �� ¼ 1. Once we obtain the magnetic solutions
with �� ¼ 1, we can uplift the solutions to five dimensions
according to the metric anzatz

ds25D ¼ e���ds24D þ e2��ðdwþ!d’Þ2; (125)

where in four dimensions ! is a function of the spatial
coordinate z (
 ¼ 0) or � (
 ¼ �1). These methods can be
applied both to the cylindrically symmetric spacetimes and
maximally symmetric cases. In this way, we obtain black
holes with nontrivial horizons in five dimensions. Let us
present several examples.

1. Nil horizon

Using the duality (34) and (36), we can map a four-
dimensional electric metric with �� ¼ �1 to a four-
dimensional magnetic metric with �� ¼ 1. By the duality
transformation, the four-dimensional metric and the dila-
ton do not change. If 
 ¼ 0, the duality relation (34) yields

@z!ðzÞ ¼ �e���1A0 ¼ �Q: (126)

Hence, we have the vector potential

A ¼ �Qzd’ (127)

through the duality transformation. Using Eqs. (85a) as

well as (85c), and setting � ¼ ffiffiffi
3

p
and � ¼ � 1ffiffi

3
p (so that

�� ¼ �1), we get the following

ds25Dmag ¼ �ðp� 2Þp�ð5=11Þdt2 � 9

22�

dp2

pðp� 2Þ
þ p4=11ðdz2 þ d’2Þ þ p8=11ðdw2 �Qzd’Þ2:

(128)

The square of the Weyl tensor of the above solution can be
calculated as

C ¼ 2�2ð1603p2 � 1088pþ 8832Þ
3267p2

; (129)

which is nonzero at spatial infinity. The singularity exists
only at p ¼ 0, hence the solution (128) is regular at p ¼ 2.
Therefore, the solution obtained by the uplifting is a black
hole.

The horizon of this black hole is known as the Nil
manifold in the Bianchi classification [37] and has a nega-
tive constant Ricci scalar. With this result at hand, it is
natural to expect that other Bianchi type horizon may be
obtained in a similar fashion. In fact, we will find the
Bianchi type IV type horizon in the next subsection. It
will be interesting to examine if all of the possible three-
dimensional geometry in the Thurston’s classification [38]

appear as the horizon geometries of five-dimensional black
holes.

2. AdS black holes with a lens space topology

Let us write the magnetic solutions corresponding to the
nonplanar solution (116). If 
 ¼ 1, the duality relation (34)
gives

@�!ð�Þ ¼ �e���1A0 sin� ¼ �Q sin�: (130)

Hence, the dual magnetic potential is

! ¼ Q cos�d’: (131)

Since the four-dimensional metric and the dilaton (116) do
not change at all by the duality transformation, the five-
dimensional metric is now given by

ds25D ¼�e�0=
ffiffi
3

p �
�Nx

2 þ x� 8

3
M

�
dt2

x
þ e�0=

ffiffi
3

p
dx2

�Nx
2 þ x� 8

3M

þ e�0=
ffiffi
3

p
x½ðd�2 þ sin2�d’2Þ

þ e�
ffiffi
3

p
�0ðdwþQcos�d’Þ2�: (132)

With a change of variable r ¼ ffiffiffi
x

p
, it is easy to see the

solutions are adS black holes. Actually, the black hole
(132) is an adS black hole with a lens space topology.
Using the invariant basis

�1 ¼ � sinwd�þ cosw sin�d’;

�2 ¼ coswd�þ sinw sin�d’;

�3 ¼ dwþ cos�d’;

(133)

we can represent the metric of a three-sphere as

ð�1Þ2 þ ð�2Þ2 þ ð�3Þ2 ¼ d�2 þ sin�2d’2

þ ðdwþ cos�d’Þ2:
The above parametrization appears when we discuss the
Bianchi type IX spacetime. The horizon geometry in the
above black hole solution (132) looks like

d�2 þ sin�2d’2 þ e�
ffiffi
3

p
�0ðdwþQ cos�d’Þ2:

By rescaling the coordinates and the integration constants,
we can set�0 ¼ 0. The chargeQ has to be quantized to an
integer from regularity requirements. This quotient space is
the so-called lens space. Thus, we have a black hole with a
nontrivial topology by using our solution-generating
method.

3. Squashed Kaluza-Klein black holes

In the � ¼ 0 case, we have more interesting solutions.
Here, the horizon is Bianchi type IV again. However, this
time, the squashing parameter depends on the radial coor-
dinate. Hence, it can not be absorbed by a simple rescaling
of coordinates. The horizon of the black hole is genuinely
squashed. First of all, we need to write down the four-
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dimensional solution for � ¼ 0. In the previous section,
we skipped this simple exercise. Starting from the ansatz
for the vector potential

A ¼ A0

x
; (134)

we can solve our equations of motion for the case �� ¼
�1. Indeed, it is easy to derive the four-dimensional metric

ds2 ¼ � x� x�ffiffiffi
x

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xþ xþ

p dt2 þ
ffiffiffi
x

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x� xþ

p

xþ x�
dx2

þ x3=2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xþ xþ

p
ðd�2 þ sin2�d’2Þ (135)

and the dilaton

e�� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

x

xþ xþ

r
; (136)

where x� are constants of integration. Next, we have to
obtain dual magnetic solutions with �� ¼ 1. Again, the
metric and the dilaton do not change by the dual trans-
formation. And, irrespective of the ansatz for A, the dual
magnetic potential is given by

! ¼ Q cos�d’: (137)

Uplifting the above solutions, we find the five-
dimensional metric

ds25D ¼ �
�
1� x�

x

�
dt2 þ

�
1þ xþ

x

��
1� x�

x

��1
dx2

þ x2
�
1þ xþ

x

�
½d�2 þ sin2�d’2�

þ
�
1þ xþ

x

��1ðdwþQ cos�d’Þ2: (138)

Notice that this solution locally looks like a black string
when xþ ¼ 0.

The solutions we have obtained are nothing but
squashed Kaluza-Klein black holes, which look like five-
dimensional black holes in the vicinity of the horizon, but
four-dimensional Minkowski spacetime times a circle in
the far region [31]. It has been shown that these solutions
are stable [39]. Since the Hawking radiation carries the
information of the horizon, squashed Kaluza-Klein black
holes could be a window to extra dimensions [40].

So far, we have discussed five-dimensional black holes
obtained by uplifting four-dimensional black holes. It is
easy to extend the above analysis to higher dimensions.
There, we might find more interesting solutions by using
our general solution-generating method.

VI. CONCLUSIONS

In this paper, we have studied the system of equations of
motion derived from Einstein-Maxwell-Dilaton theories
with a Liouville potential. Although this system is fully
integrable when the cosmological constant is set to zero

[19] (no potential), this is no longer true when the potential
coupling � is switched on. We wrote the d-dimensional
system of equations of motion for two particular symme-
tries: cylindrical (
 ¼ 0) and d� 2 maximally symmetric
subspaces (
 � 0). In both cases, we pushed the integra-
tion of the system as far as possible reducing the number of
equations or unknown variables. For the cylindrical met-
rics, we reduced the problem to solving a unique nonlinear
second-order differential equation. Once a solution to this
equation is found, the whole metric solution can be derived
and constrained to be a black hole solution of the modified
Einstein equations by fixing some of the integration con-
stants. It is worth noting that for specific values of the
couplings, �� ¼ 1, we found that the system is fully inte-
grable. This case contains also the specific subclass of
solutions which can be uplifted to be full five-dimensional
solutions to the five-dimensional Einstein theory. In the
general case, where the general solution cannot be found
(at least in the framework developed here), we explored
polynomial solutions, keeping in mind that we aimed for
black hole spacetimes.
The generic solutions to the theory are inhomogeneous

metrics (that is, not black holes) with several (two to three)
naked singularities. However, black holes are contained as
a subclass, once two of the integration constants are inter-
related. Then, we get usually one event horizon, except in
the string case where there are two. The horizons have
planar topology and the solutions are neither asymptoti-
cally dS or adS, except within the case � ¼ 0, as expected
from [23]. However, this comes at the cost of having a
constant dilaton.
The situation is quite different in the case of maximal

symmetry. First of all, black hole solutions are readily
obtained without need for further tampering with the in-
tegration constants, which are fixed accordingly to the
cylindrical case by a previously absent off-diagonal equa-
tion of motion. Second of all, the system is never fully
integrable and can only be reduced to two second-order
nonlinear coupled differential equations. In the special
case �� ¼ 1, these equations decouple and an exact ex-
pression for the Maxwell field can be obtained.
Nevertheless, there always remains at least one nonintegr-
able equation, for which ansätze have to be provided. Then,
polynomial solutions can be found with integer or non-
integer exponents, yielding one or two horizons depending
on cases. A criterium for nonzero cosmological constant in
this system of coordinates was also derived. The solutions,
in agreement with [24], all have unusual asymptotics.
Table I is taken from [23] and classifies the various

solutions by their global asymptotic properties, when put
under the form

ds2 ��gttdt
2 þ gqqdq

2 þ q2ðd�2 þ sið�Þ2d’2Þ: (139)

Thus, each category K1;2,M1;2, N1;2, P1;2, T1;2 corresponds

to points in the phase space of the solutions, attracting or
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repulsing solution trajectories. This way, the solutions are
classified according to their asymptotical behavior, see
Table I (for a much more detailled analysis, see [23]).

We have filled in that same table with the solutions we
obtained. No solution corresponds to the pointsM since we
took special care to avoid flat space. We see a clear
separation in the cylindrical 
 ¼ 0 solutions, since all—
general �� ¼ 1 or polynomial—solutions with nonlinear
Maxwell fields belong to the class N, are asymptotically
adS if � ¼ 0, and as has been discussed at length, depend
crucially in their behavior on the sign of �2 � 3; whereas
other solutions, with linear Maxwell field—polynomial or
with  ¼ 0—belong to the class T, which can also be
regular asymptotically in the limit � ¼ 0 and nowhere
else. The class N has an equivalent if �2 > 3 (which we
do not reproduce here for the sake of brevity), reproducing
the separation of cases of section III A 1.

The 
 � 0 solutions are classified in the same manner:
they can belong to different classes and even have end-
points in 
 ¼ 0 subclasses [(116)]. Globally, there is a
good match between global properties as determined by
[23] and the exact solutions we listed.

The system of equations of motion was solved explicitly
for electric Maxwell fields without any loss of generality.
Indeed, a duality procedure [14], was generalized and used
to find magnetic equivalents of all the electric solutions
derived. Then, various five-dimensional electric metrics
and dualized magnetic metrics were written and analyzed.

Several open questions remain: though we have not
found explicit solutions for regular asymptotic dS or adS
solutions, their existence was hinted at both perturbatively
and numerically ([23]) in the pure cosmological constant
case (� ¼ 0). For � � 0, a no-go theorem was formulated.
However, we could not obtain nontrivial solutions for � ¼
0, nor the equivalent of a no-go theorem for nonconstant
dilatonic solutions. This is not necessarily in contradiction

with [23], since only the asymptotic behavior of solutions
is predicted, and thus it is consistent with our result that, in
order to get an asymptotically adS solution, the scalar field
has to be frozen everywhere, thereby restoring the regular-
ity of the asymptotics. Furthermore, no 
 � 0 topology
black hole solution could be obtained for the string case in
the electric case though there does not seem to be any
fundamental argument against its existence.
Perspectives and extensions of our work include the

generalization of the solutions to d dimensions by making
full use of the d-dimensional equations of motion of
Sec. II. Such solutions might be relevant for supergravity
setups in higher dimensions for instance. The inclusion of a
Gauss-Bonnet term in the five-dimensional action could
also be considered, as Lovelock theory (for a review see
[41]) is the natural generalization of Einstein theory in
higher dimensions and may well regularize the asymp-
totics. Perturbative and numerical results ([42]) were car-
ried out but no analytical results were presented up to now.
It has already been hinted upon that general relativity-like
behavior may result from a scalar-tensor theory given the
addition of higher-order terms dictated by Kaluza-Klein
reduction of Lovelock theories [43].
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